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PILAM IS TO TART TY 


Tne work, of which the part now issued is a first instal- 
ment, has been compiled from notes made at various periods 
of the last fourteen years, and chiefly during the engagements 
of teaching. Many of the abbreviated methods and mnemonic 
rules are in the form in which I originally wrote them for my 
pupils. 

The general objeet of tho compilation is, as the title 
indicates, to present within a moderate compass the funda- 
mental theorems, formule, and processes in the chief branches 
of pure and applied mathematics. 

The work is intended, in the first place, to follow and 
supplement the use of the ordinary text-books, and it is 
arranged with the view of assisting the student in the task of 
revision of book-work. To this end I have, in many cases, 
merely indicated the salient points of a demonstration, or 
merely referred to the theorems by which the proposition is 
proved. I am convineed that it is more beneficial to the 
student to recall demonstrations with such aids, than to read 
and re-read them. Let them be read once, but recalled often. 
The difference in the effect upon the mind between reading a 


mathematical demoustration, and originating one wholly or 
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partly, is very great. It may be compared to the difference 
between the pleasure experienced, and interest aroused, when 
in the one case a traveller is passively conducted through the 
roads of a novel and unexplored country, and in the other 
ease he discovers the roads for himself with the assistance of 
à map. 

In the second place, I venture to hope that the work, 
when completed, may prove uscful to advanced students as 
an aide-mémoire and book of reference. The boundary of 
mathematical science forms, year by year, an ever widening 
circle, and the advantage of having at hand some condensed 
statement of results becomes more and more evident. 

To the original investigator occupied with abstruse re- 
searches in some one of the many branches of mathematics, a 
work which gathers together synoptically the leading propo- 
sitions in all, may not therefore prove unacceptable. Abler 
hands than mine undoubtedly, might have undertaken the task 
of making such a digest; but abler hands might also, perhaps, 
and with this reflection I have the 


be more usefully employed, 
less hesitation in commencing the work myself. The design 
which I have indicated is somewhat comprehensive, and in 
relation to it the present essay may be regarded as tentative. 
The degree of success which it may meet with, and the 
suggestions or criticisms which it may call forth, will doubt- 
lo: s have their effect on the subsequent portions of the work. 

With respect to the abridgment of the demonstrations, I 
may remark, that while some diffuseness of explanation is not 
only allowable but very desirable in an initiatory treatise, 


conciseness is one of the chicf requirements in a work intended 
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for the purposes of revision and reference only. In order, 
however, not. to sacrifice clearness to conciseness, much more 
labour has been expended upon this part of the subject-matter 
of the book than will at first sight be at allevident. The only 
palpable result being a compression of the text, the result is 
so far a negative one. The amount of compression attained 
1s illustrated in the last section of the present part, in which 
more than the number of propositions usually given in 
treatises on Geometrical Conics are contained, together with 
the figures and demonstrations, in the space of twenty-four 
pages. 

The foregoing remarks have a general application to the 
work as a whole. With the view, however, of making the 
earlier sections more acceptable to beginners, it will be found 
that, in those sections, important principles have sometimes 
been more fully elucidated and more illustrated by examples, 
than the plan of the work would admit of in subsequent 
divisions. 

A feature to which attention may be directed is the uni- 
form system of reference adopted throughout all the sections. 
With the object of facilitating such refcreuce, the articles have 
been numbered progressively from the commencement in 
large Clarendon figures; the breaks which will occasionally 
be found in these numbers having been purposely made,in order 
to leave room for the insertion of additional matter, if it should 
be required in a future edition, without disturbing the original 
numbers and references. With the same objeet, demonstrations 
and examples have been made subordinate to enunciations and 


formule, the former being printed in small, the latter in bold 
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type. By these aids, the interdependence of propositions ls 
more readily shown, and it becomes easy to trace the connexion 
between theorems in different branches of mathematies, with- 
out the loss of time which would be incurred in turning to 
separate treatises on the subjects. The advantage thus gained 
will, however, become more apparent as the work proceeds. 

The Algebra section was printed some years ago, and does 
not quite correspond with the succeeding ones in some of 
the particulars named above. Under the pressure of other 
occupations, this section moreover was not properly revised 
before going to press. On that account the table of errata 
will be found to apply almost exclusively to errors in that 
section; but I trust that the list is exhaustive. Great pains 
have been taken to secure the accuracy of the rest of the 
volume. Any intimation of errors will be gladly received. 

I have now to acknowledge some of the sources from which 
the present part has been compiled. In the Algebra, Theory 
of Equations, and Trigonometry sections, I am largely in- 
debted to Todhunter’s well-known treatises, the accuracy and 
completeness of which it would be superfluous in me to dwell 
upon. 

In the section entitled Elementary Geometry, I have added 
to simpler propositions a selection of theorems from Town- 
send’s Modern Geometry and Salmon’s Conic Sections. 

In Geometrical Conies, the liue of demonstration followed 
agrees, in the main, with that adopted in Drew's treatise on the 
subject. I am inclined to think that the method of that 
author cannot be much improved. It is true that some im- 


portant properties of the ellipse, which are arrived at in 
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Drew’s Conie Sections through certain intermediate proposi- 
tions, can be deduced at once from the circle by the method of 
orthogonal projection. But the intermediate propositions can- 
not on that account be dispensed with, for they are of value in 
themselves. Moreover, the method of projection applied. to 
the hyperbola is not so successful; because a property which 
has first to be proved true in the case of the equilateral 
hyperbola, might as will be proved at once for the general case. 
1 have introduced the method of projection but sparingly, 
always giving preference to a demonstration which admits of 
being applied in the same identical form to tho ellipse and to 
the hyperbola. The remarkable analogy subsisting between 
the two curves is thus kept prominently before the reader. 

The account of the C. G. S. system of units given in tho 
preliminary section, has been compiled from a valuable con- 
tribution on the subject by Professor Everett, of Belfast, 
published by the Physical Society of London.* "This abstract, 
and the tables of physical eonstants, might perhaps have found 
a more appropriate place in an after part of the work. I have, 
however, introduced them at the commencement, from a sense 
of the great importance of the reform in the selection of units 
of measurement which is embodied in the C. G. S. system, 
and from a belief that the student cannot be too early 
familiarized with the same. 

The Factor Table which follows is, to its limited extent, a 


reprint of Burekhardt’s ** Tables des déviscurs," published in 


* “Illustrations of the Centimetre-Gramme-Second System of Units." 


London: Taylor and Francis. 1875. 
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1814-17, which give the least divisors of all numbers from 1 
to 3,036,000. Ina certain sense, it may be said that this is 
the only sort of purely mathematical table which is absolutely 
indispensable, because the information which it gives cannot 
be supplied by any process of direct calculation. The loga- 
rithm of a number, for instance, may be computed by a 
formula. Not so its prime factors. These can only be 
arrived at through the tentative process of successive divisions 
by the prime numbers, an operation of a most deterrent kind 
when the subject of it is a high integer. 

A table similar to and in continuation of Burekhardt's has 
recently been constructed for the fourth million by J. W. L. 
Glaisher, F.R.S., who I believe is also now engaged in com- 
pleting the fifth and sixth millions. The factors for the seventh, 
eighth, and ninth millions were calculated previously by Dase 
and Rosenberg, and published in 1862-65, and the tenth 
million is said to exist in manuscript. The history of the 
formation of these tables is both instructive and interesting.* 

As, however, such tables are necessarily expensive to pur- 
chase, and not very accessible in any other way to the majority 
of persons, it seemed to me that a small portion of them 
would form a useful accompaniment to the present volume. 
I have, accordingly, introduced the first eleven pages of Burekh- 
ardt's tables, which give the least factors of the first 100,000 


integers nearly. Each double page of the table here printed is 


* See “ Factor Table for the Fourth Million." By James Glaisher, F.R.S. 
London: Taylor and Francis. 1880. Also Camb. Phil. Soc. Proc., Vol. UL, 
Pt. IV., and Nature, No. 542, p. 462. 
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an exact reproduction, in all but the typo, of a single quarto 
page of Burckhardt’s great work. 

It may be noticed here that Prof. Lebesque constructed 
a table to about this extent, on the plan of omitting tho 
multiples of seven, and thus reducing the size of the table 
by about one-sixth.* But a small calculation is required in 
using the table which counterbalances the advantage so gained. 

The values of the Gamma-Function, pages 30 and 31, havo 
been taken from Legendre’s table in his ** Eeercices de Calcul 
Intégral,” Tome I. The table belongs to Part IL. of this 
Volume, but it is placed here for the convenience of having 
all the numerical tables of Volumo I. in the same section. 

In addition to the authors already named, the followiug 
treatises have been consulted—Algebras, by Wood, Bourdon, 
and Lefebure de Fourcy ; Snowball’s Trigonometry ; Salmon’s 
Higher Algebra; the Geometrical Exercises in Potts’s Euclid ; 
and Geometrical Conies by Taylor, Jackson, and Renshaw. 

Articles 260, 431, 569, and very nearly all the examples, 
are original. The latter have been framed with great care, in 
order that they might illustrate the propositions as completely 


as possible. 


Cee. 


Hapbrgy, MIDDLESEX; 
May 23, 1990. 


* “Tables diverses pour la décomposition des nombres en leurs facteurs 


premiers." Par V. A. Lebesque. Paris. 1504. 
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DODDA LO PROPOSITIONS OF EUCLID 


REFERRED TO IN THIS WORK. 


Tho references to Euclid aro made in Roman and Arabic numerals ; e.g. (VI. 19). 


BOOK Tf. 


4.—Triangles are equal and similar if two sides and the included 
angle of cach are equal each to cach. 

5.— The angles at the base of an isosceles triangle are equal. 

6.— The converse of 5. 

&.—Triangles are equal and similar if the three sides of each aro 
equal each to each. 

. 16.— The exterior angle of a triangle is greater than the interior 
and opposite. 

. 90.— T wo sides of a triangle are greater than the third. 

. 26.— Triangles are equal and similar if two angles and one corres- 
ponding side of cuch are equal cach to each. 

. 27.—Two straight lines are parallel if they make equal alternate 
angles with a third line. 

. 29. — The converse of 27. 

. 82.— The exterior angle of a triangle is equal to the two interior 
and opposite; and the three angles of a triangle are equal 
to two right angles. 

Cor. 1.—The interior angles of a polygon of m sides 
= (n—?) r. 
Cor. 2.—The exterior angles = 27. 

. 85 to 38.—Parallelograms or triangles npon the same or equal 
bases and between tho same parallels are equal. 

. 43.— The complements of the parallclograms about the diameter 
of a parallelogram are equal. 

47.— l'he square on the hypoteunse of a right-angled triangle is 
equal to the squares on the other sides. 
ts.—The converse of £7. 


xxu INDEX TO PROPOSITIONS OF EUCLID 


BOOK II. 
IT. 4.—If a, b are the two parts of a right line, (a+b)? = a4 2ab+0?. 


If a right line be bisected, and also divided, internally or 
externally, into two nnequal segments, then— 

TI. 5 and 6.—The rectangle of the unequal segments is equal to the 
difference of the squares on halfthe line, and on the line 
between the points of section; or (a+b) (a—b) = a!—U. 

II. 9 and 10.—The squares on the same unequal segments are together 
double the squares on the other parts ; or 

(a+ b)?+ (a—b)? = 2a? 4 207, 

TI. 11.— To divide a right line into two parts so that the rectangle 
of the whole line and one part may be equal to the square on 
the other part. 

II. 12 and 13.—The square on the base of a triangle is eqnal to the 
sum of the squares on the two sides plus or sinus (as the 
vertical angle is obtuse or acute), twice the rectangle under 
either of those sides, and the projection of the other upon it; 
or aq? =W+c?—2becos A (702). 


BOOK III. 


IIT. 3.—If a diameter of a cirele bisects a chord, it is perpendicular to 
it: and conversely. 

III. ?0.—The angle at the centre of a circle is twice the angle at the 
circumference on the same are. 

IT. 21.—Angles in the same segment of a circle are equal. 

III. 22.—The opposite angles of a quadrilateral inscribed in a circle 
are together equal to two right angles. 

IIJ. 31.— The angle in a semicircle is a right angle. 

III. 32.—The angle between a tangent and a chord from the peint of 
contact is equal to the angle in the alternate segment. 

LII. 33 and 34.—To describe or to cut off a segment of a circle which 
shall contain a given angle. 

III. 35 and 36.— Tlie. rectangle of the segments of any chord of a 
circle drawn through an internal or evternal point is equal 
to the square of the semi-chord perpendicular to tho 
diameter through the internal point, or to the square of the 
tangent from the external point. 

IIT. 37.—The converso of 36. 1f the rectangle be equal to the square, 
the line which meets the circle touches it. 
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REFERRED TO IN THIS WORK. xxii 


BOOK IV. 


2.—To inscribe a triangle of given form in a circle. 
3.—To describe the same about a circle. 
‘4.—T'o inseribe a cirele in a triangle. 
o.— To deseribe a cirelo about a triangle. 
10.—To construct two-fifths of a right angle. 
11.—'l'o construct a regular pentagon. 


BOOK VI. 


1.—Triangles and parallelograms of the same altitudo are 
proportional to their bases. 

2.—À right line parallel to the side of a trianglo cuts the other 
sides proportionally ; and conversely. 

3 and A.—The bisector of the interior or exterior vertical angle of 
a triangle divides the base into segments proportional to 
the sides. 

4.—Kyuiangular triangles have their sides proportional homo- 
logously. 

9.— The converse of 4. 

6.—Two triangles are equiangular if they have two angles equal, 
and the sides about them proportional. 

7.—Two triangles are cquiangnlar if they have two angles equal 
and tho sides about two other angles proportional, provided 
that the third angles are both greater than, both less than, 
or both equal to a right angle. 

8.—A right-angled triangle is divided by the perpendicular from 
the right augle upon the hypotenuse into triangles similar 
to itself. 

li uud 15.—Hqual parallelograms, or triangles which have two 
angles equal, have the sides about those angles reciprocally 
proportional; and conversely, if the sides ure in this pro- 
portion, the figures are equal. 

19.—Similar triangles are in the duplicate ratio of their homo- 
logous sides. 

20.— Likewise similar polygons. 

23,—Nquiangular parallelograms are in the ratio compounded of 
the ratios of their sides. 

D.—'l'he rectangle of the sides of a triangle is equal to the square 
of the bisector of the vertical angle plus the rectangle of 
the segments of the base. 
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VI. C.—The rectangle of the sides of a triangle is equal to the rect- 
angle under the perpendicular from the vertex on the 
base and the diameter of the circumseribing circle. 

VI. D.—Ptolemy’s Theorem. The rectangle of the diagonals of a 
quadrilateral inscribed in a circle is equal to both the 
rectangles under the opposite sides. 


BOOK XI. 


XI. 4.—A right line perpendicular to two others at their point of 
intersection is perpendicular to their plane. 

XI. 5.—The converse of 4. If the first line is also perpendicular toa 
fourth at the same point, that fourth line and the other 
two are in the same plane. 

XI. 6.—Right lines perpendicular to the same plane are parallel. 

XI. 8.—1f one of two parallel lines 1s perpendicular to a plane, the 
other is also. 

XI. 20.—Any two of three plane angles containing a solid angle are 
greater than the third. 

XI. 21.—The plane angles of any solid angle are together less than 
four right angles. 
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PREFACE TO PART 1]. 


APOLOGIES for the non-completion of this volume at an 
earlier period are due to friends and enquirers. The labour 
involved in its production, and the pressure of other duties, 
must form the author's excuse. 

In the compilation of Sections VIII. to XIV., the 
following works have been made use of:— 

Treatises on the Differential and Integral Calculus, by Bertrand, 
Hymer, Todhunter, Williamson, and Gregory's Examples 
on thesamesubjects; Salinon's Lessons on Higher Algebra. 

‘Treatises on the Calculus of Variations, by Jellett and Tod- 
hunter; Boole’s Differential Equations and Supplement ; 
Carmichael's Calculus of Operations; Boole’s Calculus of 
Fimte Differences, edited by Moulton. 

Salmon’s Conic Sections; Ferrers’s Trilinear Coordinates ; 
Kempe on Linkages (Proc. of Roy. Soe., Vol. 23); Frost 
and Wolstenholme's Solid Geometry ; Salmon’s Geometry 
of Three Dimensions. 

Wolstenholme’s Problems. 

The Index which concludes the work, and which, it is 
hoped, will supply a felt want, deals with 890 volumes of 
32 serial publications: of these publications, thirteen belong 
to Great Britain, one to New South Wales, two to America, 
four to France, five to Germany, three to Italy, two to 
Russia, and two to Sweden. 


As the volumes only date from the year 1800, the 
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important contributions of Euler to the “ Transactions of 
the St. Petersburg Academy," in the last century, are 
excluded. It was, however, unnecessary to include them, 
because a very complete classified index to Huler’s papers, 
as well as to those of David Bernoulh, Fuss, and others in 
the same Transactions, already exists. 

The titles of this Index, and of the works of Euler 
therein referred to, are here appended, for the convenience 


of those who may wish to refer to the volumes. 


Tableau général des publications de PAcadémie Impériale de 
St. Pétersbourg depuis sa fondation. 1872. [B. M.C.z* h.k. 
2050, e. | 
I. Commentarii Academic Scientiarum Imperialis Petropolitane. 
726-1746 ; 14 vols. [B. M. C.: 431, f] 
Il. Novi Commentarii A. S. I. P. 1747-75, 1750-77 ; 21 vols. 
(D. M. C.: 431, f. 15-17, g.1-16, 4.1, 2.] 
IUI. Acta A. S. I. P. 1778-86; 12 vols. [B. M. C: 431, ^.3—-8 ; or 
IOa 8.0.11.) 
IV. Nova Acta A. S. I. P. 1787—1806; 15 vols. [B. M. C.: 481, 
1.9—15, i.1-8; or T.C. 8, a.23.] 
V. Leonhardi Euler Opera minora collecta, vel Commentationes Arith- 
metice collectz:e ; 2 vols. 1849. [B. M. 7. : 85381, ee.] 
VI. Opera posthuma mathematica et physica; 2 vols. 1862. [B.M.C.: 
8534, f.] 
VII. Opuscula analytica; 1783-5; 2 vols. [B. M. C.: 50,4. 15.] 
Analysis infinitorum. [B. M. C.: 529,5.11.] 


Garbo 


ENDSLEIGH GARDENS, 
Lonpox, N.W., 1856. 


* British Museum Catalogue. 
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MATHEMATICAL TABEES. 


INTRODUG'TION. 


The Centinetre-Gramme-Second system of units. 


Noration.—The decimal measures of length are the kilo- 
metre, heetometre, decametre, metre, dectmetre, centimetre, 
millimetre. The same prefixes are used with the litre and 
gramme for measures of capacity and vehume; v5 

Also, 107 metres is denominated a mefre-seren; 1077 metres, 
a ern metre; 10%” ; grammes, a gramne- -fifteen ; and so on. 

A gramme- -milién is also called a megagramme ; and : 
millionth- -cramme, a microgramme ; and similarly with after 
measures. 

Derinitions.—The C. G. 8. system of units refers all phy- 
sical measurements to the Centimetre (em.), the Gramue (gm.), 
and the Second (sec.) as the units of length, mass, and time. 

The quadrant of a meridian is appr oximately a a metre- 
seven. More exactly, one metre = 3:2805694. feet = 39:370452 
inches. 

The Gramme is the Unit of mass, and the weight of a 
gramme is the Unit of weight, being approximately the weight 
of a cubic centimetre of water; moro exactly, 1 gm. = 
15432549 grs. 

The Litre is a cubic decimetre: but oae cubic centimetre 
is the C. G. S. Unit of volume. 

] litre = :035317 cubic feet = :2200967 gallons. 

The Pyne (dn.) is the Unit of force, and is the force which, 
in one second generates in a gramme of matter a velocity of 
one centimetre per second. 

The fry is the Unit of work and energy, and is the work 
done by a dyne in the distance of one centimetre. 

The absolute Unit of atmosphe rie pressure is one megadyne 
per squarg centimetrà = 74-064. em., or CY olebin. of mereurial 
colummn-at U^ ht London, where y = ‘981-17 dynes. 


Elasticity of Volume = k, is the pressure per unit area 
upon a body divided by the cubic dilatation. 
n 


x 


eure 
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Rigidity = n, is the shearing stress divided by the angle 
of the shear. 

Young's Modulus = M, is the longitudinal stress divided 
by the elongation produced, = Yank + (3k +a). 

Tenacity is the tensile strength of the substance in dynes 
per square centimetre. 


The Gramme-degree is the Unit of heat, and is the amount 
of heat required to raise by I° C. the temperature of 1 gramme 
of water at or near 0°. 

Thermal capacity of a body is the increment of heat 
divided by the increment of temperature. When the incre- 
ments are small, this is the thermal capacity at the given 
temperature. 

Specific heat is the thermal capacity of unit mass of the 
body at the given temperature. 


The Electrostatic unit is the quantity of electricity which 
repels an equal quantity at the distance of 1 centimetre with 
the force of 1 dyne. 

The Electromagnetic unit of quantity = 3X 10" electro- 
static units approximately, 

The Unit of potential is the potential of unit quantity at 
unit distance. 

The Ohm is the common electromagnetic unit of resistance, 
and is approximately = 10° C. G. S. units. 

The Volt is the unit of electromotive force, and is = 10° 
C. G. S. units of potential. 

The Weber is the unit of current, being the current due to 
an electromotive force of 1 Volt, with a resistance of 1 Ohm. 
It is = y C. Gas. unit. 

Resistance of a Wire= Specific resistance X Length + Section. 


Physical constants and Formule. 


In the latitude of London, g = 82'19084 feet per second. 


= 981-17 centimetres per second. 
In latitude A, at a height A above the sea level, 


gom (Ub: (056 —9-5028 eos 9A — 000003 h) centimetres per seeond. 


Seconds pendulum = (99:3562 —*2536 eos 2A — 0000003 4) centimetres. 

THE EATTIT— Semi-polar axis, 0,854805 feet* = 6-55-41 x 10% centims. 
Mean semi-equatorial diameter, 20920002 — S a tx 10" — 
Quadrant of meridian, 39°377786 x 10? iuehes* = 10001906 x 10’ metres. 
Volume, 1:03279 eubic eentimetre-niues. 

Mass (with a densify 53) = Six gramme. tw enty- -sevens nearly. 


* These dimensions are taken from Clarko's ** Geodesy,” 1880. 
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Velocity in orbit = 2933000 centims per see. Olliquity, DI ope = 
Angular velocity of rotation = 1 + 13713. 

Precession, 5020.* Progression of Apse, 11725. Eecentricity, e "01679, 
Centrifugal torce of rotation at the equator, 573212 dynes per gramme. 
Foree of attraction upon moon, “2701. Foree of sun's attraction, 0359. 
Ratio of y to centrifugal force of rotation, g : ref = 289. 

Sun's horizontal parallax, 8^7 to Y Aberration, Bol d$ 20970 * 
Semi-diameter at earth's mean distance, 10° 1752.* 

Approximate mean distance, 902,000000 miles, or 1748 centimetre-thirteens.t 


Tropical year, 360 242216 days, or 31,556027 seconds. 
Sidereal year, 905250314. »  3Ll»»5150 ~ 
Anomalistic year, 30572095. days. Sidereal day, 86161 seconds. 


THE MOON.—Mass = Barth's mass x :011364 = 6-98 10? grammes. 
Horizontal parallax. From 53 56" to 01' 247.5 
Sidereal revolution, 27d. 7h. 42m. 1 1-46s.. Lunar month, 29d. 12h. tim. 2:878. 
Greatest distance from the earth, 251700 miles, or 405 centimctre-tens, 
Least fe ` 225600 E 3°03 f, " 
Inclination of Orbit, 5? 9', Annual regression of Nodes, 19° 20. 
Rere.— (The Year-1) 2-19. The remainder is the Golden Number. 
(The Golden Number—1) x 115-90. The remainder is the Ijpact. 
GRAVITATION.— Attraction between masses mm 
(o NON =; ————; LNCS, 
m, m ata distance 4 | [eae SOROR 
The mass which at unit distance (1 em.) attracts an equal mass with unit 
force (1 dn.) is = y (1543 x 107) gm. = 3028 gm. 
WATE R.—Density at 0°C., unity; at 4°, 1 000013 (Kupffer). 
Volume elasticity at 15°, 2°22 x 10", 
Compression for 1 megadyne per sq. cm., 4:51 x 1077. (Amaury and 
Descamps). 
The heat required to raise the temperature of a mass of water from 0° to 
t° is proportional to (4-000022? + VUQUUU3E (Regnault). 
GAS ES.—Expansion for 1? C., 002065 = 1+273. 
Specitic heat at constant pressure _ 1:408. 
Specitic heat at constant volume 
Density of dry air at 0° with Bar. at 76 em. = 0012932 gm. per cb. cm. 
(Regnault). 
At unit pres. (a megailyne) Density = 0012709. 
Density at press. p = px 12759x 107°. 
Deusity of saturated steam at £, with p taken) _ 779360993p 
from Table IH., is approximately j p (1+ 003004) lo" 


SOUND.—Velocity = v (elasticity of medium = density). 
Velocity in dry air at (? = 35210 J/(1-- 009000) centimetres per second. 
Velocity in water at 0° = 1435000 


De ” 
LIGHT.—Velocity in a medium of absolute refrangibility p 
= 3 UUE x l0" — u (Corny). 
If P be the pressure in dynes per sq. cu, and t the temperature, 
pol = 2005 x lo BP) + 008000) (Biot & Arago). 


ë These data sre from the ** Nautical Almanack” for 18583. 
+ Transit of Venus, 1974, ** Astron, 5 c. Nut.ces,’ Vols. 37, 33. 
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Tase I. 
Various Measures and their Mquivalents in C. G. S. units. 


Dimensions. Pressure. 
1 inch = 2:5400 cm. l gm. persq. cm. = 981 dynes persq.cm. 
1 foot 0T |. 1 lb. per sq. foot = 479 x 
l mile 106903917 1 1b. persq.in. = 08971 4 
l nantical do. = 185930 ,, /6 centimetres 
l sq. inch = 64516 sq. em. of io Rd E 1,014,000 ,, 
l sq. foot = 99901  ,, at 0 
1 sq. yard = 836118 ,, Ibs. per sq. in. L v9.997 = 1 — 
Il eg mmie = 9:59 x O gms. per sq. cm. 
l cb. inch = 16:887 cb. cm. Force of Gravity. 
1 eb. foot = 28316 
l cb. yard 
1 gallon 


» upon 1 gramme = 981 dynes 


761535 25 l graian = 6. 50777 
4541 » o. 1 oz. zs 
971274 cb. in. or the vo- 1 Jb. = 44497 x 10 


HW Hg du 


lume of 101lbs. of water 1 ewt. = 4:9837 x 107 
at 62° Fah., Bar. 30 in. l ton = 9:9674 x 108 


Mass. Work (g 22081): 

l grain = :06179895 gm. l gramme-centimetre — 981 ergs. 
l ounce 28:3495 20» 1 kilogram-metre = 981 y 

] pound 453°0926  ,, 1 foot-grain = e710 cc 
1 ton 1,016047 o9 1 foot-pound = fon anu: a 
1 kilogramme 2-20169125 Ibs. 1 foot-ton zd E Iu 
l pound Avoir. 7000 grains 1 ‘horse power’ p. sec. = 7:46 x 10° ,, 
l pound Troy 


Heat. 
. a 1 gramme-degree C. = 42 x 10° 
lmile per hour — 44104 em. per sec. | 1 pound-degree ZO 
l kilometre „ = 27777 " l pound-degree Fah. — 106 x 10* 
"TABLE II. Tastes III. 
Pressure of Aqueous Vapour in Values for the principal Lines of 
dynes per square centim. the Spectrum in air at 160°C. 
i C. m with Bar. 76 em. 
Temp. — Pressure. Temp. Pressure. 
— 20° 1256 40? SU Wave-length |No.of vibrations 
ee ]860 | 50° 1221500 : iu centims. per second. 
— 10? 2790 | 60° 195500 A 1004 x 10-^| 9:08 
— 5p 4150 | 80° 472000 Dn Gear” ,; 
0° 6133 | 190? 1014000 id 6-506201 , 
o? 8710 | 129° 1958000 D (inean)| 589212 ,, 
WOE 2AA 3626000 H 5:9n9mglg ., 
19? 16980 | 160? 6210000 P 486072 ,, 
20? 93190 | 180° 10060000 G 430725 ,, 
95? 31400 | 200° 15600000 I, 3-9680L ,, 


50? 42050 


3:93300 


I, 


19 
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Taste VI.—Punctions of m and e. 


3:1415926 
O-8696044 
31:0062701 


"3183099 2:71828183 

SIDE 1 7 98905611 

(053202253 LS 03678794 
63^ 6019712 = (Boos 
Df 20S 0°4342944 
WEN 2:30258500 


1772-4539 
14971499 
06679358 


Taste VII. 


. | Square root. 


14142156 


1:7320508 
2:0000000 
2:2360680 
2:4404897 
2:6457513 
2:8284271 
3:0000000 
5ul022 207 
3:3166243 
3 4641016 
255000018 
37416574 
3:8729833 
4:0000000 
4:1931056 
49426407 
43588989 
44791360 
4:5895757 
476904158 
479058215 
48080705 
5:0000000 
5:00901905 
51961524 
oe 2 3p 9026 


Cube root. 


1:2599210 


]:4422496 
1:5874011 
17099759 
1:8171206 
150190512 
2:0000000 
2:0800837 
2:1544347 
222350801) 
2:2894286 
2:90913247 
2:4101422 
2:4662121 
2:5198421 
2°5712816 
2°6207414 
26684016 
2°7144177 
De :2589243 
2:80202393 

2:8438070 
2:884 1991 
2:0940177 
2:0624060 
3:0000000 
3:0305889 
3°0723168 
3:1072325 


Taste VIII, 


:8010300 


Ad £913 

‘6989700 

-8450980 
1:0413997 
11139434 
1:2304.489 
1:2787536 
1:3617278 
1:4623980 
1:4913617 
1:5682017 
1:6197839 


16720979 
17242759 
1:7708520 


ils “833220 
18976271 
19190781 
1:9-493000 
19867717 
20043214 
20E SE 
RAUV Re do ded 


20374265 


log, Y. 


69314718 


1:09861229 
1:60043791 
1:94591015 
2°39789527 
2:56491036 
2:83321334 
2:044423898 
313349422 
336729583 
343395720 
3:61091791 
271952904 
376120012 
355014760 
3702010) 
407753744 
411087386 
420469262 
496267988 
429045944 
1:36044 785 
441884061 
448868637 
457471098 
461512052 
463472899 
467282883 
469134785 


Note.—The authorities for Table IV. are as follows:—Columns 2, 3, and 
4 (Mercury excepted), Everett's experiments (Phil. Trans., 1867); g is here 
taken = 9814. The densities in these cases are those of the specimens 
employed. Cols. 5 and 7, Rankine. Col. 6, Watt’s Dict. of Chemistry. 
Col. 8, Dulong and Petit. Col. 10, Wertheim. Col. 11, Matthiessen. 

Table V. is abridged from Loomis’s Astronomy. 

The values in Table III. are Angstrém’s. 
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BURGLEHARDT’S FACTOR TABLES. 


For ALL NUMBERS FROM 1 To 99000. 


ExvrraNaTION.— The tables give the least divisor of every 
number from 1 up to 09000: but numbers divisible by 2, 3, 
or 5 are not printed. All the digits of the number whose 
divisor is sought, excepting the units and tens, will be found 
in one of the three rows of larger figures. The two remaining 
digits will be found in the left-hand column. The least divisor 
will then be found in the column of the first named digits, and 
in the row of the umts and tens. 

If the number be prime, a eipher is printed in the place of 
its least divisor. 

The numbers in the first left-hand column are not conse- 
cutive. ‘Those are omitted which have 2, 3, or 5 for a divisor. 
Since 27.3.5? = 300, it follows that this column of numbers 
will re-appear in the same order after each multiple of 300 is 
reached. 

Mopr or usisa tire Taptys.—If the number whose prime 
factors are required is divisible by 2 or 5, the fact is evident 
upon inspection, and the division must be effected. The 
quotient then becomes the number whose factors are required. 
If this number, being within the range of the tables, is vet 
not given, it is divisible by 3. Dividing by 3, we refer to the 
tables again for the new quotient and its least factor, and so on. 


Exampies.— Required the prime factors of 310155. 

Dividing by 5, the quotient is 62031. This number is within the range 
of the tables. Baut it is not fonnd printed. Therefore 3 is a divisor of it. 
Dividing by 3, the qnotient is 20077. The table gives 23 for the least factor 
of 20677. Dividing by 23, the quotient is 590. 

The table gives 20 for the least factor of R09. Dividing by 29, the quo- 
tient is 31, a prime number. Therefore 910155 = 3.5.23.29.51. 

Again, required the divisors of 92851. The table gives 293 for the least 
divisor. Dividing by it, the quotient is 317. Referring to the tables for El aee 
a cipher is found in the place of the least divisor, aud this signifies that 317 
is à prime number. 

Therefore 02531 = 203x317, the product of two primes. 

It may be remarked that, to have resolved 92581 into these factors with- 
out the aid of the tables by the method of Art. 300, would have involved 
fifty-nine fruitless trial divisions by prime numbers. 
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94938 | 96605 | 98274 | 90946! 01621 | 03299 | 04980 | 06663 | 08350 | 10039 
9.9911732 | 13427 | 15125! 16826) 18530 | 20237 | 21947 | 23659 | 25375 | 27093 
98815 30539 32266 | 33995 35728 | 87404) 30202 | 40043 | 412685 | E35 
46185 | 47937 | 40693 | 51451| 58213 | 54977 | 56744, 58513 | 60280 | 62002 
63840 | 65621 | 67405 | 69192 | 70982 | 72774! 74570| 76368 | 78109 | 79972 
81779 | 83588 | 85-401 | 87216 | 89034 | 90854! 92678) 94504 | 96333 | 98105 


DD 5 225'2'2'2'2*2 Oe 99.90 90 Q7 Go 


"Oo JFONIC Cok Wye S&S 


j— mM pd pd p ee eM de ee pa 


the one nearest to the true value whether in excess or defect. This table, and 
the table of Least Factors, have each been subjected to two complete and in- 
dependent revisions before finally printing off, 


"av DIC dap v quc 


FACTORS. 


1 ae—lP = (a— b) (a+b). 
9 w—b? = (a—b) (a d abr b). 
3 a^ FUP = (a+b) (v! —ab-EU). 
And generally, 
a" — b = (u—b) (a? abt... +b") always. 
a" —b” = (a+b) (a t—a b+... — hb") if n be even. 


E: 
5 
6 a+b" = (a+b) (ata b+... +0") if n be odd. 
7 
8 


(wa) (o4 0) = a? +(a+b) e+ ab. 
(+a) (+b) (60) = a+ (atbte) ae 
Busco = a- 935-9. +(be+ea+ab)e+abe. 
10 (e—by = &@—2ab+ b. 
1l (a+b) = @+80Cb+ nab pH = 046 +4+38ab (a+b). 
19 (a=b? = ê Beb Sab t? = &—b'—sdab (a—b). 
Generally, 
(abby =a 4-7 «9b -E2Ya9? Ht 35a? 4-005 L221 + TBE. 
Newton’s Rule for forming the coefficients : Multiply any 
coefficient by the index of the leading quantity, and divide by 
the number of terms to that place to obtain the coejjicteut of the 
term neat following. Thus 21X5+3 gives 39, the following 
coefficient in the example given above. See also (125). 


To square a polynomial: Idd to the square of each term 
twice the product of that term and every term that follows it. 


Thus, (ath+te+td)y 
= wW+2a (b+e4+d) +0426 (e+ d) 4-8 4-2ed o- d. 
p 
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19 ate = (aab UD) (@—ab+b’). 
14 at+b' = (d-rab V 2-4-U) (à —ab 24-07). 


s | 1 1 
15 (e+ i) E vt + +2, (2+5) = iH rao 3! 


16 (a-Fb4-c? = @€4-0464+2be4+2ca+2ab. 


17V (a-4-b-rcey = eU O3 (Dc-Ebe-F ca ca? 
-J-a?b -- al?) --6abc. 


Observe that in an algebraical equation the sign of any 
letter may be changed throughout, and thus a new formula 
obtained, it being borne in mind that an even power of a 
negative quantity is positive. For example, by changing the 
sign of ¢ in (16), we obtain 

(atb—cP = a?-- UE e—2be—2ea 4- 2ab. 


18 @40?—e+2ab = (a4-0y—c = (at+b+e) (a4-b — c) 
by (1). 
19 W&—B—e’4 2be = «e —(b—ey = (atb—c) (a—b4-c). 
20 w&+h'+e—dsabe = (a+ bte) (@+0-+C—be—ca—ab). 
21 5c--5c-r-ea?-- ca 4- aU peb 4- c? 2- D94- c 
= (a+b+c)(@+0+e). 
22 bep bece teatab ab 4-3«be 
= (a+b+e) (be 4- ea4- ab). 
Q3 bc-EU'c-d ca? o ead a0 E b+ 2abe=(b+¢)(e+a)(a+) 
24 bcàw--Ue-- ed peatab eb —2abe — qd — 1) — 9 
= (b+e—a) (e+a—b) (a 4-6 — c). 
25 be—l'e-c ed —ca- E ab? —ab = (b—c) (e—a) («—b). 
26 2be'+ 200+ 20h? —a't—b'—e 
= (a+b+e) (b+e—a) (e+a—b) (a+b— e). 
97. aHa tety = (wy) Gaye?) 


Generally for the division of (e+ y)"—(x"+y") by € +ey +4 
see (545). 


MULTIPLIOATION AND DIVISION. 35 


—— 
( 
MULTIPLICATION AND DIVISION, 


BY- THE METHOD OF DETACHED COEFFICHFENTS. 


— = m. LJ 


98 Exr1: (a'—3a%d? + abt + b*) x (a3 — 245: — 29). 
140-3+42+1 


NND Le 
140—349 
-9-— 00:9 22 
—9—0-F6--— 9 


1+0—54+04+74+2-—6—2 
Result a’ —5a°b? + 7a5b' + 2a°l5— Gab — 2b’. 


Ex.9: (a —525+ 725+ 22*— 6x —2) + (a — 3 + 2x41). 


Osean) 120—510+7+2—6—91094- 0-2-2 
21-0 oe 1 


0—2—2-F642—6 

+2 +0—6+4+2 
—24046—4—2 
EL 


„Result 23!'—22—9. 


Synthetic Division, 
Ex. 3: Employing the last example, the work stands thus, 


1+0—5+0+7+2—6—2 


—0 0+0+0+0 
+3 T340—6-—6 
—2 —24+0+4+4 
—1 —1404242 
Bx) Se 
Result 233—2:—2. [See also (248). 


Note that, in all operations with detached coefticients, the result mnst be 
written out in successive powers of the quantity which stood in its suceessive 
powers in the original expression. 
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INDICES. 
"e : à E 141 s 6 
29 Multiplication: axa =a n o a; 
. a i ab ell m+n d 
a," po = os oo 4 mn : or a 
SM 2 2_1 m 6 
Mivision: C=] =a O 
i 1 1 1 m- 
e cM HS a”, or "2/ a” 
i Boil PL py SL ip 3 
Involution: (as) ug eE NA 
B pi 2 2x1 Boe 21 b 
Evolution: vae Sa ug a. 
il 
ee eal 
Ca 


HIGHEST COMMON FACTOR. 


30 Rvie.—To find the highest common factor of two ex- 
pressions : Divide the one which is of the highest dimension by 
the other, rejecting first any factor of either expression which 
is not also a factor of the other. Operate in the same manner 
upon the remainder and the divisor, and continue the process 
until there is no remainder. The last divisor will be the 
highest common factor required. 


31 ExAMPLE.— To find the H. C. F. of 
oc — 104+ l5r+8 and a^— 2gt— 6r + t tH l3e +e. 


E M 3+0- 0A O cC 
3 -gror po oN 
o De TIS 2) es See NETO 
ED LS lo me G12 
2) 10-194 94444.418 Se 
a= e — Pres 
3 3 ESTO aget 5 


Vt 


—15—184364+ 66 4-27 

+154 20—30—60—25 
2)2+ 6+ 6+ 2 Result H. C. F. = à? 92? E32 1. 

1+ 34 34 1 


EVOLUTION. 37 


32 Otherwise.— To form the If. C. F. of two or more 
algebraical expressions : Separate the eepressions into their 
simplest factors, The H. C. FP. will be the product of the 
Jactors common to all the expressions, taken in the lowest 
powers that ocenr. 


LOWEST COMMON ‘MULTIPLE. 


33 The L.C. M. of tiro quantities is equal to their product 
divided by the H. C. rF. 


34  Otherwise.—'l'o form the L. C. M. of two or more 
algebraieal expressions: Separate them into their simplest 
factors. The L, C. M. will be the product of all the factors 
that occur, taken in the highest powers that occur. 


KExampLe.—The H.C. F. of a’ (b—e)dd and à(b—2a)'c'e is a*(b —x)*c*; 
and the L. C. M. is aà3(b — z)*c/de. 


EVOLUTION. 


To extract the Square Root of 
ai Baa 34a T la TON 


2 9 16 


Arranging according to powers of a, aud reducing to one denominator, the 


lGa?— 2a? + 41a — 238! + 16 


expression becomes 16 


35 Detaching the coeflicients, the work is as follows :— 
16—244+41—-244+16(4-3+4 


16 
8—3 —24 4.1 
—3 24— 9 
58—6-r4 p22 G 
—32 -F214— 16 
fa —3at +4 


Result =a—łva+! 


4 
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To extract the Cube Root of 
37 82° — 36a? /y + 662*y —6325y Vy + 332 — Ir /y ty’. 


The terms here contain the suecessive powers of x and vy; therefore, 
detaching the coefficients, the work will be as follows :— 


i II. TIS 
m 12 g—36 +66- 63 33 —9- OP SE OP 
=f Ses m m 
DOMI 12-184 9 —36 4- 66—63433—9 + 1 
9 Tso fife OF) 
12—36-4-97 12—36--33—9 4-1 
jag = 19 636 aa 


12—36+433—9+41 
Result 2a°—3x./yt+y. 


ExPLANATION.— The cube root of 8 is 2, the first term of the result. 

Place 3 x 2 —6 in the first column IL, 3 x 2?= 12 in column II., and 22 8 
in III., changing its sign for subtraction. 

—96-2-12 = —3, the second term of the result. 

Put —3in L; (6—3) x (—3) gives —18+9 for II. 

(12—18-4-9) x3 (changing sign) gives 36—54-F27 for III. Then add. 

Put twice ( —3), the term last found, in I., and the square of it in II. 
Add the two last rows in I., and the three last in II. 

12412 gives 1, the third term of the result. 

Put 1 in col. I., (6—9+1) x 1 gives 6—9 4-1 for col. IT. 

(12—36 4-33 —9 4-1) x 1 gives the same for III. Change the signs, and 
add, and the work is finished. 


The foregoing process is but a slight variation of Horner's 
rule for solving an equation of any degree. See (533). 


Transformations frequently required. 


a e a+b etd 
38 t T then d) x [68. 


39 Ii wty= a TA je = Y: 
a 


and v—y = b v= 


40 (e Ey) Ge) = 2 (Pty). 
41 (+y) — Ge— yy = day. 


EQUATIONS. 39 


42 (ety)? = (ey) hey. 
43 (w—y)? = (w+y)? Avy. 
44 EXAMPLES. 


9a! —bi -- Ve —at.— 3v/a! —U + / c —di 
QUFT—N-—uU—s SVg—p-wd—dq. 
Vd-g  Ve—d 
Qa —b BV ae 
9 (c —2?) = 4(c—4d), 

g = V52d0-4-Ad 


To simplify a compound fraction, as 


ee E 
al—ab--b —a*--ab-- D? 
l 1 d 


a?—ab+b? a+ab+d? 


multiply the numerator and denominator by the L. C. M. of all the smaller 
denominators. 


4 ah+b%)4+(at—ab+b?) _ at 
Result (a^ ab + be — 
ids (a?++ab-+b*) —(a?—ab +b) ab 


QUADRATIC EQUATIONS. 


—p+./ b? ee 
2u l 
46 If a+ 2br4+c — 0; that is, if the coefficient of x be 


—b (—aec 
an even number, w= EE NOSE 


45 If aetbrte=0, w= 


a 
4'7 Method of solution without the formula. 
Ex.: 2x — Tz +3 = 0. 


Divide by 2, Ta eE 
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Complete the square, %’— Zat ( 


2 00 NO 
Take square root g— f= £ 2 
3 4 Ag 
g= Iz UD E 


48 Rule for “completing the square” of an expression like 
a’—Ja: Add the square of half the coefficient of æ. 


49 The solution of the foregoing equation, employing formula (45), is 
bvb’ —4ac 73: 49—94 72:5 


Ji 
cm LA e eee o EU e eg E DX 


2a 4 4 


THEORY OF QUADRATIC EXPRESSIONS. 


If a, B be the roots of the equation aa?--bz-4-c = 0, then 


50 aa bv c = a (e—a) (»— B). 


51 Sum of roots a+ = — 5 


a 
52 Product of roots aß = A 
a 


Condition for the existence of equal roots— 


53 6?—4ae must vanish. 


54 The solution of equations in one unknown quantity may 
sometimes be simplified by changing the quantity sought. 


a Se ll 18x+6 
xy: 2r ED o dcc . 
ar S ae "UU VT (1) 


Ga? + 5. a oa 14 
oz] ügguwme—l1 c 
B (ne JE 5p] 
9r 1 


Put 


EQUATIONS. 41 


thus y + m 
y 


y —14y4 6 = 0. 


y having beeu determined from this quadratic, æ is afterwards found from (2). 


D5 dix. 2: a+ utl = 4. 


Put a+ pe y, and solve the quadratic in y. 
a 
De 2 3 ,——— r 
DG Ex3: Ur 2p paper 
Ov tad3/22+a4F2 = 2, 
Meare tl Law oe +e 4. 
Put setat = y, and solve the quadratic 


y +3y = 4. 


hg bor Va" + meee 
y we du S 
dn €) 2n 16 
p? qo? = €. 
9 3 
2n 
A quadratic in QUON 


58 To fiud Mavima and Minima values by means of a 
Quadratic Equation. 


Ex.— Given g 30348917, 
to find what value of x will inake y a maximum or minimum. 


Solve the quadratie equation 


Qa! Oz +7 —y = 0. 


me 9, ]D 
Thus m. ETE: [46. 
In order that x may be a real quantity, we must have 3y not less than 12; 
therefore 4 is a minimum valne of y, and the value of z which makes y a 
minimum is —1. 
G 
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SIMULTANEOUS EQUATIONS. 


General solution with two unknown quantities. 
Given 
59 Met hy = ^| 
0+bhy = e i 


e, b, — c.l, y a €, (0, — C, (li 
(t b,— a,b, b, (t, — bu, 


v= 


General solution with three unknown quantities. 
60 Given aucT-b,y- Fes = e 
d T hy + ez mm Hy 
Wwtby+ex = d; ) 
d, (Dices — bs) +d Ca —b, 65) 3- d; (bic, — b.c) 
a, (b, 0, — 56.) + 4; (b, 6, — b, es) + ts (b, 6; — b6) 


and symmetrical forms for y and z. 


P= 


Methods of solving simultaneous equations between two 
unknown quantities x and y. 


61 I. By substitution —Find one unknown in terms of the 
other from one of the two equations, and substitute this value 
in the remaining equation. Then solve the resulting equation. 
Ex.: gz+5y = 23.. c 
Ty 2928... (2). 
From (2), y — &. Substitute in (1); thus 
pb 0] a=. 


62 IL. By the method of Multipliers. 
Ex.: 3u+5y = P mess (1) L. 
Judy E (2) 


Eliminate x by multiplying eq. (1) A 2, and (2) by 3; thus 
6r +10y = 72, 
6»— 9y = 15, 
19y = 57, by subtraction, 
y= 3; 


, 
a 


7, by substitution in eq. (2 . 


EQUATIONS. 
63 HI. By changing the quantities sought, 
x. 1: ry = cd 
vaPtety = 0 Cy) 
Let rpy =u yv 


Substitute these values in (1) and (2), 


From which 


64 Ex Be 


Substitute z for 


From which 


From which 


p zi 
uv--u = 30)’ 
Ou +u = 30, 


t= Ms 
+y = 10, 
gz—y = 2. 


2=26 and y= h 


5) ae E = 9... (1) 
a +y 
ae CO (2) 
ZHY i n (1); 
z 0 
2 n UE 

22—9z--102 0 
E on 2, 
t+y_c 5 
= 2 or 
z = 3y or zy 


Substitute in (2); thus y=2 and a=6, 


or 


65 Ex 3: 


ve E XU Fo 
Ber7y pes (2) 9 


Divide cach quantity by vy; 


Multiply (3) by 2yand (+) by 3, and by subtraction y is eliminated. 


Sepe p... e») 
y x | 
D. pa 
TU mes iod (4) J 
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66 IV. By substituting y — te, when the equations are 
homogeneous in the terms which contain x and y. 


lone, E 520 Op = yu (1) ; 
or a ec Lf cones (2) 
From (1), 59: php E D oo oa C) 
and, from (2), Bey uus (4) 5 
(3) gives 524 fb = Db. 


a quadratic equation from which ¢ must be found, and its value substituted 
in (4). . 
x is thus determined; and then y from y= tæ. 


pO MM 


67 Ex. 2: 93 +ry+3y? = 16 ...... t 
dy-u3pes 4. (C 
From (1), by putting y = te, 
a (2-- 4-838) = 16 ...... d 
from (2), quiz 4u CODE 
squaring, a (908 —12t4- 4) = 16; 


92—12t+4 = 244-32, 
a quadratic equation for t. 
t being found from this, equat/on (4) will determine v ; and finally y — tz. 


RATIO VND PROPORTION: 


68 Ifa:b::e:d; then ad = be, and PTT 
G 
ath etd. a—b  e—d, a+b_e+d 


b d’ b ad?’ a—b c—d 


Iud cce. l |» ate+te+Ke. 
69 f 305 e] 2 = bx dXfr&e- 


General theorem. 
40 If f= T =e. = Asay, then 
=| pa? 4- qe* 4- ve? 4 Ke. p 
pb" 4 qd" 4 rf" 4- Ke. 


where p, q, r, &c. ave any quantities whatever. Proved as 


mad 


RATIO AND PROPORTION. 45 


"1 Rere.—'o verify any equation between such proportional 
quantities: Substitute for a, e, e, e., their equivalents kb, kd, 
kf, $c. respectively, in the given equation. 
Ex.—lf a:b::c:d, to show that 
Va—b _ Va— vb 
: om Ac— Jd 

Put kb for a, and kd for c; thus 

Va—b | Skb—b _ /bVk—1_ vb. 


JE SMa” Vivi a" 
Va— vb — Vkb— vb _ /b( V k—1) _ vb 
Jo- Ja Vii Jau C/E ~*~ Va 


Identical results being obtained, the proposed equation must be true. 


also 


79 lfa:b:e:d:e &c., forming a continued proportion, 
then a:iec:ia: U^, the duplicate ratio of a: b, 

a:d: dà : b°, the triplicate ratio of a: b, and so on. 
Also Va: Vb is the subduplicate ratio of a: b, 

aè: bè is the sesquiplicate ratio of a : b. 


73 The fraction = is made to approach nearer to unity in 
value, by adding the same quantity to the numerator and 
denominator. Thus 


a+a 
b+e 


a (0) 3 
is nearer to 1 than E Is. 


74 Der.—The ratio compounded of the ratios a: b and c : d 
is the ratio ac: bd. 


DERE quen: coc damda: b^: 6 d; then, by compotgnas 
me ratios, aa : Gb :: cc : ail. 


VARLATION. 


46 If axecand bac, then (ath) «cand Vaba c. 
44 Jt co dl, then ac œ bd and TN 
and cad C d 


78 Ifa cb, we may assume a = mb, where m is some constant. 
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ARITHMETICAL PROGRESSION. 


General form of a series in A. P. 
49 a, atd, a+2d, a--3d, ...... a-- (n—1) d. 
a = first term, 
d = common difference, 
| = last of n terms, 
s = sum of n terms; then 


80 l =a (n—1)d. 
81 S= (a+) 5. 
82 s= {2a+(n—1) dj 4. 


2 


Proor.—By writing (79) in reversed order, and adding both series 
together. 


GEOMETRICAL PROGRESSION. 


General form of a series in G. P. 
83 a, ar, r^, QU an: ar), 
a = first term, 
r = common ratio, 
l = last of n terms, 
s = sum of n terms; then 


84 equ. 
_ 1”—l . ,l1—» 
85 P ei Or D erm 
If r be less than 1, and n be infinite, 
86 =, since += 0. 
l—r 


Proor.—(85) is obtained by multiplying (83) by r, and subtracting one 
series from the other. 


PERMUTATIONS AND COMDINATIONS. AG 


HARMONICAL PROGRESSION. 


——-—— = —- ee —— —— — 


87 a, b,c, d, &c. are in Harm. Prog. when the reciprocals 
i Dal 

p 5" s 
88 Or when a: 0:1: a—b : b—c is the relation subsisting 
between any three consecutive terms. 


l ; ' 
=) &c. are in Arith, Frog., 
d 


89 n" term of the series = GC aS [87, 50. 


90 Approximate sum of n terms of the Harm. Prog. 
1 MA Tee j 
E , ,, &C., when d is small comparcdi@mitn o, 
atd a+2d° a+3d 
_ (a-F d)" —a" 
d(atd)* © 


ewe 1 a a 
P .—By taking instead t P. - — + — tt 
ROOF y taking instead the G m + Gaur + Gea + 


91 Arithmetic mean between « and b = i: 5 b 

99 Geometric do. = Jab. 
2 

93 Harmonic do. = BMC 
ath 


The three means are in continued proportion. 


PERMUTATIONS AND COMBINATIONS. 


94 The number of permutations of à things taken all at a 
time = (w—1)@—2)...3.2.1=a! or. 


Proor ny Ixpuction.—Assume the formula to be true for » things. 
Now take n+1 things. After each of these the remaining n things may be 
arranged in x! ways, making in all n x »! (that is (n -- 1) !] permutations of 
n+l things; therefore, &c. See also (233) for the mode of proof by 
Induct:on. 


€ (Y v. 3c. 


et 
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———Ó— MÀ ——————— M —À —— E 


95 The number of permutations of n things taken r at a 
time is denoted by P (n, r). 


P (n, r) = n (n—1) (n—2) ... (n —r-4-1) za. 


Proor.—By (94); for (n—r) things are left out of each permutation ; 
therefore P (n, r) = n! +(n—r)!. 


Observe that r = the number of factors. 


96 The number of combinations of n things taken r at a 
time is denoted by C (n, r). 


C (n, r) = I = 


n! 
= = C (n, n—r). 
rl (n—v)! ) 
For every combination of r things admits of r! permuta- 
tions; therefore O (n, r) = P (n, r) +r! 


97 C (n, v) is greatest when r = $n or $ (n1), according 
as n is even or odd. 


98 The number of homogeneous products of r dimensions 
of n things is denoted by I (n, ioe 
Hie) =” (n+1) a MuR —1).. mor D 


== a c d 


When r is > n, this reduces to 


(r--1) (74-2) ... (a4 -r—1) 
99 ——- &-Db 


Proor.—II (n, r) is equal to the number of terms in the product of the 
expansions by the Bin. Th. of the n expressions (l—az)^', (L—ba)"', 
(1—cx)'!, &c. 


Pat a = b = ¢ = &c. = 1. The number will be the coefficient of x” in 
(Taz). (128, hao.) 


PERMUTATIONS AND COMBINATIONS. 49 


100 The number of permutations of n things taken all to- 
gether, when a of them are alike, b of them alike, c alike, &c. 


u n! 
ie . we 


For, if the a things were all different, they would form a! 
permutations where there is now but one. So of b, c, &c. 


101 The number of combinations of x things v at a time, 
in which any p of them will always be found, is 
= C(n—p, r—p). 


For, if the p things be set on one side, we have to add to them 
r—p things taken from the remaining n—p things in every 
possible way. 


102 Turorem: C(n—1, r—1)+C(n—1, r) = C (n, »). 


Proor py Inpuction; or as follows: Put one out of n 
letters aside; there are C (n —1, r) combinations of the re- 
maining n—1 letters r at a time, To complete the total 
C (n, r), we must place with the excluded letter all the com- 
binations of the remaining n— 1 letters r—1 at a time. 


103 If there be one set of P things, another of Q things, 
another of P things, and so on; the “number of combinations 
formed by taking one out of each set is = POR... &c., the 
product of the numbers in the several sets. 


For one of the P things will form Q combinations with 
the Q things. A second E the P things will form Q more 
MORI OS : and so on. In all, PQ combinations of two 
things. Similarly there will be PQR combinations of three 
things; and so on. This principle is very important. 


104 On the same principle, if p, q, r, &c. things be taken 
out of each set respectively, the number of combinations will 
be the product of the numbers of the separate combinations ; 


that is, = COM). C (Qq) C (Rr) ... HC 
II 
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105 The number of combinations of n things taken m at a 
time, when p of the n things are alike, q of them alike, v of 
them alike, &c., will be the sum of all the combinations of 
each possible form of m dimensions, and this is equal to the 
coefficient of z" in the expansion of 


(Ltata’+...+a?)(lteta?+...+at)(ltatar+... +27)... 


106 The total number of possible combinations under the 
same circumstances, when the n things are taken in all ways, 
Ly 2o S oo 0 AR a ITEMS 


~P DUTO —t. 


107 The number of permutations when they are taken m 
at a time in all possible ways will be equal to the product of 
m! and the coefficient of z" in the expansion of 

d 


Oe E wP a ow wt 
fi "ET + pitt Spot tat +S}. 


SURDS. 


108 To reduce V/9808. Decompose the number into its 
prime factors by (860); thus, 
9808 = 2/28, 33.13 = 6 V/18, 


1% 


S/ is110 8 as yin A 2 2 51 3/7 3 
va bte =a be a Bebb SF =u bie? VY dct. 


109 To bring 5 V/3 to an entire surd. 


4 fs * 7| TOU TES 
D = vip E Am 
TY 20 30 ^ . 
r? diens m gi? y z = a/a y’ m 


110 To rationalise fractions having surds in their 
denominators. 
L 2. lo ey D 
M m Vi 15 E 
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3 s au Z0) " 
111 9—/80 X sl—s8U E aan 
since (9 — /80) (9+ ,/80) = 81—50, by (1). 
l 1+2 7/3 2 TE 2 
112 E Le eeieaiis 


14-243—4/2^ (1424/3) E IDE TT: 
_ (14+2/3+ 2) (1144/3) 
73 


lee l 
113 BTF g 
Put 35 — zx, 2! = y, and take 6 the L.C.M. of the denominators 2 and 3, then 


oe eee Ie 


q—31 a — y 
ai 31921 591 3191 3i 9t ok 
therefore a Ce A 9". BND" + 2* 
3—2? 3391 


= 38/943 2/7246429/64844 1/3 4/2. 


114 MNT Here the result will be the same as in the last example 
if the signs of the even terms be ehanged. [See 5. 


115 A surd cannot be partly rational; that is, a cannot 
be equal to btc. Proved by squaring. 


116 ‘The product of two unlike squares is irrational ; 
Vg = ABI aniutational quantity. 


117 The sum or difference of two unlike surds cannot 
produce a single surd; that is, 4/a 4- /b cannot be equal 
UD A/C. By squaring. 


8 [fat J/mn =)+./n; then t =) and m= 42. 


Theorems (115) to (118) are proved indirectly. 


119 lf Vat Vb = Vet My, 
then Va— vb = Vr— v. 


By squaring and by (118). 
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120 To express in two terms 4/7--2 V6. 
Let V7+2/6 = Jat Jy; 
then aty =? sesse by Squaring and by (118), 
and a—y = /P—(2,/6)? = //49—24 = 5, by (119); 
o = 0 anda — 


Result 4/6--1. 
General formula for the same— 


191 VatVb= VE (a-- A/ at —b) c V/1 (a— V/ a3 — b). 


Observe that no simplification is effected unless a?— b is a 
perfect square. 


192 To simplify Vat Vb. 
Assume Var Vb — x+ Vy. 
Let = V ee. 


Then æ must be found by trial from the cubic equation 
4a? — Ser = a, 
and y = a -—c. 


No simplification is effected unless a?—b is a perfect cube. 


TI. VT -H5/2-2m»4 VATER 
e= 5) = 1 
teeta ioe oN, ye 


Result 14 4/2. 


Ex. 2: V9 23-12 = ed y, two different surds. 
Cubing, 9 /3—-11/2 = xz f/at+3u/yt3y x yy; 
11/2 = Be+y) Vy) ’ 


x 0) and y 
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193 Tosimplify — /(124-4 4/3 4-4 /5 4 9/15). 
Assume V (12 4/8 4./5424/15) = Vir Jyt 2. 
Square, and equate corresponding surds. 


Result /3+ /44- /5. 


124 To express VAB in the form of two surds, where A 
and P are one or both quadratic surds and n is odd. "Take 4 
such that g (A?— D°) may be a perfect »'" power, say p", by 


(361). Take s and ¢ the nearest integers to Vy (A+B)? 
and Vq (4— BY, then 
V AB =—— ROUTINES Vest! ap 


PLAN 


ExawPLE: To reduce 4/89 4/3 4- 109 72. 
Here A 9r Ag I = 109,72, 
Mn — l p — land gae. 
Vq (A B)! =94+f ) f being a proper fraetion ; 
Vq(A—B) —1—f)' 5 gESUL Wem dL 
Result 13(/941424/941-2) = 34 2. 


BINOMIAL THEOREM. 
125 (a+b)" = 
apnar pp BO) eD, pipa IL c ) 


2) a^ &c. 
196 General or (rz Lye term, 
n (n—1) (n—2) ... (n—r4- 1) 
i 
n! »-r]r 
if n be a positive integer. 
If b be negative, the signs of the even terms will be changed. 


ab 
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——— ——$—$— $< — — ———— — 


If n be negative the expansion reduces to 
128 (a+b) = 
a" pn jp oa RED gary Bre ctun a 3p -4-&c. 
199 General term, 
(ay n (n+l) Tue m (GE) eae [See 98. 
r! 


Euler’s proof.—Let the expansion of (1 +g)”, as in (125), 
be called f(n). ‘Then it may be proved by Induction that the 
equation f(m)xf(n) =f (MN) .......... (1) 
is true when m and n are integers, and therefore universally 
true; because the form of an algebraical product is not altered 
by changing the letters involved into fractional or negative 
quantities. Hence 

f(mt+n+tp+&c.) =f (m) Xf (1) Xf (p), &e. 
h 


7 and the 


Put m = n = p = &c. to k terms, each equal 


theorem is proved for a fractional index. 
Again, put —n for m in (1); thus, whatever n may be, 
P E, 


which proves the theorem for a negative index. 


130 For the greatest term in the expansion of (a 4- b)", take 


; 14-1) b n—1)b 
r = the integral part of a CEN 
a+b a—ò 
according as n is positive or negative. 
But if b be greater than a, and n negative or fractional, 


the terms increase without limit. 


EXAMPLES. 
5] 


9 N42 
Required the 40th term of (1 — “| : 
Here 7-39; a1; b —, r= R. 
By (127), the term will be 


42! -g 4A ps by (90). 
TE 3 DAE i 
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Required the 31st term of (a—z)~*. 

Here r=30; b= —2; n= —4. 
By (129), the term is 

4.5. os .90 2021.99.93 .. me 01299 yee 

(— 1)» —— 9.3 "m 30 a 9 (—2) — EF by (98). 
13] Required the greatest term in the expansion of qi ; when zz 14. 

di (l+2)". Here &» —6, a=1, b=2 in a" formula 


CADE Ox th o. = a: 

a—b = JJ 

therefore r = 23, ir (130), and the greatest term 
ADIT. IVA AE Sb 027 PVT 
ET 22 

pic Bom e p.n. R ( 


132 Find the first negative term in the expansion of (2a-- 35) *. 
We must take r the first integer which makes n—r+1 negative; there- 
fore r>n+l =24+1 = 6}, therefore r — 7. The term will be 
SEM a (2a) -1 (8b) by (126) 


Eu Pec 
T (24)* 


198 Required the coefficient of 2* iu the expansion of (2:3). 
ee cree (EEY (1 22) 
arge rH D 
coma qas 2 ea (y eo CR) e s 


the three terms last written being those which produce z"' after multiplying 
by the factor (1432+ 22"); for we have 


32 9 33 Re 
, 2 x 33 ("") + 30 x 34 (7) +1 x35 (2) : 
4 D 2 2 
giving for the eocfficic nt of p in the result 


297 3 32 a 3 33 -— 2 34 ee: 3 3 
d ee) +) Sars). 


The coefficient of 2" will in like manner be 94027" 
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2n €l 
1934 To write the coefficient of 2?"*' in the expansion of (2- L) ' 3 
x 
The general term is 
(2n 4-1) ! a? (2n 2r 1) Es = (2n+1) l gina int? 
(2n+1l—r)!r! a" (2n+l—r)!r! 
Equate 4n—4r+2 to 3m+1, thus 
Tu 4n —9m 4-1 
sot 
Substitute this value of r in the general term; therequired coefficient becomes 
(2n -- 1)! 
[1 (4n--3m 3) | ! [1(4n—3m4 1) | ! 
The value of r shows that there is no term in 2?"*' unless mel is an 


integer. 


135 An approximate value of (1+2)", when æ is small, is 
1+na, by (125), neglecting x and higher powers of z. 


196 Ex.—An approximation to V/999 by Bin. Th. (125) is obtained from 
the first two or three terms of the expansion of 


(1000—1)! = 10—1.1000-1 = 10—41, = 922% nearly. 


MULTINOMIAL THEOREM. 


The general term in the expansion of (a 4- be 4- cà? + &e.)” is 


137 T DEA : (p+l1) a^ ter ds... yrertseten, 


where p+Hq+r+s+ ée. =n, 


and the number of terms p, q, 7, &c. corresponds to the 
number of terms in the given multinomial. 

p is integral, fractional, or negative, according as n is one 
or the other. 

If n be an integer, (137) may be written 


n! 
138 = U ers. 
Pa 


[ Deduced from the Bin. Theor. 
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Ex. 1.—To write the coeficient of abe in the expansion of (a b 4 c4 d)". 
Were put 7 = 10,¢=1, p=, gol, r2 s=0 in (138). 


10! 


STN 


Result. = de. OL 


Ex. 2.—To obtain the coeflicient of af in the expansion of 
(1 — 22e + 32? — 42?)*. 
Here, comparing with (137), we have a = l, b= —2, c= 3, d= —t, 
peat r+ s=4, 
qr 2r-p3s zt, 
| 


Se eS 
Tego 
i N Om 
(EE Hie [087 


| 


The numbers 1, 0, 1, 2 are particular values of p, q, v, s vespeetively, 
which satisfy the two equations given above. 

0, 2, 0, 2 are another set of values which also satisfy those equations ; 
and the fonr rows of numbers constitute all the solutions. In forming these 
rows always try the highest possible numbers on the right first. 

Now substitute each set of values of p, q, r, s in formula (138) sncces- 
sively, as under: 


1 
ATCC =T 


21 mee P (—4) = Bet 


4! ‘ pz — m 
91 n (—2)! 3 (—4)! = 864 
eal? (—3 eg(—4)9- 8l 
4! SUN icm 


Result 1905 


Ex. 3.—Required the coetlicient of at in (1 +2e— Ae? — 222) 7 *. 


Here a = 1, b=2, c= —4, d= —2,n— —5; and the two equations are 
ptat r+ s=—-4, 
qe 38-0 4, Y 
X UE. 
—& pofo] 
—i]21]1 | 
— 1t lo Mo 
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Employing formula (137), the remainder of the work stands as follows : 


E ed e 
-4)! fe» (L4y(—2*2 6 


S) 1m2 (a (2 = 15 


— 

| 

KMS, fue 
a ELLA 
Nu T. 

lex 


a te 


cis oem - 2 


Result 223 


139 The number of terms in the expansion of the multi- 
nomial (a--b4-c4- to n terms)" is the same as the number of 
homogeneous products of » things of » dimensions. See (97) 
and (98). 


The greatest coefficient in the expansion of (a+b—+¢+ 
to m terms)", n being an integer, 1$ 


! 
140 Cae Gy GED where qm+k = n. 


Proor.—By making the denominator in (138) as small as possible. The 
notation is explained in (96). 


LOGARITHMS. 


142 log, N=. signifies that «* = N, or 
Dxr.— The logarithm of a wmuber is the power to which the 
base must be raised to produce that mumber. 


143 log, @=— 1, opu =W 
144 log MN = log M+log N. 
log 4 = log W—log N. 


log (M )" = nlog M. 
log VM = 2 log M. (142 
n 
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log.a 


145 los M, a= 


That is—The logarithm of a number to any base is equal lo 
the logarithm of the number divided by the logaritlan of the 
base, the two last named logarithms being taken to any the 
same base at pleasure. 


log. b 


Proor.—Let logea — and log,b= y; then a=c*, b=c”, Eliminate c. 
l 1 T 


Es E d 
Eis Jv oq eus that is, log,a = 
y 


Q. e. d. 


146 log, « — Duet TE) 


log, D 


—_ log loge. N 
147 loge = TNT 10 by (145). 
1 29448 .. 
148 log, 10 10 Peradi 


is called the modulus of the common system of logarithms ; 
that is, the factor which will convert lovarithms of numbers 
calculated to the base e into the corresponding logarithms to 
the base 10. See (154). 


EXPONENTIAL THEOREM 


149 (i= e ee ET ar Ee. 


where e = (a—1)—3(«—1y-F$ («—1)— Ke. 


Pnoor. at= fl+(a— Dj Expand this by Binomial Theorem, and 
collect the coeflicients of v hus cis obtained. Assume c, Cy &c., as the 
coefficients. of the succeeding powers of a, and with this assumption write 
out the expansions of a*, a”, and at, Form the produet of the first two 
series, which product mns be equivalent to the third, Therefore equate 
the coefficient of x in this product with that in the expansion of a7*”. Iu 
the identity so obtained, equate the coeflieients of the successive powers of 
y to determine c, Cy &c. 
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Let e be that value of a which makes c = 1, then 


2 3 
150 ne? ER la. e. 
l 1 
151 e — Iit tay tae. 
— 2718281828 ... [See (295). 


Pnoor.—By making #=1 in (150). 


152 By making z= 1 in (149) and # — in (150), we obtain 
a=e°; that is,c=log,a. Therefore by (149) 
154 log, a = (u—1)—35 (a—1 F+} (a—-1)?— Ke. 


2 3 4 
gr € aue 
155 —— bog (Ita) = eS +P the 
a e 


fı 
3 3 A 
156 log (1— e) = ~v — u -L — "p — Ke. [154 
AS e) B 
: 33 3 
157 ~. log T =? ) n n Hs x +&e. . 


m—l , z : 
Put - Tore oe S 


m+ l 
—] 1 ;in—ly, l/nm—ly 
m xU J tly d De 
198 logm cwn Gear toe j 
Put 1 for e in (157) ; thus 
ont] " MU e í , J lus, 


159 log (n+1)—logn 


CONTINUED FRACTIONS. 61 


CONTINUED FRACTIONS AND CONVERGENTS., 


3L4159 


. Proceed as 
100000 ocecd as 


160 To find convergents to 314159 = 
in the rule for H. C. F. 


7 | 190000 | 314159 R The continued fraction is 
99113 | 300000 


34-1 
l 887 | 14159 15| 741 
854 den 15 4- &c. 
it 33 5289 or, as it is more conve- 
2 4435 niently written, 
4. | 4 Bok) 25 | FP ur X 
4 66 za 7 499 5. &c. 
194. 
165 
DOM T 
28 
l 
The convergents are formed as follows :— 
N XS 1 25 1 7 4 
B op 383 355 9208 9309 TOLJ SMAS] 


]2 7" «6106 «113° «2981 Some’ 24039" 100000 


161 Rurs.—Write the quotients in a row, and the first two 
convergents at sight (in the example 3 and 34-2). Multiply 
the numerator of any convergent by the next quotient, and 
add the previous numerator. The result is the numerator of 
the next convergent. Proceed in the same way to determine 
the denominator. he last convergent should be the original 
fraction in its lowest terms. 


162 Formula for forming the convergents. 
o HESS ) ) . 
]t P P» D aye any consecutive convergents, and 
([n - 2 VE 1 VP 2 " 
(a MEUS corresponding quotients ; then 


Pa = or LM M, VP = 7 S S 
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The n convergent is therefore 


Pa — Cea ra F 
— — ——Ó o à Ee n’ 
JE t, Man Ioe 


The true value of the continued fraction will be expressed 
by 
163 fas ahs 
ay Genie Qn-2 
in which a, is the complete quotient or value of the continued 
fraction commencing with «,. 


164 PaGn-1—Pu-1¥n = 21 alternately, by (162). 


The convergents are alternately greater and less than the 
original fraction, and are always in their lowest terms. 


165 The difference between F, and the true value of the 
continued fraction is 


1 
== a $ = 
VP Wnt) dn (Gn Fani) 


and this difference therefore diminishes as n increases. 


Pn UO Pua tps (163) 


Proor.—By taking the difference, / 
VE a Qn +1 QT. 


Also F is nearer the true value than any other fraction 
with a less denominator. 
166 /J/,/,,, is greater or less than / according as P, is 
greater or less than £,,. 


General Theory of Continued Fractions. 


167 First class of continued Second class of continued 


fraction. fraction. 
a+ tet a+ &o. | dj— (lg d4— &c. 


a,, b, &c. are taken as positive quantities, 


CONTINUED FHACTIONS, (i. 


bh h : . 
ro, &e. are termed compoucuts of the continued. frac- 
Ui us 
tion. If the components be mfinite in number, the continued 
fraction is said to be infimte. 
Let the successive convergents be denoted by 


= Po bi Gaa Na cu bs lis 
(f (t js tat fü Ps Gt at as 


; and so on. 


168 The law of formation of the convergents is 


For 4. For K, 
( P» = (s Pur tb, Pa-2 ( Hu = 4,5], .1— On Pa- 
Cus = i, (nik, (n -? ( (du. — Un Gn-1— On lln- 


| Proved by Induction. 


The relation between the successive differences of the 
convergents is, by (168), 


169 Panzi Pa — ae busi Gn-1 (2 mt 
n+ Wn / DESI VIE ([u—1 
Take the — sign for F, and the + for V. 
170 sc | Once ae: (168) 
) ). . 
171 The odd convergents for F, E = &c., continually 
41 3 
ə p. > 
decrease, and the even convergents, D 2S uc, continually 
à b h 
inerease. (167) 


Every odd convergent is greater, and every even con- 
vergent is less, than all following convergents. (169) 


179 Der.—If the difference between consecutive. conver- 
gents diminishes without limit, the infinite continued fraction 
is said to be definite. Tf the same difference tends to a fixed 
value greater than zero, the infinite continued fraction is in- 
definite; the odd convergents tending to one value, and the 
even convergents to another. 
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173 F is definite if the ratio of every quotient to the next 
component is greater than à fixed quantity. 


Proor.—Apply (169) successively. 


174 F is incommensurable when the components are all 
proper fractions and infinite in number. 


Proor.—Indirectly, and by (168). 


175 If a be never less than 54-1, the convergents of V are 
all positive proper fractions, increasing in magnitude, p, and 
qa also increasing with n. By (167) and (168). 


176 If, in this case, V be infinite, it is also definite, being 
=l, if « always =)+1 while b is less than 1, (175); and 
being less than 1, if 4 is ever greater than )+1. By (180). 


177 V is incommensurable when it is less than 1, and the 
components are all proper fractions and infinite in number. 


180 Ifin the continued fraction V (167), we have a, =b,+1 
always; then, by (168), 


Dy = b,+0,b,+6,b,b3+ ... to n terms, and qp = p, +1. 
181 If, in the continued fraction P, a, and b, are constant 
and equal, say, to a and b respectively; then p, and q, are 
respectively equal to the coefficients of à" ' m the expansions 


b d a+ be 


E s I— a CU 


of 


Pioor.—p, and qa are the nf^ terms of two recurring series. See (168) 
and (251). 


189 To convert a Series into a Continued Fraction. 
‘ ; 1 TEE i d 
The series —+—+— +... 4+ — 

ie £p h IM 


is equal to a continued fraction V (167), with n+1 com- 
ponents; the first, second, and n+ 1 components being 
| ww uiu 


in e oom) .* 4 ———— ML» 
wo udue yb, 1? 
[Proved by Induction. 
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183 The series 


1 alt a U 


ih it, "t "^, ii; wey "s LS iu 


n 


is equal to a continued fraction V (167), with n+1 compo- 
nents, the first, second, and v+1" components being 


1 im EP 


Tomy UU nn 


184 The sign of æ may be changed in either of the state- 
ments in (182) or (183). 


[Proved by Induction. 


185 Also, if any of these series are convergent and infinite, 
the oid fractions become infinite. 


186 To find the value of a continued fraction with 


recurring quotients. 


Let the continued fraction be 


r= Do bs where y — DS | Dn 
u, a+.. T uty i t s zr Oty 
so that there are m recurring quotients. Form the «" con- 


vergent for v, and the mt" fi: yen, by Sr uate the 
complete quotients da 4-79 for a, aud ty gm EY for a, M (165), 
two equations are obtained of the forms 


_ kyt+Fk 
~ Gy+H' 


from which, by eliminating y, a quadratic equation. for de- 
termining e is obtained. 


b, b, 
att UNE 3 ti 


be a continued fraction, and 


187 Tf 
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: (n — 

the corresponding first n convergents; then I! developed 
i ([n 

by (168), produces the continued fraction 


1 b, ba b, b, 
(ty, + "e Ua ol T + (ls E (l 


the quotients being the same but in reversed order. 


INDETERMINATE EQUATIONS. 


188 Given ax+by =e 

free from fractions, and a, 3 integral values of æ and y wnich 

satisfy the equation, the complete integral solution is given by 
& = a—bt 


y = Bat 
where / is any integer. 


EXAMPLE.— Given Oey = 112. 
Mhen a = 20. y= 4 are values; 
C= 20—3t 
p A+ Se T 


The values of æ and y may be exhibited as nnder: 


Lc I 0 d 3 3 d C 
w= 20 VO y DIS ell 
y——60 —l ^ 9 l4 19 24 29 əf 39 
For solutions in positive integers / must lie between 2? = 62 and —$; 


that is, é must be 0, 1, 2, 3, 44 5, or 6, giving 7 positive integral solutions. 


189 If the equation be 

qu —by = ¢ 
the solutions are given by 
a+ bt 
y = B+at. 


Tu 
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EXAMPLE : te—38y = 19. 
Here x = 10, y=7 satisfy the equation ; 
v= 1043 i 
y= rM! 
The simultaneous values of /, z, and y will be as follows :— 
i=—5 —# —3 —9 —1 0 1 23 9$ 
pm—5 —? l 4 7 10 13 I6 I9 
S A Xl 3» 09 


furnish all the solutions. 


j= ed Pj —90 —5 —1 

The number of positive integral solutions is infinite, and the least positive 
integral values of x and y are given by the limiting value of $, viz., 

10 7 

t>— = and £»—-— 

3 4? 


that is, / must be — 1, 0, 1, 2, 3, or greater. 


190 If two values, a and B, cannot readily be found by 
inspection, as, for example, in the equation 


172--13j = 14900, 


diride by the least coefficient, and equate the remaining frac- 
tions to t, an integer; thus 


M X Pag ae TIT 
' ia 13 
4r—? = 13¢. 
Repeat the process; thus 
.) t 
—= = 3t+— 
ea eas 
S. +2 = 4u 
Pat 1 = I, 
[M 
U= Ino - Sa: 
4 


and yd cc = 1146, by (1), 

pe y —1146—7—2 = LIST = p. 
The general solution will be 
TN 7— Re 
y = 1137 + L76, 

Or, changing the sign of ¢ for convenience, 
u= 7 40M, 
y = 1137— Mit. 
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Here the number of solutions in positive integers is equal to the number of 


integers lying between — 2 and H, 
oF -5 and 6615; that is, 67. 


191 Otherwise.—Two values of « and y may be found in 
the following manner :— 


Find the nearest converging fraction to 


[By (160). 


[I 


This is S. By (164) we have 
17 x3—13 x4 = —1. 
Multiply by 14900, and change the signs; 
17 (—44700) +13 (59600) = 14900 ; 

a = —44700 
B= 59600 
and the general solution may be written 

æ = — 44700 +134, 

y=  59600—17t. 


This method has the disadvantage of producing high values of a aud £. 


which shews that we may take { 


192 ‘The values of æ and y, in positive integers, which 
. » li . * LI te) a 
satisfy the equation avtby = e, form two Arithmetic Pro- 
gressions, of which b and « are respectively the common 
differences. See examples (188) and (189). 


193 Abbreviation of the method in (169). 


EXAMPLE: lle—l8y = 63. 


Put æ = 9z, and divide by 9; then proceed as before. 


194 To obtain integral solutions of av-by+ez = d. 
Write the equation thus 
aa d by = d— ez. 


Put successive integers for z, and solve for x, y in each case. 


REDUCTION OF A QUADRATIC SURD. 69 


TORRE OUGE v CUADRATIV SURD TO «X 
CONTINUED FRACTION. 


195 Exaneis: 


i 4 
JA = 5+ 4/29 —5 = D oy 2 
2904-5 

N 

20-5 24) = ) 
vA m EA = aan 2 + /993- 3 
a, ‘ NUES CU 

29 4-3 = qu 429—232 E ik n 
5 5 zm 

29 4-8 29—53 : 
Vv LT = 1+ Na 5 ! = l 4 ves 

RU? 5 120—599, d 
4 E d 


Me 0-429 —o — 10 e ES 
The quotients D A, 1,2 2,10 are the greatest integers 
contained in the quantities in the first column. The quotients 
now recur, and the surd 4/29 1s equivalent to the continued 
fraction 
i ni ee l Ld Le 


DE ee OS eS ee Lear. 
The convergents to \/29, formed as in (160), will be 
5 1i 16 22 70 787 l994 2251 3775 9301 
LE uc WE oyosas^ 187 01 "Sep! 


196 Note that the last quotient 10 is the greatest and twice 
the first, that the second is the first of the recurring ones, and 
that the recurring quotients, excluding the last, consist of 
pairs of equal terms, quotients equi- -distant from the first and 
last being equal. These properties are universal. (See 204 


-910). 


To form high convergents rapidly. 
: S Jj 


197 Suppose m the number of recurring. quotients, or any 


70 ALGEBRA. 


multiple of that number, and let the m convergent to VQ be 
represented by Fa; then the 2m'" convergent is given by the 


formula Fan = > : | Fb ae UN 3 by (203) and (210). 


198 For example, in approximating to 4/29 above, there are five recurring 
quotients. Take m = 2x5 = 10; therefore, by 


29 
Poy = L T ? , 


Fw 
€ 
= EG the 10th convergent. 
mx » . (9801 18520 ) _ 192119201 
Therefore H= ESTEE 9801 i = 35675640 


the 20 convergent to 4/29; and the labour of calenlating the intervening 
convergents is saved. 


GENERAL THEORY. 


199 The process of (174) may be exhibited as follows :— 


VO+G = a ius mc E 


ri p 
Ve 
.- = Oe aaa gnum 
LT Efi 


— Vas 
"add aR 
Pa M V =e 1-1 


f| 5 1 if 1 
E90. uda VQ = bat TE y+ &c. 


The quotients «,45, «3, &c. are the integral parts of the frac- 
tions on the left. 


REDUCTION OF A QUADRATIC SURD. (| 


2901 The equations connecting the remaining quantities are 


é = | 
(o —44 
j= ir —, p. = -S 
n 
Q—«; 
Cy Ts un py = 4 
T 
0 —c, 
è — * —M P e = r n 
Gn m 08 Vy Cn 1 Ur d " 
PES 
The 2 convergent to 4/Q will be 
902 a (s pay Pa- (By Indnetion. 


(qu a, Du ee 


The true value of VQ is what this becomes when we 
O 
n 


n 


substitute for «, the complete quotient , Of which a, 


is only the integral part. This gives 


7 


2 /() — (OFE) WaT aa 2 
ae : (ESOS Yn ipm VE 3 


2 


By the relations (199) to (203) the following theorems are 
demonstrated :— 


904 All the quantities a, v, and ¢ are positive integers. 
905 The greatest ¢ is e, and e, = (t. 

906 Nou orr ean be greater than 2a,. 

EUCH = I, then e, = a. 

908 For all values of » greater than l, a—e, e "m 


209 The number of quotients cannot be greater than 2). 

The last quotient is 2«, and after that the terms repeat. 
/ 

A UF: 
Ms 


The first complete quotient that is repeated is „and 


ls, 3, € commence each cycle of repeated terms. 
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210 Let ans Tms m be the last terms of the first cycle; then 
Uno 0-1 Cu-1 re respectively equal tO dz, 75, C25 808 oi 0 
C,-2 are equal to «5, V €,, and so on. fBy (187). 


KOUAMIONS: 


Special Cases in the Solution of Simultaneous Equations. 
211 First, with two unknown quantities. 


If the denominators vanish, we have 


ay b, n 
= Hd OUR OON. 
dy De 


4 


unless at the same time the numerators vanish, for then 


UO ur s (Qu 


and the equations are not independent, one being produced by 
multiplying the other by some constant. 


219 Next, with three unknown quantities. See (60) for 
the equations. 
If d, d, d, all vanish, divide each equation by z, and we 


LI * . = TH 1 
have three equations for finding the two ratios — and 4 two 


only of which equations are necessary, any one being dedu- 
cible from the other two if the three be consistent. 


213 To solve simultaneous equations by Iudeterminute 
Multipliers. 
Ijx.— Take the equations 
e4-2y-4 9z + Aw = 27, 
da4-5y- 72+ w= 48, 
5o + 8y + 102 — 2w = 65, 
Te + Oy + 5:4 tw = 03, 
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Multiply the first by A, the second by P, the third by C, 
leaving one equation unmultiplied ; and then add the results. 


Vinns GL-E3D 5C 4-7) e+(2A+52+80+6) y 
+(3.A+7B+100+45) 2+ (44 4- 5 —2C-4- 4) w 
= 974 +482 +650 4- 52. 

To determine either of the unknowns, for instance v, 
equate the coefficients of the other three separately to zero, 
and from the three equations find A, P, C. Then 

97.1 48D 4650453 
eet 0-27 E 


MISCELLANEOUS EQUATIONS AND SOLUTIONS. 


214 DUET 


Divide by 2°, and throw into factors, by (2) or (5). See also 
(480). 


215 D —7.—6 = 0. 


w= —1 isaroot, by inspection; therefore «+1 is a factor. 
Divide by 24-1, and solve the resulting quadratic. 


216 e+ 16e = 4252. 


3*4- 160? = 355. = 05 X 7«, 


20-9, O PG ey n] 
i E652? 4- ( ) = Hae + 60 X et ( i ) i 


9 
E 


ond 
65 65 
m = 
Pp = Te, 
-— - 
a) m. ees 
C = e; = e 


Rvrr.— Divide the absolute term (here 455) into two 
factors, if possible, such that one of them, minus the square 
of the other, equals the coefficient of e. See (483) for gencral 
solution of a cubic equation. 

i 
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217 a —y — 14560, ==) — 8. 
Put v=stu and y=s—v. 


Eliminate v, and obtain a cubic in z, which solve as in (216). 


218 a — y 00s, ye 


Divide the first equation by the second, and subtract from 
the result the fourth power of z—y. Eliminate («?+y"), and 
obtain a quadratic in ay. 


219 On forming Symmetrical Eapressions. 
Take, for example, the equation 
(y— c) (z— 0) = æ. 
'To form the remaining equations symmetrical with this, write 
the corresponding letters in vertical columns, observing the 


cireular order in which a is followed by b, b by c, and c by a. 
So with v, y, and z. Thus the equations become 


(y—c) (s—b) = æ, 
(x—«) (»—e) = b, 
(e—5)(y—«) = e. 
To solve these equations, substitute 
g = bpe, yo=etaty, c=a+bd4+7; 
and, multiplying out, and eliminating y and z, we obtain 


„ — be (be) —a (4-9) 


be — ca — ab 


and therefore, by symmetry, the values of y and z, by the 
rule just given. 


220 y PE T NE osos 


tn eh) ener. (0): 
Tul — ta mE (3) 


d ys-d-2e--cxy) — Sg qon qi quc (4). 


IMAGINARY EXPRESSIONS. 


SI 
Vt 


Now add (1), (2), and (3), and we obtain 
2 (+y 4-2) —93 (yetertay) = EUR ...... (9). 


From (4) and (5), (»4-y-Fz) is obtained, and then (1), (2), 
and (2) are readily solved. 


221 SEDE DE eese ab 
We ^ — 1 er (8). 
DUNS Le T deos cnet M 
Multiply (2) by (3), and subtract the square of (1). 
Result e (Sayz —a? — y —:*) = Pe—a', 


g y Z 


— ee ENA E 4). 
oe = E DET p er (4) 


Obtain à? by proportion as a fraction with numerator 


=e 


209 o et, ..uue eret (1); 


y = UZ Oh OE (2), 
m — Oe H osse (3). 


Eliminate a between (2) and (3), and substitute the value of 
a from equation (1). 
2 a? E 


Resul . y cM pus 
venit 1—)? l= 1—e 


IMAGINARY EXPRESSIONS. 


223 The following are conventions :— 

That ,/(—«a?) is equivalent to a,/(—1); that a/(—1) 
vanishes when « vanishes; that the symbol a y(— 1) is sub- 
ject to the ordinary rules of Algebra. ,/(—1) is denoted 
hy i. 
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294 Ifatip=ytis; thenaz y and 8 =ð. 


295 a-4-if and a—iP are conjugate expressions; their pro- 
duet = «?4- *. 


296 Thesum and product of two conjugate expressions are 
both real, but their difference 1s 1maginary. 


997 ‘The modulus is qm On 
998 If the modulus vanishes, a and f? must vanish. 


299 lf two imaginary expressions are equal, their moduli 
are equal, by (224). 


230 The modulus of the product of two imaginary expres- 
sions is equal to the product of their moduli. 


931 Also the modulus of the quotient is equal to the 
quotient of their moduli. 


METHOD OF INDETERMINATE COEFFICIENTS. 


939 lf At Bet O2844..-— 14 D'z4-0$ 4-... be an equa- 
tion which holds for all values of æ, the coefficients A, D, &c. 
nobunvolving z, then 4-4, DEL, C= Clave peruse 
the coefficients of like powers of « must be equal. Proved by 
putting «=0, and dividing by s alternately. See (234) for 
an example. 


233 METHOD OF PROOF BY INDUCTION. 


Ex.—To prove that 


lop 3 1 E n (n-E1) (2n 4 1) 
S . 


zen (4-1) (2n 4-1), 


E 


Assume 13:9: eer 


PARTIAL FRACTIONS. 


~] 
~ad 


14994994 E S => GED Gatt) TO-T1) 
»] 
E n (n4-1)(2n--1)-6 (n1) __ (n+1) 1» n1) -6 3 1)] 
T x 6 
- (n4- 1) (n - 2) (2a 4-3) M n (n 4-1) (2n' 1) 
6 T : 


where n’ is written for » 4-1; 
iode UE CER (n +1) (24 4-1) 
vi G 5 


It is thus proved that if the formula be true for n it is also true for n+1. 


Bat the formula is true when n = 2 or 3, as may be shewn by actual 
trial; therefore it is true when n = 4; therefore also when n = 5, and so on; 
therefore universally true. 


234  Ex.—The same theorem proved by the method of In- 
determinate coefficients. 


Assume 
Tey 3... 4» = slin zs + Di + &c.; 
c 14274384... 427+ (n1) = A+ B(nt]) + C(t] + D(n 41+ ke. ; 
therefore, by subtraction, 
w+2nt] = BO Qn41)4+D Bn? 43n+4+1), 


writing no terms in this equation which contain higher powers of n than the 
highest which occurs on the left-haud side, for the coefficients of such terms 
may be shewn to be separately equal to zero. 


Now equate the coefficients of like powers of n; thus 


s DERI OPE — 


3 


2043) 7 SEC 


Ci w ole 
e 
E 
Sy 
E» 
II 
e 


B+C+D=1, el 


therefore the sum of the series is equal to 


n. nun. SE» (IE D Geer |") 
D NE - 6 


PARTIAL FRACTIONS. 
In the resolution of a fraction into partial fractions four 
cases present themselves, which are illustrated in the follow- 
ing examples. 
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235  First.—When there are no repeated factors in the de- 
nominator of the given fraction. 

3e— 2 
(w— 1) (x—2) (æ —3) 
3x—2 A B C 


Asume G-I) (0-2) (4-8) — asi and eB) 


32—2 = A (x—2) (z—3) +B (—3) (z—1) -C (æ— 1) (»—2). 


Since A, B, and C do not contain 2, and this equation is true for all values 
ofz,putz-1; then 


3—92 = A(1—2) (1—3), from which 4 = T 
Similarly, if x be put = 2, we have 


Ex.—To resolve into partial fractions. 


6—2 = B(2—3) (2-1); THE 
and, putting x = 3, 
Sop = DESDE & oe a 
3a —2 Ree 4 7 


Hence F 1) (m DEED CES zuo oe 


236  Secondly.—When there is a repeated factor. 
705—102? + 6a: 
(e—1) +2) 


*65—102'-F6z | 4A B n C E: D 
(rl (@-) C-D r: 
These forms are necessary and sufficient. Multiplying up, we have 


7a35— 102? + 62 = A (x -2) FB (a—1) (z-2) - C (z—13)' (x2) +D (z— 4t 
(1). 


Ex.—Resolve into partial fractions 


Assume 


Make c= 1; ^ 7-104+6 =A (142); 3 yt il. 

Substitute this value of A in (1); thus 
7aà5 —102 5s —2 = D (x—l)(s42)-cC(vs—1)y(x-F2)-4- D (»—1y. 
Divide by z—1; thus 
Tæ —3s +2 = B(e+2)+C (#—1)(#+2)4+D (x—1)y ......... @): 

Make x= 1 again, 7-342 = B(1+2); eo: 

Substitute this value of D in (2), and we have 
7a? —5e—2 = 0 (x—1) (c2) FD (z—1). 

Divide by x—1, SUE = (GG p SD essct B 

Bate = la hid time, 7-990 EC 


LI 
— 


PARTIAL FRACTIONS. /9 


Lastly, make z — —2 in (3), 
—l4+2 = D(—2—1); 
Jl 2 3 
G—1»  G-1y Te 


t. 


D = 
4 
Result l + CEN 


237 Thirdly —When there is a quadratic factor of imaginary 
roots not repeated. 


1 
(a? +1) (a@+e+ 1) 
Here we must assume 
LUE mr , Oz+D . 
(+1) (@+et+1) a+] a+tat+l’ 


ai+1] and #+a+1 have no real factors, and are therefore retained as 
denominators. The requisite form of the numerators is seen by adding 


c 
jn 


Ex.— Resolve into partial fractions. 


together two simple fractions, such as m 
a+b 
Multiplying up, we have the equation 
1 = (Ax+ B) (à! +241) + (Oxt+D) (21) oee (1). 
Let 2-120; S g=—l. 
Substitute this value of a? in (1) repeatedly ; thus 
1 = (Ax + D) z = Ax + Bx = —A-rDz; 


or Dx—A-—1-zO. 
Equate coefficients to zero; «<. B= 0, 
A= =]. 
Again, let aia pq 
x = —g—l. 


Substitute this value of a? repeatedly in (1); thus 
1 = (Cx4 D) (—2) = — Cæ — De = Oz C — Dr; 


or (C— D) a C—1 — 0. 
Equate coefficients to zero; thus C — 1, 

ID e= ila 
Hence 1 — € = 


(41) (@+e2¢1) arl atl 


238 Fourthly—When there is a repeated quadratic factor 
of imaginary roots. 

402 — 103 
(e ly (T! — Aet B 


Ex.— Resolve into partial fractions. 
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Assume 

40: — 103 Ee Cz-4- D Ex-L-F 

(z--1) '(aà)—4r-F8)*  (a?—4x-F8) (æ —4048)?  a!—4z-4-8 
G H 


Econ 


40»—103 = (le B) J- (Cz 4- D) (a? — 42 4-8) + (Ec + F) (x? —40+8)?} (w+ 1)? 
+{G4H (e+1)} @—45 48)" nee NP 


In the first place, to determine A and D, equate à?—42z-F8 to zero; thus 
æ = Age. 
Substitute this value of æ? repeatedly in (1), as in the previous example, 
until the first power of æ alone remains. The resulting equation is 
40x — 103 = (174 +6B) «—48A —7B. 


Equating coefficients, we obtain two equations 


f h 
48A 47D = 103 | , from whic 


A=? 
J = il. 


Next, to determine C and D, substitute these values of A and B in (1); 
the equation will then be divisible by aà^—-z-4-8. Divide, and the resulting 
equation 1s 

0 = 22413+ (Co D+ (Eat F) (à—424-8)] (e 4-1) 
+{G+H@+1)} (9—4248) cS 


Equate #—42+8 again to zero, and proceed exactly as before, when 
finding A and P. 

Next, to determine F and F, substitute the values of C and D, last found 
in equation (2) ; divide, and proceed as before. 

Lastly, G and H are determined by equating #+1 to zero successively, 
as in Example 2. 


CONVERGENCY AND DIVERGENCY OF SERIES. 


239 Let a+a,+a,+&c. be a series, and «,, «,,, any two 
consecutive terms. The following tests of convergency may 
be applied. The series will converge, if, after any fixed term— 
(i.) The terms decrease and are alternately positive and 
negative. 
co . a . : 
(ii) Or if —*. is always greater than some quantity 
bal i 
greater than unity. 


SERIUS. al 


T . a . . : 
(m.) Or if — is never less than the corresponding ratio 
(n+ 
in a known converging series. 
: AM ; 
Gv.) Or if bes -u) is always greater than some quan- 
. lnti, m 
tity greater than unity. [By 244 and iii. 


Qi Orif = 
" PEST E 
some quantity greater than unity. 


—n—1) log n is always greater. than 


240 The conditions of divergency are obviously the converse 
of rules (i.) to (v.). 


c J a A 
241 The series a,+a.v+u;,0°+&c. converges, if —**! is 


l 
always less than some quantity p, and x less than —. 
J 


[By 239 (ii.) 
249 To make the sum of the last series less than an assigned 
. ? . 
quantity p, make æ less than E being the greatest co- 
) 


+h 
efficient. 


General Theorem. 


243 If (x) be positive for all positive integral values of 2, 
and continually diminish as æ increases, and if m be any posi- 
tive integer, then the two series 


$ (D$ 2) (9) T6 () o ...... 
$ (1) and (m) pn (n7) + nh (n?) + ...... 


are either both convergent or divergent. 


244 Application of this theorem. To ascertain whether the 


series 1 TA T 


l 
tutu E 


is divergent or convergent when p is greater than unity. 
M 
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Taking m = 2, the second series in (243) becomes 


a geometrical progression which converges; therefore the 
given series converges. 


945 ‘lhe series of which EE is the general term is 
n (log n)? 


convergent if p be greater than unity, and divergent if p be 
not greater than unity. [By (243), (244). 


246 The series of which the general term is 
1 
DAT AD) ener A (ny CASS Gy) 
where A(n) signifies log n, M (n) signifies log (log (n)}, and 
so on, is convergent if p be greater than unity, and divergent 
if p be not greater than unity. [By Induction, and by (213). 


947 The series a,+a,+&c. is convergent if 


2 P p 

na, log (oi lee 0n e loa a) loe my 

is always finite for a value of p greater than unity; log? (7) 
here signifying log (log n), and so on. 


[See Todhunter's Algebra, or Boole's Finite Differences. 


EXPANSION OF A FRACTION. 


4v — 10272 
1—6e+ lla? — 62? 
be expanded in ascending powers of æ in three different ways. 

First, by dividing the numerator by the denominator in 
the ordinary way, or by Synthetie Division, as shewn in (28). 

Secondly, by the method of Indeterminate Coefficients 
232). 


Thirdly, by Partial Fractions and the Binomial Theorem. 


248 A fractional expression such as may 
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To expand by the method of Indeterminate Coeftlicicnts, 
proeeed as follows :— 

‘he — 102? 
1—Get+ 1147—64? 
becl = A+ Bet Ca? + Dèt ESTO BK... 

—tAr— 6B 6C8— CDe'— Cha’—... 
+ Le? + Lee 11 Oe + 11 De + ... 
— GAXY— 6bs'— br... 


Assume 


= AF But Cet + De + Bat + &e. 


Equate eoctlicients of like powers of z, thus 


"E= u 
B— 6d = T e ae, 
C— 6B411.i = — 10, Ce S= 
D—6C+11B— 64 = MEE E — AD 
E—6D-r-11C— 6D = QU. 5 ES gu 
F—6E--11D— 6C = 0, . 49 


The formation of the same coeflicieuts by synthetic division is now 
exhibited, in order that the connexion between tle two processes may be 
clearly seen. 


The division of 4¢—102° by 1—6v+ 1147 —64?. is as follows :— 


Opt 

+ 6) 2448-64240 + 660 

S A — Jia — 440 1210 

+ 6 + 244 Bi 2404+660 


O+44+14+40 +1104 304+ 
Ww UD D. EO CP 


so*otówovsteto 


If we stop at the term 110z*, then the undivided remainder will be 
30 be? — 07049 + 66047, and the complete result will be 
30415 — 97029 + 66047 


> j Ous a 5 
4e + L ba? + 4005 + llOr + eps e 


249 Here the concluding fraction may be regarded as the 
sum to infinity after four terms of the series, just as the 
original expression is considered to be the sum to infinity of 
the whole series. 


250 If the general term be required, the method of ex- 
pansion by partial fractions must be adopted. See (257), 
where the general term of the foregoing series 15 obtained. 
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RECURRING SERIES. 


a, d- t 07 ataa &e. is a recurring series if the co- 
efficients are connected by the relation 


951 hy = Pi ln- F piss... Pun lnm 
The Scale of Relation is 
252 1—p,«—p,a^—...—p,a7. 


The sum of x terms of the series is equal to 
253 [The first m terms 
—p;« (first m—1 terms + the last term) 
—p,w* (first m—2 terms + the last 2 terms) 
—p 3a” (first m—3 terms + the last 3 terms) 


—p,, 14"! (first term + the last m—1 terms) 
—p,«” (the last m terms) ] + [1—p,w—p.e?— ... —p,w”"}- 


254 lf the series converges, and the sum to infinity is re- 
quired, omit all ** the last terms " from the formula. 


255  ExaupLE.— Required the Scale of Relation, the general 
term, and the apparent sum to infinity, of the series 


Avy + 14a? + 403? 2- 11025 -- 804: — 85-125 4- .... 


Observe that six arbitrary terms given are suffieient to determine a Scale 
of Relation of the form 1—pz—qa^— rà?, involving three constants p, q, r, 
for, by (251), we can write three equations to determine these eonstants; 
namely, 1102 40p+ 1494 4r The solution gives 
304 = 110p+ 40q- 14v r. Demo ug — T 
854 = 304p-F 110q 4- 40r 
Hence the Scale of Relation is 1—6x+ 112^ — 62°. 


The sum of the series without limit will be found from (254), by putting 
pub m = Sm = O S 


The first three terms = fe + ler + 402° 
— 0 x the first two terms = —2fr — Dte? 
+ Ilex the first term = + Ahad 


4c — 10 
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ro 4r— 102° ; 

lbe F llz-—e c 
the meaning of which is that, if this fraction be expanded in ascending 
powers of 2, the first six terms will be those given in the qnestion. 


956  Toobtain more terms of the series, we may use the Scale of Relation; 
thus the 7th term will be 


(6 x 854—11 x 30446 x 110) a! = 244027, 
957 To find the general term, S must be decomposed into 
partial fraetions ; thus, by the method of (235), 
Hoo — 2 1 | 2 8 
l= 6r--11;—02 ear 1 Er 
By the Binomial Theorem (128), 


e 1+ 3e4 9... +3"2", 
Jum 
2 = 049.95... Jm 
l— 2r i 
3 RT 2 áá 
id = —3—3v —32° —...... — dv", 
l-—c 


Hence the general term involving æ” is 

(BP 4247 — 3) g” 
And by this formula we cau write the “last terms” required in (253), and 
so obtain the sum of any finite number of terms of the given series. Also, 
by the same formula we can calculate the successive terms at the beginning 


of the series. In the present case this mode will be more expeditious than 
that of employing the Scale of Relation. 


258 If, in decomposing 5 into partial fractions for the sake 
of obtaining the general term, a quadratie factor with ima- 
ginary roots should occur as a denominator, the same method 
must be pursued, for the imaginary quantities will disappear 
in the final result. In this case, however, it 1s more con- 
venient to employ a general formula. Suppose the fraction 
which gives rise to the imaginary roots to be 


L+ Me E L-4- Me i 
afbeta T (p—r)(q—2)’ 


p and q being the imaginary roots of @+he+e = 0. 


Suppose paci, 
| = a—ip, where $ev/ — 1. 


xe 
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If, now, the above fraction be resolved into two partial 
fractions in the ordinary way, and if these fractions be ex- 
panded separately by the Binomial Theorem, and that part of 
the gencral term furnished by these two expansions written 
out, still retaining p and 4, and if the imaginary values of p 
and 4 be then substituted, it will be found that the factor will 
disappear, and that the result may be enunciated as follows. 


259 The coefficient of «-* in the expansion of 


L + Mæ 


(a^ 4- ga 2a 4a 


will be 


E na” B— C (n, 3) a”? f? n, 5) a^ f — ...] 
BB. B— € (n, 3) a"? 8-- C (n, 5) a"? B'— ...j 
{(n—1) a” B—C(n—1, 3) a” 8 


14 M 
B (a TLI +C (n—1, 5) ves 


260 With the aid of the known expansion of sinz@ in 
Trigonometry, this formula for the n™ term may be reduced to 


Ci Ire E 
VE E in 08-9) 


Mum M EMEN X 
in which 0 = tan = $ = tan a 


If n be not greater than 100, sin (10— 4$) may be obtained 
from the tables correct to about six places of decimals, and 
accordingly the nx term of the expansion may be found with 
corresponding accuracy. As an example, the 100" term in 

. l l +e 
the expansion of ~~ Sete 
11824 o 
ou 


is readily found by this method 
to be 


To determine whether a given Series is recurring or not. 


261 If certain first terms only of the series be given, a scale 
of relation may be found which shall produee a recurring 
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series whose first terms are those given. The method is 
exemplified in (255). The number of unknown coefficients 
P, q, t, &e. to be assumed for the scale of relation must be 
equal to half the number of the given terms of the series, if 
that number be even. If the number of given terms be odd, 
it may be made even by prefixing zero for the first term of 
the series. 


269 Since this method may, however, produce zero values 
for one or more of the last coeflicients in the scale of relation, 
it may be advisable in practice to determine a scale from the 
first two terms of the series, and if that scale does not produce 
the following terms, we may try a scale determined from the 
first four terms, and so on until the true scale is arrived at. 

If an indefinite number of terms of the series be given, 
we may find whether it is recurring or not by a rule of 
Lagrange’s. 


263 Let the series be 
S = A+ bet O28 + D? + Se. 


Divide unity by S as far as two terms of the quotient, which 
E ill be of the form ptge, and write the remainder in the form 
S 8, S being another indefinite series of the same form as 5. 

Next, divide S by S as far as two terms of the quotient, 
and write the remainder in the form Sa”. 

Again, divide S” by S", and proceed as before, and repeat 
this process until there is no remainder after one of the 
divisions. The series will then be proved to be a recurring 
series, and the order of the series, that is, the degree of the 
scale of relation, will be the same as the number of divisions 
which have been effected in the process. 


ExaMrLE.— To determine whether the series 1, 5, 6, 10, 15, 21, 28, 36, 
45, ... is recurring or not. 
Introducing x, we may write 


S = 1430+ 6224+ lOc? + 152! + 2125 + 28262 + 3007 45a... 


Then we shall have > = 1—3v4+... with a remainder 
BHS 5s +2 be? H A &e. 
Therefore N= 34 Ret Loa? + A3 + &e., 
; l E 
M 4 4 


pepe" 
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with a remainder y (a? 4- 328 + bat 4- 102? 4- &c. ...). 
Therefore we may take S" = 1-r3z-4- 62^ 4- 1025+ &c. 
Lastly rA = 3—a without any remainder. 


Consequently the series is a recurring series of the third order. It is, in 
] 


fact, the expansion of . 
8 P l— 3z +32 


SUMMATION OF SERIES BY THE METHOD OF 
DIFFERENCES. 


264 Rvure.—Form successive series of differences until a series 
of equal differences is obtained. Let a, b, c, d, &c. be the first 
terms of the several series; then the n'* term of the given 


series is 


a E bee (n— = aS 2 ap CDE (n—3) pn 


cm co € 


The sum of n terms 
966 = na 4 1) y 4 061) n—2) e+ &e. 
13 172.2 


Proved by Ing uction. 


EXAMPLE: a... l4 5415435470126 +... 
b... 443-104-2035 3-50 4- ... 
€... G10154214... 
d...44- 54- 64... 
e... lc 14+... 


The LOO term of the first series 
99, = 97.96 


99.98 g | 99.98.97 
> . 4 - 
1.3 mM ctm 


The sum of 100 terms 


100. 99 100.99.98 100. 90.98. 97 100.99.98.97.96 
= 100 44 : = 6 LAN 
im 1.2 p 1.229 1:225 = moe ems 


í 
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267 To interpolate a term between two terms of a series by 
the method of differences. 


Ex.— Given log 71, log 72, log 73, log 7-4, it is required to find loe 72754. 
Form the series of dillerences from the given logarithms, as in (260), 


log 71 log 72 log 73 log 74 
a... 8512053 L272 1:8633229 1:86925317 
b... 0060742 "005990-4 "0059058 
c a — 0000838 — 0000816 
d... —:0000022  eonsidered to vanish. 


Log 72:5- must be regarded as an interpolated term, the number of its 
place being 2:54. 
Therefore put 2°54 for x in formula (265). 


Result log 72:54 = 1:8605777. 


o 
e 


DIRECT FACTORIAL SERLES. 


268 Ex.: 5.7.9-7.9.11 F-9.11.13-E 11.13.15 4... 


d = common difference of factors, 
m = number of factors in each term, 
n = number of terms, 


a = first factor of first term — d. 


n" term = (a+nd) (atutld) ...... (ud ndr in —1 d). 


969 To find the sum of » terins. 
Rure.— From the lust term with the nert highest factor take 
the first term with the nert lowest factor, and divide by (m+ Y) d. 


Pnoor.—Dy Induction. 
Thus the sum of + terms of the above series will be, putting d —2, m — 32, 


9 1] 13.15.17 —3.5.7 9 
— — — d N a 
nz, a=v, ye (3 pa | 


Proved either by Induction, or by the method of Indeterminate Coeflicients. 


rr E CC — íc— 


N 
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INVERSE FACTORIAL SERIES. 


n 1 B c l E 
~U cer o | Oey THES 


xn 


Defining d, m, n, @ as before, the 
n 1 
(a+nd)(a+n+1d)... (e -n--in —1 d) 


97] To find the sum of n terms.  Rurz.—J'rom the first 


term wanting its last factor take the last term wanting its first 
factor, and divide by (in —1) d. 


n" term = 


Thus the sum of 4 terms of the above series will be, putting d= 2, m = 3, 


EE as 
AMAN Ra Db 
; i C= 


Proor.—By Induction, or by decomposing the terms, as in the following 
example. 


279 Ex.: To sum the same series by decomposing the terms into partial 
fractions. Take the general term in the simple form 


2 
(r—2) r (r+2) 
Resolve this into the three fractions 
1 1 d : 
B(r-2) a eng 
Substitute 7, 9, 11, &e. successively for r, and the given series has for 
its equivalent the three series 


H 1 iz 1 l ] 1 

si Se eo a Me "ec 

1 2 g 2 2 2 9 
ji! eee MC Le 

8 7 9 1 13 2u-c23 2n 

Il { 1 ] ele s l OW 
T 8 o + ILU T IIS eu pec ans oam 


and the sum of n terms is seen, by inspection, to be 


1 { Poe ] | e f Tous 1 : 
HUS 7 2n+5 eT) 40577 mF Crt)’ 
a result obtained at once by the rule in (271), taking 


1 
(2n 4-3) (2n 4-5) (2247) 


1 for the first 


DATT 


term, and for the nt? or last term. 


FACTORIAL SERIES. 9] 


273 Analogous series may be reduced to the types in (268) 
and (270), or else the terms may be decomposed in the manner 
shewn in (272). 
mtrt te 
wA 4.3.4 23.4.5 "7.576 
has for its general term 
3n—2 1 » 4 


=- — by (235 
n (nt 1) (nr 2) n ecd num DI 


and we may proceed as in (272) to find the sum of n terms. 


Ex.: 


The method of (272) ineludes the method known as “Summation by 
Subtraction,” bnt it has the advantage of being more general and easier of 
application to complex series. 


COMPOSITE FACTORIAL SERIES. 


974 If the two series 


p ^7» n pu a p= 
A-5 L.XORUR. . OM OMT os ORUM 
n o EL i ad a 
3.3 ,, 9.4.5 3.4.5.6 
> -3 __ e 3 2 ^y p 
Rc MH eU mee Tr 
be multiplied together, and the cocfficient of 2* in the product 


be equated to the coefficient of z* in the expansion of (1 —2)^*, 


we obtain as the result the sum of the composite series 


9.6.7.8X1.24-4.5.6.7X98.5 3.4.5.6 X 3.4 
" 4t P11! 
+2.3.4.5X4.5+1.2.3.4x5.6 = 77, T. 
275 Generally, if the given series be 
TALL Te? dye, eme am 
where Q, =r (r+1) @+2)... (r--4—1), 
and P, = (n—r) (n—r+1) .. (n—r+p—-)); 


the sum of »—1 terms will be 


pig! (un+p+y—1)! 


(ptt)! (n—2)! 
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MISCELLANEOUS SERIES. 


276 Sum of the powers of the terms of an Arithmetical 
Progression. 


puo e eta = 5, 
JH S qup cpu TU RM Go DE =F 
142-4. = EE BaL = S, 


24 94 ni) (2n+1)(82+3n—1) _ 
14 2'-ESH ... P = oe EE 


[By the method of Indeterminate Coeffieients (231). 


A general formula for the sum of the i" powers of 
1.9.3 ... n, obtained in the same way is 
S — a wtp ttt AP... ALi, 
where 2l, Aa, &c., are determined by putting p = 1, 2, 3, &e. 
successively in the equation 
m 
2(p+1)! 
] Al A, A, 
oe p) Yr ae p= ue = =a 


211 t" dm (a P d)" 4 (a 724)" 4 .. (and? 
= T a+ Sma" d4-5,C (i; 21a" d? 
--.5,€ (m, 3) a FP + &e. 
Proor.—By Binomial Theorem and (276). 
978 Summation of a series partly Arithmetieal and 
partly Geametrical. 
Exawere.—To find the sum of the series 1 +88 +5 +to 2 
terms. 


Let 


MISCELLANEOUS SERIES. 03 


s = 143r+ 502+ Ta +... + (2n—1) at, 
a = xke rRAU-E 4 (2n —3) à"! E (2n— 1) 2", 


n by subtraction, 


219 


hvrr.— Multiply by the ratio and subtract the resulting 


series. 


$(l—x) = 14274 2e7 +203 +... 42277! — (20—1) 2” 


md 
=) ae — ele 
1—a 
|. l= (a1) x" , 2x Qe!) 
Siam ae a: 


A general formula for the sum of n terms of 


at(atd) r4 latd) P+ (a4-3d) P+ &c. 


s  a0—(u4-n—lYd) r* , dr(1l—r" E 
iss = | (I— ry 
Obtained as in (278). 


290 


281 


282 


283 


L lett t.. Ra? "T = 


l 


a = Be? a a 
(L9) 


1) ayers! 


m-l (n+ 
e Hna Ta 


(n= 1) e+ (n 2)? (n —3).? 4L. ee 


— TE mnl 
— (We) oa By (253). 


(l—w)? 


|i vv e OEA 05 e Ec 


ica n) = ume m J-&c. = 0. 


By making 4—4 in (125) 
AI 


QVvrat« 
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984 The series 
—3 —4)(n—5 —5)(n—6) (n—7 
1-55 C Li )  (n—5) u y(n i 


NIE OERE 
1n—1 


. n 
consists of 9 or 


terms, and the sum is given by 


Dum 3 if n be of the form 6m 4-3, 
S = 0 ifn be of the form 6m+1, 
K= -i if n be of the form 6m, 

i 
e Z if n be of the form 6m +2. 


Pnoor.— By (545), putting p = +y, q = zy, and applying (546). 


285 The series n’—n (n—1y 42D) (n—2) 


X = (n—8)'+&e.... 


takes the values 0, nt, in(n41)! 
according as r is <i. =, Or S 

Proor.—By expanding (e*— 1)", in two ways: first, by the Exponential 
Theorem and Multinomial; secondly, by the Bin. Th., and each term of 
the expansion by the Exponential. Equate the coefficients of 2” in the two 
results. 

Other results are obtained by putting r 2 24-2, 4-3, &c. 


The series (285), when divided by 7!, is, in fact, equal to 
the coefficient of a” in the expansion of 


2 Ej n 
a a 

qe ar +? AP ooo 2 
Qu. "ou 


POLYGONAL NUMBERS. 05 


286 By exactly the same process we may deduce from the 
function (e*—e^*)" the result that the series 


n'—n(n—2)y-4- LEL (n —1)'— &c. 


takes the values 0 or 2"*.4!, according a8 r is <n or =®; 
this series, divided by r!, being equal to the coefficient of a” 
in the expansion of 


Bs D i 
Bie ae gro E 
SN XN 


POLYGONAL NUMBERS. 


987 The n™ term of the »* order of polygonal numbers is 
equal to the sum of » terms of an Arith. Prog. whose first 
term is unity and common difference r—2; that is 


n 


- {2+(n—1)(r—2)} = n4-in(n—1l)(r—2). 


988 The sum of n terms 
|a (n-4-1) a n (n—1) (n 4-1) (r—2) 
mm 6 i 


By resolving into two series. 


Order. nth term. 
1 l DEI I ue e | 
2 n ES OU o ioy 
3 In (n+l) 1 3 P 10 15 Gl 323 
t n? 1-429 2 160 25 a6 i» 
ð In (3n— 1) I b ie 3b 3o ol 70 
6 (2n —1) n 1 $5 15 SB d» 60. Pl 


r (n+ 0D (9) 1, r, 3:3 (772), 4-6(0—2), 510 (r—2), 
2 Me- e 


© 
c 


ALGEBRA. 


In practice—to form, for instance, the 6" order of poly- 
gonal numbers—write the first three terms by the formula, 
and form the rest by the method of differences. 


Ex.: 1 6 15 98 45 66 91 190... 
5 9- Ba 
[r—2 = 4] qo ELEC 


FIGURATE NUMBERS. 


289 The x" term of any order is the sum of n terms of the 
preceding order. 
The z term of the 7™ order is 
is EE SEE J = Hae — 1). [By 98. 
p= 


290 The sum of n terms is 
n(n+1).. ADE Tien 


mih term. 


Il 
n 


n (n+1) 
EL 


A 3-4. 10. 200895 0025 n (n 4- 1) (n--2) 
ESO CV ? TTE 


5 |, 5, 15895. Pomme nok) (nt Snes) 


G |1. 6. 91. 56. 196. 252 TION Y aT 
3.03 4r teat Jo eld 9 3.4.5 


lYPERGEOMHETHRICAL SERIEN. OF 


HYPERGEOMETRICAL SERIES. 


Ea COELI 
291 1! =a Te 
dico; m yyri) 
4 2 (ED) (a -3) B (B+1) (B+2) pee. 
1.2.3.y (y 1) Oe) 
is convergent if is < J, 
and divergent if xis > 1; (239 ii.) 


and if x = 1, the series is 


convergent if y —«— f 1s positive, 
divergent if y —a— f) is negative, (239 iv.) 
and divergent if y —a— f is zero. (839 v.) 


Let the hypergeometrical series (291) be denoted by 


F (a, B, y); then, the series being convergent, it is shewn by 
induction that 


area ya) l 
292 FS = concluding with 
P (a, B, y) 1l—k, i 
]1—. | —5..4 
1— &e. eee | — hry, Xo, 


where his iy, ks, &e., with za, are given by the formule 
(Ga ae Cee 
(y 2r—2) (yF?) 
no — (Btr) (y+r—a) e 
Gee ay Ge) 
—_ ass B+r+l.y+2r+)) ET 
F (apr, B+r, - y+ yH) — 
The continued fraction may be coneluded at any point 


with kya When v is infinite, 2,2 J and the continued 
fraction is infinite. 


hrs, = 


Sr 


O 


98 UE TTD 


293 Let 
zu p TNT 
fo) DIR eyo CRG Io i 


the result of substituting E for æ in (291), antl making 
«t 


p-a-o. Then, by last, or independently by induction, 


Ji teal) me Pai DP» P». 


J4o IE 14-... + 1-- &c. 


Wet Dy 


9 


ve 


(y+m— 1) (y 43): 


294 In this result put y — i and 2 for e, and we obtain by 
Jen. Wee (o0); 


a Ho a : y 
= ae LA (fees the 7*" component being ———. 
epe” 14- 3+ 5-4- &c. l > 2r—1 
Or the continued fraction may be formed by ordinary division 
of one series by the other. 


m 


295 e” is incommensurable, m and » being integers. From 


the last and (174), by putting e = ”. 
n 


INTEREST. 
H + be the Iuterest on £1 for 1 year, 
n the number of years, 
P the Principal, 
at the amount in 2 years. Then 


296 At Simple Interest W= P (1+nr). 
297 At Compound Interest A = P (14-7)*. By (54). 


INTEREST AND ANNUITIES. up 


298 But if the payments of aie 
Interest be made T A =P (1 + 3 ; 
times a year ... 

If A be an amount due in x years’ time, and Z’ the present 
worth of lf. Then 
A 


At Simple Interest (PE ee By (296). 
299 imple Interes EF y (296) 
300 At Compound Interest P = Te By (07). 
301 Discount = A — P. 
ANNUITIES. 
309 Theamount of an Annu- 4 o = D. 
ity of £1 inn years, = n+ — By (82). 
at Simple Interest ... 
1 MN e 
303 Present value of same = — Dy (299). 
304 Amount at Compound) | (1+r)"—1 pM 
T = y (55). 
Lntebesboe-. coo aso (V4r)—1l' 
Present worth of same  — SLT By (300). 
"ee 
305 Amount when the pay- (1 r ig 
ee) al 
ments of Interest ( _ ieee 
are made q times per( ^ 7 yp yt y Cae) 
annum "nc (! ) 20 


Present value. of same = 
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306 Amount when the pay- 
ments ofthe Annuity {| _ (l4pr)'—1 
aremadomtimesper| ^  . 1 
MOAN Bee Se ncc m ((12-r)»—1j 


1—(14-r)"* 


Present value of sane = — comme 


A 
m (0-4 v)» —1] 


307 Amount when the In- Vt 
: : : 1+ l 
terest 1s paid q times 


and the Annuity m m {(14+2)=—1f 
see d 


times per annum 


Present value of same 


PROBABILITIES. 


309 If all the ways in which an event can happen be m 
in number, all being equally likely to occur, and if in n of 
these m ways the event would happen under certain restrictive 
conditions ; then the probability of the restricted event hap- 
pening is equal to n-m. 

Thus, if the letters of the alphabet be chosen at random, 
any letter being equally likely to be taken, the probability of 
a vowel being selected is equal to ys. The number of un- 
restricted cases here is 26, and the number of restricted 
ones 5, 


310 If, however, all the m events are not equally probable, 
they may be divided into groups of equally probable cases. 
The probability of the restricted event happening in each 
group separately must be calculated, and the sum of these 
probabilities will be the total probability of the restrieted 
event happening at all. 
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ExaupLE.— Thero are three bags A, B, and C. 
A contains 2 white nnd 3 black balls. 
D rf 3 " $ 3 
© 19 4 PL) 5 » 
A bag is taken at random and a ball drawn from it. Required tho pro- 
bability of tho ball being white. 


Hero the probability of tho bag A being chosen = 4, and the subscquont 
probability of a white ball being drawu = 3. 


Therefore the probability of a white ball being drawn from A 


1l D 2 
aoe ow 
Similarly the probability of a white ball being drawn from B 
1: 99 il’ 
er 
And the probability of a white ball being drawn from C 
E x m 4 j 
3 9 Eu 


Thereforo the total probability of a white ball being drawn 
EU 1, + 401 


Is "MONT OT us: 


If a be the number of ways in which an event can happen, 
and b the number of ways in which it can fail, then tho 


311 Probability of the event happening = zu 5 
312 Probability of the event failing = an 


Thus Certainty = 1. 


If p, p’ be the respective probabilities of two independent 
events, then 


313 Probability of both happening = pp’. 

314 » of not both happening = 1—pp'. 

315 T of one happening and one failing 
= p4p-2pp. 

316 m of both failing = (1—p)(t—p). 


108 ioo ed: 


If the probability of an event happening in one trial be p, 
and the probability of its failing q, then 


317 Probability of the event happening r times in a trials 
= ONDE". 
318 Probability of the event failing 7 times in » trials 


= Cir, ep” ug. [By induction. 


319 Probability of the event happening at least r times in 
n trials = the sum of the first n—r+ 1 terms in the expansion 


of (p +q)”. 


320 Probability of the event failing at least r times in n 
trials = the sum of the last »—7r-+1 terms in the same ex- 
pansion. 


321 The number of trials in which the probability of the 
same event happening amounts to p’ 


_ log (1—p’) 
— log G—py 


From the equation (1—5)* = 1— ’. 


322 Derixition.—When a sum of money is to be received if 
a certain event happens, that sum multiplied into the proba- 
bility of the event 1s termed the expectation. 


ExawrPLE.—If three coins be taken at random from a bag 
containing one sovereign, four half-crowns, and five shillings, 
the expectation will be the sum of the expectations founded 
upon each way of drawing three coins. But this is also equal 
to the average value of three coins out of the ten ; that is, 
ths of 35 shillings, or 10s. 6d. 


323 ‘The probability that, after * chance selections of the 
numbers 0,1, 2,3... n, the sum of the numbers drawn will 
be s, is equal to the coefficient of 2? in the expansion of 


(a ah Rep usui ea’) rl. 
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394 The probability of the existence of a certain cause of 
an observed event out of several known causes, one of which 
must have produced the event, is proportional to the a priori 
probability of the eause existing multiplied by the probability 
of the event happening from it if it does exist. 

Thus, if the a priori probabilities of the causes be /^,, P, 
.. &c., and the corresponding probabilities of the event hap- 
pening from those causes QQ), Q ... &c., then the probability 
of the 7" cause having produced the event is 


Z2. Q, 
S (PQ) 


325 lf Pi, P... &. be the « priori probabilities of a second 
event happening from the same causes respectively, then, 
after the first event has happened, the probability of the 


Y 2 » 
second happening is LO 
iCal Kč 


X ne Dx m" 

l'or this is the sum of such probabilities as Du Wr E 

x (PQ) 

the probability of the s" cause existing multiplied by the 
probability of the second event happening from it. 


, Which is 


Ex. 1.—Suppose there are 


4 vases containing each 5 white and 6 black balls, 
2 vases containing each 3 white and 5 black balls, 
and l vase containing 2 white and 1 black ball. 


A white ball has been drawn, and tlie probability that it came from the group 
of 2 vases is required. 


Here RP = » Tey = - P = i 
Therefore, by (324), the probability required is 
Toon 
rutrstrs 7 


Vx. 2.— After the white ball has been drawn and replaced, a ball is 
drawn again; required the probability of the ball being black. 
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= 
— iy 
The probability, by (325), will be 
4.5.6 , 2.3.5 | 1.2.1 
7.11.1] 20818 1 089:3- 998690 
4.5 (2.9, 1.2. — —1lI2728 
(SE Tis 


If the probability of the second ball being white is required, Q,Q,Q, 
must be employed instead of P; P, P3. 


Here Te 


326 The probability of one event at least happening out of 
a number of events whose respective probabilities are a, b, c, 


&c., is DP,—P,--DP,— P+ &e. 
where P is the probability of 1 event happening, 
P, 33 DE 2 29 


and so on. For, by (316), the probability is 
1—(1—a) (1—b) (1—c) ... = Za—Zab + Zabe —, .. 


327 The probability of the occurrence of r assigned events 
and no more out of n events is 


Q= Q. t Qrt — Q, tH &c., 
where Q, is the probability of the 7 assigned events; Q,., the 
probability of r+ 1 events including the * assigned events. 

For if a, b,c... be the probabilities of the r events, and 
a’, V, c ... the probabilities of the excluded events, the re- 
quired probability will be 
abe... (1—a) (Ll — (le)... 
= abe ... (1 — Ew + Za'l/ — Xa'l/e +... ). 


328 The probability of any r events happening and no more 
. ^ A w ee x 
18 ZQ,—23Q, T Qa — c. 

Norz.—1f a=b=c=&ec., then EQ, = C (n, +) @,, «c. 
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INEQUALITIES 


330 Tet Te ties between the greatest and least of 
b 2-5. ... $4, 


i, &, u ' 
the fractions $e m a TE the denominators being all of 
A ^» In 


the same sign. 


Proor.— Let k be the greatest of the fractions, and T any other; then 
ir 
a,« kb, Substitute in this way for each a. Similarly if & be the least 
fraction. 


331 dels" ap 


t, t, a 
332 m tn; 
or, Arithmetic mean > Geometric mean. 


Proor.— Substitute hoth for the greatest and least factors tbeir Avith- 
metie mean. The produet is thus increased in value. Repeat the process 
indefinitely. The limiting valne of the G. M. is the A. M. of the quantities. 


333 UE S ee) 


excepting when m is a positive proper fraction. 


PRoor: Qe = (ra Ta)" i a =a 


where v = = Employ Bin. Th. 


d, tee +... te, L| ap -e 
334 zs E ee (ae ) i 


n n 


excepting when m is a positive proper fraction. 
[2 
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Otherwise.—The Arithmetic mean of the m* powers is 


greater than the m" power of the Avithmetie mean, excepting 
when m is a positive proper fraction. 


Proor.—Similar to (332). Substitute for the greatest and least on the 
left side, employing (333). 


336 If « and m are positive, and æ and me less than unity ; 


then (IF) lan: (195, 940) 


337 If x, m, and n are positive, and x greater than m ; then, 
by taking æ small enough, we can make 


14-n» > (14e). 


For æ may be diminished until 1 4-52 is > (1— mr), and this 
is > (14-v)", by last. 


338 If z be positive, log (14e) < v. (150) 
If x be positive and > 1, log (1+) >a— rs (155, 940) 


If e be positive and < 1, log > d (156) 


1 
1—w 


339 When n becomes infinite in the two expressions 


1.3.5...(Qn—-1) iq Duo d EST 
9 4.0... 9m í 93 (0.9 


> 


the first vanishes, the second becomes infinite, and their 
product lies between 3 and 1. 


Shewn by adding 1 to each factor (sce 73), and multi- 
plying the result by the original fraction. 
340 Ifm be > xn, anda > a, 
mtay” . n-Ha\” 
BEC. I < [S T 


It — a n—u 
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B41 Ife, b be positive quantities, 
ath 
wh? is > ex ! 


at+bte 
Similarly un b^ oc > (Ste Js ' 


These and similar theorems may be proved by taking loga- 
rithms of each side, and employing the Expon. Th. (1: 58), &c. 


SCALES OF NOTATION, 


342 If N be a whole number of n+ l digits, and + the radix 
orie cade M = ye Fp pos 7 4. Ep, 


where P, Pais --- p, are the digits. 

343 Similarly a radix-fraction will be expressed by 
Pp PPS + ge, 
OEC ij 

where /4, p;, &c. are the digits. 


ExaMmrLEs: 3426 in the scale of 7 — 3.2 4.7 2.746; 
4 5 


344  Ex.—'lo transform 34268 from the scale of 5 to the 
scale of 11. 
Rurg.— Divide successively by the new radir. 
11 34268 
11. 1313—t 


MEN > 
1—9 Result 1934, in which ¢ stands for 10. 
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345 Ex.—To transform '/0c1 from the scale of 12 to that 
of 7, e standing for 11, and ¢ for 10. 
Rurz.—Multiply successicely by the new radie. 
‘tOel 
El 
5657 
7 
61931 


0-2971 Result 550 


346  Ex.—In what seale does 2/7 represent the number 475 
in the seale of ten ? 


Solve the equation 2°4+10r+7 = 475. [178 
Result gx 


347 The sum of the digits of any number divided by r—1 
leaves the same remainder as the number itself divided by 
r—1; r being the radix of the scale. (401) 


348 The difference between the sums of the digits in the 
even and odd places divided by 7+1 leaves the same re- 
mainder as the number itself when divided by r+1. 


THEORY OF NUMBERS. 


349 If ais prime to b, 3 IS in its lowest terms. 
J 


a_a Aa 

Proor.— Let m n a fraction in lower terms. 
7) 
1 


Divide a by a,, remainder «a, quotient q,, 
b by b, remainder b, quotient 4; 


and so on, as in finding the H. C. F. of a and a, and of b and b, (sce 30). 
Let a, and b, be the highest common factors thus determined. 
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il 


Then, beeause “2 = %, = FTA = 70 
b b, b b—q b, b, ( ) 
and so on; thus T onn LIU: qo - 7 
à b T E m 


Therefore a and b are equimultiples of a, and b,; that is, a is not prime to b 
if any fraction exists in lower terms. 


y 


350 If « is prime to b, and = 


) 


(UN. 
D’ 


then « and Ùb’ are 


equimultiples of a and b. 


, 


a 
Proor.—Let ~- 


reduced to its lowest terms be P. Then P = = and, 
q q d 


i d : ; : " DC 

since p is now prime to q, and a prime to b, it follows, by 349, that P is 
f; 

Therefore, &c. 


neither greater nor less than z ; that is, it is equal to it. 


351 lf ab is divisible by c, and a is not; then b must be. 


ab 


Proor.— Let a —qi 


But a is prime to c; therefore, by last, b is a multiple of c. 


392 


Inge. 


lf « and b be each of them prime to c, ab is prime 
[By (351). 


959 If abed... is divisible by a prime, one at least of the 
factors a, b, e, &e. must also be divisible by it. 


Or, if p be prime to all but one of the factors, that faetor 
is divisible by p. (351) 


354 Therefore, if a” is divisible by p, p eannot be prime to 
dM. "bu 
a; and if p be a prime it must divide a. 


355 If « is prime to b, any power of « is prime to any 
power of b. 

Also, if u, b, c, &e. are prime to each other, the product 
of any of their powers is prime to any other product of their 
powers. 
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— ——— 


356 No expression. with integral coefficients, such as 
A+ Be+ Cà? +..., can represent primes only. 


Proor.—For it is divisible by x if 4 —0; and if not, it is divisible by 4, 
when e l 


357 The number of primes is infinite. 


Proor.—Suppose if possible p to be the greatest prime. Then the pro- 
duct of all primes up to p, plns unity, is either a prime, in which case it 
would be a greater prime than p, or it must be divisible by a prime; but 
no prime up to p divides it, because there is a remainder 1 in each case. 
Therefore, if divisible at all, it must be by a prime greater than p. In 
either ease, then, a prime greater than p exists. 


358 If a be prime to b, and the quantities a, 2a, 3a, ... 
(b — 1) « be divided by b, the remainders will be different. 
Pnoor.— Assume ma—nb = m'a—wWb, m and n being less than b, 
Boc) cT Then by (350). 


b qm —m 


359 A number ean be resolved into prime factors in one 
way only. [By (353). 


360 To resolve 5040 into its prune factors. 


Itung.— Divide by the prime numbers successively. 


2x5) 5040 
2| 504 


361 Required the least multiplier of 4704 which will make 
the product a perfect fourth power. 


By (196), 4704 = 2.3.7. 
Then 9» 95, 7 x o ae E 
the indices 5,-l 4 being the least multiples of - which are not less than 
9, 1, 2 respectively. 

Thus 25,32, 7? = 3584 is the multiplier required. 
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362 Alluumbers are of one of the forms 2a or 2n 4 1 


T 35 2n or 2u —] 
» - on oranti 
» S: 4n or tnt or 444-2 
» 5 1n or tai or 44 —2 
e T 5n or antl or out? 


and so on. 


363 All square numbers are of the form 5n or ju]. 


Proor.—By squaring the forms 5», ñn l, 5n +2, which comprehend 
all numbers whatever. 


364 All cube numbers are of the form Fau or Jal. 
And similarly for other powers. 


365 The highest power of a prime p, which is contained in 
the product w!, is the sum of the integral parts of 


Nl mM m 
&e. 


? 92? & ? 
2 3 


s m ' "nm m : 
l'or there are factors in in! which p willdivide; ^, which 
) g 


it will divide a second time; and so on. The successive 
divisions are equivalent to dividing by 


n m 
m ) an + 


pi pr- Re = p» r 


jxAMPLE.— The highest power of 3 which will divide 29!. Here the 
factors 3, 6, 9, 12, 15, 18, 21, 24, 27 ean be divided by 3. Their number is 
20) , 
= 9 (the integral part). 


3 

The factors 9, LS, 27 can be divided a second time. Their number is 
»t 
m = 3 (the integral part). 


DII 


220) ; 
, = l (integral part). 


One factor, 27, is divisible a third time. 7? 
E 


9+3+1 = 13; that is, 3" is the highest power of 3 which will divide 201. 


E m d i i ny 7 C onseeutiv , int ers 1 5 di visible 
by IP ! ; e ( Q is 
Proor: n (n—1) palum 


Tae 


is necessarily an integer, by (96). 
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367 If n bea prime, every coefficient in the expansion of 
(a4- P)", except the first and last, is divisible by n. By last. 


368 If» be a prime, the coefficient of every term in the ex- 
pansion of («Fb 4-c ...)", except a", b”, &e., is divisible by n. 


Proor.—By (367). Put f for (b+c+...). 


369 Fermats Theorem.—f p be a prime, and N prime to 
p; then N?-1—] is divisible by p. 

Poor: Ne = (1414..) = N+Mp. By (368). 
370 If p be any number, and if 1, a, b, ¢,...(p—1) be all 


the numbers less than, and prime to p; and if n be their 
number, and x any one of them; then 2" —1 is divisible by p. 


Proor.—lf e, ax, bæ ... (p—1)« be divided by p, the remainders will be 
all different and prime to p [as in (358)] ; therefore the remainders will be 
l, a, b, c... (p—1); therefore the product 


z"abe ... (p—1) = abe... (p—1) + Mp. 


371 Wilsons Theorem.—If p be a prime, and only then, 
1+(p—1)! is divisible by p. 


Put p—1 for r and n in (285), and apply Fermat’s Theorem 
to each term. 


379 If p be a prime = 2n4-1, then (n1) -- (— 1)" is divisible 
We. 


Pnoor.— By multiplying together equi-distant factors of (p—1)! iu 
Wilson's Theorem, and putting 22-1 for p. 


373 Let N= a^l/c^... in prime factors; the number of in- 
tegers, including 1, which are less than à and prime to it, 1s 


v(- 20-20-29 


Pnoor. — The number of integers prime to N contained in a? is a?— 


p 


a. 
Similarly in 07, c", &e. Take the product of these, 
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Also the number of integers less than and prime to 
(Vx Mx &e.) is the product of the corresponding numbers 
for N TW, &c. separately. 


374 The number of divisors of N, including 1 and N itself, 
is = (p+1) (gt+1) (r4+1).... For it is equal to the number 
of terms in the product 


(l+a+...+a?) (1+0+...409 (1+e+... +07’)... &e 


375 The number of ways of resolving N into two factors is 
half the number of its divisors (37: 4). If the number be a 
square the two equal factors must, in this case, be reckoned 
as two divisors. 


376 If the factors of each pair are to be prime to each other, 
put p, 7, 7, &c. each equal to one. 


377 The sum of the divisors of N is 
aon | i poum] Nu 
a—k i  c—1 
Proor.—By the product in (374), and by (85). 


378 1f p be a prime, then the p—1" power of any number 
is of the form mp or mp4 1. By Fermat’s Theorem (369). 


Ex.—The 12* power of any number is of the form 13m or 1302+ 1. 


379 ‘To find all the divisors of a number; for instance, of 50-4. 


^I C2 C2 19 t2 r2 


EXPLANATION. — Resolve 504 into its primo factors, placing them in 
column II, 


Q 
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The divisors of 50-4 are now formed from the numbers in column Il., and 
placed to the right of that column in the following manner :— 


Place the divisor 1 to the right of column II., and follow this rule— 
Multiply in order all the divisors which are written down by the next number 
in column II., which has not already been used as a multiplier: place the first 
new divisor so obtained and all the following products in order to the right of 
column II. 


380 S, the sum of the 7 powers of tho first n natural 
numbers is divisible by 2n--1. 
Proor : a (a2— 1?) (2? — 29) ... (à? —n’) 


constitutes 2»-F1 factors divisible by 2n+1, by (866). Multiply out, re- 
jecting x, which is to be less than 2n+1. Thus, using (372), 


qu mel cud D S,. 12 H (—1)" (jn)? = M(2n+1). 
Put 1, 2, 8... (1—1) in succession for z, and the solution of the (4—1) 


equations is of the form S, = M (2n +1). 


THEORY OF EQUATIONS. 


FACTORS OF AN EQUATION. 


General form of a rational integral equation of the n^ 


400 MFP e p;a?7?- sss E pua p, = 0. 


The left side wil be designated f(e) in the following 
summary. 


degree. 


401 If f(z) be divided by x—a, the remainder will be f (a). 
By assuming f(e) = P (e—a)+ b. 


402 Ifa bea root of the equation f(x) = 0, then f (a) = 0. 


403 To compute f(a) numerically; divide f(e) by v—a, 
and the remainder will be f (a). [4 


404  ExaupPLE.—To find the value of 42°—32'+ 122'—2?+10 when 2 —2. 


4—3412 +0 —1 +0 +10 
2 84104444 884 1744 348 


4454224444 87417443538 Thus / (2) = 358. 


If a,b,c...k be the roots of the equation f(e) = 0; 
then, by (401) and (402), 


405 f(x) = p, (wa) (wb) (e—e) ... (eh). 


By multiplying ont tho last equation, and cquating coefficients with 
equation (400), cousidering po = 1, tho following results aro obtained :— 
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406 —p, = the sum of all the roots of f(z). 
= ee sum of the products of the roots taken 


P2 two at a time. 
_, (the sum of the products of the roots taken 
1E three at a time. 


(a the sum of the products of the roots taken 
P, = r at a time. 
(—1)"p, = product of all the roots. 


407 The number of roots of f (x) is equal to the degree of 
the equation. 


408  Imaginary roots must occur in pairs of the form 
ad Qv-—1, a—wv —1. 


The quadratic factor corresponding to these roots will 
then have real coefficients ; for it will be 


a? — 9a 4- a? -- ff. [405, 226 


409 If/(x) be of an odd degree, it has at least one real root 
of the opposite sign to p,. 
Thus 27 —1 = 0 has at least one positive root. 


410 If f(z) be of an even degree, and p, negative, there is 
at least one positive and one negative root. 
Thus a*—1 has +1 and —1 for roots. 


411 If several terms at the beginning of the equation are of 
one sign, and all the rest of another, there is one, and only 
one, positive root. 

Thus 2°+2e'+ 325+27—52—4 = 0 has only one positive root. 


419 If all the terms are positive there is no positive root. 


413 If all the terms of an even order are of one sign, and 
all the rest are of another sign, there is no negative root, 


414 Thus at'~a?+27—x+1=0 has no negative root, 
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415 If all the indices are even, and all the terms of the same 
sign, there is no real root; and if all the indices are odd, and 
all the terms of the samo sign, there is no real root but zero. 

Thus z‘+27+1=0 has no real root, and 2°+2°3+2z = 0 has no real root 
but zero. In this last equation there is no absolute term, because such a 


term would involve the zero power of z, which is even, and by hypothesis is 
wanting. 


DESCARTES’ RULE OF SIGNS. 


416 In the following theorems every two adjacent terms in 
f (e), which have the same signs, count as one ‘ continuation 
of sign"; and every two adjacent terms, with different signs, 
count as one change of sign. 


417 f(x), multiplied by (e—a), has an odd number of 
changes of sign thereby introduced, and one at least. 


418 /() cannot have more positive roots than changes of 
sign, or more negative roots than continuations of sign. 


419 When all the roots of f(x) are real, the number of 
positive roots is equal to the number of changes of sign in 
J(e); and the number of negative roots is equal to the number 
of changes of sign in f (—«). 


420 Thus, it being known that tho roots of the equation 

a*—102°+ 3527-5027 +24 = 0 
are all real; the number of positive roots will be equal to the number of 
changes of sign, which is four. Also f(—2) = 2'+ 102° +3527 + 502+24= 0, 
and since there is no change of sign, there is consequently, by the rule, no 
negative root. 


421 If tho degree of f (x) exeeeds the number of changes of 
sign in f(x) and /(—2) together, by p, there are at least p 
imaginary roots. 


422 If, between two terms in f(x) of the same sign, thero 
be an odd number of consecutive terms wanting, then thero 
must be at least one more than that number of imaginary 
roots; and if the missing terms lio between terms of different 
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sign, there is at least one less than the same number of 
imaginary roots. 
Thus, in the cubic equation 2?-4-4c— 7 = 0, there must be two imaginary 


roots. 
And in the equation 2^—1 = 0 there are, for certain, four imaginary roots. 


493 If an even number of consecutive terms be wanting in 
f(e), there is at least the same number of imaginary roots. 


Thus the equation 2?4-1 = 0 has four terms absent; and therefore four 
imaginary roots at least. 


THE DERIVED FUNCTIONS OF f(a). 


Rule for forming the derived functions. 


424 Multiply each term by the index of æ, and reduce the 
index by one; that is, differentiate the function with respect 
to æ. 
EXAMPLE.—Take 
f (œ) zr a+ a— geel 
J (e) = ox 42°4+32?—2¢ —1 
F (@) = 202°+122?+ 62 —2 
f (e) = 602424» +6 
Fi (2) = 1202 4-94 
f (x) = 120 
f' (v), F? (v), &c. are ealled the first, second, &c. derived functions of f (x). 


425 To form the equation whose roots differ from those of 
J (x) by a quantity a. 

Put =y 4- a in f(x), and expand each term by the Binomial 
Theorem, arranging the results in vertical columns in the fol- 
lowing manner :— 


f(aty)- (aty) t (ay) + (o y)'—(at y) —(aty)—1 
= č + é + 2 — 6$ — a — 
+( 5a + 4è + 380° — 2a — l)y 
+H + 69 + 34 — 1y¥ 


+(10a? + 4a + 1)? 
+( 5a + 1) y' 
+ y 
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Comparing this result with that seen in (424), it is scen that 
426 Fay) =r O (YY 
e y D y DI ra ie y 
so that the coefficient generally of y" in the transformed 


equation is wak 
n 


427 To form the equation most expeditiously when « has a 
numerical value, divide f(r) continuously by e—a, and the 
successive remainders will furnish the coefficients. 

ExAMPLE.— To expand f(y+2) when, as in (425), 

f(z) = 252p —23—2-1. 

Divide repeatedly by «— 2, as follows :— 
1+1+i1-—- 1-1-1 
I 26 +50 
+7 +13 + 25/449 — f (2) 
9-4 


to 

ə 
d 
[er] 
+ 
= 
=~ 


mo 


That these remainders 
are the required coefficients 
is seen by inspecting the 
form of the equation (426) ; 
for if that equation bo di- 
vided by z—«a = y repeat- 
edly, these remainders aro 


to 


to 


1 = Tm obviously produced when 
us 


Thus the equation, whose roots are each less by 2 than the roots of the 
proposed equation, is y + 11y'-- 49j? + 109y’ + 119y +49 = 0. 


428 To make any assigned term vanish in the transformed 
equation, « must be so determined that the coefficient. of that 
term shall vanish. 

ExawPLE.—]ln order that there may be no term involving j* in equation 
(426), we must have f*(a) = 0. 

Find f*(a) as in (424); 
thus 120a +24 = 0; S a= 

Tho equation in (424) must now bo divided repeatedly by «+4 after the 
manner of (427), and the resulting equation will be minus its second term. 
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499 Note, that to remove the second term of the equation 
f(z) =0, the requisite value of a is — — - a ; that is, the 


JEW 
coefficient of the second term, with the sign changed, divided by 
the coefficient of the first term, and by the number expressing 
the degree of the equation. 


430 To transform f(x) into an equation in y so that y = 9 (v), 
a given function of æ, put e — 97 (y), the inverse function of y. 

ExAMPLE.— To obtain an equation whose roots are respectively three times 
the roots of the equation «*—6z+1=0. Here y = 3x; therefore v = i 


1 
y 6y 3" 
and the equation becomes z— — = +1 = 0, or y)—54y 427 — 0. 


27 8 


431 To transform f(æ) = 0 into an equation in which the 
coefficient of the first term shall be unity, and the other 
coefficients the least possible integers. 


EXAMPLE.—Take the equation 
2883? --924025? —176» — 21 = 0. 
Divide by the coefficient of the first term, and reduce tho fractions; the 


equation becomes e+ — 2 


Substitute * for x, and multiply by k’; we get 
" 2 3 
ök $4 llk : TE 0. 


3 == c =æ. e e 
dc uu: oC 
Next resolve the denominators into their prime factors, 
5k 11%? 7 


Ptr ayo gd — 937^ 
The smallest value must now be assigned to /, which will suffice to make 
each coeficient an integer. This is casily seen by inspection to be 2°.3=12, 
and the resulting equation is. y*--10y* — 88y — 126 = 0, 
the roots of which are connected with the roots of the original equation by 
the relation y = We, 


EQUAL ROOTS OF AN EQUATION. 


By expanding f (e+e) in powers of æ by (405), and also 
by (426), and equating the coefficients of z in the two cx- 


EQUAL ROOTS. 12] 


pansions, it 15 proved that 
M s UID im , aie) ie. 
PO et G5 t6 t^ 


from which result it appears that, if the roots a, b, e, &c. are 
all unequal, f(r) and f (e) ean have no common measure in- 
Moling Jf, however, there ave * roots each c¢qual ‘to d, 
s roots equal to b, £ roots equal to e, &e., so that 


f(e) = pole a)” (ae —b) (ee)... 
then 
ees ue , sh) , L "n 
EM IIS Ica 4s uw 
and the greatest common measure of f(e) and f(e) will be 
444 (e—a) ™ (e— b) (»—e)'7... 
Mien a= u, f(x), e) ...f°"(@) all vanish. Similarly 


when «=b, Xe. 


Practical method of finding the equal roots. 


445 Let V CORE e i, ONDE... XS where 
AX, = product of all the factors like (r—«), 


Xm * " (w— ay’, 
Xim T T (z—a). 
Find the greatest common measure of f(z) and f(e) = F, (2) say, 
- Me Jw) aad Ge) = 7), 
» » F, (e) and F: <e) = F, (2), 


Lastly, the greatest common measure of I’,,_,(v) and Faile) = Fnaf) = 1. 
Next perform the divisions 


f) + P(r) = p (r) say, 
FQ) + FS (0) = $$ 
Py) + = o 
And, finally, pi (e) = ¢, (2) = X,, 
Ys íG) = $6 i = X, 
Pin -1 («) zn Pin (r) = Noa Vy 
Tow (CO) = Oa. [T.'9m 
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The solution of the equations X, = 0, X, = 0, &c. will furnish all the 
roots of f(x) ; those which occur twice being found from .Y,; those which 
occur three times each, from X,; and so on. 

446 If f(x) has all its coefficients commensurable, X,, X5, X5, 
&c. have likewise their coefficients commensurable. l 

Hence, if only one root be repeated r times, that root must 
be commensurable. ? 


44" In all the following theorems, unless otherwise stated, 
f (v) is understood to have unity for the coefficient of its first 
term. 


LIMITS OF THE ROOTS. 


448 If the greatest negative coefficients in f (v) and f(—~) 
be p and q respectively À then p--1 and —(q+1) are limits of 
the roots. 


449 If a"-" and "~ are the highest negative terms in f(x) 
and f(—#) respectively, (14- ~p) and —(1-4- vq) are limits 
of the roots. 


450 If% bea superior limit to the positive roots of f (+ i 


an inferior limit to the positive roots of f (e). 


45] If each negative coefficient be divided by the sum of all 
the preceding positive coefficients, the gr eatest of the fractions 
so formed n unity will be a superior limit to the positive 
roots. 


459  Newton's method.—Put x—Hh 4r y in f(e); then, by (426), 
f y) =f (lyf 0) E Ph) +. + S Po 


Take h so that f (h), F (M), J? (1) ... J” (h) are all positive; 
then h is a superior limit to the positive roots. 


453 According as f(a) and f(b) have the same or different 
signs, the RAUM of roots intermediate between « and b is 
even or odd. 
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454 Rolles ''heorem.—One real root of the equation J” (7) 
lies between every two adjacent real roots of /'(^). 

455 Cor. 1.—f (r) cannot have more than one root greater 
than the greatest root in J” (r); or more than one less than 
the least root in /" (7). 

456 Cor. 9.—1£ f(e) has m real roots, /"(») has at least 
m— r real roots. 

457 Cor. 3.—I£ f(e) has u imaginary roots, f(e) has also 
peat least. 

458 Con. 4.—Tfa, B, y...« be the roots of /(«); then the 


number of changes of sigun in the series of terms 
TORON £0). f(79) 
is equal to the number of roots of f (e). 


a ÓÓO IMAGO RU PRUEBA 


NEWTON'S METHOD OF DIVISORS. 


459 To discover the integral roots of an equation. 


ExaMrLE.— To ascertain if 5 be a root of 9 ) 105 

a* — 0r 4- 862? — 1702 4- 105 = 0. E: 

— 176 

If 5 be a root it will divide 105. Add the qnotient to the. 2 

à p 5) —155 

next. coefficient. Resnit, —155. Z351 
If 5 bea root it will divide —155. Add the quotient to 86 
the next coeflicient ; and so on. 9)955 
If the number tried be a root, the divisions will be effectible 1l 

to the end, aud the last quotient will be — 1, or — po, if p, be eu - 
not unity. 5) —95 
—1 


460 In employing this method, limits of the roots may first 
be found, and divisors chosen between those limits. 


461 Also, to lessen the number of trial divisors, take any 
integer m; then any divisor a of the last term can be rejected 
if a—m does not divide f(m). 

In practice take » — 4-1 and —1. 

To find whether any of the roots determined as above are 
repeated, divide f(r) by the factors corresponding to them, 
and then apply the method of divisors to the resulting equation. 
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ExaMPLE.— Take the equation 
af -- 935 — 1 74* — 202? + 88a" + 722 — 144. = 0. 
Putting v= l, we find f(1) =—24, ‘The divisors of 144 are 
1, 8$; 8, 4, 6, 8, 9) ea 160, 28e We. 
The values of a—m (since m = 1) are therefore 
Op 1. 2, 3) 5, 49 8 LR ee ec 


Of these last numbers only 1, 2, 3, and 8 will divide 24. Hence 2, 3, 4, and 
9 are the only divisors of 144 which it is of use to try. The only integral 
roots of the equation will be found to be + 2 and +3. 


462 If f(x) and F(X) have common roots, they are con- 
tained in the greatest common measure of f(x) and (X). 
463 If f(») has for its roots a, $ (a), b, $ (P) amongst others ; 
then the equations f(r) — O0 and f19(x); — 0 have the common 
roots a and b. 


464 But, if all the roots occur in pairs in this way, these 
equations coincide. 

For example, suppose that each pair of roots, « and b, satisfies the equation 
a+b=2r. We may then assume a—b = 2z. Therefore f(z+r) — 0. This 
equation involves only even powers of z, and may be solved for z*. 


465 Otherwise: Let ab =z; then f(z) is divisible by (z—2a) (v—5) 
= ¢—2re+z. Perform the division until a remainder is obtained of the 
form Px+Q, where P and Q only involve z. 

The equations P 2 0, Q = 0 determine z, by (462) ; and a and b are found 
om bz Sr gb 


RECIPROCAL EQUATIONS. 


466 A reciprocal equation has its roots in pairs of the form 


1 — 
a, ; also the relation between the cocflicients 1s 
T) 
p, = Pa- ores — m. 


467 <A reciprocal equation of an even degree, with its last 
term positive, may be made to depend upon the solution of an 
equation of half the same degree. 


DINOMIAL EQUATIONS. 


om 
e 


Ü 
CAT 


— ááÁ— " - = -- - — - --— — ———— 


468 xawurtE: — d)5—93445-4- 572! — 7822 -E 574? — 294 +t = 0 
is a reeiproeal equation of an even degree, with its last term 
positive. 

Any reciprocal equation which is not of this form may be 
reduced to it by dividing by e+) if the last term be positive; 
and, if the last term be negative, hy dividing by e—1 or e—1, 
so as to bring the equation to an even degree. Then proceed 
in the following manner :— 


469 First bring together equidistant terms, and divide the 
equation by 4^; thus 


r 1 : 
By putting ME Ax y, and by making repeated use of the 


' : 1 TS "X 
relation 2+ — = (« + —)— 2, the equation is reduced to 
are t 


3 
a cubic in y, the degree being one-half that of the original 
equation. 


Put p for r + L, and p, for ta T = 
t C om 
470 The relation between the suceessive factors of the form 
Pm May be expressed by the equation 
Pin — PP Pm- P n-e. 
471 The equation for p,, in terms of p, is 
m(m— 3) na 


D» = p"—np"-4- E x P día ee 


T m (m—r—1) ^ (m—2r-4-1) pets. 
By (545), putting q= 1. 


BINOMIAL EQUATIONS. 


472 Ifa bea root of ;,^—1 — 0, then a” is likewise a root 
where m is any positive or negative integer. 


473 Ifa bea root of «"+1=0, then a*?"*! is likewise a root. 
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474 If m and n be prime to each other, 4"—1 and 2"*—1 
have no common root but unity. 
Take pm-—qn = 1 for an indirect proof. 


475 If be a prime number, and if a bea root of 4^—1 — 0, 
tie other roots are a, 227023 a. 

These are all roots, by (472). Prove, by (474), that no two can be equal. 
476 If be not a prime number, other roots besides these 


may exist. The successive powers, however, of some root 
will furnish all the rest. 


477 If «—1=0 has the index n=mpq; m, p, q being 
prime factors; then the roots are the terms of the product . 
(kaare a oan seat) uU See decree erem 
X er yay ee Geman 
where a is a root of a”—1, 
p 29 uec 1, 
y » ga —1, 
but neither a, B, nor y= il, Proof as in (475). 


478 If n = më, and 
a be a root of ¢”—1 = 0, 
p 99 v"—a = 0, 
y 2 v"—g = > 
then the roots of «”—1=0 will be the terms of the product 


(l-fatot+t ... te") (1+6+6?+...+6") 
ey ey ea ae 


479 «"-+1=0 may be treated as a reciprocal equation, and 
depressed in degree after the manner of (468). 


480 The complete solution of the equation 
a" -—1- 
is obtained by De Moivre's Theorem. (757) 
The n different roots are given by the formula 


w= cos 2T 4 / =i sin =— 


2r 


in which + ai b the successive n. 0, 1, 2, sarees 


concluding with 2 L if n be odd. 


"E 
o? if n be even; and with —; 
hod, 
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481 Similarly the x roots of the equation 
I = 0 
are given by the formula 


v= cos (2r) r Y= Siu (2r-+1) 7 
n n 


ERO 

k x ei * 
r taking the successive values 0, 1, 2, 3, &c., up to ——, if 
n = 


EU 
n be even; and up to om be odd. 
hon 


482 The number of different values of the product 
D 
E D" 
is equal to the least common multiple of m and n, when m and 
^ are integers. 


CUBIC EQUATIONS. 


483 ‘To solve the general cubic equation 

a? A- pa? 4- qv 4-7 = 0. 
Remove the term pa? by the method of (429). Let the trans- 
formed equation be w+gr+r= 0. 


484 Cardan’s method.—The complete theoretical solution 
of this equation by Cardan's method is as follows :— 


Put e=y+e (i.) 
Pre+Bye+q) t) +r = 0. 
Put wyetq=0; .. y=- t. 


Substitute this value of y, and solvo the resulting quadratic 
in 78. The roots are equal to 7° and 2 respectively; and wo 
have, by (1.), 


485 TUE DET. ee Toma b 
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The cubic must have one real root at least, pus (409). 


3 
Let m be one of the three values of | —— + NET: Ll 


of the three values of f — É — "PES: " + e ; 


48G Let 1, a, a? be the three cube roots of unity, so that - 
a = — Ll VZ, and a= — 5/8. [472 


H 


3 
, and n one 


487 Then, since Viu) = m 3/1, the roots of the cubic will be 
mtn, amtan, aman. 


Now, if in the expansion of 


ae p: ME 
à E i uu. 


by the Binomial Theorem, we put 
u = the sum of the odd terms, and 
v = the sum of the even terms ; 


then we shall hare m uc»,  — and &z gu—v; 
or else Lenore and n= p-v/—1 I; 
according as Jars Z 4 £ is real or imaginary. 


By substituting "n oT for m and n in (487), it appears that — 
488 (i) If » Eis £ be positive, the roots of the cubic will be 
2y, Lat =o a 
Gu) jp - £ be negative, the roots will be 
2p, —pty/3, —p—vVv3. 
Gir): If r aF T = 0, the roots are 


2m, —m, —m; 
since m is now equal to p. 


489 The Trigonometrical method.—The equation 
e+tqr+r= 0 

may be solved in the following manner, by Trigonometry, 
2 3 
r (MN : 

when — 4- — is negative. 
4° 27 id 

Assume «=n cosa. Divide the equation by 2°; thus 


cosa + PA 
n? 


But cos? a — i COS a — euh =Q, By (657) 
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= c - - ———— M — m 


Equate coefficients in the two equations; the result is 
LN: . DNS 
n = H ; COS la — dr (— i as 
a must now be found with the aid of the Trigonometrical 


tables. 


490 The roots of the cubic will be 
n cosa, n cos (rta), n cos ($7—2). 


2 3 
— € M E VET nii ! 
491 Observe that, according as i + 95 19 positive or nega- 


tive, Cardan’s method or the Trigonometrical will be practi- 
cable. In the former case, there will be one real aud two 
imaginary roots; iu the latter case, three real roots. 


BIQUADRATIC EQUATIONS. 


492 Descartes’ Solution —To solve the equation 
et gee Fs = 0 uoce 
the term in 2? having been removed by the method of (429). 
Assume (pews) (erty) = 0............... (il) 


Multiply out, and equate coefficients with (1); and the fol- 
lowing equations for determining f, g, and e are obtained 


g+= qto, sofas gf-—s.oo.(io) 
493 Oye (eae ier O............... Gv) 


404. The cubic in & is reducible by Cardin’s method, when the biquadratic 
has two real and two imaginary roots. For proof, take « + ip and —atyas 
the roots of (i.), since their sum must be zero. Form the sum of each pair 
for the values of e (see (ii.)], and apply the rules in (ESS) to the cubic in e. 

If the biquadratic has all ils roots reul, or all imaginary, the cubic will have 
all its roots real. Take a+ iJ and —a iy for four imaginary roots of (1.), 
and form the values of ¢ as before. 


495 = If «P, y! be the roots of the cubic in & the roots of the bijnwadratic 
will be =? (a+B+y), i (a +p—y), 4 (3+ y—"), i (y *a— p). 


5 
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For proof, take w, x, y, z for the roots of the biquadratic; then, by (ii.), the 
sum of each pair must give a value of e. Hence, we have only to solve the 
symmotrical equations 


yz = di. wt+e=—a, 
z+ = ß, w+y =- h, 
ty = y, Wap = =y 


496 Ferrari’s solution.—To the left member of the equation 
atp tqt re+s = 0, 
A, 
add the quantity aa + be + £, and assume the result 
2 
= (0° + P el m) : 


497 Expanding and equating coeffieients, the following 
cubic equation for determining m is obtained 


Sm —4qn? + (2pr—8s) m+4qs—p?s—r = 1. 
Then g is given by the two quadratics 
ee _ , 4aa+b 
at J ep E 


498 The cubic in m is reducible by Cardan’s method when the biquadratic 
has two real and two imaginary roots. Assume a, D, y, 6 for the roots of the 
biquadratic; then af and yò are the respective products of roots of the two 
quadratics above. From this find m in terms of ayè. 


499 Eulers solution.— Remove the term in 2°; then we 
have e+tqr+re+s = 0. 
500 Assume z — 7+2+u, and it may be shewn that 7’, 2°, 
and «? are the roots of the equation 

Une Scc aD 
501 The six values of y, z, and ~v, thence obtained, are 


restricted by the relation yzu = — F 


Thus «= y+z+u will take four different values. 
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COMMENSURABLE ROOTS. 


509 ‘To find the commensurable roots of an equation. 


. . . 1 B . 
First transform it by putting a = t into an equation of 


v 


the form ap pats p uuu Ha = 0, 
having p = 1, and the remaining cocflicients integers. (431) 


503 This equation cannot have a rational fractional root, 
and the integral roots may be found by Newton’s method of 
Divisors (459). 

These roots, divided each by k, will furnish the commen- 
surable roots of the original equation. 


504  ExaurrE.—To find the commensurable roots of the equation 
8145—2074*' — 9.5 + 8927 22 — 8 = 0. 
Dividing by 81, and proceeding as in (431), we find the requisite substitu- 
tion to be z = J- 
The transformed equation is 
yë — 23y — 9,5 +8014? + 162y — 5832 = 0. 
The roots all lie between 24 and — 34, by (451). 
The method of divisors gives the integral roots 
6, —4, and 3. 
Therefore, dividing cach by 9, we find the commensurable roots of the original 
equation to be 3, —4, and }. 
505 To obtain the remaining roots ; diminish the transformed equation by 
the roots 6, — 4, and 3, in the following manner (see 427) :— 
1—28—  9-4801-4-162—5832 
6 6— 102 — 666 +810 + 5532 
1—17—111--1354- 972 
— 44 844103—972 
]—21— 274243 
3— 541—943 
1—18— 81 


The depressed cquation is therefore 


A 


y -— ]5y — S1 = 0. 
The roots of which are 9 (14- /2) and 9(1— 4/2); and, consequently, the 
incommensurable roots of the proposed equation aro 1+ /2 and 1— A 


ade 


apd = I -z E 
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INCOMMENSURABLE ROOTS. 


508 Sturm’s Theorem.—1£ f (£), freed from equal roots, be 
divided by f(v), and the last divisor by the last remainder, 
changing the sign of each remainder before dividing by it, 
until a remainder independent of æ is obtained, or else a re- 
mainder which cannot change its sign; then f(e), f(e), and 
the successive remainders constitute Sturm’s functions, an 


are denoted by f(a); fich f@e), We. .-.-.. fale): 
The operation may be exhibited as follows :— 
fo) = nh) file), 
file) = afi) fe); 
Ale) = while) A), 


Sa (x) m Qui fna (x) = (aw). 
507  NorE.—Any constant factor of a remainder may .be 


rejected, and the quotient may be set down for the corres- 
ponding function. 


508 An inspection of the foregoing equations shews 

(1) That f(x) cannot be zero; for, if it were, f(x) and 
f. (x) would have a common factor, and therefore f(x) would 
have equal roots, by (432). 

(2) Two consecutive functions, after the first, cannot 
vanish together; for this would make fn» (v) zero. 

(3) When any function, after the first, vanishes, the two 
adjacent ones have contrary signs. 


509 I, as æ inereases, f(e) passes through the value zero, 
Sturn’s functions lose one change of sign. 

For, before f(a) takes the value zero, f (x) and f, (x) have contrary signs, 
and afterwards they have the same sign; as may be shewn by making A 
small, and changing its sign in the expansion of f (x 4- À), by (426). 

510 Jf any other of Sturm’s functions vanishes, there is 
neither loss nor gain in the number of changes of sign. 

This will appear on inspecting the equations. 

511 Resunr.—The number of roots of f (x) betwcen a and b ds 
equal to the difference in the number of changes of sign tn 
Sturm’s functions, when ea and when a=b. 
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519 Cor.—The total number of roots of f(e) will be found 
by taking « = + œ and 5 — — œ; the sign of each function 
will then be the same as that of its first term. 


When the number of functions exceeds the degree of J'(z) 
by unity, the two following theorems hold :— 
519 lf the first terms in all the functions, after the first, are 
positire Ss all the routs of f(e) are real, 
514 ff the first terms are not all positive; then, for every 
change of sign, there will be à pair of imaginary roots. 


For the proof put v= + œ and — o, and examine the number of 
changes of sign in each case, applying Descartes’ rule. (416). 


515 If ¢ (2) has no factor in common with f(r), and if ¢ (e) 
and f (a) take the same sign when f(e) = 0; then the rest of 
Sturm's functions may be found from f(a) and ¢ (e), instead 
of f(r). For the reasoning in (509) and (510) will apply to 
the new functions. 
516 If Sturm’s functions be formed without first removing 
equal roots from f(r), the theorem will still give the number 
of distinct roots, without repetitions, between assigned limits. 
For if f(z) and f, (v) be divided by their highest common factor (see 444), 
and if the quoticuts be used instead of f(r) aud j, (x) to form Sturm's fune- 
tions ; then, by (515), the theorem will apply to the new set of functions, 
which will differ only from those formed from f(x) and f, (4) by the absence 
of the same factor in every term of the series. 
517 ExawrLE.— To find the position of the roots of the equation 
o—4e%+27+624+2 = 0. 


Sturm's funetions, formed according to f (x) =at—-4a5+ z*4 Or4 2 
the rule given above, are here calculated. pu 228—020--/ z4 3 
The first terms of the functions are all f; (z) = 5u7—10r— 7 
positive; therefore there is no imaginary — /,(2) = — l 
Toot. O 1 


The changes of 


sign in the func- 8 
tions, as 2 passes Ee 
through «ad f(z)m + ze + [me 
values, aro exhi- Js 

bited in the adjoin- i |e bomo E 
ing table. Thero Vien) sow pex pese ioc 
are two changes of Cm S EI MTS a 
sign lost while z TE NER oue a ere a N 
passes from —l to |... [LLL [LÁ IIT |L— mmm 
0, and two more iNo. of NE 4 | 2 o o o 0 0 
lust while x passes of sign an 


from 2 to 3. There 
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are therefore two roots lying between 0 and —1; and two roots also between 
2 and 3. 
These roots are all incommensurable, by (503). 


518 Fourier’s Theorem.—Fourier's functions are the fol- 
lowing quantities Flr), Jade), f Ca REC 

519 Properties of Fourier's functions. — As æ increases, 
Fourier's functions lose one change of sign for each root of 
the equation f(x) = 0, through which æ passes, and r changes 
of sign for r repeated roots. 


590 lIfany ofthe other functions vanish, an even number 
of changes of sign is lost. 


591  RrsupTS.— The number of real roots of f(x) between a 

and B cannot be more than the difference between the number 
A + 

of changes of sign in Fourier’s functions when «=a, and the 

number of changes when v = B. 


599 When that difference is odd, the number of intermediate 
roots is odd, and therefore one at least. 


593 When the same difference is eren, the number of inter- 
mediate roots is either even or zero. 


594  Descartes' rule of signs follows from the above for the 
signs of Fourier’s functions, when æ = 0 are the signs of the 
terms in f (æ); and when g = œ, Fourier's functions are all 


positive. 


x , 3, 5 35 . . 
595  Lagrauge's method of approximating to the incom- 
mensurable roots of an equation. 


Let a be the greatest integer less than an incommen- 
surable root of f (æ). Diminish the roots of f(x) by a. Take 
the reciprocal of the resulting equation. Let b be the greatest 
integer less than a positive root of this equation. Diminish 
the roots of this equation by b, and proceed as before. 


526 Let «,b, c, &. be the quantities thus determined ; then, 
an approximation to the incommensurable root of f (x) will be 


the continued fraction »— a4 TT 
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527 Newtons method of approvination.— [f cj be a quantity 
a little less than one of the roots of the equation f(r) = 0, so 
that /(e4-À) — 0; then c is a first approximation to the 
value of the root. Also beeause 

h 


flath) =f(q) hy" (a) + E DUE. c (496), 


and À is but small, a second approximation to the root will be 
=i 


In the same way a third approximation may be obtained from 
c,, and so on. 


598  Fourier's limitation of Newton's method.—To ensure 
that e, e», eg, &c. shall suecessively increase up to the value 
e,--h without passing beyond it, it is neeessary for all values 
of x between c, and e, 4- h. 

(i) That f(e) aud f' (e) should have contrary signs. 

Qi.) That f(e) and f" (x) should have the same sign. 


Jp 


Fre. 1. Pro? 


A proof may be obtained from the figure. Draw the curvo 
y = f (æ). Let OX be a root of the equation, and ON = 6; 
draw the suecessive ordinates and tangents VP, PQ, QR, &c. 
Then G8 = ww ds andiso on. 

Fig. (2) represents e; > ON, and the subsequent approxi- 
mations decreasing towards the root. 


530 Newton's Rule for Limits of the Roots.—Let the co- 
efficients of f(x) be respectively divided by the Binomial 
coefficients, and let a, a, dz... à, be the quotients, so that 


f (2) = atna! + na- dat”? ,,, + na, 40 F as. 
* al 
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Let A,, A), 4;... A, be formed by the law A, = a7—«, 48,44. 
Write the first series of quantities over the second, in the fol- 
lowing manner :— 


los Q3; (12, lg serna 04-15 Ons 


Ay, Ad, Ag, A, serrer Ziel Ale 
Whenever two adjacent terms in the first series have the 
same sign, and the two corresponding terms below them in 
the second series also the same sign; let this be called a 
double permanence. When two adjacent terms above have 
different signs, and the two below the same sign, let this be 
known as a variation-permanence. 


531  Rurr.— The number of double permanences in the asso- 
ciated series is a superior limit to the number of negative roots 
of f (e). 

The number of variation-permanences is a superior limit to 
the number of positive roots. 

The number of imaginary roots cannot be less than the 
number of variations of sign in the second series. 


532 Sylvesters Theorem.— Let f (e+) be expanded by 
(426) in powers of v, and let the two series be formed as in 
Newton’s Rule (530). 
Let P (A) denote the number of double permanences. 
Then P (A) ~ P (u) is either equal to the number of roots 
of f (x), or surpasses that number by an even integer. 


Nore.—The first series may be multiplied by |, and will 
then stand thus, 


FPO), FPA), [2A FA), LBA FA)... [n £0). 
The second series may be reduced to 
Gn (A), (m (X), Jos (X) Dor G (A), 


where 6.0) = (Qo S20 ay 


n—r 


533 Horners Method.—'To find the numerical values of the 
roots of an equation. Take, for example, the equation 


qt — 4a? 4p a? -- 62 4- 9. = 0, 
and find limits of the roots by Sturm's Method or otherwise. 
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It has been shewn in (517) that this equation has two 
incommensurable roots between 2 and 3. The process of 
calenlating the least of these roots is here exhibited. 


om +1 T6 4-2: 98/14913 
M =. =i Q 
—9 =m 0 zn | 20000 
E 0 —6 — 19554 
0 —3 B, —6000 A, 4160000 
sit f M04 — 2055339 
2 Comin — 4806 As 12041610000 
2 176 1872 — 11437945184 
40 b o6 B, —3024000 A, 604361816 
r 192 68161 — 566003318 
deb 468 — 20955839 A, —— — 88901468 
—- 208 T —98285470 
48 C, 67600 D, —2887116000 En 10075098 
d NEU 2780-4704 — 8485368 
ye 65161 — 2859311296 A; 1590630 
4 562 27505078 
D, 500 65723 D, —2831416221 
NT 568 139018 282843 ) 1590630 ( 562372 
961 GS OOK —928300167-4 1414215 
I— 02576 139970 98284 ) 176415 
562 06951176 — D, — 282861704 169706 
] NE o 700 2898). TRU 
563 0073708 — 982585470 5057 
1 22608 700 982) 1052 
5040 C, 690637 D, —25291770 843 
th 11 me 28) 204 
Er 60974 — 9828456 197 
Bn s 11 ms 2) 7 
5048 60985 n, —?898135- 5 
4 In = 
5652 C, 60006 
4 DET 
5,056 Root = 2414213502872. 


Metiop.—Diminish the roots by 2 in the manner of (127). 
The resulting cocflicients are indicated by .4,, P, C, D. 


m - f 6 $ ^ 

By Newton's rule (527), — m ; that is, — > 

» l 
the remaining part of the root. This gives *3 for the next fignre; *& will he 
fonnd to be the correct one. The highest figare must bo taken which will 
not change the sign of Jf. 

Diminish the roots by “4. This is accomplished most easily by aflixing 
ciphers to 4l, Bo C, Dy in the manner shewn, and then employing + instead 
of t. 

Havine obtained A., and observing that its sign is +, retraco the steps, 

o 2 m D H 
T 


Lg zE 
d is an approximation to 
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trying 5 instead of 4. This gives A, with a minus sign, thereby proving the 
SUBE 5 
existence of a root between 2-4 and 2°5. The new co Koenis are A DC. 


-— a gives | for the next figure of the root. 

Affix ciphers as before, and diminish the roots by 1, distinguishing the 
new cocthcients as 1,, D, C, D,. 

Note that at every stage of the work 4 and D must preserve their signs 
unchanged. Ifa change of sign takes place it shews that too large a figure 
has been tried. 


To abridge the ealeulation proceed thus:—After a certain number of 
figures of the root lave been obtained (in this example four), instead of 
adding ciphers eut off one digit from D, two from C, and three from D, 
This amounts to the same thing as adding the ciphers, and then dividing 
each number by 10000. 


Continue the work with the numbers so reduced, and cut off digits in like 
manner at each stage until the D and C columns have disappeared. 


A, and B, now alone remain, and six additional figures of the root are 
determined correctly by the division of A, by P; 

To find the other root which lies between 2 and 3, we proceed as follows :— 
After diminishing the roots by 2, try 6 for the next figure. This gives A, 
negative; 7 does the same, but 8 makes A, positive. That is to say IG 7) 
is negative, and / (2:8) positive. Therefore a root exists between 2°7 and 
2°8, and its value may be approximated to, in the manner shewn. 


Throughont this last calculation A will preserve the negative sign. 
Observe also that the trial number for the next figure of the root given at 


each stage of the process by the formula — ES i will in this case be always 


too great, as in the former case it was always too small. 


SYMMETRICAL FUNCTIONS OF THE ROOTS OF 
AN EQUATION. 


NoTATION.— Lot a, b, e ... be the roots of the equation 
LEER 

Let s, denote a"+)"+..., the sum of the i‘ powers of 
the roots. 


Let $,, denote a"L?--D"a?--a"eP4-... through all the 
permutations of the roots, two at a time. 


Similarly let sn p denote a"D?ct4- a? D?dq'4- ... , taking all 
the permutations of the roots three at a time; and so On. 
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bot SUMS OP TMTE TOWERS GP Vili ROOTS. 
s PEP et Peas A = (), 


where m is less than «a, the degree of / (7). 


Obtained by expanding by division each. term in the value of f(r) given 
at (432), arranging the whole in powers of z, and cquating coctficients iu the 
result and in the value of f" (7), found by differentiation us in (121). 


535 If m be greater than 2, the formula will be 
Vm s Sp 17 P2 i Do +)» S n = 0. 


Obtained by multiplying f(r) — 0 by 2"^", substitutiug for x the roots 
a, b, c, &c. in snecession, and adding the results. 
By these formnie s, Sa, £s &c. may bo caleulated successively. 


536 To find the sum of the negative powers of the roots, put 
m equal to n—1, n—2, n—3, &e. successively in (235), in 
order to obtain $.,, 522,.5-3, Wc. 


537 ‘To calculate s, independently. 
Ree: & = — rX quefiewent of wo" in the erpansion of 
Mae: ; : 
log Ho) in descending powers of e. 
Ü i 


Proved by taking f(x) = (r—a)(z—-5)(r—c)..., dividing by z^, and 
expanding the logarithm of the right side of the equation by (156). 


538 SYMMETRICAL FUNCTIONS WICH ABRE 
NOT POMS OF THE ROOTS. 
These are expressed in terms of the sums of powers of 
the roots as under, and thence, by (534), in terms of the roots 
expheitly, 


S = S5 S E S, tp? 


m. P 
539 S5. p. — Su 8,9,— Smtp Sty e — Sa Msc 2 s 171 
The last equation may be proved by mnlliphing sep by 


s3 and cxpansions of other syninetrbesl functions may be 
obtained im a simili way. 


540 If ¢(e) bea rational integral function of +, then the 
symmetrical function of the roots of /(:), denoted by 
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$ (a) 4-4 (P) 4-9 (c) +&e., is equal to the coefficient of a^7* in 
the remainder obtained by dividing ¢ (2) J (e) by J (e). 


E o and by theorem (401). 


Proved by multiplying the equation (432) by 


541 To find the equation whose roots are the squares of 
the differences of the roots of a given equation. 


Let F (æ) be the given equation, and S, the sum of the D 
powers of its roots. Let f(e) and s, have the same meaning 
with regard to the required equation. 

The coefficients of the required equation can be calculated 
from those of the given one as follows :— 

The coeficients of each equation may be connected with the 
sums of the powers of its roots by (584); and the sums of the 
powers of the roots of the two equations are connected by the 
formula 


og (aem 
549  2s,— nS,,—2rS,S,, .-- m S Sopo — Ss. 


Rure.—2s, is equal to the formal expansion of (S—Sy" by 
the Binomial Theorem, with the first and last terms each mul- 
tiplied by n, and the indices all changed to suffixes. As the 
equi-distant terms are equal we can divide by 2, and take halt 
the series. 


DemonstRATION.—Let a, b, c ... be the roots of F (e). 


Let ola) =@—a)"+@—-b)"+... Lu Gs) 


Expand each term on the right by the Bin. Theor., and add, substituting 
S,, Sa &e. In the result change 2 into a, b, c... successively, and add the a 
equations to obtain the formula, observing that, by Gay 


9 (a) +o (b) +... = 28. 
If n be the degree of F (x), then $n (4—1) is the degree 
Or J COE By (90) 
549 The last term of the equation f (7) = 0 is equal to 
WI (aye (95) Ay) 
where a, f, y, ... are the roots of 4” (+). Proved by shewing 


that roro = wl (a) F' (B) ... 


544 If F(r) has negative or imaginary roots, f(7) must 
have imaginary roots, 
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545 The sum of the m™ powers of the roots of the quad- 
ratic equation a? — prq = 0. 


; m (m—3 e c 
Sn =p" — mp” y+ m (m —:) 5 3) pe —... 


Ore duod mer ee EE Cota 


Las 


Dy (537) expauding the logarithm by (156). 


546 The sum of the m powers of the roots of — 1 = 0 
is nif m be a multiple of n, and zero if it be not. 


By (537); expanding the logarithm by (156). 
547 If 310 —stisbeti--aat lic. s SS 
then the sum of the selected terms 
asa" ap Onan pur" ue LL qM sp &c. 


willbe s = + fa" p(aw) 4-8" p(Br)-+y"" ó (yx)+ &e.] 


where a, f), y, &c. ave the n™ roots of unity. 


For proof, multiply (i.) by a"~", and change z into av; so with p, y, &e., 
and add the resulting eqnations. 


548 To approximate to the root of an equation by means of 
the sums of the powers of the roots. 


3 ; s ' 
By taking m large enough, the fraction == will approx- 
n 


imate to the value of the numerically greatest root, unless 
there be a modulus of imaginary roots greater than any real 
root, in which case the fraction has no limiting value. 


2 
549 Similarly the fraction ie Med approximates, as m 
S8m-19p 177 Fin 
increases, to the greatest praduct of any pair of roots, real or 
imaginary; excepting in the case in which the product of the 
pair of imaginary roots, though less than the product of the 
two real roots, ix greater than the square of the least of them, 
for then the fraetion has no hmiting value. 
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550 Similarly the fraction 223»33—?»:17»*? approximates, 
SmSm+2 5541 

as m increases, to the sum of the two numerically greatest 

roots, or to the sum of the two imaginary roots with the 

grcatest modulus. 


EXPANSION OF AN IMPLICIT FUNCTION OF a. 


Let y (Axt) +P (Be H3) 4... F^ (Sa^4-) = 09...... (1) 


be an equation arranged in descending powers of y, the co- 
efficients being functions of æ, the highest powers only of æ 
in each coefficient being written. 

It is required to obtain y in a series of descending powers 
of x. 


First form the fractions 


meg. desto EH EU (2) 
a—p’ a—y a5 coerce eae bugeosgooo e Jc 
en = due c greatest of these algebraically, or 


a — il 
if several are equal and greater than the rest, let it be the 
last of such. Then, with the letters corresponding to these 
equal and greatest fractions, form the equation 


Au* 4 ...... F Ce | .....—— 


Each value of v in this equation corresponds to a value of y, 
commeneing with ua. 


Next select the greatest of the fractions 


Pao k—in k—s 
EET = Grane: EU ccc Eoo. 
m kK—-o 
Let — Erg #’ be the last of the greatest ones. Form 
K—wv 
the corresponding equation AWuS-...- Nw — 0 0... (5). 


Then each value of v in this equation gives a corresponding 
value of y, commencing with u^. 
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Proceed in this way until the last fraction of the series (2) 
is reached. 
'l'o obtain the second term in the expansion of y, put 


"n—mid 1)... 0 ee 


" 


employing the different values of v, and again of Ü and tim, 4 
and v, &c. in succession; and in each case this substitution 
will produce an equation in y and e similar to the original 
equation in y. 

Repeat the foregoing process with the new equation m y, 
observing the following additional rule :— 

When all the values of t, C, C, Se. have been obtained, the 
negative ones only must be employed in forming the equations 


in u. (Or 


552 To obtain y in a series of ascending powers of v. 
Arrange equation (1) so that a, B, y, &c. may be in as- 
cending order of magnitude, and «, b, c, &c. the lowest powers 
of x in the respective coefficients. 
Select /, the greatest of the fractions in (2), and proceed 
exaetly as before, with the one exception of substituting the 
word positive for uegative m (7). 


553  Exawrrr.— Take the equation 
(a5 + a) + (82? — 52?) yt (— 4r + 7? 420) y! — y^ = 0. 
It is required to expand y in aseending powers of x. 
[4 A] . € 3—2 o—1 9—0 
The fractions (2) are m m E- 75 1, 1, and 3. 
The first two being equal and greatest, we have ¿= 1. 


The fractions (4) reduce to —-—_ = 4 — f. 
2—5 
Eqnation (3) is ] 4-3u — tw =U, 
which gives u= l and — 4, with fI. 
Equation (5) is — 4i = 0, 
and from this u= 0 and —4!, with f= 3. 


We have now to substitnte for y, according to (6), either 


w(t), 2(—ttn), ay, orat (—#+y). 
Put y 2 x (14-5), the first of these values, in the original equation, and 
arrange in aseending powers of y, thus 


tat + (— 523 -) y, - (—4 +) d — 1021 — ey — ay = 0. 
The lowest power only of w in cach coctlicient is here written. 


144 THEORY OF EQUATIONS. 


The fractions (2) now become 


_4-3 4—3 d= doa T 
0—1 0—2? 0—3' —4 0—5’ 
or Le M cL 
From these t= 1, and equation (3) becomes 
—4— 5u = 0; ..uwz-d4. 
Hence one of the values of y, is, as in (6), y, = @(—4+ 42). 
Therefore y =g {l +e (—4+y)} 222—424... 


Thus the first two terms of one of the expansions have been obtained. 


DETERMINANTS. 


554 Definitions.—The determinant | a, a, | is equivalent 
b. 
1 2 
to a,b,—a,b,, and is called a determinant of the second order. 
A determinant of the third order is 
(t, ly (04 = G (b.e, — bse.) -> (bz, — b,e;) + (l; (be, cn Dien 
b, b, b; 
G Canes 
Another notation is E + «,5,6,, or simply (a,b:6;). 


The letters are named constituents, and the terms are 
called elements. The determinant is composed of all the 
elements obtained by permutations of the suffixes 1, 2, 3. 


The coefficients of the constituents are determinants of 
the next lower order, and are termed minors of the original 
determinant. Thus, the first determinant above 1s the minor 
of c, in the second determinant. It is denoted by Cs. So the 
minor of «a, is denoted by A,, and so on. 


555 <A determinant of the n order may be written in either 
of the forms below 


0, (ly eee a, eve a, (1 (G eos (> ese (lin 
b, b, ew b, ooQ b, or lla Con ese lipp ss. (op 
hos obs iie QU ee a 


In the latter, or double suffix notation, the first suflix indicates 
the row, and the second the column, ‘The former notation 
will be adopted in these pages. 
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A Composite determinant is one in which the | 
number of columns exceeds the number of rows, 
and it is written as in the annexed example. 
Its value is the sum of all the determinants obtained by taking 
a number of rows in every possible way. 
A Simple determinant has single terms for its constituents. 
A Compound determinant has more than one term 1n some 
or all of its constituents. See (570) for an example. 
For the definitions of Symmetrical, Reciprocal, Partial, 
and Complementary determinants; see (574), (979), and (576). 


ee dÀ 


b, b. b, 


General Theory. 
556 The number of constituents is n”. 
The number of elements in the complete determinant is | 2. 


557 The first or leading clement is a,5,04... 05. Any 
element may be derived from the first by permutation of the 
suffixes. 

The sign of an clement is + or — according as it has 
been obtained from the diagonal clement by an even or odd 
number of permutations of the suffixes. 

Hence the following rule for determining the sign of an 
clement. 


RurE.— Take the suffiees in order, and put them back to 
their places in the first element. Let m be the whole number 
of places passed over; then (— V)" will give the siyn required. 


Ex.— To find the sign of the clement a,b,0,7,0, of tho determinant 
(a, bye, d, e,). 


d, by cy Ge, 
Move the suffix 1, three places... ... 1 4 3 5» 2 
" * 2, three places.. .. 1 2 430 
» 5 3, one place... .. L9 3 * 5 
In all, seven places; therefore (—1)' = —1 gives the sign required. 


558 If two suffixes in any clement be transposed, the sign 
of the element is changed. 
Half of the elements are plus, and half are minus. 


vn M— 


559 The elements are not altered by changing the rows into 
columns. 
If two rows or columns are transposed, the sign of the 
U 
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determinant is changed. Because each clement changes its 
sign. 

If two rows or columns are identical, the determinant 
vanishes. 


560 1f all the constituents but one m a row or column 
vanish, the determinant becomes the product of that con- 
stituent and a determinant of the next lower order. 


561 A cyclical interchange is effected by n—1 successive 
transpositions of adjacent rows or columns, until the top row 
has been brought to the bottom, or the left column to the 
right side. Hence 

A cyclical interchange changes the sign of a determinant 
of an even order only. 

The 7" row may be brought to the top by r—1 cyclical 


interchanges. 


562 If each constituent in a row or column be multiplied 
by the same factor, the determinant becomes multiplied by it. 

If each constituent of a row or column is the sum of m 
terms, the compound determinant becomes the sum of m 
simple determinants of the same order. 

Also, if every constituent of the determinant consists of 
m terms, the compound determinant is resolvable into the sum 
of m? simple determinants. 


563 To express the minor of the r row and A column as 
a determinant of the n—1" order. 

Put all the constituents in the 7 row and i" column equal 
to 0, and then make r—1 cyclical interchanges in the rows 
and /;—1 in the columns, and multiply by (—1)**96-9, 


free = (— jb (n-1). 


564 To express a determinant as a deter- | 1 0 0 0 0 
minant of a higher order. a160020 

Continue the diagonal with constituents | 8 e « h & 
of “ones,” and fill up with zeros on one side, CN T f 
and with any quantities whatever (a, f, y, &c.) 5 ng fe 


on the other. 
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565 The sum of the products of each constituent of a 
column by the corresponding minor in another given column 
is zero. And the same is true if we read ‘row’ instead of 
*eolumn. Thus, referring to the determinant in (555), 


Taking the p" and q™ columns, Taking the u and e rows, 


a, À 3-5, D, LE UU, = 0. a C A- aU. LLL a, €, = 0. 


For in each case we have a determinant with two columns identical. 


566 In any row or column the sum of the products of each 
constituent by its minor is the determinant itself. That 15, 


Taking the p™ column, Or taking the c row, 


a,A,+b,B,+ ee, — e,C, 4 - e, 0, 4- ... 6, €, = 4. 


567 The last equation may be expressed by Xe, C, = A. 
Also, if (apc,) express the determinant | @p d, |; then 
gx 03 
E (a, c) will represent the sum of all the determinants of the 
second order which can be formed by taking any two columns 
out of the a and ¢ rows. The minor of (a,,¢,) may be written 
(dp, C,), and signifies the determinant obtained by suppress- 
ing the two rows and two columns of a, and e, Thus 
A = X(ay,0) Cip C,). And a similar notation when three or 
more rows and columns are selected. a 


= n O a 


568 Analysis of a determinant. 


Rcr.—To resolve into its elements a determinant of the 
n" order. Eepress it as the sum of n determinants of the 
(n—1)* order by (560), and repeat. the process with each of 
the new determinants. 


EXAMPLE: 
d, a, a, 0, 1 — a, b, b, bi! — a| bs bi bi t b, b, b, | — a,| b, b, bs 
b, b, b, b, Ca Cs ME Cs Ci Gi) CES a Ci Cz 165 
o a" "TT! 2$ ZU f aum 
d d, d, d, 
Again, hb, b = 6,14 & | + bs) es nlt Osby Gl 
G G G & d, | | d, 41 d, d, 
di djs; 


and so on. In the first series the determinants have alternately plus and 
minus signs, by the rule for cyclical interchanges (961), the order being even. 
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569 Synthesis of a determinant. 


The process 1s facilitated by making use of two evident 
rules. Those constituents which belong to the row and 
column of a given constituent a, will be designated ** «^s con- 
stituents.” Also, two pairs of constituents such as a,, c, and 
(tg, Cp, forming the corners of a rectangle, will be said to be 
** eonjugate" to each other. 


Ree I.—.Vo constituent will be found in the same term 
with one of its own constituents. 


Rute II.—The conjugates of any two constituents a and b 
will be common to ws and U's constituents. 


Ex.—To write the following terms in the form of a determinant : 

abed + bfgl + f? E? + ledf+eghp + lahr + elpr 
—fhpr—ablr — aci? —1fhg — bdf?—efhl —cedp. 

The determinant will be of the fourth order; and since every term must 
contain four constituents, the constituent 1 is supplied to make up the 
number iu some of the terms. Select any term, as abcd, for the leading 
diagonal. 


Now apply Rule I., 

a is not found with e, f, f, g, p, 0... (D)... c is not found with f, f, l, r, 1, 0...(3). 
b is not found with e, h, h, p,1,0...(9). dis not found with g, ^, h,1l,r, 0... (4). 
Each constituent has 2 (4 —1), that is, 6 constituents belonging to it, since 
^-*4, Assuming, therefore, that the above letters are the constituents of 
a, b, c, and d, and that there are no more, we supply a sixth zero constituent 
in each case. 


Now apply Rale IL—The constituents common 
to u and b aree, p; to a and c—J, f; to b and c—1,0; 
to u aud d—y, 0; to b andd—h,h,0; to c and d—I, r, 0. 


The determinant may now be formed. "The diagonal ae fgl 
being abed; place e, p, the conjugates of a and b, either as p b 1 k 
in the diagram or transposed. tO can 

0 hl d 


Then f and f, the conjugates of « and c, may be written. 


laud 0, the conjugates of b and c, must be placed as indicated, because 
lis one of p’s constituents, since it is not found iu any term with p, and 
must therefore be iu the seeond row. 

Sinlarly the places of g and 0, and of l and r, are assigned. 

In the case of b and d we have A, h, 0 from which to choose the two 
conjugates, but we see that 0 is not one of them because that would assign 
two zero constituents to b, whereas b has bnt one, which is already placed. 

By similar reasoning the ambiguity in selecting the conjugates Z, r is 
removed. 

The foregoing method is rigid in the caso of a complete determinant 
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having different constituents. It beeomes uncertain when the zero con- 
stituents increase in number, and when several constituents are identicul. 
But even then, in the majority of cases, it will soon afford a clue to the 
required arrangement. 


570 PRODUCT OF TWO DETERWINANWS OF 
Ti am^ OLDER. 


(P) (Q) (5) 


@, Ws, ... Mt, cup agen... ap | = |! Nip Mar... Ak 
b, by... b, B. B; ... B, B, Db, ... b, 
TE Ar A oa An DE... hg 


Ihe valmes of 8,5) .—— 1, in (A — a,a,4+ Gout... Fuge, 
1 M x cs 
the first column of S uro un- | p — a, taR ... uud, 
nexed. For the second column l A ke... 
write Ws in the place of «'s | 

; ; " (L =at.. uA 
For the third column write c’s, : I EUST Lc EN 
and so on. 


For proof substitute the values of A, D,, &c. in the determinant S, and 
then resolve S into the sum of a number of determinants by (562), and note 
the determinants which vanish through having identical columns. 


ULE.— To form the determinant S, which is the product of 
two determinants P and Q. First connect by plus signs the 
constituents in the rows of both the determinants P and Q. 

Now place the first row of P upon each row of Q in turn, 
and let vach tiro coustituents as they touch become products. 
This is the first column of 5. 

Perform the same operation upon Q with the second. row of 
P to obtain the second column of S; aud again with the third 
row of L to obtain the third column of 5, and so on. 


571 If the number of columns, both in P and Q, be n, and 
the number of rows r, and if 4 be >r, then the determinant 
^. found in the same way from /’ and 4, is equal to the sun 
of the U (n, r) products of peirs of determinants obtained by 
taking any r columns out of P, and the corresponding 7 
columns out of U. 

But if n be <r the determinant 5 vanishes. 


For in that case, in every one of the component determinants, there will 
be two columns identical. 
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572 The product of the determinants P and Q may be 
formed in four ways by changing the rows into columns in 
either or both P and Q. 


573 Let the following system of n equations in 22... 2, 
be transformed by substituting the accompanying values of 
the variables, 


htt altt ... Hanta = 0, a, = at aht e H an Ens 

b a, Ebo E e +H brita = 0, ay = REH B. 5r... B.E, 

L tı + l, V+ ied SES d, = 0, d = A, E+), &+ sis AS m 
The eliminant of the resulting equations in £ &£ ... £, 1s 
the determinant S in (570), and is therefore equal to the 


product of the determinants P and Q. The determinant Q is 
then termed the modulus of transformation. 


574 A Symmetrical determinant is symmetrical about the 
leading diagonal. If the /?s form the r row, and the A's 
the b^ row; then R, = K, throughout a symmetrical deter- 
minant. 


The square of a determinant is a symmetrical determinant. 


575 A Reciprocal determinant has for its constituents the 
first minors of the original determinant, and is equal to its 
n—1' power; that is, 

dm cs cete eee err Pnoor.—Multiply both sides 
of the equation by the original 
determinaut (5559). The eon- 
soc osoosao09 || J| cfe stituents on the left side all 


I cc Tp. eee vanish excepting the diagonal 
of A’s. 
576 Partial and Complementary determinants. 


If r rows and the same number of columns be selected 
from a determinant, and if the rows be brought to the top, 
and the columns to the left side, without changing their order, 
then the elements common to the selected rows and columns 
form a Partial determinant of the order r, and the elements 
not found in any of those rows and columns form the Com- 
plementary determinant, its order being 4— r. 
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e —— MÀ À — — MÀ M Ó— ——H MÀ 


Ex.—Let the selected rows from the determinant (a,),csd,¢,) be the 
second, third, and fifth; and the selected columns be the third, fourth, and 
fifth. The original and the transformed determinants will bo 


Qy Qg dy U, M and | bs b, bs, bi b, 


DON 5 UG GU G G a es 
Ci Cg Cs A C G NOT | 
d, Wi, We 3. d üg QUU, Lay ay 
€ Op (€ & 6 dic us udi cM. od, 


The partial determinant of the third order is (5,c,7,), and its comple- 
mentary of the secoud order is («,d;). 


The complete altered determinant is plus or minus, according as the 
permutations of the rows and columns are of the same or of different class. 
In the example they are of the same class, for there lave been four traus- 
positions of rows, and six of columns. Thus (—1)"=+1 gives tho sign 
of the altered determinant. 


577  TuronEM.—A partial reciprocal determinant of dies. 
order is equal to the product of the r—1™ power of the 
original determinant, and the complementary of its corres- 
ponding partial determinant. 


Take the last determinant for an example. Here n=5, r=3; and by the 
theorem, 


D. B, B,\= A? | a, a,| where D, C, Hare the 
Cac, Cy d, d, respective minors. 
Dar 


Pnoor.— Raise the Partial Reciprocal to the original order five without 
altering its value, by (564); and multiply it by A, with the rows and 
columns changed to correspond as in Ex. (576) ; thus, by (570), we have 


pane n d, b, b, bib, 5|I-|^00b | =A |, 4, 
puc uU nc, O CONCI, : M G GA 0a e d, d, 
ape, 1, D a "^ 6 : 6 O Om eios 
Deo 3 0 d, €, di 0) A 0.0.0 a, a 
© 0 00 1 a cd dee 000 d, d, 


578 The product of the differences between every pair of n 
quantities d, dy ... Aw 


(«4 —«,)(«, — a5)(u, —,) ... («,—, i 1 M cael 
X (a,—«a5)(u5—«,) ... («,—«,) U, Uz Uy s Un 
X (3—4) 6 (gs — la) ? = - a a? 
X (n-ı— ds er ae a ag 


Proor.—The determinant vanishes when any two of the quantities aro 
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equal. Therefore it is divisible by each of the factors on the left; therefore 
by their product. And the quotient is eon to be unity, for Use sides of the 
equation are of the same degree; viz, in(n—1). *' 


579 The product of the squares of the) _| So Sı ... Sa 
differences of the same n quantities = 


Proor.—Square the determinant in (578), and 
write s, for the sum of the 7" powers of the roots. 


Sn—1 Sn soe 824-9 
580 With the same meaning for 5,55,..., the same deter- 
minant taken of an order v, less than n, is equal to the sum 
of the products of the squares of the differences of r of the n 
quantities taken in every possible way; that is, in C (m, v) 
ways. 


Ex.: So $ | = (a,—a,)? + (a, —a4) + &c. = X (a,—a,)’, 
$81 83 
Sy 8$ % | — X (a4 — a)? (a, — a4)? (@,— as)”. 
Sı S2 §3 
89 83 8, 


The next determinant in order 
= I (m —aj) (a,—4;)” (a, —a4)? (a —a5)* (a,—4,)” (as — a). 
And so on until the equation (579) is reached. 


Proved by substituting the values of s,, s, ... &c., and resolving the deter- 
minant into its partial determinants by (571). 
581 The quotient of 


tto a" Fa a" +... baa +... 
b,a* +b v7 +. tb "7t M... 


is given by the formula 
hee baie E a eee dE 


where "— J| 9; 0.50 ae 
f CIE ab SU (t 
b. wW V (ly 


Ui Ve Ope... Ue; 
Proved by Induction. 
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ELIMINATION. 


582 Solution of n linear equations in n variables. 


The equations and the values of the variables are arranged 
below : 
UU Tr 45 4E LLL Fae, = COMETA iat B, E+ PS, 
biatb tt.. +O, = A= A Sit Babs p- EDS 


l eT Hs SPOT SRUS Uy = Sno Va A= A LEA air es "n" 


where A is the determinant annexed, and Ai, Dj, |a,... a, 
Geo-we its first minors. ——— "FI craw enroute 


To find the value of one of the unknowns 2@,. 


tuLE.—Multiply the equations respectively by the minors 
of the +" column, and add the results. v, will be equal to the 
fraction whose numerator is the determinant A, ath tis 1% 
column replaced by £y &... £j, and whose denominator is A 
itself. 
583. If £, £; ... £, and A all vanish, then tu 2%... e, grein 
the ratios of the minors of any row of the determinant A. 
For example, in the ratios Ci: €, : €, : ... 1 Cr: 

The eliminant of the given equations is now A= 0. 


584 Orthogonal Transformation. 


If the two sets of variables in the n equations (582) be 
connected by the relation 


Etut. tE E+. HE em). 
then the changing from one set of variables to the other, by 
substituting the values of the £'s in terms of the z's in any 
function of the former, or vire versá, is called orthogonal 
transformation. 

When equation (1) is satisfied, two results follow. 


I. The determinant A = 4 1. 
X 
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II. Each of the constituents of A is equal to the corre- 
sponding minor, or else to minus that minor according as A is 
positive or negative. 

Proor.—Substitute the values of é,, Ë... £, in terms of 2, 2, ... Xn in 
equation (1), and equate coefficients of the squares and products of the new 
variables. We get the n’ equations 

a LU +=1 aa, + bb, + =0 aa, + bb, + = 0 
a,a, + bb, + = 0 a tb +=1 azda + bb, + = 0 
a,a, + bibs + — 0 aag + b,b, + = 0 a. D =N] 


a,a, + biba + — 0 aa, + baba + = 0 azan + bbn + = 0 


Also A=] b.ed Form the square of the determinant A by the 
CENE th rule (570), and these equations show that the 
product is a determinant in which the only con- 


Gaara stituents that do not vanish constitute a diagonal 
Ud of ‘ones.’ Therefore 
Gab... ln ATS a A S al 


Again, solving the first set of equations (mA — A, +4,0+A0+= 4, 
for a, (writing a, a8 a,a,, &c.), the second a,A — A0-- A, +A4,0+= A, 
set for a, the third for a, and so on, we = E 
have, by (582), the results annexed; which a5 — D EUR 
proves the second proposition. &c. &e. 


585 Theorem.—The n—2" power of a determinant of the 
n order multiplied by any constituent is equal to the corre- 
sponding minor of the reciprocal determinant. 

Proor.—Let p be the reciprocal determinant of A, and fj, the minor of D, 
inp. Write the transformed equations (582) for the a's in terms of the é’s, 


and solve them for £. Then equate the coefficient of x, in the result with its 
coefficient in the original value of $. 


Thus p£, = A (Biz -F ...-- B a, F) and & ze uon usi 
AB, = pb, = A*-'b, by (575); — Bp = A" bn 


586 ‘To eliminate æ from the two equations 
ca” hae ee ee (QUE 
amt er eugene et ese E 
lf it is desired that the equation should be homogeneous 


. a Ly . 
in g and y; put — instead of æ, and clear of fractions. The 
1 


following methods will still be applicable. 
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I. Bezout's Method.—Suppose m > n. 


Rure.— Bring the equations to the same degree by multi- 
plying (2) by a". Then multiply (1) by a’, and (2) by a, and 
subtract. 

Again, multiply (1) by a'e4-V, and (2) by (ax+b), and 
subtract. 

Again, multiply (1) by aa? 4- Ua 4- c', and (2) by (ax? +b +e), 
and subtract, and so ow until n equations have been obtained. 
Hach will be of the degree m—. 

Write under these the m—n equations obtained by multi- 
plying (2) successively by œ. The eliminant of the m equations 
is the result required. 

Ex.—Let the equations be | a+b Fea? E da? t ex f = 0, 

a'25 -- beter +d =] 


The five equations obtained by the method, and their eliminant, by (583), 
are, writing capital letters for the functions of a, b, c, d, e, f, 


Aa! 4- B+ C+ Dix E, = 0 Al daa Ca DET ess 
A,a'+ By? + C+ Dat E = O0 A ETOD 
A + Bè + Ot + Dg E = 0 and A, D, €, D, E, 
a’ z* b a3 4c x Hd zu a W e ak w 
a a b xi Fc xt+d’ =0 On ae ea 


Should the equations be of the same degree, the eliminant will be a sym- 
metrical determinant. 


587 IL Sylvesters Dialytie Method. 


RurE.— Multiply equation (1) successively by x, n—1 times; 
and equation (2) m—1 times; and eliminate x from the m+n 
resulting equations. 


Ex.—To eliminate z from — a4? - ba? 4 cx 4 - d = 0 


pet+gqrtr =0 l 
The m+n equations and their eliminant are 
pæ+qr+r = 0 0 0 a g o S 0. 
po +qr’ rz = Opqr oO 
p tq t+ ra? Sy) and |pq7r00 
az? 4- ba? c ez p d = 0 Oabed 


az‘ + br? + ca*+ dx = 0 abcdO 
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588 III. Method of elimination by Symmetrical Functions. 


Divide the two equations in (586) respectively by the 
coefficients of their first terms, thus reducing them to the 


forms f (9) =e + pe Fr... - Ep, = 0, 
o(a) =æ tq t+. +g, = 0. 


Ruie.—Let a, b,c... represent the roots of f(a). Form 
the equation $ (a) (b) ¢(c)... = 0. This will contain sym- 
metrical functions only of the roots a, b, €... 


Express these functions in terms of py, pa ... by (588), dc., 
and the equation becomes the eliminant. 


Reason of the rule.— The eliminant is the condition for a common root of 
the two equations. That root must make one of the factors 9 (a), 9 (b) ... 
vanish, and therefore it makes their product vanish. 


589 The eliminant expressed in terms of the roots a, b,c... 
of f (v), and the roots a, f, y ... of 9 (v), will be 


(a—«) (a—B) (a—1) ... (b—«) (b—f) (b—7) --. &c., 
being the product of all possible differences between a root of 
one equation and a root of another. 


590 The eliminant is a homogeneous function of the co- 
efficients of either equation, being of the »'" degree in the 
coefficients of f (v), and of the m' degree in the coefficients 


of $ (a). 

591 The sum of the suffixes of p and 4 in each term of the 
eliminant = mn. Also, if p, q contain z; if p, qa contain 2°; 
if ps, qs contain 72, and so on, the eliminant will contain 2”. 


Proved by the fact that p, is a homogeneous function of r dimensions of 
the roots a, b, c ..., by (406). 


592 If the two equations involve æ and y, the elimination 
may be conducted with respect to a; aud y will be contained 
in the coefficients py, ps -.-, Qv da --- - 


593 Elimination by the Method of Highest Common Factor. 


Let two algcbraical equations in # and y be represented by 
Zi) andere 9. 
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It is required to eliminate z. 


Arrange 4 and B according to descending powers of v, 
and, having rejected any factor which is a function of y only, 
proceed to find the Highest Common Factor of 4 and B. 


The process may be exhibited as follows : 


aA — qB dr f (y 4. 4, & ane the multipliers. re 

c,B = qi +r: R quired at each stage in order to avoid 

" E NEN fractional quotients; and these must 

sth = ds? 7575| be constants or functions of y only. 

c, E, = qu, v, dis do Yas q, are the successive quo- 
tients. 


r Rais Peles, v, I4, 7, are the successive remainders ; 7, 725 73, 7, 
being functions of y only. 


The process terminates as soon as a remainder is obtained 
which is a function of y only; 7, is here supposed to be such 
a remainder. 


Now, the simplest factors having been taken for ci, Cz, Cs, C4, 
we see that 


lis the H.C. F. of. & and 5 The values of # and y, 
and »,| Which satisfy simulta- 
“| neously the equations 
ds " » ^O and r} 2-0 and B=0, are those 


d obtained by the four pairs 
a , . as TUA aio MEQUE equations 
dy d; ollowing : 
zx sd 5 — 0 -....-2 (1) The final equation in y, 
T, , which gives all admissible 
d, = 0 and Ah LU o... (2) values, iS 
" duae. M 
T nd e = Ù aoo s (3) Ua 
b If it should happen that 
S. — (0 aiid di, — 0 ... 2.05. (4)| the remainder r, is zero, 
di the simultaneous equa- 


tions (1), (2), (3), and (4) reduce to 


pe ot E RL 
2 


Ii d ILS d; I 
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594 ‘To find infinite values of æ or y which satisfy the given 
equations. 


Pat 2 — L, Clear of fractions, and make z = 0. 


If the two resulting equations in y have any common 
roots, such roots, together with « = œ, satisfy simultaneously 
the equations proposed. 


Similarly we may put y — - 


PLANT TRIGONOMETRY. 


ANGULAR MEASUREMENT. 


600 The unt of Cireular measure is a Radian, and is the 
angle at the centre of a circle which subtends an are equal to 
the radius. Hence 
TS arce 
60]  Cireular measure of an angle = —. 
radius 
609 Circular measure of two right angles = 814159... zz. 


603 The unit of Centesimal measure is a Grade, and is the 
one-hundredth part of a right angle. 
604 The umt of Sexagesimal measure is a Degree, and is 
the one-nineticth part of a right angle. 

To change degrees into grades, or cireular measure, or 
vice vers’, employ one of the three equations included in 

ap 100 r’ 

where D, G, and C are respectively the numbers of degrees, 
grades, and radians in the angle considered. 


'FRIGONOMETRICAL RATIOS. 
606 Let O.! be fixed, and let the 


revolving line OP describe a circle 
round ©. Draw PN always perpen- 
dicular to AA’. ‘Then, in all posi 
tions of OP, 


PN i 

"Tm the sine of the angle dOP, 
7 l 

P the cosine of the angle .107', 


one the tangent of the angle AOP. 
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607 If P be above the line Ad’, sin AOP is positive. 

If P be below the line AA’, sin AOP is negative. 
608 If P lies to the right of PB’, cos AOP is positive. 

lf P lies to the left of BB’, cos AOP is negative. 
609 Note, that by the angle AOP is meant the angle through which 
OP has vevolved from OA, its initial position; and this angle of revolution 
may have any magnitude. If the revolution takes place in the oppos‘te 


direction, the angle described is reckoned negative. 


610 ‘The secant of an angle is the reciprocal of its cosine, 
or cos A sec A = 1. 
611 The cosecant of an angle is the reciprocal of its sine, 
or sin A cosee A = 1. 


612 The cotangent of an angle is the reciprocal of its tangent, 
or tan 4 cot A = 1. 


Relations between the trigonometrical functions of the 


same angle. 


613 sin’? A+ cos A = 1. [1. 47 
614 sec A = 1-rFiau A. 
615 cose A = t+ cot? A. 
616 tan 4 =œ A [606 
cos A 
. E 7 à 
lf tan Á = Eo mes 
617 sinA-z-— T " 
/ at T b 
cosA = Eo [606 
Am En 
618 :sin.1 = tan A , cog 4 = rem [617 


v dr iur A v L-- tur d 
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619 The Complement of Ais = 90°—A. 
620 The Supplement of A is = 180°—A. 
621 sin (90 — A) = cos A, 
tan (90 — A) = cot A, 
sec (0907 — A) = cosec A. 
622 sin(180—.0) — sin A, 
cos (180^ — A) = —eos A, 
tan (180  — A) = —tan A. 
In the figure 
ZQOX =180°—#4. X [607,908 


623 sin (—A) = —sin A. 
624 cos(—4)- cosA. 
By Fig., and (607), (608). 

The secant, cosecant, and cotangent of 180°—A, and of 

— A, will follow the same rule as their reciprocals, the cosine, 
sine, and tangent. [610-612 


625 To reduce any ratio of an angle greater than 90° to the 
ratio of an angle less than 90°. 

Rue.—Determine the sign of the ratio by the rules (607), 
and then substitute for the given angle the acute angle formed 
by its two bounding lines, produced if necessary. 

Ex.—To find all the ratios of 660°. 
Measuring 300° (= 660°— 360°) round 
the circle from 4 to P, we find the 
acute angle AOP to be 60°, and P lies 
below Ad’, and to the right of BL’, 


Therefore 
sin 660° = —sin 60° = — m 
cos660^— cos60°= i, 


and from the sine and cosine all the remaining ratios may be 


found by (610-616), 


———— ——À — ———— M ———— E —À— ———— —— 


Ixverse Noravios. — he angle whose sine is e is denoted 
by &in^' e, 


Y 
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626 All the angles which have a given sine, cosine, or tan- 
gent, are given by the formule 
sin am ligt (oe LO a. caste MN 
gos w — nne Ocoee. cen sence sen E 
|a Se m8 ccce ND 


In these formule 6 is any angle which has æ for its sine, cosine, or 
tangent respectively, and » is any integer. 

Cosee-^!z, sec~!x, cot^'x have similar general values, by (610-612). 

These formule are verified by taking A, in Fig. 622, for 0, and making 
n an odd or even integer successively. 


tan” 


FORMULA INVOLVING TWO ANGLES, AND 
MULTIPLE ANGLES. 


627 sin (A+ B) = sin A cos B+ cos A sin B, 
628 sin (A— B) = sin A cos B—cosA sin D, 
629 cos(A+ 2B) = cos A cos B—sin A sin B, 
630 cos (A — B) = eos A cos B+sin A sin B. 


Proor.—By (700) and (701), we have 
sin © = sin A cos L + cos A sin D, 


and sin C sim (A+ P), by (622). 
To obtain sin (4— D) change the sign of P in (627), and employ (623), 
(624), cos (A+B) = sin {(90°—A)—B}, by (621). 


Expand by (628), and use (621), (623), (624). For cos(.1— D) change the 
sign of D in (629). 


tan A + tan B 
hai ( tet 49) == p 
631 an (A+ B) 1 —tan.t ian B 


tan A — tan B 

g A = b I amp cUm ee 

632 tan ( 5) Ittan A tan B 
_ cot A cot B —1 


‘ot CA Wee = 
633 cot (A+B) cot A + cot B 
cot Af cot B 4-1 


cot B — cot A 
Obtained from (627-630). 


634. cot (.1 — B) = 


635 
636 
637 
638 
639 
640 


641 


642 


643 


646 


648 


649 


650 


651 


652 


653 
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sin 24 = 2 sin A cos A. [üPy: Pat Baw 
cos2A = cos? A — sin’ A, 


= Peo A — 1, 


—]1-—25sim Á. [629, 613 

2 eos? A = 1+ cos 24. [637 
2 si’ A = 1 — cos 2A. [638 
— co S l 

EN SENE Tane: [640 


COS à = Toe [639 


1+ eos A sin A L- cos 
(6-41, 642, 613 


t yi _il-cosA_ sind 


1 — tan = 2 tan Zt 
cos A = IE A sin M = = (648, 613 
1 + tan’ > 1 + tan’ — 


cll am 
1+tan A tan = 


sin (45° = = QUE (s — ae p L8 AE FD 5 [041 
) = gm (a — 4) = EET [642 


cos A = 


D 
(uo. 4) - TER LEE ml 
i424 = URL (onl, Pat p- A 
eat Poh = d 
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= MM ——À eS —— 


- | 1-Ftan A 
654 tan (45°+ A) = E wh 
o 1—tan A ; 
- 5 — 631, 632 
goo brip me ae T+ tan A` l 
656 sin E =d3sin A —4 sin? A. 
65"7 cos 3A = 4 cos*A — 3 cos A. 
a4 _. dtan A — tan? A 
ie inns d ee oN INE 
By putting P = 24 in (627), (629), and (031). 
659 sin (A+ B) sin (A— B) = sin A — sin’ B 
= cos? B — cos’ A. 
660 cos (A+B) cos (A—B) = cos’ A — sin’ B 
= cos? B — sin? A. 
From (627), &e. 
A " 
661 sin 5y- T cos, d a 
[ Proved by squaring. 
ed A mu 
662 sin + — cos = E v/1— sin A. 
. Á 1 Roue — 
663 sin 5 = 5 {v1 + sin A — V1 — sin A}. 
664 cos 4 = = f /1-r sin 4 4- /1— sin 4}, 
when 4 lies between —45^ and +45°. 


665 In the accompany ing diagram the 
signs exhibited in each quadrant are the 
signs to be prefixed to the two surds in 


the value of sin? MI ding to the quad- 


A : ve f 
rant in which = lies. 
re) 


A f 
For cos^ change the second sign. 
o o 


2 


Proor.—By examining the changes of sign in (661) aud (662) by (607). 
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666 2:sin A cos B= sin (A+ B)+ sin (4 — B). 
667 2cosA sin B= sin (A + B) —sin(A — B). 
668 2cosA cos B = cos(A + D) + eos (A4 — B). 


669 2:sin A sin B= cos(.1 — B) — cos (A + B). 
[627-630 


670 sin A + sin B = 2 sin ie ug. = — 
671 sin 4 — sin B = 2 cos A tB sin - = 
672 cos A+ cos B= 2 ont i= COS A md 
673 cos B — cos A = 25m 4 ae sin 4 zB 


=) a 


zu and B into A = 


Obtained by changing A into a 
It is advantageous to commit the foregoing formulæ to memory, in words, 


thus— 2 sin cos = sin sum + sin difference, 
2 cos sin = sin sam — sin difference, 
2 cos cos = cos sum + cos difference, 
2 sin sin = cos difference — cos sum. 


sin first + sin second = 2 sin half sum cos half difference, 
sin first — sin second = 2 cos half sum sin half difference, 
cos first + cos second = 2 cos half sum cos half difference, 
cos second — cos first = 2sin half sum sin half difference. 


674 sin(A4+ 840) 
= sin A cos B cos C+ sin B cos € cos A 
+sin € cos A cos D — sin A sin B sin C. 
675 cos(A+B+C) 
= cos A cos B eos C — cos A sin B sin C 
— cos B sin € sin A — cos € sin A sin B. 
676 tan(4+B+C) 


— tan A HF tan B + tan € — tan A tan B tan € 
^ 1 —tan B tan € —ian C tan A — tan A tan 2° 


Proor.—Put B+C for B in (627), (629), and (631). 
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Whe PEL E MEE ST 


. LI . A B C 

677 sin A+ sin B 4-sinC = 4 cos C085 Cosg 
. . . kd A . D C 

sin A + sin B — sin C = 4 sin > sin C085: 


678 cosA+cosB+ cos C = 4 sin = sin z sin zn ile 


cos A + eos B — eos = 4 cos cos sin € — l. 


679 tanA + tan B+ tan € = tan A tan B tan C. 


680 cot as cot a J- cot C = cot 4 cot 2 cot c 


681 sin2A 4 sin ?B + sin 2C = 4 sin A sin B sin C. 
689 cos2A + cos2B+ cos2C = —4 cos A eos B cos € — 1. 


General formule, including the foregoing, obtained by 
applying (666-673). 
If A+ DC — v, and n be any integer, 


Y 
683 4sin we sin n sin aC 


2 
. [NT : . (ar «| er Pict 
= sin( — —nA )+sin( ——nB | + sin( ——2C) — sin —. 
» 2 2 2 


nA nB ac 
684 4. cos s COSTS cos —5- 
md e am 


NT 


nT nT nT 
= cos(27 —nA) +cos(% — nB) + cos e — n c) F cos 
P) = m- - 


Jf A+ B+C —0, 
nA We nC 


685 4sin—sin—sin = —sinndA —sinnB—sin aC. 
2 2 2 
nA nB | nC 
686 4cos 5 cos T cos =  cosn4d-4-cosnD-r-cosnC--1. 
d bond pas 


RuLE.—4/, in formule (683) to (086), two factors on the left 
be changed by writing sin for cos, or cos for sin, then, on the 
right side, change the signs of those terms which do not contain 
the angles of the altered factors. 
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Thus, from (633), we obtain 


687 4si nA aly nC 
Sın — cos —- COS 3 
P -— dà 

. Mr : (am . NT e NT 

— —sin( 5 —nd)-+sin( - =a B) tsin” —nO --sin e 


A Formula for the construction of Tables of sines, co- 
sines, &c.— 


688 sin (n+1)a—sin na = sin nu— sin (n — 1) «a —k sin nu, 
where a = 10", and k = 2 (1—cos a) 2:0000000023504. 


689 Formule for verifying the tables— 
sin A -Fsin (72? -- 44) —sin (72°—A) = sin (36? 4- A) —sin (36? — A), 
cos A +cos (72? 4- A) +cos (72^ +A) = cos (36? 4- A) + cos (36? — A), 
sin (60? -- 4) —sin (60°— A) = sin A. 


RATIOS OF CERTAIN ANGLES. 


690 sin 45? = cos 45^ = € tam 15° —J. 


FE 
691 sim O0 = van cos 60° = 2, eo y: 
692 sin 15° = YI, cos 13) = VAT, 
tan 15 =r 
cot ls = 24/3 
693 sin18 =E cos 18 ad. V b 
|j5—94/5 
tan 18^ = y ° E 
wee 


ME 54-1 T 
694 sin 54 = , cosa? — a8 


RS A 
[- e) ) 
tan 54 = V —— A 


695 By taking the complements of these angles, the same 
table gives the ratios of 20 , 75 , 7/2, and 36. 
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696 Proors.—sin 15? is obtained from sin (45? — 30°), expanded by (628). 
697 sin18? from the equation sin 2z = cos 3x, where x = 18°. 


698  sin54? from sin 3x = 3 sinz—4sin?z, where x = 18°. 


699 = And the ratios of various angles may be obtained by taking the snm, 
difference, or some multiple of the angles in the table, and making use of 
known formule. Thus 


ro 
12° = 30°—18°, 15 EE as &e., &c. 


PROPERTIES OF THE TRIANGLE. 


400 c= a cos B4-b cos A. c 
a b e 
701 sind sinB sind’ 
702 a -U-rLe6—3be cos A. Á 3 P 
Pnoor.—By Euc. II. 12 and 13, à? = b?+¢?—2c. AD. 

Pype a 

703 cos A = a 
2be 


If mtt, and A denote the area ABC, 


A [(s—b)(s—e) A. s(s—a 
704 sın » = year BERE = Ve ) 


[641, 642, 703, 9, 10, 1. 


A (s—b) (s— e) 


705 aon. p s(s—a) ` 
706 sin A = = Vs (s—a) (s—b) (s—c). [635, 704 
e 


707 m be sin A = Vs (s—a) (s—b) (s—e), [707, 706 


108 — VWC HECH Ue — a — be. 
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The Triangle and Circle, 
Let 
r = radius of inscribed circle, 
= radius of eseribed circle 
touching the side a, 
Ii = radius of circumscribing 


circle. 
A 
709 “=. 
S 
[From Fig., 3 = - + E + = 
Y 
710 a os, ay 
TI E 
"T 
ARD: 


Bay c= reot S + reot E, 


A web . vac. EN 
711 V, = d (By A= ) T w a 
s—u - d 1-. 
B : 
a COS Cos- l a » 
"12 r= c = [From a = r, tan p run. 
a B cu c 
cos D 


rS ii | abe p — 
113 im 2sin A 44. "a A 


\ 


[By (HI. 20) and (706) 


715 
=T Q Teysec? y t (b — eY cosec? Al 


F702 sn 

Distance between the centres of inscribed and cireum- 
scribed cireles 

716 = Um (936 


Radius of circle touching b, e and the inscribed circle 


717 r= rww (BHO. ^ (By sint ==". 


Z 
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SOLUTION OF TRIANGLES. 


Right-angled triangles are solved 
by the formule 
718 qe ae DB 
a = csin A, 
719 anc cus A, 
la = Dan, 


&c. 
Scalene Triangles. 
790 Case I.— The equation d 
a _ b B 


sin A sin B 


will determine any one of the four 
quantities A, D, a, when the re- 
maining three are known. 


721 The Ambiguous Case. 


When, in Case Í., two E n 
sides and an acute angle / 
opposite to one of them 
are given, we have, from 
the figure, 


, c sin A "rui 
eim -—.—-——— A 
a 


Then C and 180 —C are the values of C and 0’, by (622). 


JU RUNS di 
Also b = ecos Ad v C—e sim? A, 
because MDC 


9722  Wheu an angle D is to be determined from tho equation 


: DN. 
sin D = — sin, 
a 


b. : ; É 

and " is a small fraction ; (he cireular measure of D may be approximated 
a 

to by putting sin (B+C) for sin A, and using theorem (796). 
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793 Case IT.—When two sides b, e and the included angle 
a ave known, the third side a is given by the formula 
w= bpe be cos Al, [702 


when logarithms are not used. 


Otherwise, employ the following formula with logarithms, 


494 tan — = i. col E 

P b—e _ sin M—smic 
n t: d H — mmm 

Ce Ea b+e sin/+sin Ü 


(670) E (671). 


—5— Ü having been found from the above equation, and 


(701), and then applying 


Bs being equal to 90 — 24 we have 
y* aC I. 
"95 Baer’ Bae. C= oL Ee : 


Band C having been determined, a can be found by Case I. 


1296 If the logarithms of b aud c are known, the trouble of taking out 
log (b—c) and log (b+c) may be avoided by employing the subsidiary angle 


6=tan-'—, and the formula 
c 


D tan 1 (D — C) = tan (o t) cot‘, , [655 


l 


Or else the subsidiary angle 0 = cos” D and the formula 


" 


728 tan 1 1 (B—C) = tai! $e ot^. [643 


ee ee O aMuluaaasassaasssusssiÃșħÁ — —————M——— — 


If a be required without calculating the angles D and C, we may use the 
formula 
- al [From the figure in 960, by 
l s 
(54- c) sin T drawing a perpendicnlar 
129 c 1 hones from B to BC produced. 


COS, 


130 If a be required in terms of b, c, and A alone, and iu a form adapted 
to logaritlimic coinputation, einploy the subsidiary angle 


0 = siu`' " d eost p |: 
de) au 


aud the formula a= (fnm) cose. 702, 637 


I-A 
~I 
r2 
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Cast HI.. When the three sides are known, the angles 
may be found without employing logarithms, from the formula 


731 cos A = ——. [703 


= 


732 If logarithms are to be used, take the formule for 
sin 4, cos $, or tan ; (704) and (705). 


QUADRILATERAL INSCRIBED IN A CIRCLE. 


^p. Cbet 
133 du 2 (ab+ed) ` ^ 


From 4C? = «iP —2ab cos B = c?+d?+ 
2cd cos D, by (702), and B+ D = 180°. 


9 c 
n enp- L. [613, 733 
ab -- ed 4 
735 Q (s—a)(s—b)(s—c)(s—d) 
= area of ABCD, oe 
and s=4(atbdt+et+d). 
Area = lab sin B+4cd sin B; substitute sin B from last. 
r+ bd) (ad+ be) "T 
AC = (aes E Ud) edet ue) : 702, 733 
736 (ab-+cd) UR 
Radius of cireumscribed circle 
3700 = m v (abcd) (ae bd) (ad-pbe). — [713, 734, 736 
| If AD bisect the side of the triangle ABC in D, 
138 tan BDA = m 
139 cot BAD = 2 cot A + cot D. 
140 AD = (Uc 2be cos 4) = 3 (UE c — 14). 


If AD bisect the angle A of a triangle ABC, 
149 "EIE -- DE 


TF = tan —. 
2 b—c 2 


743 AD — Es cos al 
c 
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If AD be perpendicular to BC, 


hesin dA  bBsin +e sin D 
A D = z= " 
444 a b+c 
ET tan /J— tan C 
TDR RDS = , 
445 Á a 1 tan P+ tan 0 


REGULAR POLYGON AND CIRCLE. 


——— 


Radius of circumscribing circle 


= i 
Radius of inseribed circle =H 
Side of polygon = 
Number of sides = 
a 7 a T 
Va NL— E O r= — col—: 
2 n 2 n 
Area of Polygon 
2 
T . Bm 7 
748 = tne’ cot — = inl? sin — = nr’ tan—. 
n n n 


USE OF SUBSIDIARY ANGLES. 


— —— OO 


749 To adapt a+b to logarithmic computation. 


Take d = tan) | | ; then a+b = asec’ 0. 
a 


H50 For «—b take 0 = tan! (=); thus 


. a/2 cos (0 - 45^) 
u cos 0 1 
751 Toadapt «cos Cd b sin C to logarithmic computation. 


a—b 


Take 0 = tan`’ 1 ; then 


a cos C +b sin O = /(a?+0U’) sin (0 + C). [By 617 
For similar instances of the use of a subsidiary angle, sce (726) to (730). 


459  Tosolve a quadratie equation by employing a subsidiary 
angle. 


lf e—9?pr4q = 0 be the equation, 


r=p(ltVi- 1), | By 45 
p 
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Case I.—If g be <p’, put Pd sin?@; then 


2 = pices, T and 2p sin? A [639, 640 
Case IL—If q be >p’*, put 1 = sec’; then 
æ = p (l +i tan 9), imaginary roots. [614 
Case III.—If q be negative, put 4. = tan 0; then 
72 
qc v DIG : and —4/qtan $ (644, 645 


LIMITS OF RATIOS. 
sin@  tan6 


when 0 vanishes. 
- PN AT , 
tel =% sj TE 
For ultimate io IL 1. [601,606 ọ x 


aS ee 


nd WR 
154 nsin- = 0 when n is infinite. By putting ^ for 6 in last. 
à n 


FS (cos aye 1 when » is infinite.. 


Proor.—Put (1— siu Ó.) 5, and expand the logarithm by (156). 
2b 


" p = 2 = 


DE MOIVRE'S THEOREM. 


496 (cos a.-- i sin a) cos B+i sin B) ... &c. 

M Cue. e cu a 
where? = vi he [ Proved by Induction. 
"759 (cos 0-I- i sin 6)” = cos n6+7 sin nô. 


Proor.—By Induction, or by putting a, 3, &c. each = 6 in (756). 


Expansion of cos n0, jc., in powers sin 0 and cos 0. 
458 cosnÓÜ = cos" 9— C (n, 2) cos"? 0 sin’ 6 
+C (n, 4) cos" 0 sint @— &c. 
759 sinnô = n cos?! Ó sin 6— C (n, 3) cos" 0 sin 6+ &c. 


Proor.— Expand (757) by Bin. Th, and equate real aud imaginary 
parts. 


~J 
- 
- 


TRIGONOMETRICAL SERIES. 1 


fo ee — 1— € (n, 2) tan’ 04C (n, 4) tin! 8— Ke.” 


Tn series (758, 759), stop at, and exclude, ull terms with indices greater 
than n. Note, n is here an integer. 


Let s, = sum of the C(x, r) products of tana, tan D, tan y, 
&c. to n terms. 


761 sin(atB+y+kc.) = cosa cos B ... (s, —5,2-5;— &c.). 
762 cos(ath+y+ke.) = cosa cos B ... (1 —5,--s,— &o.). 
Proor.—By equating real and imaginary parts in (756). 


p guest 


Expansions of the sine aud cosine in powers P the m 
F: p» D 
464 sinb = ai WT —&c. cos@=1l— LES pte. 
5! 
Proor.— Put g for Ó in (757) and n = œ , employing (754) aud (755). 
u 
766 e? = cos6+isiné e7? = cos O—i sin. By (150) 
468 e? pe” — 9 cos O. Q?—o7? — 9i zin ð. 


e*—e7? Jtrtand — E 


770 itan@= ac Iai 


Expansion of cos" 0 aud sin” 0 in cosines or sines of 
multiples of 0. 
112 2"! cos" 8 = cos n-- n cos (n —2) 0 
+C (n, 2) cos (n —4) 0-- C (n, 3) cos (n 26) 0 -- &c. 
773 When wv is even, 
2^ (— 1)" sin” 0 = cos nO—n cos (n—2) 0 

+C (n, 2) cos (n —4) 0— € (n, 3) cos (n —6) 8 4- &c., 

774 And when v is odd, 


"-1 
2^-1(—]) ? sin" @ = sin nO—n sin (n—2) 0 


+C (n, 2) sin (n— f) 6— € (n, 3) sin (n—0) 0-- &c. 
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Observe that in these series the coefficients are those of the Binomial 
Theorem, with this exception: If n be even, the last term must be divided by 2. 

The series are obtained by expanding (e” + è”) by the Binomial Theorem, 
collecting the equidistant terms in pairs, and employing (768) and (769). 


Expansion of cosu0 and sinn0 in powers of sin 0. 
415 When nis even, 


n? (n? —2?) 


9 
n. : 
eos 10 = 1 — — sin? 0 + sin‘ 6 
2! 4! 
n? w—2’) (i? —4) 


sin? 6+ &c. 


6! 


416 When n is odd, 
cos nô = cos 6 {1 SES sin? 0 + A n 


E eee 


sin! 0 


"77 When n is even, 
sin 48 = n cos ô | sin 0 — M sin? 84- 


(n? —2°) (m — 4°) T esc com) Gee) 


sin’ 6+ &e.} : 


5! zi 
778 When vis odd, 
Der 8l One 
sin nô = nsind— ie c sin? @ Qni c ape 0 sin’ 6 
Qa (m—l) — (n* —») sin LA; 


Proor.—By (758), we may assume, when 2 is an even integer, 
cos nô = l +4, sint 0+ A, sin* 0 ... HA sin 8 4 .... 

Put 0 -- for 0, and in cos 4&0 cos nz —sin nô sin ne substitute for cos nz and 
sim ox their values in powers of x from (764). Each term on the right is of 
the type Á» (sin8 cos -Fcos0 sino)". Make similar substitutions for cos. 
and sing in powers of æ. Collect the two coetlicients of 2? in each term by 
the multinomial theorem (137) and equate them all to the coeflicient of &? 
on the left. In this equation write cos’@ for 1 —sin* 0 everywhere, and then 
cquate the coefficients of sin" to obtain the relation between the successive 
quantities A,, and A.,,. for the series (775). 

To obtain the series (777) equate the coetlicients of x instead of those of x’. 

When x is an odd integer, begin by assuming, by (759), 


sin n0 = A, sind +A, sin 0+ &e. 
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779 The expansions of cos n0 and sin n0 in powers of cos f 
are obtained by changing 0 into 3s —0 in (775) to (778). 


780 Lepansion of cos n0 in descending powers of cos 0. 


2 cos n8 = (2 cos 0)' — n (2 cos 6)" + s aide d m=’) (2 cowl) *— 


91 
——3 pc E NEN E 4 H B 
POTENS r—1)(n—aà > s m= 28 FD (2 988-4 
r] 
up to the last positive power of 2 cos 0. 
Proor.—By expanding each term of the identity 
log (1 m) + log (1-2) = log (17 5 (x + — —:) ) 
x 2 


by (156), equating coefficients of z", and substituting from (768). 


4898 sinate sin (a+f8)+e sin (a4-28) 4- Kc. to n terms 

— sina—e sin (a—B)—c" sin (a--nB)-E c" sin {a+n—1 B} 

Bi 1—2e cos B+" ` 
If c be < 1 and z infinite, this becomes 


_ sina—e sin (a— B) 
784 ^ 1—23ecos ctc ` 


485 cosate cos (a-- B) J- cos (a+28)+ ke. to n terms 


= a similar result, changing s/n into cos in the numerator. 
786 Similarly when c is < 1 and v infinite. 


787 Method of summation. — Substitute for the sines or 
cosines their exponential values (768). Sum the two resulting 
geometrical series, and substitute the sines or cosines again for 
the exponential values by (766). 


188 exin (a--B)- Ls sin (a +28) + sin (a +38) + ke. to 


infinity = e^? sin (ae sin B)—sin a. 


789 ecos(a+8)+ i cos (a +28) + : eos (a--38) + Ke. to 


infinity = e°? cos (a4 r sin B) — eos a. 


Obtained by the rule in (787). 
EX 
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190 If, in the series (783) to (789), B be ehanged into 9 v, the signs of 
the alternate terms will thereby be changed. 


Expansion of 0 in powers of tan 0 (Gregory's series). 


791 0— 6 Lu (e — zu 


eo 


The series converges if tan Ó be not > 1. 
Proor.—By expanding the logarithm of the value of e in (771) by (158). 


Formule for the calculation of the value of r by Gregory’s 
series. 


792 F = tan? + tan? == Atan 4 —tan gi [791 
794 = Lan T — lan? H tan 


Proor.—By employing the formula for tan (A+B), (631). 


To prove that m is incommensurable. 
7495 Convert the value of tan 0 in terms of 0 from (764) aud (765) into 


a a 2 TL e dur this result may 
may be obtained by putting i0 for y in (294), and by (770). Hence 

o 09 gp g 
v DESEE Ra 


a continued fraetion, thus tan 0 = 


T m: 
Pat 2 for 6, and assume that m, and therefore T is commensurable. Let 
p 


T 70 . . : m MN MNA 
= ,mand v being integers. Then we shall have l= — > — 
d n 2u— 5n — Tn — Ke. 


The continued fraction is incommensurable, by (177). But unity cannot be 
equal to an incommensurable quantity. Therefore 7 is not commensurable. 


2 s 
. . . nN” o. Ww -. 
496 If sing =nsin (+a), w=nsina+ | sin Za — sin3a-t ke. 
Ke D 
m? m? 
494 If tanzcmtany, s-—y—msin2yd -, siudy— zi sin 6y + &c., 
l-u = 
l+ 
Proor.— By subs'ituting the exp mentiul values of the sine or tangent (709) 
and (770), aud then eliminating a. 


where m = 


ti 


D s s : c (à DU)? 
498  Coecflicient of a” in the expansion of e** cos bz = ——~—— cos n6, 


! 
: n! 
where a = r cos and b = v sin 0. 
For proof, substitute for cos be from (768); expand by (150); put 
a=rcos0, b= rsinÓ iu the coellicient of 2", and employ (757). 
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wl gt 


799 When eis < l, 1 0 = 14+2bcos 0 + 2)? cos 290 4-205 cos JÓ  ..., 
— e cos 
where b= — 
l+vl—2 
: 2b " 1 yaa 
For proof, put e = 14: and 2cosO=ax+ `, expand the fraction in two 
> 


teries of powers of x by the metho l of (257), and substitute from (765). 


800 sina+tsin(a+f)+sin(a+28)+...+sin fe E (n 1) 8j 
sin (a+ Tad 8) STE 


Sim 
9 


801 cosa-rFeos(a-- 8) -- cos(a-F 28) 4- ... - cos(a-F (n — 1)8j 
cos(a 9 8) sin 2B 


8029 If the terms in these series have the signs + and — 
alternately, change [2 into 3+7 in the results. 


Pnoor.—Multiply the series by 2sin P, and apply (669) and (606). 


E n or 
803 li p= = in (800) and (801), each series vanishes. 


9 
em i . 
804 Generally, If 8 ==, and if r be an integer not a 
"m 


multiple of », the sum of the 7 powers of the sines or cosines 
in (800) or (801) is zero if r be odd; and if r be even it is 


=F (^ z) by (772) to (774). 


General Theorem.—Denoting the sum of the series 
805 eteatewt+... te," by F(x); 
then ccosa-c,cos(a t D) +... Fe, cos (a + up) =% (e^ Fe’) Heir (e-t) ) 
and 


806 csin«- e; sin(a +P) +... te,sin(a tmp) = xo F' (e?) — e Fle")? 


Proved by substituting for the sines and cosines their exponential values 
(766), &c. 
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Expansion of the sine and cosine in factors. 
807 v — 24? y" cos nO + y” 
9 
a 9 
= eBay cos 631 TE cos (6+ =) d Am 
n 


EET : 
to n factors, adding ET to the angle successively. 


L 

Proor.—By solving thequadraticon the left, weget r= y (cos nO --isinn0)". 

The n values of z are found by (757) and (626), and thence the factors. For 
the factors of 2" + y" see (480). 


808 sinn = 2" sin 9 sin (64-7) sin c HE) 7 


as far as 7 factors of sines. 
Proor.— By putting æ = y = l and 0 —24 in the last. 


809 Ifn be even, 
. n-1 e e 9 T a 9 Li 9 Om a 9 
sin n = 2"-! sing cos ó| sin^ — — sin’ $ } (sin — — sin’ &c. 
n n 
810 If be odd, omit cos¢ and make up x factors, reckoning 


two factors for each pair of terms in brackets. 


Proor.—From (808), by collecting equidistant factors in pairs, and 
applying (659). 


applying (050). E 
| = } : 
811 cosnd= 2"-'sin (9 T 22. sin c Es e ... to n factors. 
Proor.—Put $- 25 for $ in (808). 
819 Also, if n be odd, 
cos nó = 2" eos ġ (sin? = — sin? $) (ae — sin* $) Pe 
wall 


2n 
813 If be even, omit cos 9. 
Proor.—As in (809). 


waa OS MS UT . (n—l)r 
814 n = 2"-1 sin — sin sim = ein Ca 
n n n n 


Proor.—Divide (809) by sin o, and make ¢ vanish ; then apply (754). 


s o=o fi- (E) -EN iT 
i e fi- GS] JG) ES 


Pnoor.—Put $9 = g in (809) and (812); divide by (814) and make n 
infinite. i 
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817 e™—2 cosO+e- o T : - j 
TAI f Caon ERO 
gi oS Mj i Tiam 20) | p 


y21-— $ aude ; > for 0 in (>07), 


= 4siu'- 
Proved by substituting + —1- = 
all 


making n infinite, and reducing one series of factors to 4 sin’ ja A putting 
ig 


» S YU I» ape 3 n i - E 
Di Moir res Property of the (Am RU 

Cirele.— Take P any point, and p ER nw E 

L4 & [NA N 
POB—0 any angle, / E SORA AT 

R A. E Vt Net 

9 Op ad E) eT 
(^ DT N \ <L Sert \ 

BOC = QOD = NM | ge 
a} mec poo Po 
OUE caws 0m. V 


819 ."—2J2"; cos n8 + 77^ pw J 
=PP PC PD. ... to m taetors. T 
By (807) and (702), since PB? = è — 2er cos 0 +17, &c. 


820 If vr, Er"sin-—- € £2 PB PCED o. 


891  Cotes's propertics.—lf 0 = 


r3 
"ue" = BTRC PD . ke. 
822 iy" = Pa. Ph. Pe... &e. 


ADDITIONAL FORMULA. 
893 cot A+tan A = 2 cosec 2A = see A cosee A. 
894 cosec2.4A+cot2A = cot A. see d = 14tana tan, 
896 cos d = cost 2L -— «int 4, 


827 tan A +see 4 = tan (04 4) : 


tan A -Etan B 
cot deot L 


829 sec A cose A = sec? A+ cosec? A. 


= tau iau.B. 


828 
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830 If A+B+C= 5. 
tan B tan C+ tan € tan A-r tan A tan B= 1. 


831 If A+B+C =r, 
cot D cot C4- cot C eot A+cotA cot B= 1. 


š 3 : 4 T ai 1 T 
839 sum em =F sin = *— = o tan 1— -+ tan`! m men 
9 9 2 2 o 4. 


In a right-angled triangle ABO, C being the right angle, 


eh 2ab 
833 EDSD E tan 2B = —-—,. 
a b a — b" 


Aa ad = (5): Rere CELO 


Tes —Ó—M—————— —- 


In any triangle, 


835 sin 4 (A—B) = 


a—b 
cos $C. 
ec 


eos $ (A— B) = Cs sin $C. 


sin A—B  «—l tan Ere iB | c 
sn A+B é ` ianiA—tan$ib E xm 
837 2(W40'+e) = be cos A+ ca cos Brab cos C. 


838 Area of triangle ABC = $be sin A 
osinB sinC _ Gea sin A sin B 


d 
= 4 


sin A sin (44 — B) 
2 
839 = Ea cos 1A cos B cos 5C. 
840 = metoto an i4 tan} B tan 3C. 
With fite notation of (709), 
841 r =1(a+b+e) tan $A tan} B tan 1C. 
842 DRY = abe 2 Å EVT. ye 


atb+te 
849 ^«cos.4 Fb cos Be cos € = 4R sinl sin B sin €. 
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844 R+r=4(a cot A+b cot Be cot C) = sum of per- 
pendiculars on the sides from centre of circumscribing circle. 


This may also be shown by applying Enc. VI. D. to the circle described 
on R as diameter and the quadrilateral so formed. 


845 rarr, = abe cos tA eos 1B cos 1C. 
846 T= vn iE) E vam Pa) GF V ra) 
847 l- mm tan LA e 


1 ar, WH x" Tate 
849 If O bo the centre of inscribed circle, 


2 
On = eh cos tA. 


atb+e 
850 a (b cos C—e cos B) = be’. 
851 b cos B+e cos € = e cos (B — C). 


859 a cos A +b cos B+e cos € = 2a sin B sin C. 


n We 2a sm B sin’ 
853 eos A+ cos B+cosC = 1+ ETE S 


854 If s= }(a+b+6), 
1—cos? a— cos? b —cos* e+2 cosa eos b cose 
= 4 sin s sin (s—a) sin (s—b) sin (s—c). 
855 —1+cos? a4- cos? b+ cos? ¢+2 cosa cos b cose 
= 4 cos s cos(s—«) cos (s— b) cos (s—c). 


856 4 cos X pd cos 
2 3 2 
= cox s+cos (s—a)+ cos (s— b)+ eos (s— e). 
; JU P 
857 4 sin > sin E sin E. 


= —sins-+sin (s—«) 4- sin (s —5) -- sin (s — e). 


858 &—-6(L- Lon )es(togtut-) 


P , r , sin 0 
Proor.— Equate coefficients of 6 in the expansion of 


" by (761) and 
(815) or of cos 0 by (765) and (SIG). 
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859 Examples of the Solutions of Triangles. 


Ex. 1: Case IL. (724).—T wo sides of a triangle b, c, being 900 and 700 
feet, and the included angle 47° 25’, to find the remaining angles. 


BO b= Ae 


tan ee cot PUT. cot 23° 49' 30" ; 
therefore log tan 3 (D — C) = log cot E —log 8; 
therefore L tan} (B—C) = L cot 23° 42' 30"—3 log 2, 


10 being added to each side of the equation. 
L cot 23° 42! 30" = 10:3573949* (.. 2 (B—C) = 15° 53’ 19°55" 
31og2 = -9030900 and 3(B+C) = 66°17’ 30" 
L tan 3 (B—C) 9:4543042 (x. B = 62°10 49:55” 
And, by subtraction, O = 50° 24' 10:45". 


Ex. 2: Case IIL. (732).— Given the sides a, b, c = 7, 8, 9 respectively, 
to find the angles. 


tan 4 = ama e e. 


therefore Ltan 4 = 104-1 (log 2—1) = 9:650515; 


therefore 1A = 24° 5’ 41°43".* 


1B is found in a similar manner, and C = 180°—A—B. 


Ex. 3.—In a right-angled triangle, given the hypotenuse ¢ = 6253 and 
a side b = 3, to find the remaining "angles. 


Here cos A = Gu 
determined accurately from log cos A. Therefore take 


sind = y= = Jae: 
: 6953 ' 


therefore D sin- 4 - 10+4 me 3475 —log 6953) = 9:8193913; 


But, since A is nearly a right angle, it cannot be 


therefore 4 = = dee 50 bok  * 


therefore A = 89°58’ 3104" and B= O° Pes oo. 


* See Chambers’s Mathematical Tables for a concise exp:anation of the 
method of obtaining these figures. 
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INTRODUCTORY THEOREMS. 


870  Definitions.—Vlanes through the centre of a sphere 
intersect the surface in great circles; other planes intersect 
it in small cireles. Unless otherwise stated, all arcs are 
measured on great circles. 


The poles of a great circle are the extremities of tho 
diameter perpendicular to its plane. 


The sides a, b, c of a spherical triangle are the arcs of 
great e BC. C L 10 on a sphere of "radius unity; and 
fle angles .l, D, C are the angles between the tangents to the 
sides at the ver tices, or the angles between the planes of the 
great circles. The centre of the sphere will be denoted by O. 

The polar triangle of a spherical triangle ABC has for its 
angular points 4l, D, C^, the poles of the sides BC, CA, AP 
of the primitive triangle in the directions of A, B, C respec- 
tively (since each gre at circle has two poles). The sides of 

VC are denoted y t NDS ee, 


871 The m and angles of the bi 
polar triangle are respectively the P 6 
supplements of the angles and " A y 


sides of the primitive triangle ; 
that is, 


«+A =b HB = tE ln, \ 
4-4 -5--HWB-—cv-4-6-2. A l 
Let BC produced cut the sides AT’, p H 


qe in v, JL B is the pole of AC, 
us . . ` T 
therefore DH = |. Similarly CH= 5, 
m = ae 
therefore, by addition, a + GH =r and GH=A’, beeause 1 is the pole of BC. 
The polar diagram of a spherical polygon is formed in the same way, and 
the same relations subsist between the sides and angles of the two fi rures. 
O p 
ám L 
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Rore.— lence, any equation between the sides and angles 
of a spherical triangle produces a supplementary equation by 
changing a into » — & and A into v —a, ĝe. 


872 The centre of the inscribed circle, radius 7, is also the 
centre of the circumscribed circle, radius Æ’, of the polar 
triangle, and r4-// — iz. 


Proor.—lIn the last figure, let O be the centre of tbe inscribed eirele of 
ABC; then OD, the perpendicular on BC, passes through A’, the pole of BC. 
Also, OD— v; therefore OA'— 1s —r. Similarly OB'— OC'— iv—r; there- 
fore O is the centre of the cireumseribed circle of A'D'C', and r+ RB’ = $7. 


873  Thesine of the arc joining a point on the circumference 
of a small circle with the pole of a parallel great circle, 1s equal 
to the ratio of the circumferences or corresponding ares of the 
two circles. 


For it is equal to the radius of the small cirele divided by the radius of 
the sphere; that is, by the radius of the great cirele. 


874 Two sides of a triangle are greater than the third. 

[By XI. 20. 
875 The sides of a triangle are together less than the cir- 
cumference of a great circle. [By XL 2. 


876 ‘The angles of a triangle are together greater than two 
right angles. 
For r—A+xz—DB+4a—C is «2r, by (875) and the polar triangle. 


877 If two sides of a triangle are equal, the opposite angles 
are equal. [By the geometrical proof in (894). 


878 If twoangles of a triangle are equal, the opposite sides 
are equal. [Dy the polar triangle and (877). 


879 The greater angle of a triangle has the greater side 
opposite to 1t. 

Proor.—lIf P be > A, draw the ave BD meeting AC in D, and make 
ZABD= A, therefore BD = AD; but BD+DC> DC, therefore AC > BC. 
880 ‘The greater side of a triangle has the greater angle 
opposite to it. [By the polar triangle and (879). 
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RIGHT-ANGLED TRIANGLES. 


881 Napier’s Rules.—1n the triangle ABC let C bea right 
angle, then a, (14 — HJ), (1x —e), (3c —.1), and h, ave called 
the five eireular. parts. Taking any part for middle part, 
Napier’s rules are— 
]. sine of middle part = product of tangents of adjacent parts. 
lI. sine of middle part = product of cosines of opposite parts. 
Iu applying the rules we can take f, B, e instead of their 
complements, and change sine into cos, or rice versi , for those 
parts at once. ‘Thus, taking J fer the middle part, 


sin b = tan « cot ./ = sin P sine. 


Ten equations in all are given by the 
rules. 


Proor.—From any point P in OA, draw 
PH perpendicular to OC, and RQ to OB; 
therefore PRQ isa right angle; therefore OB 
is perpendicular to PR and QR, and therefore 
to FQ. Then prove any formula by proportion 
from the triangles of the tetrahedron OPQR, 
which are all right-angled. Otherwise, prove 
by the formnle for oblique-angled triangles. 


OBLIQUE-ANGLED TRIANGLES. 


882 cosa = cos b cosetsin b sine cos 4d. 


Proor.—Draw tangents at -l 
to the sides e, b to meet OP, OC 
in D and HZ. xpress DE? by 
(702) applied to each of tho 
triangles DLE. and DOE, and 
subtract. 

Tf. 4 P and AC are both > z, 
prodnee them to mect in 2^, the 
pole of al, and employ the tri- 
angle ABC. 


If AB alone be > "i pro- 


. 
= 


duce Bl to meet BC. E 
The supplementary formula, by (871), is 
883 cos A = — cos B cos C+sin B sin € cosa. 
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Td sin (s—) sin (s—e) 
sue TE p V sin 6 sin e l 
<a _ ./sms sin(s—a 
885 Sa EE QEHEE EN) l ). 
a sin 6 sine 


886 ian = u ENE where s =i (a+b-+c). 


sin s sin (s—«) 
Pnoor.—sint 4 = 1(1—cos A). Substitute for cos A from (872), and 


throw the numerator of the whole expression into faetors by (673). Similarly 


A 
for cos-... 
2 


The supplementary formule are obtained in a similar way, 
or by the rule in (871). They are 


a cos (S— B) cos (8 — C) 
cos — = NICE LAS. 
887 MP. sm B sin C 
. a /—ecos S cos (S—A) 
888 NGC sin B sin C i 
—cos S cos (S— A) 
tan = 1 eee? SM 
889 D eos (S— B) eos (S— C) 


where S=$(A+ B40). 


SS BRE a a E ch GREG = 6) 
= 1 VIF? cos a cos b cos c— cos a — cos? b= cos? c. 
Then the supplementary form, by (871), is 


L4/[—2 cosd cos B cos C— cos? A —cos B— eos? C. 


WM —— SH ee 
«m 6 sine sm B sin’ 


: : et A som cor 
[By sin A = 2sin ^, cos 5 and (884, 885), Ke. 


893 The following rules will produce the ten formule 
(884 to 892) — 


MALE a : ; N 
E Moita sin before each factor in the s values of sinks 


-— 
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EY ; » 
cos |, tan ^r, sin A, and A, in Plane Trig mometry (704— 


3 
707), to obtain the corresponding formnlæ in Spherical Trigo- 
nomet vy. 

If. To obtain the supplementary forms of the five results, 
transpose large and small letters everywhere, and transpose 
sin and cos everyirhere but im the denominators, and write 
minus before cos S. 

894 tin A” Si im C 
sing sinb — sine 


Proor.—By (882). Otherwise, in the figure of 852, draw PN perpendi- 
cular to BOU, and NR, NS to OB, OC. Prove PRO aud PSO right angles 
by I. 47, and therefore PN = OP E c sin D = OP sin b sin C. 


895 cos b cos € = cot a sin b — cot A sin C. 
To remember this formula, take any four consecutive angles 
and sides (as a, C, b, ./), and, calling the first and fourth the 
extremes, and the second and third the middle p parts, employ 
the following rule :— 

RurE.— Product of cosines of middle parts = cot extreme 
side X sin middle side — cot extreme angle X sin middle angle. 


Proor.—In the formula for cosa (S82) substitute a similar value for 
sina 


rey 
896 NAPIER 'S FORMUL:E. 


eS d _ sin $ (a—b) , £ 
(1) tan} (A—B) mL ED) cot >. 
ata eme Le 
(at-+ 3B) Oe cot J 


sin (A —B) ,, 
sin 2 (1+8) 
cos } (1 — B) 


E ‘ l eem cec N NN 
(4) tan} (a+b) are a ) ta ui — 


Rvrr.— In. the value of tan M(A — Bi a sin fo cos to 
obtain tan} (A+B). To obtain (3) and (4) from (1) and (2), 
transpose sides and anyles, and change cot to tan. 

Proor.—In the values of cos.t and cos B, by (853), put m sina and 


m sinb for sin A and sin B, and add the two equations, Then put 


sin t+ sin D fL 7 
n= + ~, and transform hy (670-672). 
sina sin b 


cosc, and for sinc put sin C — 


(2) S 


bolet 


(9) fani} («— b) = an — 


e 
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897 GAUSS'S FORMULA. 

(1) sin g (4+8) _ cos (a—b) 
cos 3C cos łc 

(2) sind (1— B) _ sing (a—b) 
cos C sin 1c 

(8) cos 2 (A+B) _ cos H (a+b) 
sin 3C cos 3c 

(4) cos 2 (A—B) _ sing (a+b) 
singc sin $c 


From any of these formule the others may be obtained 
by the following rule :— 


RoLE.— Change the sign of the letter B (large or small) on 
one side of the equation, and write sin for cos and cos for sin 
on the other side. 


Pnoor.—Take sin} (A+B) = sin!A cos} B+cos3A sin 3B, 
substitute the s values by (88+, 885), and reduce. 


SPHERICAL TRIANGLE AND CIRCLE. 


898 Let r be the radius of the in- 
scribed circle of ABC; v, the radius of 
the escribed circle touching the side a, 
and R, R, the radii of the circumscribed 
circles; then 


EE - dI M RAD E. So 
(1) taur = ügp $3 sin (s—a) em 
(3) 
v 


( = > 


2 cos LA cos 3 cos 3C 


m 45mm 
sin A 


sin LA sin} B sin} C 


+) Vv 


nna Ae 
cos S4- cos (S—A)+cos (S—B)+Ke. 
Proor.—The first value is found from the 
right-angled triangle OAF, in which AM = s—a. 
The other values by (551-802). al 
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899 (1) tanr, = tan $4 sins = M _ 
SITO —4) 
») ad 
(3) = a i 14 eos} B cos 3C 
sin zl 
bw 


() = = 


2 cos tA sin 3 D sin 1C 

oy 
—cos S— cos (S—A)+ cos (S— B)+ eos (S—€) 
Proor.—From the right-angled triangle O'.17^, in which ae = G 


Nots.—The first two values of tan r, may be obtained from those of 
tanr by interchanging s and s—a. 


tan 3a —cos S 
00 (1) tank = ——À— = ——— 
9 uL cos (S— A) X 
(3) = sin da 
sin A cos 15 cos te 
(4) _ 9 sin l« sin $4 sin 3c 
o 


— sin s-- sin (s — «) J- sin (s—b)+ &c. 
20 


Proor.—The first value from the right-angled 
triangle OBD, in which z OBD = S—4. The other 
values by the formulæ (587-592). 


tan 3a cos (S— A) 
l TE a oues 
D = sin da 


sin A sin $6 sin Je 


(4 = 2 sinta cos 15 cos 1e 


o 


20 


Proor.— From the right-angled triangle 0 DD, in which 2 OBD =r- 5S. 
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SPHERICAL AREAS. 


902 area of ABC = (A+ B4C—n) r= Er, 


where E = A+B+C—q, the spherical excess. 


Proor.—By adding the three lunes 
ABDC, BCEA, CALL, 


and observing that ABF = CDE, 
C 


we get (4 SF za +=) Om zer + 2A BC. 
T T 7T 


903 AREA OF SPHERICAL POLYGON. 
n being the number of sides, 
Area = {Interior Angles—(n—2) 7| v 
= [2s — Exterior Angles] 7 
= {2m — sides of Polar Diagram} >’. 
The last value holds for a curvilinear area in the limit. 


Proor.—By joining the vertiees with an interior point, and adding the 
areas of the spherical triangles so formed. 


904 Cagnoli’s Theorem. 


/ {sins sin (s—a) sin (s—b) sin (s—e)i 


2 costa cos 15 cos $e 


= 


sin * E = 


Proof, — Expand sin [3 (A4+B)—} (r—C) | by (628), and transform by 
Gauss’s equations (897 i., iii.) and (669, 890). 


mE 


905 Lihuillier’s Theorem. 
tan 1E = y ftan is tan} (s—«) tan 5 (s—b) tan $ (s—e)]. 


Proor.— Multiply numerator and denominator of the left side by 
2 cos ! (C1 -- D. — CF) and reduce by (667, 608), then eliminate 1 (4+2) 
by Gauss's formule (897 i., iii.) Transform by (072, 073), and substitute 
from (886). 


— 
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POLYHEDRONS. 


Let the number of faces, solid angles, and edges, of any 
polyhedron be P, 8, and E: then 
906 iius quu 

Proor.— Project the polyhedron upon an internal sphere. Let m = 
number of sides, and s = sum of angles of one of the spherical polygons so 


formed. Then its area = fs—(ii—2) m? ?, by (903). Sum this for all the 
a 5 y 
polygons, and eqnate to tr”. 


THE FIVE REGULAR SOLIDS. 


Let m be the number of sides in each face, » the mmber 
of plane angles in each solid angle; therefore 


907 mF-uS-2aEk. 


From these equations and (906), find F, S, and E in terms of m aud 
n, thus, 


1 m/l LL!) i-s*(2 11) MN L 9 

a ee ae " X TAI 

In order that F, S, and E may be positive, we must have i: + : > 5 
m n a 


a relation which admits of five solutions in whole numbers, corresponding to 
the five regnlar solids. The values of m, n, F, S, and F for the five regular 
solids are exhibited in the following table : 


| : ; 


mo n LES I 

| Tetrahedron | 3 2 | 4. 0 
Hexahedron ... ...| 4 3 6 2o PER 
Octahedron ... ...| 3 4. 5 "0. M 
Dodecahedron... ... 1 » 8$ | m 99 Fav 
[cosahedron  .. ...1 3 5- [eo [IE 19. ES 


908 The sum of all the plane angles of any polyhedron 
=r (5—2); 


Or, Fowr right angles for every verter less eight right angles, 
, ges E. y y y 

6 

Ye 
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909 If J be the angle between two adjacent faces of a 
regular polyhedron, 
: T o T 
sin 3/ = cos — + sin —. 
n Me 
Proor.—Let PQ =a be the edge, and S 
the centre of a face, T' the middle point of 
PQ, O the centre of the inscribed and eireum- 
seribed spheres, ABC the projection of PST 
upon a concentric sphere. In this spherical 
triangle, 
C=", A=", and B= = = PST. 
2 n m 
Also DTO = Zdi 
Now, by (881, ii.), 
cos A = sin B cos BC; 


. T . 7 " 
that is, cos — = sin — sin 1J. 
n m 


Q. e.d. 


If 7, R be the radii of the inscribed and circumscribed 
spheres of a regular polyhedron, 


a T a T 
910 r=—tanilcot—, R=— taniltan —. 
2 m 2 n 


Proor. — In the above figure, OS — v, OP=R, PT = and 


ai 


OS = PT cot "^ tan}. Also OP = PT cosce AC, and by (881, i.), 


m 


sin AC = tan BC cot A = cot 11 cot T; therefore, &c. 
n 
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MISCELLANEOUS PROPOSITIONS. 


990 To find the point in a given line QY, the sum of whose 
distances from two fixed points S, S is a minimum., 


Draw SYR at right angles to QY, 
making YR = YS. Join RS’, cutting 
QY in P. Then P will be the required 
point. 

PRoor.— For, if D be any other point 
on the linc, SD = DR and SP = PR. 
But RD+ DS’ is > R55, therefore, &c. 
R is called the reflection of the point 5, 
and SPS’ is the path of a ray of light 
reflected at the line QY. 

If 5, S' and QY are not in the same plane, make SY, YR equal perpen- 
diculars as before, but the last in the plane of S' and QY. 

Similarly, the point Q in the given line, the difference of whose distances 
from the fixed points S and 2’ is à maximum, is found by a like construction. 


The minimum sum of distances from S, S’ is given by 
OP FSP Sosy. SY. 
And the maximum difference from S and Jt’ is given by 
(SQ—RQY = (SRYP—ASY NY. 


Proved by VI. D., since 5JUU S. can be inseribed in a circle. 


921 Hence, to find tho p, ra 
shortest distance from P w A : 
to Q en route of tho lines 
ZEN CEU CD; in other 
words, the path of the ray 
reflected at the successive 
surfaces AD, BC, CD. 
Find P}, the reflection of P at 
the first surface; then P,, the 
reflection of P, at the second sur- 


face; next P, the reflection of P, 
at the third surface ; and so on if D 
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there be more surfaces. Lastly, join Q with J^, the last reflection, cutting 
ODina. Join aP, cutting BO in b. Join LP, cutting AB in e. Join cP. 
PcbaQ is the path required. 


The same construction will give the path when the surfaces are not, as 
in the case considered, all perpendicular to the same plane. 


922 If the straight line d from the vertex of a triangle 
divide the base into segments p, q, and if h be the distance 
from the point of section to the foot of the perpendicular from 
the vertex on the base, then 


+e = pTgq,-24-20))-24-2h (p—4). [S he, e 
The following cases are important :— 
Gig) wien n oe Ss es 


i.e., the sum of the squares of two sides of a 
triangle is equal to twice the square of half 
the base, together with twice the square of the 
bisecting line drawn from the vertex. 


(ii.) When p=2q, We = 69¢’+3d’. (II. 12 or 13) 
(iii.) When the triangle is isosceles, 


bu ¢ = pode 


923 If O be the centre of an equilateral triangle ABC and 
P any point in space. Then 


PALPB+PC = 3 (PO4-0 4). 

Proor.— PB?+PC? = 2PD?+2BD". (922, 1.) 

Also PA3--9PI? = 60D)? -3PO', (922, ii.) 
and BO = Ne 


therefore, &c. 


Cor.—Hence, if P be any point on the 
surface of a sphere, centre O, the sum of the squares of 
its distances from 4, D, O is constant. And if v, the radius 
of the sphere, be equal to OA, the sum of the same squares is 
equal to 67°. 
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994 The sum of the squares of 
the sides of a quadrilateral is equal 
to the sum of the squares of the 
diagonals plus four times the square 
of the line joining the middle points 
of the diagonals. (939, i.) 


925  Con.—The sum of the squares 
of the sides of a parallelogram is 
equal to the sum of the squares of the diagonals. 


926 Ina given line AC, to find a point X whose distance 
from a point P shall have a given 
ratio to its distance in a given 
direction from a line AB. 


Through P draw BPC parallel to the 
given direction. Produce AP, and make 
C E in the given ratio to CD. Draw PX 
parallel to EC, and XY to CB. There are 
two solutions when CE cuts AP in two 
points. [ Proor.—By (VI. 2). 


927 To find a point X in AC, 
whose distance XY from AP parallel 
to BC shall have a given ratio to its 
distance XZ from LC parallel to AD. 

Draw AE parallel to BC, and having to 


AD the given ratio. Join DE cutting AC in 
X, the point required. [Proved by (VI. 2). 


928 To find a point X on any 
line, straight or curved, whose 
distances XY, XZ, in given direc- 
tions from two given lines AP, AB, 
shall be in a given ratio. 


paa 


Take P any point in the first line. 
Draw PB parallel to the direction of XY, 
and BC parallel to that of XZ, making 
PB have to DC the given ratio. Join PC, 
cutting AB in D. Draw DE parallel to 
CB. Then AE produced cuts the line in 
X, the point required, and is the locus of 
such points. [ Proor.—By (VI. 2). 
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929 To draw a line XY through a given point P so that 
the segments XP, PY, intercepted by a given circle, shall be 
in a given ratio. 


Divide the radius of the circle in that ratio, 
and, with the parts for sides, construct a triangle 


PDC upon PC as base. Produce CD to cut the 

circle in X. Draw XPY and CY. NDS E 
Then PD--DC = radius; 

therefore PD = DX; 

But OW = Cae 


therefore PD is parallel to CY (1.5, 28); therefore 
&oc., by (VI. 2). 


930 From a given point P in the A 
side of a triangle, to draw a line PX 
which shall divide the area of the tri- 
angle in a given ratio. P 
Divide BC in D in the given ratio, and 
draw AX parallel to PD. PX will be the line 
required. 


ABD: ADO = the given ratio (VI. 1), and B D x c 
APD = XPD (1. 37); therefore, ce: 


931 To divide the triangle APC in a given ratio by a line 
XY drawn parallel to any given line AF. 


Make BD to DC in the given ratio. Then 
make BY a mean proportional to BH and BD, 
and draw YX parallel to EA. 


Proor.—AD divides ABC in the given ratio 
(VI. 1). Now 


AU IDDSSDY = DE SPD VITS) 
or CDI T E 
therefore XBY = ABD. 


939 If the interior and exterior vertical angles at P of the 
triangle APB be bisected by straight lines which cut the base 
in 0 al D, then the circle circumscribing CPD gives the 
locus of the vertices of all triangles on the base AB whose 
sides AP, BP are in a constant m 
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Proor.— E 
The 4OPD=% (APB+ BPE) P 
= a right angle; 
therefore P lies on the circumference of 
the circle, diameter (’D (III. 31). Also 
APEEP AG? CD TAD: DB 
(VI. 3, and A.), a fixed ratio. 4 C B 4 D 


933 AD is divided harmonically in B and €; £e, AD: DB :: AC: CB; 
or, the whole line is to one extreme part as the other extreme part is to the middle 
part. If we put a, b, c for the lengths AD, DD, CD, the proportion is 
expressed algebraically by a : b :: a—c : c—b, which is equivalent to 


i, SEN 
ee 
934 Also AP: BP=0A:00=00C: OB 
and AP! : BP! = 0A : OB, (VI. 19) 


gu —4]0 WOR: mnes. (VI. 3, & B.) 
935 If Q be the centre of the inscribed circle of the triangle 
ABC, and if AQ produced meet the circumscribed circle, 
radius R, in F; and if FOG be a diameter, and 4D perpendi- 
cular to BC; then 
(i) FC FQ FB — 2I sin 4. 
Gi.) Z FAD— FAO0—1 (B—C), 
and ZCAG — i(B-r-C). 


Pnoor or (i.)— 
LFQC = QOA+ QAC. 
bmo CAG = QAB = BOP;:(ILIEs21) 
SA HQC = FCQ; SUO — quo. 
Similarly FB = FQ. 
Also 2 GCF is a right angle, and 
EGO = PAC =A; (III32L) 


FO = 2R sin a 


936 If R,r be the radii of the cireumscribed and inscribed 
circles of the triangle ABC (see last figure), and O, Q the 
centres ; then OG = R’— 2h. 

Proor.—Draw QH perpendicular to AO; then QH = r. By the isosceles 
triangle AOF, OQ? — I —AQ.QF (922, iti.), and QF = FC (935, i.), and 
by similar triangles GFC, AQH, AQ : QH :: GF: FC; 
therefore AQ. EO = GRsQH = AR 
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The problems known as the Tangencies. 
5 


937 Given in position any three of the following nine data— 
viz., three points, three straight lines, and three circles,—it is 
required to describe a circle passing through the given points 
and touching the given lines or circles. The following five 
principal cases occur. 


938 I. Given two points 4, D, and the straight line CD. 


ANALYSIS.—Let ABX be the required 
circle, touching CD in X. Therefore 


CX*!-04.0B. (IIL 36) 


Hence the point X can be found, and the 
centre of the circle defined by the inter- 
section of the perpendicularto CD through 
X and the perpendicular bisector of AB. 
There are two solutions. 

Otherwise, by (926), making the ratio 
one of eqnality, and DO the given line. 


Cor.—The point X thus determined is the point in CD at 
which the distance 4B subtends the greatest angle. In the 


solution of (941) Q is a similar point in the circumference CD. 
(IIL. 21, & I. 16) 


939 II. Given one point 4 and two straight lines DC, DE. 


In the last figure draw AOC perpendicular to DO, the bisector of the 
angle D, and make OB = OA, and this case is solved by Case I. 


940 III. Given the point P, the straight hne DE, and the 
circle AOF. 


ANALYSIS.— Let PHF be the required 
circle touching the given line in F and the 
circle in Lf. 

Through H, the centre of the given 
circle, draw AHCD perpendicular to DE. 
Let A be the centre of the other circle. 
Join HK, passing through P, the point of 
contact. Join AF, EF, aud AP, cutting 
the required circle in X. Then 

Z DHP = LKF; (1. 27) 
therefore HFA = KFE (the halves of equal 
angles); therefore AF, FE are in the same 
straight line. Then, because AX.AP = AF.AE, (TII. 36) 
aud Al’.AH = AC.AD by similar triangles, therefore AX can be found. 
A circle must then be described through P and X to touch the given line, 
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by Case I. There are two solutions with exterior contact, ns appenrs from 
Case I. These are indicated in the diagram. There are two more in which 
tho circle AC lies within the described circle. The construction is quite 
analogous, C taking the place of 1. 


941 IV. Given two points 4, D and 
the circle CD. 


Draw any circle through A, B, cutting tho 
required circle in C, D. Draw AB and DC, 
and let them meet in P. Draw PQ to touch 
the given circle. Then, because 


EOD = PAPELES pe. (N56) 


and the required circle is to pass through 
A, B; therefore a circle drawn through A, B, Q 
mnst touch PQ, and therefore the circle CD, 
ia Q (III. 37), and it can be described by Caso 
I. There are two solutions corresponding to 
the two tangents from P to the circle CD. 


949 V. Given one point P, and two circles, centres A and B. 


AxaLYsIs.—Let PFG be the required circle touching the given ones in P 
and G. Join the centres QA, QB. Join FG, and produce it to cut the 
circles in E and Hf, and the line of centres in O. Then, by the isosceles 
triangles, the four angles at E, F, G, H are all equal; therefore AM, DG aro 
parallel, and so are Al’, BH; therefore 40 : BO :: AF: BH, and O is a 
centre of similitude for the two circles. Again, ZUBK = 2HLK, and 
FAM — 2FNM (LIL 20); therefore FNM = HLK = HG K (IIT. 21) ; there- 
fore the triangles OFN, OAG are similar; therefore OP. OG = OR ON; 
therefore, if OP cut the required cirele in X, OX.OP = OK.ON. Thus 
the point X can be found, and the problem is reduced to Caso IV. 

Two circles can be drawn through P and X to touch tho given circles. 
One is the circlo PIX. Tho centre of the other is at the point where Æ- 
and JIB meet if produced, and this circle touches the given ones in E and H. 


943 An analogous construction, employing the internal centre of simili- 
tude O’, determines the circle which passes through P, and touches one given 
circle externally and the other internally. See (1047-9). 
The centres of similitude are the two points which divide the distanco 
between the centres in the ratio of the radi. See (1037). 
2D 
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944 Cor.—The tangents from O to all circles which touch 
the given circles, either both externally or both internally, 
are equal. 

For the square of the tangent is always equal to OA. ON or OL. OM. 


945 The solutions for the cases of three given straight lines 
or three given points are to be found in Euc. IV., Props. 4, 5. 


946 In the remaining cases of the tangencies, straight lines 
and circles alone are given. By drawing a circle. concentric 
with the required one through the centre of the least given 
circle, the problem can always be made to depend upon one 
of the preceding cases; the centre of the least circle becoming 
one of the given points. 


947 Derinition.—A centre of similavity of two plane curves 
is a point such that, any straight line being drawn through it 
to cut the curves, the segments of the line intercepted between 
the point and the curves are in a constant ratio. 


948 If AD, AC touch a circle at B and 
C, then any straight line AEDI, cutting 
the circle, is divided harmonically by 
the circumference and the chord of con- 
tact BC. 
Proof from AH.AF = AB’. (IIT. 36) 
AB? = BD. DC4 AD, (923) 
and BD.DC=ED.DF. (UL 35) 


949 Ifa,f,y, m the same figure, be the 
perpendiculars to the sides of ALC from 
any point // on the circumference of the 
circle, then [E52 EE 


Proor.— Draw the diameter BH= d; then FB? = Bi, becanse BUH is a 
right angle. Similarly EC? z yd. But VB. EC=ad (VI. D.) therefore &c. 


950 If PE be drawn parallel to the base 
BC of a triangle, and if ED, FO intersect 
in O, then 
All: AC AHO: OF Oe OC: 
By VI.2. Since each ratio = FEL: BC, 
Cor.—If AC =n. AE, then 
, BE = (n+) OL. 
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951 The three lines drawn from the angles of a triangle to 
the middle points of the opposite sides, intersect in the same 
point, and divide cach other in the ratio of two to one. 

Vor, hy the last theorem, any one of these lines is divided by each of tho 
others in the ratio of two to one, measuring from the same extremity, and 


must therefore be intersected by them in the same point. 
This point will be referred to as the centroid of the triangle. 


959 The perpendiculars from the angles upon ihe opposite 
sides of a triaugle intersect in the same point. 

Draw BE, CF perpendicular to the sides, and let 
them intersect in O. Let AO mect BC in DP. Circles 
will cireumscribe AFOF and BIFEC, by (III. 31); 
therefore AIO = MEO-— POR. (IIL 21) 
therefore < BDA = BFC =a right angle; 


i.e., AO is perpendicular to BC, and therefore the 
perpendicular from A on BC passes through O. 


O is called the orthocentre of the triangle BC. 


Cor.—The perpendiculars on the sides bisect the angles 
of the triangle DEF, and the point O is therefore the centre 
of the inseribed circle of that triangle. 

Pnoor.— From (III. 21), and the circles cireumseribing OF AF and OECD. 


953 If the inscribed circle of a triangle APC touches the 
sides a, b, c in the points D, E, F; and if the escribed circle 
to the side a touches a and b, c produced in D, I7, I"; and if 
s=d(atht+e); 
then 
DI = PP — CD) = s—e, 
and AP = AP =~; 


and similarly with respect to 
the other segments. 


Proor.—The two tangents from 
any vertex toeither cirele being equal, 
it foliows that (C D-Fe = half the 
perimeter of ABC, which is made up 
of three pairs of equal segments ; 


therefore CD — s-—c. 


Also 
AN 4AF = AC CD 4- AD DI/ 
=e: 


therefore AE’ = Al’ = s. 
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The Nine-Point Circle. 


954 The Nine-point circle is the circle described through 
D, E, F, the feet of the perpendiculars on the sides of the 
triangle ABC. It also passes through the middle points a 
the sides of ABC and the middle points of OA, OB, OC; 
all, through nine points. 


Proor.—Let the circle A 
cut the sides of ABO 
again in G, H, K; and 
OA, OB, OO in L, M, N. 
4 EMF = EDF (III 21) 
= 20D (952, Dor); 
therefore, since OD is the 
diameter of the circle cir- 
cumscribing OF BD (III. 
31), M is the centre of 
that circle (III. 20), and 
therefore bisects OB. 

Similarly OC and OA 
are bisected at Nand L. B G D C 


Again, Z MGB = MED (III. 22) = OCD, (IJI. 21), by the circle circum- 
scribing OECD. Therefore MG is parallel to OC, and therefore bisects BC. 
Similarly H and K bisect CA and AB. 


955 The centre of the 
nine-point circle is the 
middle point of OQ, the 
line joining the ortho- 
centre and the centre 
of the circumscribing 
circle of the triangle 
ABC. 


For the centre of the N. P. 
circle is the intersection of 
the perpendicular bisectors 
of the chords DG, HH, FK, 
and these perpendiculars 
bisect OQ in the same point 
No by (VI. 2). 


956 The centroid of 
the triangle AVC also lies on the line OQ and divides it in 
itso that Olb= 2RQ. 

Proor.—The triangles QHG, OAB are similar, and AB = 2IIG ; there- 


fore AO = 2GQ; therefore OR =2RQ; and AR = 2G; thereforo R is tho 
centroid, and it divides OQ as stated (951). 
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957 Hence the line joining the centres of the circumscribed 
and nine-point circles is divided harmonically in the ratio of 
2:1 by the centroid and the orthocentre of the triangle. 

These two points are therefore centres of similitude of the 
circumscribed and nine-point circles; and any line drawn 
through either of the points is divided by the circumfcrences 
in the ratio of 2:1. See (1037.) 


958 The lines DE, EF, FD intersect the sides of ABC in 
the radical axis of the two circles. 

For, if EF meets DC in P, then by the circle circumscribing BOEF, 
PE.PEF = PC.PB; therefore (III. 36) the tangents from P to the circles 
are equal (985). 


959 The nine-point circle touches the inscribed and eseribed 
circles of the triangle. 


Proor.—Let O be the orthocentre, and 7, Q 
the centres of the inscribed and circumseribed 
cireles. Produce AI to bisect the are BC in T. 
Bisect AO in L, and join GL, cutting AT in S. 

The N. P. circle passes through G, D, and 
L (954), and D is a right angle. "Therefore 
GL is a diameter, and is therefore = R = QA 
(957). Therefore GL and QA are parallel. 
But QA = QT, therefore 

Q A 


GS = GT = CT sin —9nsim 4. (935,1) 
Also ST = 2GS cos 0 
(0 being the angle GST = GTS). 


N being the centre of the N. P. circle, its 
radius = NG = 4R; and r being the radius of 
the inscribed circle, it is required to shew that 


NI = NG-r. 
Now NI? = SN?+SI°—2SN. SI cos 0. (702) 
Substitute SN 21R—QGS; 


SI = TI—ST = 2h sin & —2GS cos 8; 


and GS = 2R sin? lA, to prove the proposition. 


If J be the centre of the escribed circle touching BC, and r, its radius, it 
is shewn in a similar way that NJ = NG-r,. 


To construct a triangle from certain data. 
960 When amongst the data we have the sum or difference 
of the two sides AB, AC; or the sum of the segments of the 
base made by AG, the bisector of the exterior vertical angle; 
or the difference of the segments made by AJ’, the bisector of 
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the interior vertical angle; the following construction will 
lead to the solution. 
Make AE =AD=AC. Draw 
DII parallel to AF, and suppose 
JK drawn parallel to AG to meet 
the base produced in A; and 
complete the figure. Then DE 
is the sum, and BD is the differ- 4 
enee of the sides. 
DK is the sum of the exterior 
segments of the base, and BH is 
the differenee of the interior seg- D 


ments. 4 BDH = BEC = 14A, 
LADO = EAG BEBO B I F C G 
4 DCB = TDD = } (C-B). 


961 When the base and the vertical angle are given; the 
locus of the vertex is the circle ABC in figure (935) ; and the 
locus of the centre of the inscribed circle is the circle, centre 
F and radius FB. When the ratio of the sides is given, 
see (932). 


969 To construct a triangle when its form and the distances 
of its vertices from a point A’ are given. 


Anatysis.—Let ABC be the required triangle. On 
A'B make the triangle A'DC' similar to ADC, so that 
“be AB CB: OR. The angles ADA, CBC will 
also be equal; therefore AB : BC :: AA’: CC, whieh 
gives OC", since the ratio AP : BC is known. Hence 
the point C is found by construeting the triangle 
A'CC'. Thus BC is determined, and thence the tri- 
augle ABC from the known angles. 


963 To find the locus £ pA 
of a point P, the tan- 
gent from which to a 
given circle, centre 4, 
has a constant ratio to 
its distancefrom a given 
point BL. 

Let AK be the radius of 
the cirele, and p:4 the 
given ratio. On AL take 


AC, a third proportional to 
AD and AK, and make 


AD DB pg. 
With centre D, and a radius 
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equal to a mean proportional between DB and DC, describe a circle. It will 
be the required locns. 


Proor.—Snppose P to be a point on the required loens. Join P’ with 
A, D, C, and D. 

Describe a circle about PRC cutting AP in F, and another about ALL 
cutting PD in (€, and join ~té aud LI. Then 

PA? -APC—AIA?-AP—BA.ACby constr.) = A1°?— PA. AP (HIE 96) 
zT? e To TL) a cn Gi 1 S: 
Therefore, by hypothesis, 
abu = CR TE Pa SH GaP: Pi AD ae (by const); 

tierefore Z OPC = RAU O TH SPET) = PCB (IIU 2b). 
Therefore the triangles DPP, DCP are similar; thereforo DP is a mean pro- 
portional to DB and VC. Hence the construction. 


964 Cor.—If p= q the locus becomes the perpendicular 
bisector of BU, as is otherwise shown in (1003). 


965 To find the locus of a point P, the tangents from which 
to two given circles shall have a given ratio. (See also 1030.) 


Let A, D be the centres, a, b the radii 


K, EN S 
(ab), and p :q the given ratio. Take c, so Qm 
that ¢: b = p : q, and describe a circle with T 
centre 4 and radins AN = /u?—c.. Find the 
locus of P by the last proposition, so that 
the tangent from P to this circle may havo 
the given ratio to PB. It will be the re- 


quired locus. 


Proor.—By hypothesis and construction, 
o To co PARCO AP- a+?  APAN! 
c CU T MENO Em c 


Cor.—Hence the point ean be found on any curve from 
which the tangents to two circles shall have a given ratio. 


966 To find the locus of the point from which the tangents 
to two given circles are equal. 


Since, in (965), we have now p =q, and therefore c — b, the construction 
simplifies to the following : 

Take AN = J/(a!—U), and in AB tako AB: AN : AC. The perpen- 
dicular biscetor of LO is the required locus. But, if the circles intersect, 
then their common chord is at once the line required. See Radical Axis 
(985). 
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Collinear and Coneurrent systems of points and lines. 


967 Derrxtrions.—Points lying in the same straight line are 
collinear. Straight lines passing through the same point are 
concurrent, and the point is called the focus of the pencil of 
lines. 

Theorem.—lIE the sides of the triangle ABC, or the sides 
produced, be cut by any straight line in the points a, b, c 
respectively, the line is called a transversal, and the segments 
of the sides are connected by the equation 


968 (Ab : bC) (Ca : aB) (Be : cA) = 1. 


Conversely, if this relation holds, the points a, b, c will be 
collinear. 


Proor.— Through any vertex A draw AD A 
parallel to the opposite side BC, to meet the D 
transversal in D, then 

Ab: 5C = AD: Ca and Be: cA — aD: AD 
(VI. 4), which proves the theorem. 

NorE.—In the formula the segments of the 
sides are estimated positive, independently of  ; $ t 
direction, the sequence of the letters being pre-  — i 
served the better to assist the memory. A point may be supposed to travel 
from A over the segments Ab, bU, &e. continuously, until it reaches A again. 


969 By the aid of (701) the above relation may be put in 
the form 


(sin A Bb: sin BBC) (sinCAa : sina AB) (sin BCe : sincCA)—1 


970 If O be any focus in the plane of the triangle ABC, and 
if AO, DO, CO meet the sides in a, b, c; then, as before, 


(Ab : bC) (Ca : aB) (Be : cA) = 1. 
Conversely, if this relation holds, the lines Aa, Bb, Ce will 
be concurrent. 


Proor.—By the trans- 
versal Db to the triangle 
AaC, we have (968) 

(Ab : LC) (CD : Ba) 

<O s OH = 1, 
And, by the transversal 
Ce to the triangle AaB, 
(Be : cA) (AO : Oa) 

x (a0 s CB) - 1. 
Multiply these equations 
together. 
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971 Tf be, ca, ab, in the last figure, be produced to mect the 
sides of ABC in P, Q, R, then each of the nine lines im the 
figure will be divided harmonically, and the points P, Q, K 
will be collinear. 
Proor.—(i.) Take bP a transversal to ALC; therefore, by (965), 
(CP : PR) (Be : cA) C10 : 00) = 1; 
therefore, by (970), Chae) — Cra 
(ii.) Take CP a transversal to .1be, therefore 
(AD : Be) (eP : Pb) (bC : CA) = 1. 
But, by (970), taking O for focus to Abe, 
(MB : Be) (ep: pb) (LC : CA) = 1; 


therefore c: Pb -»pb. 
(iii.) Take PC a transversal to 10c, and b a focus to 40c; therefore, by 
(908 & 970), (Aa : a0) (OC: Cc) (eB: BA) = 1, 
and (Ap : p0) (OC : Ce) (cB: BA) = 1; 
therefore Aa: a0 = Ap pO. 


Thus all the lines are divided harmonically. 


(iv.) In the equation of (970) put Ab: bC = AQ: QC the harmonic 
ratio, and similarly for each ratio, and the result proves that P, Q, k aro 
collinear, by (968). 


Cor.—lf in the same figure qr, vp, pq be joined, the three 
lines will pass through P, Q, R respectively. 


Proor.—Take O as a focus to the triangle abe, and employ (970) and the 
harmonie division of be to show that the transversal rq cuts bc in P. 


979 If a transversal intersects the sides AB, PC, CD, &c. 
of any polygon in the points a, b, ¢, &c. in order, then 
(Aa: a B) (Db : bC) (Ce: eD) (Dd : dE) ... &c. = 1. 


Proor.—Divide the polygon into triangles by lines drawn from one of the 
angles, aud, applying (968) to each triangle, combine the results. 


973 Let any transversal cut the sides of a triangle and 
their three intersectors 410, DO, CO (see figure of 970) in the 
pointe A’, I, C', a’, U, e, respottiwely; vhen, as before, 
(Ab : 6C) Ge : a) (Be : cat) = 1. 
Proor.—Each side forms a triangle with its intersector and the trans- 

versal. Take the four remaining lines in succession for transversals to each 
triangle, applying (008) symmetrically, and combine the twelve equations. 

o 

c E 
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974 If the lines joining corresponding vertices of two tri- 
angles ABC, abe are concurrent, the points of intersection 
of the pairs of corresponding 
sides are collinear, and con- 
versely. 

Pnoor.— Let the concurrent lines 
Aa, Bb, Ce meet in O. Take bc, 
ca, ab transversals respectively to 
the triangles OBC, OCA, OAB, ap- 
plying (968), and tho product of the 
three equations shows that P, k, Q 
lie on a transversal to ABC. 


p 
975 Hence it follows that, if the lines joining each pair of 
corresponding vertices of any two rectilineal figures are con- 
current, the pairs of corresponding sides intersect in points 
which are collinear. 

The figures in this case are said to be in perspective, or in 
homology, with each other. The point of concurrence and 
the hne of collinearity are called respectively the centre and 
axis of perspective or homology. See (1083). 


976  Theorem.—W hen three perpendiculars to the sides of a 
triangle ABC, intersecting them in the points a, b, e respec- 
tively, are concurrent, the following relation is satisficd ; and 
conversely, if the relation be satisfied, the perpendieulars are 
concurrent. 

AU! —bLC?-- Ca? —aD?-- Be—cA? = 0. 

PnRoor.—If the perpendiculars meet in O, then Al?—bC? = A0! — OC^, 
&c. (1. 47). 

KExawPLES.— Dy the application of this theorem, the concurrence of the 
three perpendiculars is readily established in the following eases :— 

(1) When the perpendieulars bisect the sides of the triangle 

(2) When they pass through the vertices. (By employing I. 47.) 

(3) The three radii of the eseribed cireles ot a triangle at the points of 
contact between the vertices are Concurrent. So also are the radius of the 
inseribed cirele at the point of contact with one side, and the radii of the two 
eseribed cireles of the remaining sides at the points of contact. beyond the 
iucluded angle. 

Iu these cases employ the values of the segments given in (953). 

(4) The perpendiculars equidistant from the vertices with three con- 
current perpendiculars are also concurrent. 

(5) When the three perpendieulars from the vertices of one triangle upon 
the sides of the other are eonenrrent, then the perpendiculars from tho 
vertices of the second triangle upon the sides of the first are also concurrent. 

Proor.—If A, B, C and A’, BY, C' ave corresponding vertices of the tri- 
angles, join A’, AC, BC’, BA, CA, CB’, and apply the theorem in conjunc- 
tion with (T. 47). 
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Triangles of constant species circumscribed to a triangle. 


977 Let ABC be any triangle, and O any point; and let 
cireles circumseribe AOB, BOC, COA. The circumferences 
will be the loci of the vertices of a triangle of constant form 


whose sides pass through the tm 
Does 2, Dee C —3 pe a 
Ga : 

Proor.—Draw any line 5-1» from circle - AE pA. 
to circle, and produce bC, e D to meet in a. | x B || 
The angles AOL, COA are supplements — v e 2 
of the angles cand b (II. 22); therefore pw, PA 
BOU is the supplement of a (I. 32) ; there- 1 Ene —H 1 


B 1 aet C 
fore a lies on the circle OC. Also, the 
angles at O being constant, the angles «, b, c 
nre constant. 
a 
978 The triangle abe is a maximum when its sides are per- 


pendicular to OA, OF, OC. 


Proor.—The triangle is greatest when its sides are greatest. But tle 
sides vary as Ou, Ob, Oc, which are greatest when they are diameters of the 
circles; therefore &c., hy (HHE. 31). 


979 To construct a triangle of given species and of given 
limited magnitude which shall have its sides passing through 
three given points .1, D, C. 


Determine O by deseribing circles on the sides of ADC to contain angles 
equal to the supplements of the angles of the speeiticd triangle. Construct 
the figure «brO independently from the known sides of whe, and the now 
known angles OLC = 0.165 Oat* = OBC, &. Thus the lengths Ou, Ob, Oc 
are found, and therefore the points a, ^, e, on the circles, ean be determined. 

'l'he demonstrations of the followiug propositions will now be obvious. 


Triangles of constant species inseribed to a triangle. 


980 Let abe, in the last figure, be a fixed triangle, and O 
any point. ‘lake any point -l on be, and let the circles cir- 
cumseribing Ole, O.1b cut the other sides in P, C. Then 
A BC will be a triangle of constant form, and its angles will 
have the values 4 = Oba 4- Oca, &c. (HI. 21.) 


981 The triangle APC will evidently be a minimum when 
OA, OD, OC are drawn perpendicular to the sides of abr. 


982 To construct a triangle of given form and of given 
limited magnitude having its vertices upon three fixed lines 
be, ca, ab. 
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Construct the figure A BCO independently from the known sides of ABC 
and the angles at O, which are equal to the supplements of the given angles 
a, b,c. Thus the angles OAC, &e are found, and therefore the angles OLC, 
&e., equal to them (ILI. 21), are known. From these last angles the point O 
can be determined, and the lengths OA, OB, OC being known from tle inde- 
peudeut figure, the points A, D, C can be found. 


Observe that, wherever the point O may be taken, the angles AOD, DOC 
COA are in all eases either the supplements of, or equal to, the angles c, a, b 
respectively; while the angles aOb, lOc, cOu are in all eases equal to C c e, 
Ata, Bab. 


983 Norr.—In general problems, like the foregoing, which 
admit of different cases, it is advisable to choose for reference 
a standard figure which has all its elements of the same affec- 
tion or sign. In adapting the figure to other cases, all that 
is necessary is to follow the same construction, letter for 
letter, observing the convention respecting positive and 
negative, which applies both to the lengths of lines and to 
the magnitudes of angles, as explained in (607—609). 


Radical Axis. 


984 Dermition—The radical aris of two circles is that 
perpendicular to the line of centres which divides the dis- 
tance between the centres into segments, the difference of 
whose squares is equal to the difference of the squares of the 
radii. 

Thus, A, D being the centres, a, b the radii, and JP the 


the radical axis, AP — BP -«wv-—U. 


985 It follows that, if the circles intersect, the radical axis 
is their common chord ; and that, if they do not intersect, the 
radical axis cuts the line of centres in a point the tangents 
from which to tlie circles are equal (I. 47). 


To draw the axis in this case, see (966). 


RADICAL AXIS. OF 


Otherwise: let the two circles eut the line of centres in C, D and €", 1 
respectively. Deseribe any circle throngh (' und D, and another throngh 
("and I, intersecting the former m E and. F. Their common chord EP 
will cut the central axis in the reqnired point f. 

Paoor. — 10. ID = IE. IF = IC. Us (UTI. 36); therefore the tangents 
from Z to the circles are equal. 


986 Theorem. —'The difference of the squares of tangents 
from any point P to two circles is equal to twice the rec tangle 
under the distance between their centres and the lence of 
the point from their radical axis, or 


PICTI =P. PN. 


Pnoor. ; 

PK*- PT? = (AP?— BP) — (à —V) = (AG— BO) - (AP— RI’), 
by (1. 47) & (9&4). Bisect AB in C, and substitute fur each difference of 
squares, by (II. 12). 
987 Cor. 1.—If P be on the circle whose centre is P, then 

PK? = 2A PBN. 
988 Cor. 2.—If two chords be drawn through P to cut the 
cicles im ÀA, A, E, Ys then, b (II. 80), 
PR PX- PY. PY —24D.PN. 


989 Ifa variable circle intersect two given circles at con- 
stant angles a and f, it will intersect t their radical axis at a 
constant “angle ; and its radius will bear a constant ratio to 
the distiiëe of its centre from the radical axis. Or 


PN: PX =acosa—beosB: AB. 
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Pnoor.—In the same figure, if P be the centre of the variable circle, and 
if PX= PY be its radius; then, by (988), 
PR XN Sy PL. EN. 
But XX =2acosa and YY’ = 2b cos; 
therefore PN: PX = a cosa—b cos : AB, 


which is a constant ratio if the angles a, / are constant. 


990 Also PX: PN = the cosine of the angle at which the 
circle of radius PN cuts the radical axis. This angle is 
therefore constant. 


091 Cor.—A circle which touches two fixed circles has its 
radius in a constant ratio to the distance of its centre from 
their radical axis. 


This follows from the proposition by making a = f = 0 or 2. 


If P be on the radical axis; then (see Figs. 1 and 2 of 984) 
992 (i) The tangents from P to the two circles are equal, 


or Ne ay bed (986) 
993 (i) The rectangles under the segments of chords 
through P are equal, or PX. PX'— PY.PY. (988) 


994 (iii.) Therefore the four points X, X’, Y, Y' are con- 
eyclic (IIT. 36); and, conversely, if they are concyclic, the 
chords XX', YY’ intersect in the radical axis. 


995 Derrrion.—Points which lie on the circumference of 
a circle are termed concyclic. 


996 (iv.) If P be the centre, and if PX=PY be the radius 
of a circle intersecting the two circles in the figure at angles 
a and f; then, by (993), XX'— YY', or a cosa - b cosß; 
that is, The cosines of the angles of intersection are inversely 
as the radii of the fixed circles. 
997 The radical axes of three circles (Fig. 1046), taken two 
and two together, intersect at a point called their radical centre. 
Proor.—Let A, B, C b. tie centres, a, b, c the radii, and X, Y, Z the points 
in which the radical axes cut BO, CA, AB. Write the equation of the defini- 
tion (9384) for each pair of circles. Add the results, and apply (976). 


998 A circle whose centre is the radical centre of three 
other circles intersects them in angles whose cosines are 
inversely as their radii (996). 
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ur 


Hence, if this fourth circle cuts one of the others or- 
thogonally, it cuts them all orthogonally. 


999 The circle which interscets at angles a, B, y three fixed 
circles, whose centres are l, B, C and radii a, b, e, has its 
centre at distances from the radical axes of the fixed circles 
proportional to 


A i AD ` 

And therefore the locus of its centre will be a straight line 
passing through the radical centre and inclined to the threo 
radical axes at angles whose sines are proportional to these 
fractions. 


Proor.—The result is obtained immediately by writing out equation (989) 
for cach pair of fixed circles. 


b cos B—e cosy € cosy—a cosa « cos a—h cos f) 
C 


BC : 5 


The Method of Inversion. 
1000 Deriximioxs. — Any two points P, /", situated on a 
diameter of a fixed circle 
whose centre is O and radius js 
je so that OV "= kh’, aro T 
called inverse points with re- n/ | P 
spect to the circle, and either — | | 
point is said to be the inverse , ~ 
of the other. The circle and 
its centre are called the circle » 
and centre of inversion, and E i | 
k the constant of inversion. | 
1001 If every point of a plane figure be inverted. with 
respect to a circle, or every point of a figure in space with 
respect to a sphere, the resulting figure is called the inverse 
or image of the original one. 

Since OF : k: OF’, therefore 

1002 OF -OPEO ge wy : OR”. 


1003 Let D, D’, in the sume figure, be a pair of inverse 
points on the diameter OD’. In the perpendicular bisector of 
Dp’, take any point Q as the centre of a circle passing through 
D, D', cutting the cirele of inversion in I, and any straight 
line throti#h O in the points £, f^. Then, by (UI. 36), 
OF OF = OD op = OFF (1000). Men 
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1004 (.) P, I” are inverse points; and, conversely, any 
two pairs of inverse points he on a circle. 


1005 (i) The circle cuts orthogonally the circle of inver- 
sion (III. 57); and, conversely, every circle cutting another 
orthogonally intersects each of its diameters in a pair of 
inverse points. 

1008 (iii.) The line ZQ is the locus of a point the tangent 
from which to a given circle is equal to its distance from a 
given point D. 

1007 Derr.—The line JQ is called the avis of reflexion for 
the two inverse points D, D, because there is another circle 
of inversion, the reflexion of the former, to the right of JQ, 
having also D, D' for inverse points. 


1008 The straight lines drawn from any point P, within 
or without a circle (Figs. 1 and 2), to the extremities of any 
chord AB passing through the inverse point Q, make equal 
angles with the diameter through PQ. Also, the four points 
9 E 5, P are conceychic, and OHNE — ON 


ze 


Proor.—In either figure OP : 0.1: OQ and OP: OB: OQ (1000), 
therefore, by similar triangles, 4 OPA = OAP and OPP = OBA in figure 
(1) and the supplement of it in figure (2). But OAB = OBA (I. 5), there- 
fore, &e. 

Also, because. Z OPA = OBA, the four points O. A, D, P lie on acirele in 
each case (ILI. 21), and therefore QA. QB = QO. QP (III. 35, 36). 


1009 The inverse of a circle is a circle, and the centre of 
inversion is the centre of similitude of the two figures. See 
also (1057). 

Proor.—In the fignre of (1043), let O be the point where the common 
tangent //T of the two circles, centres cf and P, cuts the central axis, and let 
any other line through O cut the circles in P, Q 77, @. Then, in the demon- 
stration of (942), it is shown that OP. OQ = 0. OLP = P, a constant 
quantity. Therefore either circle is the inverse of the other, & being the 
radius of the circle of inversion. 


INVERSION. "dud 


1010 To make the inversions of two given circles equal 
circles. 

Rvrr.— Take the centre of inversion so that the squares of 
the tangents from it to the given cireles may be proportional to 
their radit (965). 

Proor.— (Fig. 1043) AT : BR = OT: OR = OT? : 1°, since OT ak: OR. 
Therefore OT? : AT = E : BR, therefore LR remains constant if O1" « AT. 


1011 Hence three circles may be inverted into equal circles, 
for the required centre of inversion is the intersection of two 
ciréles that can be drawn by (965). 


1012 The inverse of a straight line is a circle passing 
through the centre of inversion. 


Proor.—Draw OQ perpendicular to tho 
linc, and take P any other point on it. Let 
Q', P be the inverse points. Then OP . 0P'— 
OQ.OQ'; therefore, by similar triangles, 
Z OP = OQP, a right angle; and OQ is 
constant, therefore the locus of J” is the 
circle whose diameter is OQ. 


1013  ExarrE.—The inversion ofa poly- 
gon produces a figure bounded by circular 
ares which intersect in angles equal to the 
corresponding angles of tho polygon, the 
complete circles intersecting in the centre 
of inversion. 


1014 If the extremities of a straight line /"Q' in the last 
figure are the inversions of the extremities of P, then 


PQ: PQ — V(0P.0Q) : (OP .0Q). 


Proor.—By similar triangles, PQ: PŒ = OP: OY and PQ: PQ = 
OQ : OP. Compound these ratios. 


1015 From the above it follows that any homogeneous 
equation between the lengths of lines joining pairs of points 
in space, such as PR. RS. TU — PR.QT.SU, the samo 
points appearing on both sides of the equation, will be 
true for the figure obtained by joining the corresponding 
pairs of inverse points. 

For the ratio of each side of the equation to the corresponding side of the 
equation for the inverted points will be the same, namely, 


(ON OQ. 0Bc...).: / (DP GL . Ole ...). 
21 
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Pole and Polar. 


1016 Deriitiox—The polar of any point P with respect 
to a circle is the perpendicular to the diameter OP (Fig. 1012) 
drawn through the inverse point 7". 


1017 It follows that the polar of a point exterior to the 
circle is the chord of contact of the tangents fron the point; 
that is, the line joining their points of contact. 


1018 Also, P'Q' is the polar of P with respect to the circle, 
centre O, and PQ is the polar of Q'. In other words, gny 
point P lying on the polar of a point Q', has its own polar 
always passing through Q'. 


1019 The line joining any two points P, p is the polar of 
Q', the point of intersection of their polars. 


Proor.—The point Q lies on both the lines P'Q', p’Q’, and therefore has 
its polar passing through the pole of each line, by the last theorem. 


1020 The polars of any two points 7, p, and the line joining 
the points form a self-reciprocal triangle with respect to 
the circle, the three vertices being the poles of the opposite 
sides. The centre O of the circle is evidently the orthocentre 
of the triangle (952). The circle and its centre are called the 
polar circle ‘and polar centre of the triangle. 


If the radi of the polar and circumscribed circles of a 
triangle ABC be r and It, then 


1? = 4R? cos A cos B eos C. 


Proor.—In Fig. (952), O is the centre of the polar circle, and the circles 
described round ABC, BOC, COA, AOB are all equal; because the angle 
DOO is the supplement of 2; fc. Thesefore 22-02 = OL OC €) 
and 7? =O0A.0D=0.:1.0B.0C+2R. Also, OA — 2I cost by a diameter 
through D, and (III. 21). 


Coaval Circles. 


1021 9 Derimition—A system of circles having a common 
line of centres called the central axis, and a common radical 
axis, is termed a couwal system. 


1022 If O be the variable centre of one of the circles, and 
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OK its radius, the whole system is included in the equation 
or- OR- 88 


where ô is a constant length. 


1023 In the first species (Fig. 1), 
OL — ON =o’, 


and 8 is the length of the tangent from J to any circle of the 
system (985). Let a circle, centre / and radius 6, eut the 
central axis m D, D. When O is at D or J’, the circle whose 
radius is OK. vanishes. When O is at an infinite distance, 
the circle developes into the radical axis itself and into a line 
at infinity. 

The points D, D' are called the limiting points. 


1024 In the second species (Fig. 2), 
ORM— OP = B, 


and è is half the chord PRI common to all the circles of 
the system. These circles vary between the circle with 
centre 7 and radius è, and the circle with its centre at infinity 
as deseribed above. The points X, R are the common points 
of all circles of this system. The two systems are therefore 
distinguished as the limiting points species and. the common 
points species of coaxal circles. 
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1025 There isa conjugate system of circles having Ji, Iv’ for 
limiting points, and D, D' for common points, and the circles 
of one species intersect all the circles of the conjugate system 
of the other species orthogonally (1005). 

Thus, in figures (1) and (2), Q is the centre of a circle 
of the opposite species intersecting the other circles or- 
thogonally. 


1026 In the first species of coaxal circles, the limiting 

points D, D' are inverse points for every circle of the system, 

the radical axis being the axis of reflexion for the system. 
Proor.—(Fig. 1) or s = OK’, 

therefore OVD a OID =O; (1I. 13) 

therefore D, D' are inverse points (1000). 


1027 Also, the points in which any circle of the system 
cuts the central axis are inverse points for the circle whose 
centre is / and radius ô. [ Paoor.— Similar to the last. 


1028 Prosrem.—Given two circles of a coaxal system, to 
describe a circle of the same system—(i.) to pass through a 
given point; or (ii.) to touch a given circle; or (iii.) to cut a 
given circle orthogonally. 


1029 1. If the system be of the common points species, then, since the 
required circle always passes through two known points, the first and second 
cases fall under the Tangeneies. See (911). 


1030 To solve the third case, describe a circle through the given common 
points, and through the inverse of either of them with respect to the given 
circle, which will then be cut orthogonally, by (1005). 


1031 rr. If the system be of the limiting points species, the problem is 
solved in each case by the aid of a cirele of the conjugate system. Such a 
circle always passes through the known limiting points, and may be called a 
conjugate cirele of the limiting points system. Thus, 


1032  Tosolve case (1.) —Draw a eonjugate cirele through the given point, 
and the tangent to it at that point will be the radius of the required circle. 


1033 To solve case (ii.)—Draw a conjugate circle through the inverse 
of either limiting point with respeet to the given cirele, which will thus be 
cut orthogonally, and the tangent to the cutting circle at either point of 
intersection will be the radius of the required circle. 


1034 To solve case (ii.)—Draw a conjugate cirele to touch the given one, 
and the common tangent of the two will be the radius of the required circle. 


1035 Thus, according as we wish to make a circle of the system touch, or 
cut orthogonally, tho given circle, we must draw a conjugato circle to cut 
orthogonally, or touch st. 
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1036 If three circles be coaxal, the squares of the tangents 
drawn to any two of them from a point on the third are in 
the ratio of the distances of the centre of the third circle from 
the centres of the other two. 


Puoor.—Let 44, D, C bo the centres of the cireles; PA, PT the tangents 
from a point P on the circle, centre C, to tho other two; PN tho perpen- 
dicular on the radical axis. By (986), 


PISS PN sumi PSDC TIN, 
thercfore Tue c DEW 


Centres and aves of similitude. 


1037 Derrsitioxs.— Let OO be the centres of similitude 
(Def. 947) of the two circles in the figure below, and lot any 
line through O cut the circles in P, Q, P", Q. Then the 
constant ratio OP: Ol” = O(Q:0Q' is called the ratio of 
similitude of the two figures; and the constant product 
OP . OY = OQ. OF is called the product of auti-similitude. 
See (942), (1009), and (10-43). 

The corresponding points P, P or Q, Q on the samo 
straight line through O are termed homologous, and P, Q or 
Q, P are termed azti-homologous. 


1038 Let any other line Opgp'4 be drawn through O. 
Then, if any two points P, p on the one figure be joined, and 
if 1”, p', homologous to /’, p on the other figure, be also joined, 
the lines so formed are termed homologous. But if the points 
which are joined on the second figure are anti-homologous to 
those on the first, the two lines are termed anti-homologous. 
Thus, Pq, Q are anti-homologous lines. 


1039 The circle whose centre is O, and whose radius is 
equal to the square root of the product of anti-similitude, is 
ealled the circle of anti-similitude. 


1040 The four pairs of homologous chords Pp and Py, 
(4 and Q'/', Pq and Iq, Qp and Wy of the two circles in the 
figure are parallel. And in all simlar and similarly situated 
figures homologous lines are parallel. 


Proor.—By (VI. 2) aud the definition (947). 
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1041 The four pairs of anti-homologous chords, Pp and 
Qq, Qq and Pp, Pq and Qp, Qp and Pg, of the two circles 
ineet on their radical axis. 
Pnoor.— OPO = 07207 =. 

where k is the constant of inversion; therefore P, p, Q', g are concyclic; 
therefore Pp and Q'4' meet on the radical axis. Similarly for any other pair 
of anti-homologous chords. 

1049  Con.— From this and the preceding proposition it 
follows that the tangents at homologous points are parallel; 
and that the tangents at anti-homologous points meet on the 
radical axis. For these tangents are the limiting positions of 
homologous or anti-homologous chords. (1160) 


1043 Let C, D be the inverse points of O with respect to 
two circles, centres A and D; then the constant product of 
anti-similitude 


OF OQ or GQ.0P = OA.0D or OB.OC. 
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Proor.—By similar right-angled triangles, 


DEPO qnd OR: Ole OD; 


therefore QUU TEQUE male 
and also OA. 00 = OT? = OP. OQ, (IL. 36) 
and Che OL — Um =Dr 200; 

therefore OMOR TONTON = OP OAS Ol “Cn. 


therefore &e., by (1). 


1044 The foregoing definitions and properties (1037 to 
1043), which have respect to the external centre of simihtude 
O, hold good for the internal centre of similitude O, with the 
usual convention of positive and negative for distances 
measured from O upon lines passing through it. 


1045 Two circles will subtend equal angles at any point on 
the circumference of the circle whose diameter is OO, where 
O, O' are the centres of similitude (Fig. 10-43). This circle 1s 
also coaxal with the given circles, aud has been called the 
circle of similitude. 

Proor.—Let A, PB be the centres, a, b the radii, and A any point on the 
circle, diameter OO'. Then, by (932), 

AK 2 OR = 10: B0=A0': BO=a:d, 

by the definition (945) ; 
therefore a RM Ln 
that is, the sines of the halves of the angles in qnestion are equal, which 
proves the first part. Also, because the tangents from K are iu the ccnstant 
ratio of the radii a, b, this cirele is coaxal with the given ones, by (1050, 294). 


1046 The six centres of similitude P, p, Q, q, R, r of three 
circles lie three and three on four straight lines PQA, Py, 
Qpr, Rpq, called aves 

of similitude. 


Proor. — Taking any 
three of the scts of points 
named, say P, q, v, they aro 
shewu at once to be col- 
linear by the transversal 
theorem (968) applied to 
the triangle ABC. 

For the segments of its 
sides made by the points 
P,q,r are in the ratios of 
the radii of the circles. 
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1047 From the investigation in (942), it appears that one 
circle touches two others in a pair of anti-homologous points, 
and that the following rule obtains :— 


Rurg.—The right line joining the points of contact passes 
through the external or internal centre of similitude of the tiro 
circles according as the contacts are of the same or of different 
kinds. 


1048  Drrirmox.— Contact of curves is either internal or external ac- 
cording as the curvatures at the point of contact are in the same or opposite 
directions. 


1049  Gergonne's method of describing the circles which touch 
three given circles. 


Take Pqr, one of the four axes of similitude, and find its poles a, D, y 
with respect to the given circles, centres A, D, C (1016). From O, the 
radical centre, draw lines through a, D, y, entting the circles in a, a’, b, 0, 
Gre we Wem C y e and as une: cli be the points of contact of two d the 
required circles. 


Proor.—Analysis—Let the circles 
E, F touch the circles A, D, C in 
a, b, c, a’, b’, c. Let be, Uc meet in 
Pe eo, 6 im 7; and eb, ¢ Dan: 

Regarding F and F as touched by 
A, B, C in turn, Rule (1047) shews 
that aa’, bb’, cc’ meet in O, the centre 
of similitude of E and F; and (1041) 
shews that P, q, and r lie on the 
radical axis of E and F. 

Regarding Band C, or C and A, 
or A and D, as touched by E and F 
in turn, Rule (1047) shews that P, q,r 
are the centres of similitude of D and. p 
C, C and A, A and B respectively; 
and (1041) shews that O is on the radical axis of each pair, and is therefore 
ihe radical centre of 4, D, and C. 

Again, because the tangents to E and F, at the anti-homologous points 
a, à', meet on Pgr, the radical axis of W and P (1042) ; therefore the point 
of meeting is the pole of aw with respect to the circle A (1017). Therefore 
aw passes through the pole of the line qr (1018). Similarly, bù and cc 
pass through the poles of the same line Por with respect to P and C. Hence 
the construction. 


1050 In the given configuration of the circles A, P, C, tho 

demonstration shatts that ES of the three LEM axes of 

similitude Pyr, Grp, Rpq (Fig. 1046) is a radical axis and 

common chord of two of the eight osculating cireles which 
A E e LI . ) aci ) LI 

ean be drawn. The external axis of similitude QA is the 


ANHARMONIC RATIO. 


fro 
t2 
wr 


radical axis of the two remaining circles which touch 4A, P, 
and C either all externally or all internally. 


1051 The radical centre O of the three given circles is also 
the common internal centre of similitude of the four pairs of 
oseulating circles. Therefore the central axis of each pair 
passes through O, and is perpendicular to the radical axis. 
Thus, in the figure, ZI passes through O, and is perpen- 
dicular to Poe 


Anharmonic Ratio. 


1059 9 Derinition.—Let a pencil of 
four lines through a point O be cut 
by a transver sal in the points A, D, 
C, D. The anharmonie ratio of the 
pencil is any one of the three frac- 
tions 


AB.CD „ AB.CD | ADB 
AD. BC AC. BD AC. BD 


1053 The relation between these three different ratios is 
obtained from the equation 


AB.CD+AD.BC = AC. BD. 


Denoting the terms on the left side by p and q, the three anharmonic 
ratios may be expressed by 
m 0 99 pq, qs. 
The ratios are therefore mutually dependent. Hence, if the identity 
merely of tlie anharmonie ratio in any two systems is to be established, it is 
immaterial which of the three ratios is selected. 


1054 In future, when the ratio of an anharmonic pencil (0, ABCD} is 
mentioned, the form AL. CD : 1. DC will be the one intended, whatever 
the actual order of the points Al, B, €, D may be. For, it should be observed 
that, by making the line OJ) rev oe about O, the vnd takes in turn cach of 


the forms D above. This ratio is shortly expressed by the notation 
{0, ABCD}, or simply (Lap). 


1055 If the transversal be drawn parallel to one of the lines, for instance 
OD, the two factors containing D become infinite, and their ratio becomes 
unity. They may therefore be omitted. The anharmonic ratio then reduces 
to AB: DC. Thus, when D is at infinity, we may write 

(0, APE} = AB gm. 


1056 ‘The anharmonic ratio 
AB.CD _ sin AOB sin COD 
AD.BC” sm AOD sin BOC’ 


T 
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and its value is therefore the same for all transversals of the 
pencil. 


Proor.—Draw OR parallel to the transversal, and let p be the perpendi- 
cular from A upon OR. Multiply each factor in the fraction by p. Then 
substitute p.AB = OA.OB sm AOB, &c. (707). 


105'7 The anharmonic ratio (1056) becomes harmonic when its value is 
unity. See (933). The harmonic relation there defined may also be stated 
thus: four points divide a line harmonically when the product of the extreme 
segments is equal to the product of the whole line and the middle segment. 


Homographic Systems of Points. 


1058 Derixition.—If x, a, b, e be the distances of one 
variable point and three fixed points on a straight line from a 
point O on the same; and if v, a’, b, c be the distances of 
similar points on another line through O; then the variable 
points on the two lines will form two homographic systems 
when they are connected by the anharmonie relation 


(w—a) (b—e) _ (a —a’) (f —c) 
1059 (w—c)(a—b) (ee) (Wb) 
Expanding, and writing A, B, C, D for the constant coeffi- 
cients, the equation becomes 


1060 Acx + Ber Cve4- D = 0. 
From which 

ro (Que E) o" Br+ D 
Wol = epo 57 > area 


1069 Turorrw.—aAny four arbitrary points mj Və, Vz, V4 on 
one of the lines will have four corresponding points a5, 25, 4$, a, 
on the other determined by the last equation, and the two sets 
of points will have equal anharmonic vatios. 


Proor.—This may be shown by actual substitution of the value of each z 
in terms of 2^, by (1061), in the harmonic ratio {apert st}. 


1063 H the distances of four points on a right line from a 

point O upon it, in order, are a, à, B, B, where a, D; a, p e 

the respective roots of the two quadratie equations 
aethetb =0, a E24 EU = 0; 

the condition that the two pairs of points may be harmonically 

conjugate 1s 


1064 ab tab = DIN. 


INVOLUTION. 
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Proor.—The harmonic relation, by (1057), is 
(a -«) (B—/) = («—B) WA). 
Multiply ont, and substitute for the sums and products of the roots of tho 
quadraties above in terms of their coefficients by (51, 52). 


1065 f t- uy be the quadratic expressions in (1003) for two pairs of 
ponits, and if u represent a third pair harmonically conjugate with 2 and w, 
then the pair of points u will also be harmonically conjugate with every pair 
1 l pn ity Jug ) JN 
given by the equation u,+Au, = 0, where À is any constant. For the con- 
dition (L06Ł) applied to the last equation will be identically satisfied. 
PI 1 à 


Involutton. 
1066 Derinitioxs.—Pairs of inverse points PP’, QQ’, &e., on 
the same right line, form a system i» incolution, aud the rela- 
tion between them, by (1000), is 
(D OF E 00 a 

A 0 PU n Q p 
| j E l : : 

The radius of the circle of inversion is X, and the centre 
O is called the centre of the system. Inverse points are also 
termed conjugate points. 

When two inverse points coincide, the point is called a 
focus. 
1067 The equation 07? = /? shows that there are two foci 
A, D at the distance i from the centre, and on opposite sides 
of it, real or imaginary according as any two inverse points 
lie on the same side or on opposite sides of the centre. 


1068 If the two homographic systems of points in (1058) 
be on the same line, they will constitute a system in involu- 
tion when B= C. 
Proor.—Equation (1060) may now be written 
Ave +H (z+) +B = 0, 


H I rm B 
= fo SW e ->= F, 
EP («* zi ) (2 2 i) r A 


a coustant. Therefore — H is the distance of the origin O from the centro 
4 


of inversion. Measuring from this centre, the equation becomes ¿Y = 4}, 
representing a system in involution, 


1069 Any four points whatever of a system in involution on 
aright line have their anharmonic ratio equal to that of their 
four conjugates, 
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Pnoor.—Let p, p; q, 73 T, 15 s, s’ be the distances of the pairs of inverse 
points from the centre. 

In the anharmonic ratio of any four of the points, for instance (pq'rs], 
substitute p = A'--p, q — 4, &e, and the result is the anharmonic 
ratio (p'qv's ]. 


1070 Any two inverse points P, I" are in harmonic relation 
with the foci A, D. 


ET O P B P 
Oa ae a — 


Proor.—Let p, p' be the distances of P, P' from the centre O; then 


pp = k’, therefore pe ak , therefore AEE = bat), 


kb p p—k  k—p' 
that is oo. (988) 


1071 If a system of points in involution be given, as in 
(1068), by the equation 


Ant +H (e+te)+B=0......... t 
and a pair of conjugate points by the equation 
awhe to 00 me 
the necessary relation between a, h, and b is 
1072 Ab+ Ba = 2Hh. 


Proor.—The roots of equation (2) must be simultaneous values of z, x in 
(1); therefore substitute in (1) 
pto = — ae (51) 
a T 
1078  Con.—A system in involution may be determined from two given 
pairs of corresponding points. 

Let the equations for these points be 

aai--9hz--b — 0 and aa? 2ha-4-b' = 0. 
Then there are two conditions (1072), 

Ab-4-Ba = 21h and AU-4D« = 2H, 
from which A, II, B can be found. 

A geometrical solution is given in (985). C, D; C', D are, in that con- 
struction, pairs of inverse points, and I is the centre of a system in involution 
defined by a series of coaxal circles (1022). Each circle intersects the 
central axis in a pair of inverse points with respect to the circle whose centro 
is O and radius ò. 
me 


1074 The relations which have been established for a system of collinear 
points may be transferred to a system of concurrent lines by the method of 
(1050), in which tho distance between two points corresponds to the sine of 
the angle between two lines passing through those poiuts. 
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The Method of Projection. 

1075 JDzrirrioNs.—" l'he. projection of any point P in space 
(Fig. of 1079) is the point p in which a right line OP, drawn 
from a fixed point O called the vertve, intersects a fixed plane 
called the plane of projection. 

If all the points of any figure, plane or solid, be thus pro- 
jected, the figure obtained is called the projection of the 
original figure. 


1076  Projective Properties. —The projection of a right line is 
aright line. The projections of parallel lines are parallel. "l'ho 
pr ojections of a curve, and of the tangent at any point of it, are 
another curve and the tangent at the cor responding point. 


1077 The anharmonic ratio of the segments of a right line 
is not altered by projection; for the line and its projection are 
but two transversals of the same anharmonic pencil. (1056) 


1078 Also, any relation between the segments of a line 
similar to that in (1015), in which each letter occurs in every 
term, is a projective property. [Proof as in (1056). 


1079 9 Theorem—Any quadrilateral PORS may be projected 
into a parallelogram. 

CoxsTRUCTION. — 
Produce PQ, SR to / 4 
meet in A, and Ps, 
(QIt to meet in B. 

Then, with any 
point O for vertex, 
project the quadri- 
lateral upon any 
plane pab parallel to 
OAB. The projected 
fignre pqrs will be a 
parallelogram, 

Proor. — The 
planes OPQ, ORS in- 
tersect in O.1, and 
they intersect the 
plane of projeetion 
which is parallel to 
OA in the lines pq, 
rs. Therefore pq and 
rs are parallel to O.1, 
and therefore to each 
other. Similsrly, ps, 
qr are parallel to OL. 
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1080 Cor. 1.—The opposite sides of the parallelogram pqrs meet in two 
points at infinity, which are the projections of the points A, D; and AB 
itself, which is the third diagonal of the compicte quadrilateral PQIUS, is 
projected into a line at infinity. 


1081 Hence, to project any figure so that a certain line in it may pass to 
infinity—Take the plane of projection parallel to the plane which contains the 
given line and the vertex. 


1082 Cor. 2.—To make the projection of the quadrilateral a rectangle, 
it is only necessary to make AOB a right angle. 


On Perspective Drawing. 


1083 Taking the parallelogram pqrs, in (1079), for the original figure, 
the quadrilateral PQ ES is its projection on the plane ABab. Suppose this 
plane to be the plane of the paper. Let the planes OAB, pab, while 
remaining parallel to eaeh other, be turned respectively about the fixed 
parallel Imes AD, ab. In every position of the planes, the lines Op, Og, Or, 
Os will intersect the dotted lines in the same points P, Q, R, S. When the 
planes coincide with that of the paper, pgrs becomes a ground plan of the 
parallelogram, and PQRS is the representation of it in perspective. 

AB is then called the horizontal line, ub the picture line, and the plane of 
both the picture plane. 


1084 To find the projection of any point p in the ground 
plan. 

Rote.—Draw pb to any point b in the picture line, and draw OB parallel 
to pb, to meet the horizontal line in B Join Op, Bb, and they will intersect in 
P, the point required. 

In practice, pb is drawn perpendicular to ab, and OB therefore perpendi- 
cular to AB. The point B is then called the point of sight, or centre of vision, 
and O the station point. 


1085 To find the projection of a point in the ground plan, 
not in the original plane, but at a perpendicular distance c 
above 1t. 


RuLE.— Take a new picture line parallel to the former, and at a distance 
above it = c coseca, where a ds the «ugle between the original plane and the 
plane of projection. For a plane through the given point, parallel to the 
original plane, will intersect the plane of projection in the new picture line 
so eonstructed. 

Thus, every point of a figure in the ground plan is transferred to the 
drawing. 


1086 The whole theory of perspective drawing is virtually included in 
the foregoing propositions. The original plane is commonly horizontal, and 
the plane of projection vertical. lu this case, cosee a = I, and the height of 
the picture line for any point is equal to the height of the point itself above 
the original plane. 

The distance BO, when B is the point of sight, may be measured along 
AB, and bp along ub, in the opposite direction; for the lino Db will continue 
to intersect Op in the point P. 
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Orthogonal Projection. 


1087 9 Derrixitiox.— In orthogonal projection the lines of 
projection are parallel to each other, and perpendicular to the 
plane of projection, The vertex in this case may be consi- 
dered to be at infinity. 

1088 ‘The projections of parallel lines are parallel, and. the 
projected segments are in a constant ratio to the original 
segments. 


1089 Areas are m a constant ratio to their projections. 


For, lines parallel to the intersection of the original plane and the plane 
of projection are unaltered in length, and lines at right angles to the former 
are altered in a constant ratio. This ratio is the ratio of the areas, and is 
the cosine of the angle between the two planes. 


Projections of the Sphere. 
1090 In Stereographic projection, the vertex is on the sur- 
face of the sphere, and the diameter through the vertex is 
perpendicular to the plane of projection which passes through 
the other extremity of the diameter. The projection is there- 
fore the inversion of the surface of the sphere (1012), and the 
diameter is the constant X. 


1091 In Globular projection, the vertex is taken at a dis- 
tance from the sphere equal to the radius + 4/2, and the 
diameter through the vertex is perpendicular to the plane of 
projection. 


1099 In Gnromonie projection, which is used in the eonstruc- 
tion of sun-dials, the vertex is at the centre of the sphere. 


1093 Mereators projection, which is employed in navigation, 
and sometimes in maps of the world, is not a projection at 
all as defined in (1075). Meridian circles of the sphere are 
represented on a plane by parallel right lines at intervals 
equal to the intervals on the equator. The parallels of lati- 
tude are represented by right lines perpendicular to the 
meridians, and at inercasing intervals, so as to preserve the 
actual ratio between the increments of longitude and latitude 
at every point. 

With r for the radins of the sphere, the distance, on the chart, from the 
equator of a point whose latitude is A, is = r log tau (15^ t 3^). 
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Additional Theorems. 
1094 The sum of the squares of the distances of any point 
P from à equidistant points on a circle whose centre is O and 
radius 7 = n W Or). 
Proor.—Sum the values of DI?, PC’, &c., given in (819), and apply (803). 
This theorem is the generalization of (923). 


1095 In the same figure, if P be on the circle, the sum of 
the squares of the perpendiculars from P on the radii OB, OC, 
&c. 18 equal to 1%. l 

Proor.— Describe a circle upon the radius through P as diameter, and 
apply the foregoing theorem to this cirele. 


1096 Cor 1.—The sum of the squares of the intercepts on the radii be- 
tween the perpendiculars and the centre is also equal to ju”. (1. 47) 


1097 Cor. 2.—The sum of the squares of the perpendiculars from the 
equidistant pomts on the circle to any right line passing through the centre 
is also equal to. $”. 

Because the perpendiculars from two points on a circle to the diameters 
drawn through the points are equal. 


1098 Cor. 3.—The sum of the squares of the intercepts on the same 
right line between the centre of the circle and the perpendiculars is also 
equal to 3nv’. (1. 47) 


If the radii of the inscribed and circumscribed circles of a 
regular polygon of n sides be 7, J?, and the centre O; then, 
1099 I. The sum of the perpendiculars from any point P upon the sides 
is equal to nr. 

1100 m. If p be the perpendicular from O upon any right line, the sum 
of the perpendiculars from the vertices upon the same line is equal to np. 


1101 111. The sum of the squares of the perpendiculars from P on the 
sides is = n (1? +40P°). 


1102 IV. The sum of the squares of the perpendiculars from the vertices 
upon the right line is = n (p?+ il). 

Proor.—In theorem I., the values of the perpendiculars are given by 

9 
7 — UT Gos (0+ e), with successive integers for m. Add together the n 
VW 

values, and apply (803). 

Similarly, to prove II.; take for the perpendiculars the values 

9 
p— 1t cos (0+ aun). 
n 
To prove III. and IV., take the same expressions for the perpendiculars ; 


square cach value; add the results, and apply (803, 504). 


For additional propositions in the subjects of this section, 
sce the section entitled Plane Coordinate Geometry. 


t 
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THES SECTIONS OF OTESS-CONE. 


1150 Derinitions.—A Conic Section or Conie is the curve 
AP in which any plane intersects the surface of a right conc. 

A right cone is the solid generated by the revolution of 
one straight line about another which it intersects in a fixed 
point at a constant angle. 


Let the axis of the cone, in Fig. (1) or Fig. (2), be in the plane of the 
paper, and let the cutting plane PM XN be perpendicular to the paper. (Read 
either the accented or unaccented letters throughout.) Let a sphere be inseribed 
in the cone, touching it in the circle EQF and touching the cutting plane in 
the point S, and let the cutting plane and the plane of the circle EQF inter- 
sect in. XM. The following theorem may be regarded as the defining property 
of the curve of scction. 

1151 Theorem—The distance of any point P on the conic 
from the point S, called the focus, is in a constant ratio to 
PM, its distance from the line XM, called the directrix, or 
ES: RM = PS : PM'= AS: AX =e, the easet. 

[Sce next page for the Pro f.] 
1152 Cor.—The conic may be generated in a plane from 
either focus S, 5', and either directrix XM, X'M', by the law 
just proved. 


1153 The conic is an Ellipse, a Parabola, or an Hyperbola, 
according as e is less than, equal to, or greater than unity. 
That is, according as the cutting plane emerges on both sides 
of the lower cone, or is parallel to a side of the cone, or in- 
tersects both the upper and lower cones. 


1154 Al sections made by parallel planes are similar; for 
the inclination. of the cutting plane determines the ratio 
WH:X. ‘ 

1155 The limiting forms of the curve are respectively—a 


circle when e vanishes, and two coincident right lines when e 
becomes infinite. 


2B 
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Proor or Theorem 1151.—Join P, S and P, O, cutting the circular section 
in Q, and draw PM parallel to NX. Because all tangents from the same 
point, O or A, to either sphere are equal, therefore LE = LQ=TS aid 
A= AS. Now, by (VE 2) RE: NN = AE: AN and BN — IE 
therefore PS: PM = AS: AX, a constant ratio denoted by e and called 
the eccentricity of the conic. 


Q' 


Referring the letters either to the ellipse or the hyperbola in the 
subjoined figure, let (' be the middle point of AA and N any other point on 
it. Let DI, PL’ be the two circular sections of the cone whose planes pass 
through € and N; BCL and PN the intersections with the plane of the 
conie. In the ellipse, BC is the common ordinate of the ellipse and cirele ; 
but, in the hyperbola, LC is to be taken equal to the tangent from € to the 
circle DD’. 


1156 The fundamental equation of the cllipse or hyperbola 
ls PN? : ANNA =B AC. 
Proor.—PN? = NR. NIY and DO = CD.CD' (MIL 35, 36). Also, by 


similar triangles (VI. 2, 6), NR: CD — AN : AC and Nit. CD = AEN 
Multiply the last equations together. 
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1157 Cor. 1.— PN has 
equal values at two points 
equi-distant from Lf. 
Hence the curve is sym- 
metrical with respect to 
AA and BP, 

These two lines are 
called the major and mi- 
mor aves, otherwise the 
transverse and conjugate 
axes of the conic. 

When the axes are 
equal, or BC=AC, the 
ellipse becomes a circle, 
and the hyperbola be- 
comes rectangular or. 
equilateral, 


1158 <Any ellipse or hyperbola is the orthogonal projection 
of a circle or rectangular hyperbola respectively. 

Proor.—Along the ordinate NP, measnre NP’ = AN.NA’; therefore by 
the theorem PN : PN = DC: AC. Theretore a circle or rectangular hyper- 
bola, having AA’ for one axis, and having its plane inclined to that of tho 
conie at an angle whose cosine = BC+AC, projects orthogonally into the 
ellipse or hyperbola in question, hy (1039). See Note to (1201). 


1159 Hence any projective property (1076-78), which is 
known to belong to the circle or rectangular hyperbola, will 
also be universally true for the ellipse and hyperbola respec- 
tively. 
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Joint properties of the Ellipse and Hyperbola. 
1160 Derisitioxss.—The tangent to a curve at a point P 
(Fig. 1166) is the right line PQ, drawn through an adjacent 
point Q, in its ultimate position when Q is made to coincide 
with P. 
The normal is the perpendicular to the tangent through 
the point of contact. 
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In (Fig. 1171), referred to rectangular axes through the 
centre C (see Coordinate Geometry); the length CN is called 
the abscissa; PN the ordinate; PT the tangent ; PG the nor- 
mal; NT the subtangent ; and NG the subnormal. S, S are 
the foci; XM, X'W the directrices; PS, PS' the focal dis- 
lances, and a double ordinate through S the Latus Rectum. 

The auxiliary circle (Fig. 1173) is described upon AJA’ as 
diameter. 

A diameter parallel to the tangent at the extremity of 
another diameter 1s termed a conjugate diameter with respect 
to the other. 

The conjugate hyperbola has BC for its major, and AC for 
its minor axis (1157). 


1161 The following theorems (1162) to (1181) are deduced from the 
property PS : PM =e obtained in (1151). 

The propositions and demonstrations are nearly identical for the ellipse 
and the hyperbola, any difference in the application being speeified. 


1162 CS: CA : CX, and the common ratio is e. 


P AS AS, RGESEAS) OS LL CA 
Exoor By (19D = me EIUS RO ie eee 2 ae 


1163 In the ellipse the sum, and in the hyperbola the dif- 
ference, of the focal distances of P is equal to the major axis, 
or PS + PS = AM. 

Proor.—With the same figures we have, in the ellipse, by (115]), 
g= ILU = PEPS, and also e = AUS = 2, therefore &c. 
For the hyperbola tako diference instead of sum. 
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1164 CS? = AC* —BC? in the ellipse. 
[For BS = AC, by (1163), 
CS = AC?-- BC? in the hyperbola. 


[By assuming BC. Seo (1176). 


1165 BC? = SL.AC. 
Proor.—(Figs. of 1162) SL: SX = 08:04, (1151, 1168) 
Sie AO= US. SX = CS(CK ~ CS) = 032 CS? (1102) = DOT (1101). 


1166 Ifa right line through P, Q, two points on the conic, 
meets the directrix in Z, then SZ bisects the angle QSR. 
i 


Z 
Proor.—By similar triangles, ZP : ZQ = MP : NQ = SP : SQ (1151), 
therefore by (VI. A.) 
1167 If PZ be a tangent at P, then PSZ and PSZ aro 


right angles. 
Proor.—Make Q coincide with P in the last theorem. 


1168 ‘The tangent makes equal angles with the focal dis- 
tanees. 

Proor.—In (1166), PS : PS = PM : PMW’ (1151) = PZ P2; therefore; 
when PQ becomes the tangent at P, 4 SPZ = SPZ, by (1167) and (VI. 7). 


1169 The tangents at the extremities of a focal chord inter- 
sect in the directrix. 

Proor.— (Figs. of 1166). Join ZR; then, if ZP is a tangent, ZR is also, 
for (1167) proves RSZ to be a right angle. 


1170 ON. CT = MC. 
. TS PS’ PM’ NX’ 
.— - j= = -—-— .9, A.) == 5155 — a 
Proor.—(Figs. 1171.) TS PS (VI.3, A.) PM (1151) NY! 
TS+TS | NX -NX GT _ QCN 


therefore or 


1S NENE WS eO” 
therefore ON. CT 2-08. 2 = AC. (1162) 
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1171 If 2G be the normal, 
GSE PSE GS e 


Proor.—By (1168) and (VI. 3, A.), 
GS — CS ES GS'-GS _ 208 
PS PS PS+PS 2CA 
But, for the hyperbola, change plus to minus. 


=e. (1162) 


1179 The subnormal and the abscissa are as the squares of 
the axes, or NGC NC = BC VAC. 


Proor.— (Figs. 1171.) Exactly as in (1170), taking the normal instead 
CG ON ON COENA 

m c. 24. ——— m ———um—— da 1162 9 
OS OX’ CC mets "OS ( ) 
ON CG QUSS S: NG DO: 


1 " NG _ Pb lod. 
N dg n = ag (eH 


of the tangent, we obtain 


1173 The tangents at P and Q, the corresponding points on 
the ellipse and auxiliary cirele, mect the axis in the same point 
T. But in the hyperbola, the ordinate TQ of the circle being 
drawn, the tangent at Q cuts the axis in N. 


—— S 
A 


T MAEV 


Proor.—For the ellipse: Join TQ. Then CN. CT = CQ? (1170); therc- 
fore CQT is a right angle (VI. 8); therefore QT is a tangent. 
For the hyperbola: Interchange N and T. 
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1174 PN. OW = BC. AC. 

Proor.--( Figs. 1173). MG ONT = PN^, and GN.N7=QN*. (VI. 8) 
Therefore NG : NC = PN? : QN? ; therefore, by (1172). 

This proposition is equivalent to (1159), and shows that an ellipse is the 
orthogonal projection of a eircle equal to the auxiliary circle. 
1175 Cor.—The area of the ellipse is to that of the auxiliary 
circle as BC: aC (1089). 


1176 PN:: AN. NA = BC? : ACA, 

Proor.— By (117-4), since QN? = AN. NA’ (III. 35, 56). An independ- 
ent proof of this theorem is given in (1156). The ponstouction TOR DC in 
the hyperbola in (1164) is thus verified. 


1177 eor BC’: 
Proor.—(Figs. 1173.) 

Ct LN Cn. Ct PNG PN? xe TN? 

- = =~ n ———— H = WIS or o9 

Ce NU CN DI CNET aqu y 15 A NC DE 
Therefore, by (1170) and (1176), Cn. Ct : HE = LŒ : AC. 


1178 If SY, S'Y' are the perpendiculars on the tangent, 
then Y, Y' are points on the auxiliary circle, and 


BM SE =e”. 


Proor.—Let PS meet SY in W. Then PS=PIW (1168). Therefore 
SW= dal’ (1163). Also, SY = YW, and SC S= CS. Therefore CY — AS W 
= 4C. Similarly CY — AC. Therefore Y, Y" are on the circle. 

Ilence ZY" is a diameter (IIL. 31), and therefore 5Z = SY", by S 
triangles; therefore SY.87 = sl. eit (III. 35,85) = ON? 2 Ce (1I. 5 
= AC (110+). 

1179 Corn.—If CE be drawn parallel to the tangent at 7, 
then LE = CI = Si. 


1180 Prorrem.—To draw tangents from any point O to an 
ellipse or hyperbola. 


Construction.—(Figs. 1181.) Describe two circles, one with centre O and 
radius OS, and another with centre 5' and radius = .1.l', intersecting in M, 
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M. Join MS’, M'S’. These lines will intersect the curve in P, P", tho 
points of contact. For another method seo (1201). 

Proor.—By (1163), PS’+ PS = AA’ = S'M by construction. There- 
fore PS = PM, therefore Z OPS = OPM (1. 8), therefore OP is a tangent 
by (1165). 

Similarly P'S = PM, and OP is a tangent. 


1181 The tangents OP, OP subtend equal angles at either 
focus. 


i 


Proor.—The angles OSP, OS?" are respectively equal to OMP, OM P^, 
by (I. 8), as above; and these last angles are equal, by the triangles OSM, 
OS'M', and (1. 8. Similarly at the other focus. 


Asymptotic Properties of the Hiyperbola. 


1189 Der.— The asymptotes of the hyperbola are the 
diagonals of the rectangle formed by tangents at the vertices 
ALA B. n. 

1183 If the ordinates RN, RM from any point f on an 
asymptote cut the hyperbola and its conjugate in P, I", D, De 
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———— 


then either of the following pairs of equations will define both 
the branches of each curve— 


RN'— PN? = BC? = P'NS— RN? .............(1), 
RM?— DM: 2 AC? = DIP RIP 


Pnoor.— Firstly, to prove (1): By proportion from the similar triangles 


RNC, OAC, wo havo a = a = "S 5 ph: 

by (1176), since AN.NM = ON". By (II. 6) 

Therefore Lie LE = S by the theorem (69) ; 
AC! AC- 

therefore KA TN = BE. 

Also, by (1176), applied to the conjugate hyperbola, the axes being now 
reversed, —— = s = A by similar triangles; 
therefore P'UN'—-DhO = RN? or PUN'—RN*C DO. 

Secondly, to prove (2): By proportion from the triangles RMC, OBC, we 
= Ri? AC pM 


Ga DO  oim- nc" 
by (1176), applied to the conjugate hyperbola, for in this case we should 


have BPM. MT = GiP— BC. 
Therefore RM— DM = Ag’. thereforo R31? — DM? = AC*, 
bc? bc 
Also, by (1176), since CM, D'M are equal to the coordinates of D, 
CAP sm B” CM? by similar triangles; 
Im- mW mun 7 d 


therefore DAM!—AC€4-2 RM? or DWP RM = AC. 


1184 Cor. 1.—If the same ordinates RN, LM meet tho 
other asymptote in r and v’, then 


PRI: eB" and DR Pr =A (11. 5) 


1185 Con. 2.—As fè recedes from C, Pr and DR con- 
tinually diminish. Hence the curves continually approach 
the asymptote. 


1186 If XE be the direetriz, GE = AG. 
Proor.— 09: CO 0%: Cu = CUN: CS and CS=CO. (1164) 


1187 PD is parallel to the asymptote. 

INE I RN? T 

me AG?) Ae- NE p 

Therefore RN : PN = RM : DM; a onis by (WI. 3). 
21 


Proor.— 


(1183) = 69). 
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1188 The segments of any right line between the curve and 
the asymptote are equal, or QR = qr. 


LÀ 


UL 


^ 
` 


d 


rT “ 
u. 
Pnoor.— UR QU = gih S ae, Compound the ratios, 
and Qr : Qu — qr :qu 3° and employ (1184). 


1189 Cor. 1.—PL = Pl and QV — qV. 
1190 Con. 2.—CH = HL. Because PD is parallel to IC. 
(1187) 


mol Of. Or] PD -RHnVy:—Qpy?Qp-—Im 
Proor.— Qh: QU — PL: E Compound theratios. Therefore, by (1184), - 


and Or Om = Pi ye On. Or = Pi PE CUu 
1192 APH PK = CS 

lees IPH B IPIE = CO S > Ss DHIDPKR:IPEIDe 0m 
and IPI S JP = Cm 3 Ob 


= CS? : 4BC?; therefore, by (1184). 


Joint Properties of the Ellipse aud Hyperbola resumed. 


If PCP" be a diameter, and QV an ordinate parallel to the 
conjugate diameter CY) (Figs. 1195 and 1188). 


1193 QW*; PV ER = Cp: CT. 


This is the fundamental equation of tho conie, equation (1176) being the 
most important form of it. 
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Otherwise : 
In the ellipse, OV: gy —qy* = CD GP’. 
In the hyperbola, QJ? : CV?—CP? = CD’: CP; 
and OR: cy PCP = OP. OR. 


Pnoor.—( Ellipse. Fig. 1195.)—By orthogonal projection from a circlo. 
If C, P, P, D, Q, V are the projections of c, p, p, d, 4, v on the circle; 
qv? = pe.vp and cd? = cp*. Tho proportion is therefore truo in tho case of 
the circle. Therefore &c., by (1088). 

(Iyperbola. Fig. 1188)— 

Ce ye? «p prm O o OM 


LU Ll = a ae See | 
CP a ue Ce CERI (WEB. PE or CVi+ GE ( ) 


1194 The parallelogram formed by tangents at the extremi- 
ties of conjugate diameters is of constant area, and therefore, 
PE’ being perpendicular to CD (Figs. 1195), 
TI CD = AC EC. 
Pnoor.—(Ellipse.)—Dy orthogonal projection from the circle (1089). 


(JIyperbola. Fig. 1188.) — CL. Cl = 4PH . PK = CO. Co (1192); there- 
fore, by (VI. 15), NEC? = OCo = AC. DC. 


If PP intersects the axes in G and €, 
1195 Ir eG noo FF TPC = mice. 


Pnuoor— PF.PG=PK.PN=Ca.Ct = BO? (1177) Similarly for 
PEPE. e 


ioe Com— £e BE = CD FTI. By (1194) 
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1198 The diameter bisects all chords parallel to the tangent 
at its extremity. 

Proor.— (Ellipse. Fig. 1195.)—By projection from the circle (1088) 
QV = VQ. (Hyperbola.) By (1189.) 

1199 Cor. 1.—The tangents at the extremities of any chord 
meet on the diameter which bisects it. 

Proor.—The secants drawn through the extremities of two parallel chords 

meet on the diameter which bisects them (VI. 4), and the tangents are the 
limiting positions of the secants when the parallel chords coincide. 
1200 Cor. 2.—If the tangents from a point are equal, the 
diameter through the point must be a principal axis. (I. 8) 
1901 Cor. 3.— The chords joining any point Q on the curve 
with the extremities of a diameter PP’, are parallel to con- 
jugate diameters, and are called supplemental chords. 


For the diameter bisecting PQ is parallel to P'Q (VI. 2). Similarly the 
diameter bisecting P'Q is parallel to PQ. 


1202 Diameters are mutually conjugate; If CD be parallel 
to the tangent at P, CP will be parallel to the tangent at D. 


Proor.—(Ellipse. Fig. 1205.)—By projection from the circle (1088). 

Nore.—Observe that, if the ellipse in the figure with its ordinates and 
tangents be turned about the axis Tt through the angle cos"! (BO + AC), it 
becomes the projection of the auxiliary circle with its corresponding ordinates 
and tangents. 

(Hyperbola. Fig. 1188.)—By (1187, 1189) the tangents at P, D meet the 
asymptotes in the same point L. Therefore they are parallel to CD, CPN 32 


If QT be the tangent at Q, and QV the ordinate parallel 
to the tangent at any other point P, 


1203 CV CTET. 


Proor.—CR bisects PQ (1199). Therefore PW is parallel to QR. 
Therefore, by (VI. 2), CV: CP = CW:CR-CP:CT. 


r2 
m 
er 
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1204 Cor. —Hence, to draw two tangents from a point 7; we may find 
CY trom the above equation, and draw QV parallel to the tangent at Pato 
determine the points of contact Q, K. 


Let PN, DN be the ordinates at the extremitics of con- 
jugate diameters, and P7 the tangent at P. Let the ordinates 
at N and # in the ellipse, but at T and C in the hyperbola, 
meet the auxiliary circle in p and d; then 


1205 UN = dk, Ch =9N. 


Pnoor.—( Ellipse.) Cp, Cd are parallel to the tangents at d and p (Note to 
1202). Therefore pCd is a right angle. Therefore pNC, Chd are equal 
right-angled triangles with CN — dit and Cli —pN. 

(Hyperbola.) QNOD NOCH 
and PIECUS ODT =2ODP = AGC (1194). 

Gy dae. pv ON DR | GR 


"EUN 175, 4 aui > 
DR m PN ( ); aN PN” TN (similar triangles). 
LEN yee) CREN. A aC a tha) A 
P N i N 


angles CpN, dOR are equal and similar; therefore CN = dh and dR is 
parallel to pN. 
1206 Cor.— DR : di = BC: AC. 

Proor.—( Ellipse.) Dy (1174). (IIyperbola.) By the similar right-angled 
triangles, we have dil: pN — CH: TN — DR: PN; 
thereforo Wig SN DN— AC: BC QM. 


In the same figures, 
1207  (Hilipse.) ÜN*--CE^ = AG? ; DIP--PN* = JG* 
1909 (Hyperbola.) CN?— CIC = AC; DIC—PN? = BC", 


Proor.—Firstly, from the right-angled triangle CNp in which pN = CE 
(1205). 

Secondly, | In the ellipse, by (1174), DIP-- PN! : df! +p’ = BCO: AC, 
and di? +pN*=AC*, by (1205). For the hyperbola, take difference of squares. 
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1911 (Zllipse.) OP- CD AC? pe. 
1212  (Ilyperbola.) CP?^—CD* = AC?— BC’. 


Proor.— (Figs. 1905.) By (1205—1210) and (I. 47), applied to the 
triangles CNP, CRD. 


The product of the focal distances is equal to the square 
of the semi-conjugate diameter, or 
1213 PSPS OE 

Pnoor,— (Ellipse. Fig. 1171) 2PS. PY = (PS + PS) — PS'— Ps? 
= 4401 —908 —9CP* (922, i.) = 2(AC?+ BO — CI) (1164) = 20D (1211). 

(IIyperbola.)—Similarly with 2PS. PS = PS'--PS?—(PS'—PSy = &e. 


1914 The products of the segments of intersecting chords 
QOq, Q'Oq' are in the ratio of the squares of the diameters 
parallel to them, or 
0Q.0q : OQ’. Og = CD’: CD”. 
Proor.—( Ellipse.) By projection from the circle (1088) ; for the propor- 
tion is true for the cirele, by (IIL. 35, 36). 
(Hyperbola. Fig. 1188.) Let O be any point on Qq. Draw [0% parallel 


to Ee, meeting the asymptotes in / and 7; then 


OR. or- 00 0 = OR. Or (1.5) =P (eles (1). 
OR _ PL o PI OR o PE Gh ee 
—— = -——— —— == —_3; .. o—— = : = =; 1184). 
or ie c OT GP Baap ne (Hep 
ere re Mee Ore D. Od- Or  — CI 


or. oie — Bor? Ys oF oi po Boy 
Similarly for any other chord Q'Og drawn through O. 
Therefore UO Oy OY a O = COF g ONDES 
1915 Cor.—The tangents from any point to the curve aro 
in the ratio of the diameters parallel to them. 


For, when O is without the curve and the chords become tangents, each 
product of segments becomes the square of a tangent. 


1216 If from any point Q on a tangent PT drawn to any 
conie (Fig. 1220), two perpendiculars (Qt, OL be drawn to the 
focal distance PS and the directrix XM respectively; then 
SK IT, =w 
Proor.—Since QR is parallel to ZS (1167), therefore, by (VI. 2), 
SR:PS-2QZ:PZ-QL:PM; 
therefore e e Op = JPS EN =e: 


Cor.—By applying the theorem to cach of the tangents from Q, a proof 
of (1181) is obtaincd. 


THE ELLIPSE AND HYPERDOLA. 


t2 
Zi 


191"7 The Director Cirele.—'The locus of the point of inter- 
section, T', of two tangents always at right angles is a circle 
called the Director Circle. 


Proor.—Perpendiculars from S, S' to the tangents meet them in points 
Y, Z, Y, Z', which lie on the auxiliary circle. Therefore, by (II. 5, 6) and 


(111.85, 36), T( AC — TZ.T2 — SY. OP en. 4 (1178) 
Therefore TO = AC+DBC, a constant value. 


Note.—Theorems (1170), (1177), and (1203) may also be deduced 
at once for the ellipse by orthogonal projection from the circle; and, in all 
such eases, the analogous property of the hyperbola may be obtained by a 
similar projection from the rectangular hyperbola if the property has already 
been demonstrated for the latter curve. 


1918 If the points A, S (Fig. 1162) be fixed, while @ is 
moved to an infinite distanee, the conie becomes a parabola. 
]Ience, any relation which j^ been established for parts of 
the curve which remain finite, when 4C thus becomes infinite, 
will be a property of the parabola. 


1219 Theorems relating to the ellipse may generally be 
adapted to the parabola by eliminating. the quantities whieh 
become infinite, employi ing the prineiple that. finite differences 
may be neylected in Conan ring the ratios of infinite quantities, 


ExaMPLE.—In (1192), when 7" is at infinity, V7" becomes = 2C; and 
in (1213) PS’ becomes = 2¢°P, Thus the equations become 
XC 2c P fal al 
= d MS 
m we 2CP 
Therefore QV? = 4PS.PV in tho parabola. 


248 GEOMETRICAL CONICS. 


THE PAAR OLA. 


If S be the focus, AM 
the directrix, and P’ any point 
on the curve, the defining pro- 
perty is 


1990. PS= PM 
and e = I. (153) 7 


1991 Hence 
AX — AS. 


1222 The Latus Rectum = 4485. 
Pnoor.— SL = SN (220) = 225. 


1993 If PZ bea tangent at P, meeting the directrix in Z, 
then PSZ is a right angle. 


Proor.—As in (1167) ; theorem (1166) applying equally to the parabola. 


1994 The tangent at P bisects the angles SPM, SAM. 


Pnoor.—PZ is common to the triangles PSZ, PMZ; PS = PM and 
Ze = PMA (1925. 


1225 Cor.— of = si 9t (1, 29, 6} 


1226 The tangents at the extremities of a focal chord PQ 
intersect at right angles in the directrix. 
Proor.—(i.) They interseet in the directrix, as in (1169). 


(ii.) They bisect the angles SZM, SZM' (1224), and therefore include a 
right angle. 


1227 The curve bisects the sub-tangent. AN = AT. 
Proor.— Sf= SP (1295) — PM — XN, and AX= MS. 


1998 ‘The sub-normal is half the latus rectum. NG = 2458. 
Proor.—ST = SP = SG and TX = SN (1227). Subtract. 


TIE PARABOLA. 2049 


1229 PN'-—WAS.ALN. 
Proon PES TNN, (V1.8) = AN. SNE (1227) =a . LN (1283). 
Otherwise, by (1176) and (1165) ; making A( infinite, Sce (1219). 


1930 The tangents at A and P each bisect SM, tho latter 
bisecting it at right angles. 
Proor.—(i.) Tho tangent at A, by (WI. 2), since “LY = AS. 


Gi.) PT bisects SM at right angles, by (I. 4), since PS = PM and 
LP — py. 


1231 Con SAe SF: SP. [By similar triangles. 


1232 To draw tangents from a point O to the parabola. 


Constroction.— Deseribe a circle, centre 
O and radius OS, cutting the direetrix in 
M, M'. Draw MQ, M Q' parallel to the axis, 
meeting the parabola in Q, Q. Then OQ, 
OQ will be tangents. 

Proor.— OS, SQ = OM, MQ (1220); 
therefore, by (I. 8), 4 OQS = OQM ; there- 
fore OQ is a tangent (1221). Similarly 
OQ' is a tangent. 

Otherwise, by (1181). When 5 moves 
to infinity, the circle MM’ becomes the 
directrix. 


1933 Cor. 1.— The triangles SQO, SOQ’ are similar, and 
SOE SO "SO. 
Proor.— £8Q0 = NQO = SMM’ = SOQ. (IIL. 20) 
Similarly SQ'O = SOQ. 


1234 Cor. 2—The tangents at two points subtend equal 
angles at the focus; and they contain an angle equal to half 
the exterior angle between the focal distances of the points. 


Proor.— LOSQ STOSO. by (Cor). 
Also ZQ0Q' = SOQ4+S8Q0 = r—OSQ = QAS. 


1935 Der.—Any line parallel to the axis of a parabola is 
called a diameter. 
1236 The chord of contact QQ’ of tangents from any point 
O is bisected by the diameter through O. 

Proor.—This proposition and the corollaries are included in (1193-1200), 
by the principle in (1218). An independent proof is as follows. 


L3 - 
MN 
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The construction being as in (1232), 
we haye ZM = ZM'; therefore QV— VQ 
(VL 2). 

1237 Cor. 1.— The tangent 
Ri’ at P is parallel to QQ’; and 
ORS Py. 

Proor.— Draw the diameter AW. 
QW= WP; therefore QR = KRO (VI. 2). 
Similarly QU = KO. 

1938 Cor. 2.—Hence, the dia- 
meter through P bisects all chords parallel to the tangent at P. 


If QV be a semi-chord parallel to the tangent at P, 
1239 OV =4PS Ik 


This is the fundamental equation of 
the parabola, equation (1229) being the 
most important form of it. 

Proor.—Let QO meet the axis in T. 
By similar triangles (1231), 

2 DIKE = SOR = SIO = POR: 
and Z SPR= OPR (1224). Therefore 
PR= PS.PO = PS.PV and RQV =2PR. * 

Otherwise: See (1219), where the 
equation is deduced from (1193) of the 
ellipse. 


1240 Cor. 1.—If v be any other point, either within or 
without the curve, on the chord QQ', and pv the corresponding 


diameter, vQ.vQ' = 4pS . pr. (IL 5) 
1241 Cor. 2.—The focal chord parallel to the diameter 


through P, and called the parameter of that diameter, is equal 
to 4SP. For PV in this case is equal to PS. 


1242 The products of the segments of intersecting chords, 
(40q, Q'Oq', ave in the ratio of the parameters of the diameters 
which bisect the chords; or 
0Q.0q¢: 00,097 =S : PS. 
Proor.—By (1240), the ratio is equal to 4PS.pO : 4P'S. pO. 
: : A LD aS lee a 
Bee: In the ellinse (1214), the ratio is = rra = ys s (1213) 


Ps when S'is at infinity and the curve becomes a parabola (1219). 
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1943  Con.—'The squares of the tangents to a parabola from 
any point are as the focal distances of the points of contact. 


Proor.—As in (1215). Otherwise, by (1233) and (VI. 19). 


1944 ‘The area of the parabola cut off by any chord QQ" is 
two-thirds of the circumscribed parallelogram, or of the tri- 
angle formed by the chord and the tangents at Q, (V. 


Pnoor.—Through Q, q, q^, &e., adjacent points 
on tho curve, draw right lines parallel to the 
diameter and tangent at P. Let tho secant Qg 
cut the diameter in O. Then, when q coincides 
with Q, so that Q4 becomes a tangent, we have 
OP = PV (1237). Therefore the parallelogram 
Vq = 2Uq, by (1.48), applied to the parallelogram 
of which OQ is the diagonal. Similarly vq = 2uy, 
&e. Therefore the sum of all the evanescent par- 
allelograms on one side of PQ is equal to twice 
the corresponding sum on the other side; and 
these sums are respectively equal to the areas 
PRV, PQU.—(Nrw10s, Sect. I., Lem. II.) 


Practical methods of constructing the Conic. 


1245 To draw the Ellipse. 


Fix two pins at S, S' (Fig. 1162). Place over them a loop of thread 
having a perimeter SPS’ = SY +A. A pencil point moved so as to keep 
the thread stretehed will describe the ellipse, by (1163). 


1246 Otherwise.—(Vig. 1173.) Draw PHK parallel to QC, cutting tho 
axes in M, K. PK = AC and PH = DO (1174). Hence, if a ruler PHK 
moves so that the points /1, IX slide along the axes, P will describe the ellipse. 


1247 To draw the Hyperbola. 


Make the pin S' (Fig. 1162) servo as a pivot for ono end of a bar of any 
convenient length. To the free end of the bar attach one end of a thread 
whose length is less than that of the bar by .1.4’; and fasten the other end of 
the thread to the pin S. A pencil point moved so as to keep the thread 
stretched, and touching the bar, will deseribe the hyperbola, by (1163). 


1248 Otherwise :—Lay off any scale of equal parts along both asymptotes 
(Vig. 1188), starting and numbering the divisions from C, in both positive 
and negative directions. 

Join every pair of points L, l, the product of whose distances from C is 
the same, and a series of tangents will be formed (1102) which will define 
the hyperbola. See also (1289). 
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1249 To draw the Parabola. 


Proceed as in (1247), with this difference: let the end of the bar, before 
attached to S’, terminate ina “T-square,” and be made to slide along the 
directrix (Fig. 1220), taking the string and bar of the same length. 


1250 Otherwise: —Make the same construction as in (1248), and join 
every pair of points, the algebraic sum of whose distances from the zero 
point of division is the same. 


Proor.—If the two equal tangents from any point T on the axis (Fig. 
1239) be cut by a third tangent in the points K, r; then RQ may be proved 
equal to rT, by (1233), proving the triangles SQ, SrT equal in all respects. 


1251 Cor.—tThe triangle SRr is always similar to the isosceles triangle 
SQT. 


1252 To find the axes and centre of a given central conic. 


(i.) Draw a right line through the centres of two parallel chords. This 
line is a diameter, by (1198); and two diameters so found will intersect in 
the centre of the conic. 

Gii.) Describe a circle having for its diameter any diameter PP’ of the 
conic, and let the circle cut the curve in Q. Then PQ, P'Q are parallel to 
the axes, by (1201) and (III. 31). 


1253 Given two conjugate diameters, CP, CD, in position 
and magnitude: to construct the conic. 


On CP take PZ = OD? + CP; measuring ae, 


- ~ 


from C in the ellipse, and towards C in the 
hyperbola (Fig. 1188). A circle described 
through the points C, Z, and having its 
centre O on the tangent at P, will cut the 
tangent in the points where it is intersected 
by the axes. 


Proor.—Analysis: Let AC, BC cut the 
tangent at P in T, t. The circle whose 
diameter is Tt will pass through C (III. 31), 
and will make 


OP.PZ=PT. Pt(IUL 35,36) = OD? (1197). 


Hence the construction. 


Circle and Radius of Curvature. 
1254 Deriwitions.—The circle which has the same tangent 
with a curve at P (Fig. 1259), and which passes through 
another point Q on the curve, becomes the circle of curvature 
when Q ultimately coincides with P’; and its radius becomes 
the radius of curvature. 
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1955 Otherwise.—The cirele of eurcature is the circle which 
passes through three coincident points on the curve at P. 
1256 <Any chord PH of the circle of curvature is called a 
chord of curvature at P. 

1257 Through Q draw RQ’ parallel to PIM, mecting tho 
tangent at P in ZZ, aud the cirele in Q’, and draw QV parallel 
to PR. RQ is called a subtense of the are PQ. 


1958 Treorew.—Any chord of curvature PZ is equal to 

the ultimate value of the square of the are PQ divided by the 

subtense RQ parallel to the chord: and this is also equal to 
QV* — PV. 


Proor.—RQ = RP'—RQ (III. 36). And when Q moves up to P, RQ’ 
becomes PIT; and RP, PQ, and QV become equal because coincident lines. 


1959 In the ellipse or hyperbola, the semi-chords of cur- 
vature at 7, measured along the diameter PC, the normal 
PF, and the focal distance PS, are respectively equal to 

CÈ Cb CD, 

pe PrF’ AC’ 
the second being the radius of curvature at P. 


26D" 
CP 


Proos.—(.) By (1258), PH = 87. = 17507 (198) = 
limit when FI” becomes PI’ = 2CP. 
(ii.) By the similar triangles PHU, PFC (HI. 31), we have 
PU ME = CP PH —mgmomo) 
(ii) By the similar triangles PIU, PFE (1168), we have 
PI. BPE = PU.PF = 2C, by Gi); and PE = AC (1179). 


in tho 
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1260 In the parabola, the chord of curvature at P (Fig. 
1259) drawn parallel to the axis, and the one drawn through 
the focus, are each equal to 4S, the parameter of the dia- 
meter at P (1241). 


Proor.—By (1258). The chord parallel to the axis = QV?+PV=4PS 
(1239); and the two chords are equal because they make equal angles with 
the diameter of the circle of curvature. 


1261 Cor.—The radius of curvature of the parabola at P 
(Fig. 1220) is equal to 2SP* + SY. . 
Proor.—(Fig. 1259.) }PU = }PI sec IPU = 28P sec PSY (Fig. 1221). 


1262 The products of the segments of intersecting chords 
are as the squares of the tangents parallel to them (1214-15), 
(1242-43). 


1963 The common chords of a circle and conic (Fig. 1264) 
are equally inclined to the axis; and conversely, if two chords 
of a conic are equally inclined to the axis, their extremities 
are concyclic. 


Proor.—The products of the segments of the chords being equal (III. 
35, 36), the tangents parallel to them are equal (1262). Therefore, by (1200). 


1264 The common chord of any conic and of the circle of 
curvature at a point P, has the 
same inclination to tho axis as 
the tangent at P. 


Proor.—Draw any chord Qq parallel 
to the tangent at P. The circle circum- 
scribing PQq always passes through the 
same point p (1263), and does so, there- 
fore, when Qg moves up to P, and the 
circle becomes the circle of curvature. 


1965 Prosiem.—To find the centre of curvature at any given 
point of a conic. 
First Method. —(Vig. 1264.) Draw a chord from the point making the 


same angle with the axis as the tangent. The perpendicular bisector of the 
chord will mect the normal in the centre of curvature, by (126-4) and (LI. 3). 


1266 Second Method.—Draw the normal PG and a perpendicular to it 
from (/, meeting either of the focal distances in Q. Then a perpendicular to 
the foeal distanco drawn from Q will meet the normal in O, the centre of 
curvature. 
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Proor.—( Ellipse or HTyperbola.) By (1259), 


the radius of eurvature at P 


aW QUU. 
E n 195 9. 
PP Ae PENDS) = a Lp PG (1194) 
=I) seco. 
lor JU = Di (by LL«0). 


(Parabola.) By (1201). The radius of curvature 
= LSM SY = ISE see SEC = EO. 
Hor 2s? = RQ because SP = Sir (1125). 


Miseellaneous Theorems. 


196" In the Parabola (Fig. 1239) let QD be drawn perpendieular to PT, 
then QD = 445 77. (1901; 19595 
1968 Let RPR be any third tangent meeting tho tangents OQ, OQ in 
I ht’; the triangles SQO, Silt’, SOQ are similar and similarly divided by 
SR, SD, SIY (1233-1). 


1969 Cor— OR.OR = RQ.RqQ. 

1970 Also, the triangle PQQ = 20RR. (1244) 
With the same construction and for any conic, 

1271 0Q: OQ = RQ. RP : YQ . PR. (1215, 1943) 

1272 Also the angle RSR = 1QSQ. (1181) 


ence, in the Parabola, the points O, R, 5, Ij are concyclic, 291). 
1273 Hence, in the Parabola, the points O, R, S, I yclic, by (1234 


1274 In any conic (Figs. E: BUE g OI = AN g AVi, 
se _ BP CN = 
= c e = 2. (Qui = 69 
Proor wp T UR (69, 1163) = T zO = A E J- 
1275  Con.—If the tangent PT meets the tangent at A in R, then SR 
bisects the angle PST (VI. 3). 


1276 In Figs. (1178), SY’, S'Y both bisect the normal PG. 
192 The perpendicular from S to PG meets it in CY. 


1278 If CD be the radius conjugate to CP, the perpendicular from D 
upon CY is equal to DC. 


1979 SY and CP intersect in the directrix. 


1280 If every ordinate PN of the eonic (Figs. 1205) be turned round N 
in the plane of the figure, through the same angle J’NJ”, the locus of P is 
also a eonie, by (1193). The auxiliary circle then becomes an ellipse, of 
which AC and BO produced are the equi-conjugate diameters. 

If the entire fignres be thus deformed, the points on the axis AA’ remain 
fixed while PN, DR describe the samo angle. Hence CD remains paraliel to 
Te? AGL are therefore still conjugate to each other. 


to 
or 
(ep) 
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Hence, the relations in (1205-6) still subsist when CA, CB are any con- 
jugate radii. "Thus universally, 


1281 PN: OR = DRON or Pigg — DE ON 
1282 If the tangent at P meets any pair of conjugate diameters in T, T", 
then PT.PT is constant and equal to CD’. 


Proor.—Let CA, CB (Figs. 1205) be the conjugate radii, the figures 
being deformed throngh any angle. By similar triangles, 


ae 2 e z ye ; or | , therefore PT PT o IPN o ON = CD DIDA 


Therefore PrP = Um by spy. 
1283 Ifthe tangent at P meets any pair of parallel tangents in T, 7’, 
then PT. PT’ = CD’, where CD is conjugate to CP. 


Proor.—Let the parallel tangents touch in the points Q, Q’. Join PQ, 
PQ, CT, CT’. Then CT, CT’ are conjugate diameters (1199, 1201). There- 
ore IPIK IPIN IP 989), 


1984 Cor—QT.QT = CD?, where CD is the radius parallel to QT. 


1285 To draw two conjugate diameters of a conic to include a given 
angle. Proceed as in (1252 ii.), making PP’ in this case the chord of the 
segment of a circle containing the given angle (III. 33). 


1286 The focal distance of a point P on any conic is equal to the length 
QN intercepted on the ordinate through P between the axis and the tangent 
at the extremity of the latus rectum. 


Proor.—(Fig. 1220). QN: NX =LS:SX =e and SP: NX =e. 
1287 In the hyperbola (Fig. 1188). CO: C4-—^e - (1162, 1164). 


If a right line PAK’ be drawn parallel to the asymptote CR, cutting tho 
one directrix X E in K and the other in A’; then 


1288 sP=PK=e.0N—AC; SP=PK =e.CN+A0. 
Proor.—From Cli = e.CN (1287) and CE = AC (1186). 
1289 Cor—Hence the hyperbola may be drawn mechanically by the 


method of (1249) by merely tixing the cross-piece of the T-square at an 
angle with the bar equal to BCO. 


1290 Dertnit1ioy.—Confocal conics are conics which have the same foci. 


1291 The tangents drawn to any conic from a point T on a confocal conic 
2 y P 
make equal angles with the tangent at T. 
Proor.—(Fig. 1217.) Let T be the point on the confocal conic. 
ROE BA cd cce mee CITS 
Therefore ST and S'T' make equal angles with the tangents TP, TQ; and 


they also make equal angles with the tangent to tho confocal at T' (1168), 
therefore &c. 


1292 In the construction of (1253), PZ is equal to half the chord of 
curvature at P drawn through the centre C (1259). 


DIFPERENTIAL CALCULUS. 


INTRODUCTION. 


1400 Functions —A quantity which depends for its value 
upon another quantity a is called a funetion of x Thus, sin, 
log x, a?, @+ar+a* are all functions of x. The notation 
y = f (v) expresses generally that y is a function of w. y= sinc 
is a particular function. 


1401 f(x) is called a continuous function between assigned 
limits, when an indefinitely small change in the value of v 
always produces an indefinitely small change in the value of 
f) 

A transcendental function is one which is not pur ly 
algebraical, such as the exponential, logarithmic, and circul r 
functions a*, logz, sing, cosa, &c. 

If f(e) =f(—2), the function is called an even function. 
If f(x) — —f(—«), it is called an odd function. 


Thus, 2° and cosx are even functions, while 2? and sin x are odd functions 
of z; the latter, but not the former, being altered in value by changing the 
sign of v. 


1402 Differential Cocfficient or Devivative.—Lct y be any 
function of æ denoted by f(r), such that any change in the 
value of x causes a definite change in the value of y; then æ 
is called the independent variable, and y the dependent variable, 
Let an indefinitely small change in v, denoted by de, produce 
a corresponding small change dy in y; then the ratio X, in 
the limit when both dy and d» are vanishing, is called the 
differential coefficient, ov derivative, of y with respect 
to w. 
DE 
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1403 Treornru.—The ratio dy: d» is definite for each value 
of a, and generally different for different values. 


Pnoor.— Let an abscissa ON b, 
(Defs. 1160) be measured from O 
equal to a, and a perpendicular or- 2 
dinate NP equal toy. Then, what- 7 fh 
ever may be the fori of the function S 
y = f(x), as x varies, the locus of 
P wil be some liue PQL. Let 
OM = x’, MQ = y' be values of æ 
and y near to the former values. 77 T Ó N M 
Let the straight line QP meet the ; 
axis in T; and when Q coincides with P, let the final direction of QP cut the 
axis in T". M 


Then es or = = Lu And, ultimately, when QS and SP vanish, 
they vanish in the ratio of PN: NT’. Therefore A= = = Re AT 
dx 


definite ratio at caeh point of the curve, but different at different points. 


1404 Let NM, the increment of v, be denoted by h; then, 
when Ah vanishes, oY ae er AC = f (x), 
dx ] 


a new function of., called also the first derived function. 
The process of finding its value is called differentiation. 


1405 Successive differentiation. —1£ et or f'(x) be differ- 
entiated with respect to v, the result is m second. differential 
coefficient of f (x), or the second. derived Junction; and so on 
to any number of differentiations. These successive functions 
may be represented in any of the three following systems of 
notation :— 

dy Cy d^y d'y du 

dè — da? — da? dip? — gage? 

Se), Qs S Qs f Q)s uses R ); 

Yrs Yous Yoxs Years 000000 MIN 


The operations of differentiating a function of x once, 
twice, or 7 times, are also indicated by prefixing the symbols 


à ¢ que or Nel (4 i (+ i) 
de da? 77 de de? Nd? 7 Ve” 


or, more concisely, 05 t esc iles 


* Sco note to (1487). 
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a a a a —— — ——À 


1406 If, after differentiating a function for r, » be made 
zero in the result, the value may be indicated im any of the 


: d T d 
following ways: ie TO), ve: ms ds. 


If any other constant a be substituted for æ in y,, the 
result may be indicated by. Yva. 


ee eee o7 ^ Gc —— 
1407 9 Infinitesimals and Differentials. — The evanescent 
quantities de, dy are called iufinifesimals ; and, with respect 
to » and y, they are called differentials. da’, Py are the second 
differentials of x and y; d?, dy the third, and so on. 

1408 The successive differentials of y are expressed in terms 
of de by the equations 

dy =f a) de d'y—f'(eyda^; &e., and Py —f"(v) da". 

Since /" (x) is the coefficient of d» in the value of dy, it has 
therefore been named the differential coefficient of y or Jf (e).* 
For similar reasons /" (æ) is ealled the second, and f” (e) tho 
n" differential coefficient of f(e), &c. 

1409 "Two infinitesimals aro of the same order when their 
ratio is neither zero nor iufinity. 

If d», dy are infinitesimals of the same order, de’, dy’, and 
dedy will be infinitesimals of the second order with respect to 
de, dy; do), do*dy, &e. will be of the third order, and so on. 

da, de, &c. are somctimes denoted by r, r, &c. 


1410 Lzwuwa.—In estimating the ratio of two quantities, any 
increment of either which is infinitely small in comparison 
with the quantities may be neglected. 

Hence the ratio of two infinitesimals of the same order is 
not affected by adding to or subtracting from either of them 
an infinitesimal of a higher order. 


dy— d _ d, di : : ; , 
ExawprLp,— YOE LC, dz = U for de is zero in comparison with 
ó de de le 


COL 
the ratio H, Thus, in Fig. (1403), putting PS = de, QS = dy; we havo 


ultimately, by (1258), QR = kde, whero k is a constant. Therefore 
PN | HS  dy—kd?, dy. d mese . 

Ae oe SE m in the limit, by the principle just enunciated; 
NI’ PS de de a i 
that is, QR vanishes in comparison with PS or QS even wh n those lines them- 
selves are infinitely small, 


* The name is slightly misleading, as it seems to imply that f'(x) isin 
some sense a coefficient of f(x). 


— +g 
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DIFFERENTIATION. 


DIFFERENTIATION OF A SUM, PRODUCT, AND QUOTIENT. 
Let u, v be functions of z, then 


1411 d (uv) _ du GA 


de do ^ dv 

d(ur) |. du dv 

1412 Wu a 
d fuj EU CL s 
1413 a z)7 (oe) 


Pnoor.—(i.) d(u+v) = (u+du+v+dv)—(u+v) = du+ dv. 
(i1.) d (uv) = (u+ du) (0+ dv) —w = vdu-rudv—dudv, 

and, by (1410), dudv disappears in the ultimate ratio to dz. 
Ges d () _ utdu  w _ vdu—udv 


* As 
therefore &c., by (1410) ; vdv vanishing in comparison with v’. 


v-dv v  (wtdv)v’ 


Hence, if u be a constant = c, 


1414 d (eu) _ , dv zu d ({)=-4 dv 


dx da do \v ve der 


DIFFERENTIATION OF A FUNCTION OF A FUNCTION. 
If y be a function of z, and z a function of a, 


1415 dy m. dy dz 


— ——— —— Á 
— es 


dx dz de 


Proor.— Since, in all cases, the change dw causes the change dz, and tho 
change dz causes the change dy ; therefore the change dz causes the change 
dy in the limit. 

Differentiating the above as a product, by (1412), the successive differ- 
ential coefficients of y can be formed. The first four are here subjoined for 
the sake of reference. Observe that (y.), = Yos2z 


1416 ys, S Yezo 

PA fen = Yak, FY: 

1418 Ja» = Ysa + Difesa Roe + Ys Rae 

1419 Jas = Yoo 4 On Ras Yoo (85, + 38558.) + Year 
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DIFFERENTIATION OF A COMPOSITE FUNCTION. 
If u and v be explicit functions of v, so that w= $ (v) and 


DL IF re dee 
1420 Nope 


de du dw dv 


Here dF in the first term on the right is the change in 
F(u, v) produced by du, the change in w; and df in the 
second term is the change produced by dv, so that the total 
change dF (u, v) may be written as in (1408) 

boi uS AP quA, a i 


du 


DIFFERENTIATION OF THE SIMPLE FUNCTIONS. 
Since 2p RD eh zu when k vanishes, we havo the 
(Le b 


following rule for finding its value: 
1491 Rore—Lzpand f(x+h) by some known theorem in 
ascending powers of h; subtract f(x); divide by h; aud tn 
the result put h equal to zero. 

The differential coefficients which follow are obtained by 
the rule and the theorems indicated. 


1422 m = i dy = Tues 
d.e 
sie f(athy—f(2) _ CR DL na h +O (n, 9) "hH 
í h ya À E h 
(195) = na"-!4- C (n, 2) 2" h+... = na", when h vanishes. 
1423 Cor.— 
d'y E d'y 
L -n(n—l)...(n—r-J1)2a"*. AASS 
div" ( ) ( ju da^ " 
di ] 
y = Toe, t; = = ———-. 
1424 J adi. t dv — wlog,a 
= X log, (e+h)—log.2 _ 1 L ( Abl 
Proor.—By (145), CECI; zucca TET "EE 1+ E us 


Expand the logarithm by (155). 


Put n =—1 in (1423) 
and r— n—1. 


ab Ce mes (Dm 


d." a” log a 
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1426 


Proor.— 


1427 


1428 
1429 


1430 
1431 
1432 
1433 
1434 


1436 


1438 


1440 


1441 
1442 


1443 


1444 


dy 
1 — a e . 
Y í dv 
Gp E E az (a^ —1) 
h h ; 
Go Ey 
i der” 
Function. Derivative. 
sin v. eos P. 
COS V. — gin a. 
tanv. sec? w. 
cot a. — eosec? a. 
see a. tan w see a. 
eosee a. — eot. coseca. 


sin! w 
-1 3 


tan`? 7 
cotiæ) ` 


sec! 


R 
cosee^! w. 


po S 
V(1—a")’ 
A 
1+27 

l 


zE 


d 


+ 7 e 


EXAMPLES. 
(A/a), = (a3), = tT? = 


Gs 


{(a+ 25)? (b 33)? ) = 3 (a a2)? Qe 
. = bx (a4-a?)* (b 4-29) (b Hast 22°). 


be (e = — ug"! = n 


— a loga: 


Expand a” by (149). 


a* (log, a)”. 


Method of Proof by Rule (1421) 
and Limits (753). 


Expand by (627, 629), and 
put l—cosh = 2 sin’ A 

Expand by (631), observing 
(1410). 

ae! : 
By cota = TU and(1415). 
By seor — ——, and (1415) 
cosg 

Similarly. 

if sins y psi 
therefore 


ae = cosy = V1—a"; 
à 


dy 
di 1 
therefore E. em p aid 


Similarly for the rest. 


(1422) 


PTS 


(1422) 


gv 


(b+2°)? +2 (bH) dx? (a +a?) 


(1412, °15, '92) 


Emm or I MGE ME T 


GE 


d, (log tan +Y = 2 log tane 


(c Trey 


(EHS 
(1413, 1426) 


L TE AE RU uns 
Č S 


in 22 
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Some dillerentiations are rendored easier by taking the logarithm of tho 
function. For example, 


ama 
1445 y= Ne therefore log y = } log (1—27) —2 log (14 27); 
l dy 1 -2x 2 2r 


} a 1 
ice y d» 3(l—2) EQF 
08 (9 58 So EN 
therefore dy =") =e) ; aa) = Te 2) E 
da l-z (1+2) (1—2)? 

1446 y = (sinz)*; thereforo log y = vlog sing ; 

1 o H x 5 1900 
therefore 7 y, = log sins + cosg; (1415, '24, '28) 
thereforo y, = (sin x)” (log sin æ +2 cot x). 


Otherwise, by (1420), y, = z (sina)'"'cosz--(sinz)'logsinz (1426) 
= (sin x} (z cot z-4-log sin a). 


e 


SUCCESSIVE DIFFERENTIATION. 


1460 Leibnitz’s Theorem.—1£f n be any integer, 


Wax = GRY iiy Rex C (n, 2) Y(n-2) x fh s] ae 
we FCO T) Wa-os Su conus 
Proor.—By Induction (233). Differentiato the two consecutivo terms 
C (ur) pae a + C (n, r41) Yarns esiz 
and fonr terms are obtained, tho second and third of which aro 


C (n, v) Yin-r z firelz p C (n, r 4-1) Yin-r)x z r+l)z 
= {C (n, r+ (n, r-1)] Yn-riz Ze = C (o1, r+ 1) y am z irea 
by (102). 
This is the general term of the series with » increased by unity. Similarly, 
by differentiating all the terms tho whole serios is reproduced with » in- 
creased by unity. 


DIFFERENTIAL COEFFICIENTS OF THE n^ ORDER. 
1461 (sin UX) ya =a” sin (av+ Sum). By Indnetion 
1462 (cos aw), = a” cos (uv Yu). and (Pia 


1463 (ci. = Tee, (1426) 
1464 (e Ynez =e (a+d,)" Y» 


where, in the expansion by the Binomial Theorem, d}y is to 
be replaced by Yp (1400, '63) 
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1465 (f" Gos bx), = v*e'* Os (bv -- n$), 
where a=rcosh and b= rsin $. 


Pnoor.—By Induction. Differentiating once more, we obtain 
1^ e"? (a cos (bz +n) —b siu (bz +no)} 
= q^*1e** (cos ¢ cos (bz -- no) —sin $ sin (bz -19)] 
= qe cos (bz +n +14). 
Thus v is increased by one. 


1466 (a log &)ar = |n—1 + v. (1460), (283) 
ir. Asse 1493 

MEI Ton (xay ut e 

1468 (tan e)n = (—1)** In—1 sin” 0 sinn, 

where 6 = cota. 


Proor.—By Induction. Differentiating again, we obtain (omitting the 


coefficient) 
(n sin" 0 cos 0 sin n6+ » cos n0 sin” 0) 0, 


= n sin"-! (sin nb cos 0-- cos n0 sin 0) (—sin* 0). 
Since, by (1437), 0,— —(142)'— —sin’ 0. 


Therefore (tan7!2) +12 = (—1)" |n sin^*! 0 sin (n+1) 0, 
n being increased by one. 


1469 (=) = (—1)" [n sin**? 8 sin (n-1) 6. (1436, 1468) 


1470 (3),.= (—1)" |n sin*? 6 cos (n4- 1) 6. 


l-r« 
Proor.—By (1460), (25) -«( T J a(r 


1+2 1+2? 
Then by (1469). 


1471 Jacobi’s Formula. 
da-e (1> = (2) 019 ..88— 1) sim @ cos ae 
Pnoor.—Let y = 1—2!; therefore 
(y Due = — (20+ 1) ("a-ne Also (yn Due = (yy) nee 


Expand each of these values by (1460) and climinate (y"~})in-2)2 the deriva- 
tive of lowest order. Call the result equation (1). Now assume (1471) true 
for tho value n. Differentiate and substitute the result, and also (1471) on 
the right side of equation (1) to obtain a proof by Induction. 
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1479  Theorem.—1£ y, z ave fuuctious of 7, aud n a positive 
integer, 
AY nr = (gi), n (yz-)u-»4- C (n, 2) (pets ina Duro +(—1)” Ye nr’ 


Proor.—By Indnetion. Differentiate for z, substituting for z,y,, on tho 
right its value by the formula itself. 


PARTIAL DIFFERENTIATION. 


1480 If w=f (a, y) be a function of two tadependent vari- 
ables, any differentiation of » with respect to æ requires that y 
should be considered constant in that operation, and vice versd. 
du ike: ; ; 

Thus, "E or tg, signifies that «is to be differentiated succes- 
de 

sively twice with respect to z, y being considered constant. 


: d^. TM > 
1481 The notation TELA Or ?.5,* signifies that « is to be 
dady 


differentiated successively twice for æ, y being considered 
constant, and the result three times successively for y, « being 
considered constant. 


1489 The order of the differentiations does not -affect tho 


Dnieresulb, OF 7. — my. 


PE EE Ne n = eat Te em 


h 
du, _ f (ath, 9 - E) —f (x, uM 1) —f Gr h. wy +f Cr, vw) in limit. 


V. dy hk 


Now, if uw, had been first formed, and then ys, the same result wonld have 
been obtained. The proof is easily extended. Let u,= v; 


then He = Vg Gp M; eC SO OH. 


THEORY OF OPERATIONS. 


——————————————————À ———— — — — 


1483 Let the symbols b, ¥, prefixed to a quantity, denote 
operations upon it of the seme elass, such as multiplication or 
differentiation. Then the law of the operation is said to bo 
distributive, when 


b (+y) = b (e) 4 (P (y) a 


* See note to (1497). 
4) 
M 
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that is, the operation may be performed upon an undivided 
quantity, or it may be distributed by being performed upon 
parts of the quantity separately with the same result. 


1484 The law is said to be commutative when 

Ove = Yor; 
that is, the order of operation may be changed, ® operating 
upon Yz producing the same result as Y operating upon cz. 


1485 4" denotes the repetition of the operation P m times, 
and is equivalent to 4 ...æ to m operations. This definition 
involves the index law, 


queque ccp tua Quem 


which merely asserts, that to perform the operation » times in 
succession upon 7#, and afterwards m times in succession upon 
the result, is equivalent to performing it m+n times in suc- 
cession upon g. 


1486 The three laws of Distribution, Commutation, and the 
law of Indices apply to the operation of multiplication, and 
also to that of differentiation (1411, '12). "Therefore any 
algebraic transformation which proceeds at every step by one 
or more of these laws only, has a valid result when for the 
operation of multiplication that of differentiation is sub- 
stituted. 


1487 In making use of this principle, the symbol of dif- 
ferentiation employed is L, or simply d, prefixed to the 
quantity upon which the operation of differentiating with 
respect to # is to be performed. The repetition of the opera- 
OEA d 

a 719 1 3? & . i fi ji 
Irem mpm c Prefixed tothe 
function. An abbreviated notation is d,, dərs dsrs d,,4,, &c. 
Since d, X d, = d; in the symbolic operation of multiplication, 
it will be requisite, in transferring the operation to differentia- 
tion, to change all such indices to y sufia es when the abbreviated 
notation is being used. 


tion is indicated by 


Nore.—The notation Ys, Yorr Wray daray, KE. is an innovation. It has, how- 
ever, the recommendations of definiteness, simplieity, and economy of time in 


writing, and of space in printing. The expression 


i 3 15 requires at least 
x dy 


fourteen distinet types, while its equivalent tisy requires but seven. For 
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such reasons I have introdueed the shorter notation experimentally in these 
pages. qu 

All such abbreviated forms of differential coefficients as y y^ y"... or y y Yon 
though convenient in practice, ure incomplete expressions, because the inde- 
pendent variablo is not specified. 

The operation desp und the derived function tss, would bo more 
accurately represented by (dj) and (u$), the index as usual indicating the 
repetition of the operation. But the former notation is simpler, and it has 
the advantage of separating more clearly the index of differentiation trom the 
index of involution. 

In the symbols y? and ya, the figure 2 is an index in each caso: in tho 
first, it shows the degree of involution; in the second, the order of differentia- 
tion. The index is omitted when the degree or the order is unity, since we 
write y and yz. 

Tho suflix takes precedence of the superfix. y? means the square of y,. 
d, (y?) would be written (y’), in this notation. 

As a concise nomenclature for all fundamental operations is of great 


: : : e di 

assistance in practice, the following is recommended : A or y, may be read 
k 

“y for x,” as an abbreviation of the phrase, “the dilferential coellicient of y 

Py du du 

de?! dady da!dy? 

forms Yan try; Wray may be read “y for two x,” “u for ay,” “u for two v, three 

y," and so forth. 

The distinction in meaning between the two forms y,, and y,, is obvious. 
The first (in which » is numerical and always au Integer) indicates n succes- 
sive differentiations for æ; the second iudieates two successive dilferentiations 
for the variables z and z. 


Jor, or with respect to, a.” Similarly, , or the shortencd 


The symbols dy or Yr, and A Or J: may be read, for shortness, 
deg des 


“y for z zero," “y for two æ zero"; dayọ (xy) can be read “d for two z 
three y of 9 (ry). 

Although the notation v, is already employed in a totally different senso 
in the Calculus of Finite Differences, my own experience is that the double 
signification of the symbol does not lead to any confusion: and this for the 
very reason that the two meanings are so entirely distinct. Whenever the 
operation of differentiation is introduced along with the subject of Finite 


Differences, the notation el must of course alone be employed. 
(ë 


Thus, in differentiation, we have 
1488 Tur vistriputive LAW d, (upr) = d,u-Fd,r. — (14111) 


1489 THE COMMUTATIVE Law d, (dpe) = d,(d,u) 


or d.,u =: (1482 
E m n = men 
1490 THE INDEX LAW d Ge = «, 


that is, UEM M. NELLE sone (1485) 
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———— 


1491 9 Bxasere.— 

(d,—d,)* = (d,—d,) (d,—d,) = d,d,—d,d,—d,d,- dydy = d;,—2d,, + Ary. 
Here d,d,—d,d, or d,, = dyn by the commutative law. (1489) 
Ld, = d,, by the index law. (1400) 
Also (d;,—2d,,-- doy) u = di, u—2d,,u- dy w, by the distributive law. 
Therefore, finally, (d,—d,)* u = dj u—92d,u- du. 

Similarly for more complex transformations. 


1499 Thus d, may be treated as quantitative, and operated upon as such 
by the laws of Algebra; d; being written d,,, and factors such as d,d, in 
which the independent variables are different, being written dzy, &c. 


EXPANSION OF EXPLICIT FUNCTIONS. 


TAYLOR'S THEOREM.—EXPANSION OF f (z-- ^). 
1500 
h* 


f (er A) — f(o»)-- hf" (e)+ S (w)+ ... Tipo E 


where 0 is some quantity between zero and unity, and n is 
any integer. 
Proor.—(i.) Assume f(e-A)-— A+ DBh+Ch'+ &e. 


Differentiate both sides of this equation,—first for e, and again for A, 
equate coefficients in the two results. 


1501 (ii) Cox's Proof —Leuma.—lf f (æ) vanishes when «=a, and also 
when a= b, and if f(z) and f(z) are continuous functions between the 
same limits; then f'(z) vanishes for some value of æ between a and b. 

For f’ (») must change sign somewhere between the assigned limits (see 
proof of 1403), and, being continuous, it must vanish in passing from plus to 
minus. 


1502 Now, the expression 
f (a 2) 5f (a) ef (a) —......— E (a) 


aA mel - h" 
— =o Un (f at-s A ()—..— Eros 
vanishes when z—0 and when z—/. Therefore the differential coefficient 
with respect to æ vanishes for some value of æ between 0 and / by the lemma. 
Let 0h be this value. Differentiate, and apply the lemma to the resulting 
expression, which vanishes when z — 0 and when æ = 06h. Perform the 
same process n+ l times successively, writing Oh for 00h, &e., since 0 merely 
stands for some quantity less than unity. The result shews that 


Je tagen yc oe (Ga) E) If ()— E mU : 


aud 


h’ M 


vanishes when æ = 0h. Substituting Oh and equating to zero, tho theorem 
is proved. 
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1503 The last term in (1500) is called the remainder after 
n terms. It may be obtained in either of the subjotued forms, 
the first being due to Lagrange, 


=" (r4 8h) or Get (LO) f" (e+ 80). 


1504 Since the coefficient 


eres i 
— diminishes at last withont 
|n 

limit as n increases (259, 11.), it follows that Taylors series 
is convergent if f(x) remains finite for all values of n. 


1505 If in any expansion of f(e+h) in powers of h some 
index of h be negative, then f(z), F (e), J” (x), &e. all become 
infinite. 

1506 If the least fractional index of A lies between » and 
n+1; then f**' (^) and all the following differential coefhi- 
cients become infinite. 


Proor.—To obtain the value of f"(x), differentiate the expansion n times 
successively for h, and put h=U in the result. 


MACGLAURINS THEOREM. 


Put e= 0 in (1500), and write v for ?'; then, with tle 
notation of (1-406), 


1507 f(r) =f) taf (0-- T. 


where 0, as before, lies between 0 and 1. 


2 
»* 


sf O) 4 5 f (89), 


Putting y =f (x), this may also be written 


a 2 a? P 
1508 yates rs p yug tte 


[2a L2 w, 


1509 Nort.—If any function f(r) becomes infiuite with a finite value of 
a, then J’ (z), J” (x), &e. all become infinite. Thus, if / (7) = sec! (14-2), 
f (x) is infinite when à = 0 (1439). Therefore S” (0), / (0), &e. are all 
infinite, and f(r) cannot be expanded by this theorem. 


Dernoulli's Series.—VPut h = —x in (1900); thus, 


1510 f0) —2f()—af (x) + 2 f'(a)— iia &e. 
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1511 If ¢(y+h)=0 and o) =x; then 
k= m dur à = E 33 m Yz t&C. 


Proor.—Let y-9$'!(v)-—/f(e), andlet y+k=f(e+4}); 
thercfore Pih = 9 (yTk) — 0. 
2 
Therefore y-+h = f (0) = f (x)—af’ (x) + EC f" (z) — &c., by (1510); 


which proves the theorem. 


EXPANSION OF f (@+h, y 4- E). 
Let f(ey)- w. Then, with the notation of (1405), 
1512 i 
f (oA, y+k) = up (hus ku,)4- 12 (Iu, + 2h ku, - Kus) 
à ay T Aus) + Ke. 


1513 The general term is given by — = Lea +kd,)" u, 


where, in the expansion by the Binomial Theorem, e each index 
of d, and d, is changed into a suffix; and the coefficients 
di. does &c. are joined to was symbols of operation (1487); 


thus wj is to be changed into tgs 
b 


Proor.—First expand f(«+h,y+k) as a function of (2+h) by (1500); 
thus, f(e+h,y+h) —f (e, y-- b) Mf. (2, y+h) + = o fae (es y +h) +e, 


Next, expand each term of this series as a function of (y+). Thus, 
writing u for f (<y), 


J(e, y +k) = u + ku, + 2 Eus tg e (ck t T 
Af(my-E)m Tae + ud B Witte, d M M + one 

A (v, y +k) = lae Uy, + A Ww, + WI? us, + 

E B [2 RE 

s K (n gk) = = à Pus, + 2 Pkw, ... 

a (z,y +k) = a Wu + 


The law by which the terms of the same dimension in h and + are formed, 
18 seen on Inspection. They lie in successive diagonals; and when cleared 
of fractions the numerical coetlicients are those of the Binomial Theorem. 
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The theorem may be extended inductively to a function of 
three or more variables. Thus, if u =f (r, y, z), we have 
1514 0 f(wth, y+k, 2I) = wt (hus tku, + lu) 

Ld (Pust Ptg Dus + Iu, + lt A hh) ... , 


the general term being obtained as before from tho expression 


E (hd ,-- kd, d)" u. 


1515 Cor—lf u =f (mz) be a function of several inde- 
pendent variables, the term (Anu, 4- ku, 4-1w;) proves, in con- 
junction with (1410), that the total change in the value of v, 
caused by simultaneous small changes in v, y, z, is equal to 
the sum of the increments of u due to the increments of z, y, z 
taken separately and superposed in any order. 

'l'his is known as the principle of the superposition of small 
quantities. 


dB Toexpand f(x, y) or f (2, y, 2, ...) im powers of ay, 
&e., put x, y, z each equal to zero after differentiating in 
(1512) or (1514), and write a, y, ... instead of h, 5, &c. 


1517 Observe that any term in these series may be mado 
the last by writing 7+6h for », y 4-0 for y, &e., as in (1500). 


SYMBOLIC FORM OF TAYLOR'S THEOREM. 
The expansion in (1500) is equivalent to the following 
hd, 
1520 f (aep A) = pg). 


Proor.— By the Exponential Theorem (150), writing the indices of d, as 
suffixes (1487), 


elds f(r) = (Lt hdet Bede tJ f(z) = f (£) hf. (2) + fa) + ..., by (1488). 
Co— A f(a) =f (wth) f(x) = (DF): 

therefore MiG) =e °—1) 7 (a); 

and generally A" f(x) = (e"*—1)" f), 

the index signifying that the operation is performed a times 


upon f(e). 
1521 Similarly f(e+h, yt+h) = ete" Bay) 


Pnoor.— 
ePi H, ps) = (1-2 Ad, + kd, +} (hd, thd)? +3 (id, +kd,)' ...) f (2 y) 
— f (z-- h, y-- k), by (150) and (1512). 
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1599 Aud, generally, with any number of variables, 
fle+h, y+ k, z+...) = OAREN A iii. N: 
Cor. 520), 
Af (es ii...) = QI T fs gni se. 


1523 s Do $C. 0). where cosi DE 
and if # =rcos(0+w), y — rgin(0--e); then f(xy) 1 
expanded in powers of e by the formula 


PA S eU S rescue 
Pnoor.— Dy (1520), r being constant, 
p (n, 0+ w) = e" p (r, 0) = P f (m, y). 
Now z and y are functions of the single variable 0; therefore 
= uq, +H uy, = Ur (—7 sin 0) +u, (7 cos 0) = zu,—yu.. 
The med d, will be transformed by the same law (1492) ; therefore 
d, = «d,—1d,; therefore 


C eed, 749 p y) = 1 + o (vu, — yu) + 3e (ius, — Pay, HY or) + &c. 


1594  ExaurLESs.— The Binomial, Exponential, and Loga- 
rithmic series for (1-F-2)", a*, and log (1 4-2), (125, 149, 155), 
are obtamed immediately m M S s Theorem (1507) ; Sas 
also the series for sina and eos æ (764), and tan^!o (791). 
The mode of proceeding, which is n same in all cases, is 
shewn in the following example; the test of convergency 
(150-4) being applied when | RN. 


1525 mace tes Bodies 


e) 15 Mi eo) 


Obtained by Maclaurin’s theorem, as follows :—Lct 
f @) Ste = 7 Dheretore y = 2 ande us 


D Q) ——— y and z being used for shortness. 


E 2 Du S 2@ +272), 

£) = 2 (Ayzh + Ayz! + 4y%2) = 8 yz + yz), 

D 8 (22° + 84°z EIER pz --2y uns ee 
w) = 8 (12y E 92yzh t...) = 2723y t.. 

E v) = 272z Ep STU 


the terms omitied involving positive powers of y, which vanish when @ is 
zero, and which therefore need not be computed if no term of the expansion 
higher than that containing a? is reqnired. 
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Hence, by making # = 0, and therefore y — 0 and z = 1, we obtain 
f(0)y-0; FO 21; f"(0 c0; /"(0)2; f"(0)z0; /'(0) = lo; 
di ims Oy = ab cp 

Thus the terms up to z” may be written by substituting theso values in 


(1507). 


In a similar manner, may ie cttiiged 


1596  seewx=1+4+ s Sh a 


Methods of expansion by Indeterminate Coeficients. 


1527 Ros I.—Assume f(x) = A+Bx+Cx?+ Ke. Differ- 
entiate both sides of the equation, Then erpaad Ë (x) by some 
known theorem, and equate coefficients in the two results to 


determine A, B, C, gre. 


A41 LI 1 t 3 l. e « : 1.3 e e t 
1528 Ex. $n w =v + sy ts ae ih Tb x DT + &c. 
) T 
Obtained by Rule Assume 
sing = A+ Det Oe + DPB H Bab oieee 
Therefore, by (1434), (1—47)^ i 340+ 8 De 4 ENS T UMEL 
Bat, by Bin. Th. (128), (1—25) 5 = 144 wli att D 


Equate coefficients; therefore D —1; C=0; D= ER SIDE 


cis 
pls 9.4.5 


&c. By putting z—0, wo seo that A = (0) EC In this ease 
EN pie r= 0. 


In a similar manner, by Rule I., 


1529 em 1 pap SoS OE 4 ke N. Lc 


1530 ssume the series, as before, with unknown 
coefjicients. * Differentiate successively until the function rè- 
appears. Then equate cocficicnts in the two equivalent series, 


1531 Ex.—To expand sin» in powers of z. 


Assume sina = .1+De+ Cet Debit Bet + Tret. E. 
Differentiate twice, cose = B+ 2Cr 3140 + "m + P" +. 
singe — 90 3.29Dz-4- POR S aite ow. cece ees 


Put «= 0 in the first two equations; therefore .1 = 0, i=, 
Equate coeflicients in the first and third series. 
m 
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CER E EE E I T E ad 


Thus E90 =A, 0 EOD S T 
7 å * "i " 1! — il r 
—4.9EÀ =0, .". E=0; —5.4r=D, ~. LESER &e. 
: a? a? : 
'efor age ee dM rar W 764). 
Therefore sing = 2— 1 aims. &c., as in (764) 


1539 Row III.—Differentiate the equation y = f (x) twice 
with respect to x, and combine the results so as to form an 
equation iny, yu, did Yas Next assume y — À4- Bx - Ox? 4- &c. 
Differentiate twice, and substitute the three values of y, Yx, yox 
so obtained in the former equation. Lastly, equate coeffieients 
in the result to determine in succession A, B, C, Se. 


1533 Ex.—To expand sin m0 and cos mô in ascending powers 
of sin 0 or cos 0. 


These series are given in (775-779). They may be obtained by Rule III. 
as follows :— 


Put v -—sinÜ and y -—sina0 = sin(msin^!z). 
Therefore y, = cos (m sin^! a) M (1494) 0 T TB 
V 1—at 
Yor = — sin (m sin! g) Ean +cos (m sin^! z) a 
Therefore, eliminating cos(msin~!2), (1—2?) Yyer™ 8yr +m y = O ......... âii.) 
Let y = AA Ag... dL quet eee (iii.) 
Differentiate twice, and put the values of y, Y» and y; in equation (ii.); 
thus 0 = n? (A+A gt AV T Aa? Luo Hr Aum" T oere ) a 
—2 (A, +2A +3A +... Eod atn eee ) 
Jd (1-599498.- SBA E erian eee E TTE EEEEEEE 


+(n—1) n4, 2"7*-E à (n 4-1) A, 12" 7 + (n1) (2) Ato" +... is 

Equating the collected coefficients of w” to zero, we get the relation 

n —q) f 
a hn vere E ; 
(ul) (4-9) -* uen 

Now, when #=0, y —0; therefore A=0, by (ii). And when «=0, 
y, m, by (i.); and therefore 4, = m, by differentiating (in.). The relation 
(iv.) furnishes the remaining coctticients by making n equal to 0, 1, 2, 3, &c. 
in succession. 

Cos m0 is obtained in a similar way. 


vol +2 


1534 Rvs IV.— Form the equation in y, Yx and ys, as in 
Rule II. Take the n™ derivative of this equation by applying 
Leibuitzs formula (1460) to the terms, and an equation in 
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Finenss Yaeno Ol ya 48 oblamed. Pudex =Q on des; amd 
employ the resulting | formula to calculate in suceession yg, 
Yao Se. in Maclanrivs crpansion (1507). 


1535 Ex. a r= 1 ae 5084+ «At 


aa T2), a (e+) (e: E 1 
CEU 70 7 EYES + Ge 


9 
U 


Obtained by Rule IV. Writing y for the function, tho relation found is 
(1— 2?) Yr — ty — ay = 0. 
Differentiating » times, by (1460), we gct 
(1—2?) y ,.« — (2n 4- 1) eye — (CH) Yue = 0. 
Therefore Yna = (+r? «1 Jan, 2 formula which produces the coefli- 


cients in Maclaurin's expansion in succession when Yæ and jy; have been 
caleulated. 


1536 ARBOGAST’S METHOD OF EXPANDING $9 (), 


where == he Gap D" +73 E T z+ Ee (1.) 


eno — 3G) "align. — 0, y =p (a); therckorc MDN 
Maclaurin’s theorem (1508), 


s 4 " 2 c 3 ory 
y = $ (a) + ey eo + Toa yaw e. TOM 
Hence, in the values of y,, jz, &c., at (1416), x has to bo 
pae. 


Now, when 2—0, £—4; therefore 7,, Ya &c. become ¢ (a , 
@ (et), fe. ; amd 2,5, Zao Zs «oC. DECOM ui aes, Vc. Hence 
Yo = $ (4) h, 
You = P (a) È + P (0 t, 
Yao = $ (a) 3 + Ip (a) e as + p i)e, Ke. 


1537 ExasrLE.—To expand log (a+be+ cw i + &e.). 
o 
Here t = = b, la = 2e , = = bd, 9 AO = +, o” (u) = — t 9" (a) = E 
i 2p obs Ghe 6d 


h 
Therefore Yrm = — ———c Yoro = = 
0 2x9 = 340 ; o 
J a’ Jon c ou J ul a a 


Thercfore, substituting in (ii. 4 we obtain as far as four terms, 


2 3 A P 
log (u + bz 4 c2? +.. D= loga +e + (2-55) z? + (Ahi) 


ou a a 
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15388 Ex. 2—To expand (a+a,¢ +a’ +... +a”) in powers of v. 
Arbogast's method may be employed; otherwise, we may procced as 
follows. Assume (a,+a,0 aj... auo) = AV dr Ae dag uuu 


Differentiate for x; divide the equation by the result; elear of fractions, 
and equate coefficients of like powers of æ. 


BERNOULLTS NUMBERS. 
2 4 6 
T a a t a 
= a 
1539 e—l 2 =r Je * 4 F MI 
where B», D, &c. are known as Bernoulli’s numbers. Their 
values, as far as Dis, are 


i 1 1 1 5 
D,-— —, D,— 35 D,— 39 ]8— 30? Ps = Ge 
S a S OV RN Leur 
B= say Bus Pu e797 Ye 39g 


They are found in succession from the formula 
1540 nB, +C (n, 2) Ba-2+C (n, 3) D, st+... 

SC (n, 2) B,—1n4-1- 0, 
the odd numbers B;, D;, &c. being all zero. s 


Proor.—Let y= = Then, by (1508), 


p 
o? a? at 
Y = yo Yok + Varo [2 + daro E! uu E" + &e. 


Vere Y= (—1) 124. Now yo=1 and J.— —1i, by (1587). Also 


Pee) 
ye =yta. Therefore, by (1460), differentiating » times, 


e {yer oe C (n, 2) ÜJin-2)x F Du Toy.d yl = Ynze 
Therefore AY -1)z0 HO ts 2) Yin- t ee FNY FY = O. 
Substitute Ba- Bir, &c., and we get the formula required. 


Bs, Dy D, &e. will all be found to vanish. It may be proved, à priori, 
that this will be the case: for 


2 s 0v e+1 
1541 ee ooo 


Therefore the series (1529) wanting its second term is the expansion of the 
expression on the right. But that expression is an even function of x (1401) ; 
changing the sign of æ does not alter its value. Therefore the series in ques- 
tion contains no sdl powers of x after the first. 


1549 The connexion between Bernoulli’s numbers and the sums of the 
powers of the natural numbers in (270) is seen hy expanding (L=) in 
powers of c’, and each term afterwards by the Exponential Theorem (100). 
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1543 


EB-—"— ; x p Urt —t— 3. m & 


vm 


5 
—— = 2 B(2—1) —— Bi -1 A. om. ]; 3 ake. }. 
- m - n of mg 3,( ni ze 6 
2 a 2r e'—1 2 
l = E 1 pe T ll : 
Proor Sle. Sie =e ee 1 " = i’ and by (1559) 


1545 ] iz 2n a AS ee Ae” dre ) Da. 
Proor.—tIn the expansion of z £ H 


540) substitute 2/0 for z, and it 


becomes the expansion of 0 cot 0 (7:0). i a second expansion by differ- 
entiating the logarithm of equation (815, sinO in factors). Expand each 
term of the result by the Binomial Theorem, and equate cocflicients of like 
powers of 0 in the two expansions. 


STIRLING'S THEOREM. 
1546 4$(vx--1)—4 (w) = hp (we) + Au {p Ge) 9 (9j 
+A, 1o" (e+) — p" (w)} 4- &c., 
where Ay = (—1)B,—-|2a. and Ay, =o 


Proor.—a,, A, 4, &e. are determined by expanding each function of 
+h by (1500), and a e covflicients of like powers of x. Thns 


—4, — 0; » cnm oe 


|= 


| n 3 
To obtain the general relation between the coefficients: put $ (x) = e7, 


since 4, 4,, &c. are independent of the form of 9. Equation (1546) then 


= ADL nome. 


e 


m 


produces 


and, by (1539), we sco that, for values of n greater than zero, 
cet. 26, = (—1) D. Ale. 


DOOLES THEOREM. 
1547 $(e4)-$()e A 14 Q-E)4:9 Q3] 
+ AU {p (eh) 2-9 (av); +e. 


Proor.—A,, Ay Ap &c. are found by the same method as that employed 
in Stirling’s Theorem. 
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For the general relation between the cocflicients, as before, make $ (x) = e7, 
and equation (1547) then produces 


hu 
"E me EIU THERE 
and, by comparing this with (1544), we sce that 
ZEE e EC. = 


EXPANSION OF IMPLICIT FUNCTIONS. 


1550 3 Derrsrrion.—An equation f(e, y) = 0 constitutes y 
an implicit function of a. If y be obtained in terms of æ by 
solving the equation, y becomes an explicit function of g. 


1551 Lzwxwa.— If y be a function of two independent 
variables æ and z, 
d, AF (y) y. = 4 AF )s- 
Proor.—By performing the differentiations, we obtain 
PF'(y)y.y,-F(y)y,. and  F'(y)y.y. P (y) ys, 
which are evidently equal, by (1482). 


LAGRANGE’S THEOREM. 
1552 Given y = z-re$ (y), the expansion of u — f(y) in 


powers of v is 


fü) =O (f OE TTD! o] 


n S sa. 


Proor.—Expand v as a function of x, by (1507) ; thus, with the notation 


of (1406), (UAE Pe ut tat y tea e a Unzo F &C. 


ù 

Here 2, is evidently f(z). EE 

Differentiating the equation y = zd 2$ (y) for æ and z in turn, we have 

Y =o(y) tap (y) y, and y= Leg (y) y 

Therefore y, = 9$ (y) y,; and, since U, — f'(y) y, and u, =f (y) y. 
iherefore also ims 000) qr. cose T REISE BE SpE (5) 

The following equation may now be proved by induction, eqnation (i.) 
being its form when v = 1. 

Assume that (ON UMSO A a rec; C) 
Therefore taane = Cpanel? @) 1^ 9 Ju (0593) 

= dand: [o QD} te] (1551) = ds [l0 (DP d by (i) 
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Thus, n becomes n+1. But eqnation (ii.) is true when n = 1; for then 
it is equation (i.); therefore it is universally trne. 

Now, since in equations (i.) and (ii.) the differeutiations on the right aro 
all etlected with respect to z, » may be made zero before differentiating instead 
of aster. But, when 2-0, e, =f (2) aud $(y) =¢ (2), therefore equa- 
tions (1.) and (1i.) give 


wee) Gs t = ihn lie O ol 


ee ee E a scan 


1559 Ex. 1.—Given y'—ay 0 = 0: to expand logy in powers of dm 
a 


3 
Here y = : + -£; therefore, in Lagrange’s formula, 
T 
a= +; a Fy) =lgy; ¢y)=ys and y= z+ 
Therefore ucc log: go = 2 = a 
z 
l 


E E (=>) = (8n—1) (3n—2) ... (20-41) 2”. 


Therefore, substituting the values of z and z, (1552) becomes 
2 =1) (J2). @ p^ 
DER c pe CSS SET M 


qe gs 2 0 ipo que 


log y log + Gare 


ee ee a a aoa 
1554  Ex.2.—Given the same equation: to expand y” in powers of =. 
(2 


f(y) is now y", and, proceeding as in the last example, we find 
n 1 ; x 4 l = g 6 
"2 fran tG A AC Musee l 


e" i eo: aber IRAS (UNE 
2 (1 9) (n +10) (5-110) w » ; 
i 1.2.3% T ME, 
E v 1 pl gu l E M nw 
Ip y == (145 Pete Co ae g tOO ee 


CAYLEY'S SERIES FOR L. 
$ (2) 
1555 


De 
$ (=) 


where A 


A?z A" ( —- n—1)- ; e 
L— ed OE TERI TIOR acc 
EN 

$ (0) 


Proor.— Differentiato Lagrange's expansion (1552) for z, noting that 


dy PSO > z E y 
MW =. Repaco s by =<. Put f'(y) 2-9; and thereforo 
ds Iep Y eQy 07 Be 


f@= 


, since f is an arbitrary function. Then make y=0. 


re 
9 (2) 


280 DIFFERENTIAL CALCULUS. 


LAPLACH’S THEOREM. 
1556 To expand f(y) in powers of æ when 
y = F lstag(y)5- 


Ruw. — Proceed as in Lagrange's Theorem, merely sub- 
stitutiny F(z) for z in the formula. 


1557 Ex. 3—To expand e' in powers of æ when y = log (z +# sin y). 
Here Iad, F@)= kee; etym 
In the value of taso (1552), ọ (2) becomes ¢ {F (z)} = sinlogz; 
f(z) becomes f{F(z)} =e? = 2; therefore f(z) = 1. 
Thus the expansion becomes 


: qu^ c 
=z+asinlogz+ ... + ;— dq). (sin log z)". 


[n 


1558 Ex. 4.—Given sin y = g sin (y+a): to expand y in powers of a. 

Here y = sin"! (æ siny+a), with z — 0. 

fO) =y; F(e)= sinz; 9%) = sin (y +a). 

@ (z) in (1552) becomes 9 {F (z)} = sin (sin! z4a). 
f(x) becomes f(F(z)) = F(z) = sinz; therefore F(z) = d= 

Thus y = æ sin (sin^' z+a) (1 ms 

T 42°d, f sin? (sin^! z Fa) (1—23) 73] +405d,, [sin* (sin-! zJ-a)(1—2) - d T 
with z put =0 after differentiating. The result is, as in (796), 
y = @ sin a+} sin 2a +} sin 9a + &c. 


BURMANN’S THEOREM. 


1559 To expand one function f(y) in powers of another 
function y (y). 

Ruve.—Put x = y (y) in Lagrange’s expansion, and there- 
fore o(y) =(y—4 + (y); therefore 


1560 sy) - ree) {ars + 
qa mr m x KEO. + fhe! 


Here y — z signifies that after differentiating z is to be sub- 
stituted for y. 
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1561 Cor. 1.—Since += (y), y $^! (r); therefore (1560) 


becomes, by writing e for 4 (y), 


LM une iron a ad’ { (48 E 
fiv (w)} SH as dy" 7 HERI p(y) f (y) Pa SEU 
But since the variable y is changed into z after differentiating, 
it is immaterial what letter is written for y in the second 
factor of the general term. 


1562 Cor. 2.—If / (y) be simply y, the equation becomes 


E Qt qdo! = n 
wem er), a oo) Je 
1563 Cor. 8.—1f 2-0, so that y — e$ (y), we obtain the 


expansion of an inverse function, 
E LO » T Y J } 
y (a ) a (zt zt), ET GET cm dy?! y (y) "T-0 


1504 Fx 5.—The series (1528) for sin^!'z may be obtained by this 


formula; thus, 
Let sin-'z = y, therefore « = sin y = (i (y), in (1563) ; therefore 


mem (ater tatg), 
ur dud der enm] 2 Asin! y tji. sin? y me 


1— /(1—2?) m. 
1565 Ex6—1fy- "m yum =T, then, by Lagrango's 
theorem (1552), since y = — X34 t E find 
au n z \nt? n| n+2r—1 pitt 
y -(£) w Ie. ua ele (5) “> o 


Put z= 2t, thus 


n o, = 
1566 (i400) Zee piper elus. 
3 r|n-cr 


Change the sign of », thus 
—4t)\" n| i Uem = 
1567 (Lt 099) = l—nt+...(—1)" Ges mr 
This last series, continued to = +1 or ztl terms, according as n is even 


or odd, is equal to the sum of the two series, as appears by the Binomial 
theorem. 


gum 
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Also, by Lagrange’s Theorem, 


2 Ip— l a 2r 
1568 logy = log 2 (^) + mm (2) e EUM 
or, by putting v = 2 vt, 
= g,—] 
1569 lo pI La LI 2 2c 


1570 Ex. 7.—Given «y = logy; to expand y in powers of v. 
The equation can be adapted as follows: 
=e therefore xy = te”. 
Put zy = y', therefore y'= ze", from which, by putting z= 0 in (1552), 
y may be expanded, and therefore y. 


Ex. 8.—To expand e” in powers of ye”. 
Meroe = ye, 6G) = a = ay if we take z=0. Therefore 


aby 
1571 poe uem 5 +a (a— ab)? = ye x "WE oe 


ABEL'S THEOREM. 
1572 If $(») be a function developable in powers of e”; then 
$ (rb) = d Go) ead (vb) +29 gr Qo 20) +... 


EM te yy (verb) + 


Proor.— Let Oy) = Aya ee er Ae eese ed (i.) 
Put y= 0, 1. 2, 8, &c. in (1571), and multiply the results respectively by 
A,, A6, A07, &c. Then the theorem is proved by equation (i.). 

1573 Cor.—lIf 9 (r) — e", Abel’s formula gives 
(va)? = a" na(eMT0)"7-E- C(n,2)a(a—2b) (»--20)"4 ... 
—— pO e ET arb) (anh). Ge. 


INDETERMINATE FORMS. 


1580 Forms = =. Rete.—If TS ) be a fraction which 
takes either of these forms when x —a; then oi) = 
r a 
5 9 the first determinate fraction obtained by differentiating 


INDETERMINATE FORMS. 983 


the wuonerator and denominator simultaneously and substituting 
a for x x in the result, 


1581 But at any stage of the process the fraction may be 
reduced to its simplest. form before the next differentiation. 
See example (1559). 


Proor.—(i.) By Taylor's theorem (1500), since 9 (4) = 0 = y (a), 
p(ath) _ = (a) the (a+6h) _ =%, ‘(a +0h) EN (a) 


W(ath) Wu) (ut0h) — Vato)” q (uy 
when À vanishes. 
SLE EU ys M ee 


Va) (4) puy 
which is of the first form, and therefore 
— Y(a) E SI Al. 1o (ney JV (a) Therctarc $ (a) t) 2R o (a) 
= Or ugs 9 O vey Ge) 


1582 Vanishing fractions in Algebra are of the indeter- 
minate form just considered, and may be evaluated by the 
rule, or by rejecting the vanishing factor common to the 
numerator and denominator. 
FUSE T5 3 
ES Men ¢ =a: q*—a* 0 -G a) Gr*--ar--a*) _ 3a 3 


ea 0-— (e—u)(e+u) — 2a 2 


1583 Form 0x æ. Rure—lf ¢ (x) X V (x) takes this form 
when x=a, put $ (a) X 4 (a) = 9 (a) + J m 


0 
form ra 


which is of the 


1584 Forms 0°, «^, 17. Rurz.—7f (9(x)]* 9 takes any of 
these forms when x —a, find the limit of the logarithm of the 
expression. For the logarithm = y (a) log ¢(a), which, in each 
case, is of the form 0X oo. 


1585 Form «—2z. Ruw.—If ¢(x)—4(x) fakes this form 
e^ 900) 


when x=a, we hare e9?907*(9 — 


ze d and if the value of 


e 
this expression be found to be c, by (1530), the required value 
will be log c. 


DEL) = 9() fi T Sade «s oy 
the form oo Xx 0 (1583). 
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1587 Ex. 1—With z=0, y= Zst} (1580) = 1. 
[2] — 
Also, with x =Q, 
A Ple 09 Bee eee eee 
dcr 0 seems) 0 oe 9 


1588 Ex. 2—With z=1; 


F: a 
cot (rr) loge = lors ZS eoe enn) (1580) E 1 
7T 


tan (mæ) 0 


1589 Ex. 3.—With z = 0; 
2" (log x)" = LED" 


m^ m 


Ln" (log a"! [n EN 


—ina^" = (ma 
by (1581), differentiating n times and reducing the fraction to its simplest 
form after each differentiation. 


a, 20) ow 
SA 


p 
1590 rx4—Wihsz0; y=(l+azx)¥=1’. 
om log sos) EO m —- 
By (1584), logy = Es ES (1580) zu UE 


1591 Es. 5—With z=r; y= (r—e)** = 0, 


: log(r—2) _ — œ sin’? g 
1 84 1 e = e —7) = SONT aes) a Se 
Rau een Lc cosee 2 00 (m —2) cos z 
0 2 sin 2 cos g 
1580) == E e Hs = Jl. 
( ) 0 | —cosz—(mr—z) sing MD ra 


1598 If f(x) and æ become infinite together, then 
£6) = p (0) — fle) fl). 
Proor.— ^ o- E 2 (1580) -ICTD-f0) (1404), 


since, when « =o, bh En be M = 


Indeterminate forms i involving two variables. 
1592 Routn.—Jirst: If the values x=a, y=b make the frac- 


tion Hor =7; the true value is = ft if $, and y, both 
d, Y 


vanish. 


1593 Secondly: Jf pe: Yr =p: Yn =k, the true valite of 
the fraction is k. 
Proor.—(i.) By (1703) ae = qos and y being an arbitrary 


function of z,—that is, independent of a,—the value of the fraction is inde- 
terminate unless ¢, and V, both vanish. 
(i.) If we substitute 9, = ky, and p, = kY, the fraction becomes = X. 


JACOBLANS. 


ro 
[90] 
VU 


JACOBIANS. 


1600 Let w, r, w be n functions of n variables z, y, 2 (n = 3). 
The following determinant notation is adopted :— 


M, AM "Hg w, cS wb 

x b. w — oa (uit) ; à ; d ; -|— ZONE) 
— | Bea ae cdi (ure) ` 
a, WW, UW, Ry, BB 


The first determinant is called the Jacobian of u, v, w with 
respect tow, y, z, and is also denoted by J (uci), or simply 
Ae 
Ij eS Ee ee ee 
1601 TuronEw.— d (rte) x d (eyz) =h 
d (yz) d (uriw) 
Proor.—If the product of the two determinants be formed by the rule in 


(570), first changing the columns into rows in the second determinant (559), 
the first column of the resulting determinant will be 


fy Vy We 


2 
=| 


Up Ly tb Uy Yn FUsZu — Uu and the whole 100 
Uus,druyy, FUZeo = Us ¢ determinant | w, v, We OOS, 
Usto F Uy Yo F 1,2, = Uy will be Uy Vo Wo Oro 


1602 If wu, 7,2 are n functions of n variables a, B, y (n—3) 
and a, B, y, functions of a, y, 2; 
d (urw) d(aBy) _ d (uri) 
d (aBy) d (yz) dus) 
Proor.—Form the product of the two determinants, changing columns 


into rows in the seeond as iu (1601). The first column of the resulting 
determinant will be 


Ule H Up 3.+ Muy, = U, and the whole de- | Us v, W d (wow) 

1,0, H 1465/2, FU Yy = Uy P, terminant will | «, v, w, | = D A 
A , 

tta, Tr Ug PD: T uy, = 05 be | Uz Uz, W: Je 


since rows and columns may be transposed (559). 


1603 Cor.—TIf a, B, y are only given as implicit. functions 
of ^, y, z, by the equations ¢=0, x —0, 4 =0, involving the 
six variables; then 


d (ext) y d (By). — (ys Ux), 
d (af) d (vy) d (xyz) 
Proor.—By (1737), 4.a.-9,P. o 9, Y. = — $5 where 9, is the partial 
derivative of $. Thus v, va wz, in the determinant, are now replaced by 


— p., —X., — Y; 80 with y and z; and by ehanging the sign of cach element, 
the factor (—1)? is introduced (562). 
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1604 If u,v, i, n functions of » variables e, y, z (n=3), be 
transformed into functions of £, n, Z by the linear substitutions 


æ = HEbantas d(uri) m! (uii) 


thea er es m ai 
y = bét bant bsk t; d (£n£) d (yz) 
z = éten + ek or J = i 


where M is the determinant (a,b,¢;) called the modulus of 
transformation (573). 
Pror— J=|u, uy w| M=/a,b,¢| J = | ug uw ue 
Oa Oy w Ay Dy Cy Vp V. Ve 
Wr Wy Wz le Uy 0. Wg Wy We 
Form the product MJ by the rule in (570). The first element of the 
resulting determinant is U40 + wb, HUC, = Ur Ce FH Uy Yp H ig = Uge Similarly 
for each element. Then transpose rows and columns, and the determinant 
J’ is obtained. 
1605 When the modulus is unity, the transformation is said 
to be unimodular. 


1606 If, in (1600), $ (uri) = 0, where ¢ is some function ; 
then J (uvw) — 0; and conversely. 
Proor.—Differentiate ọ for 2, y, and z separately, thus 
QU, FPV FPW = oF 
similarly y and z; and the eliminant of the three equations is J (uvw) = 0. 


1607 If «=0, v—0, w=0 be a number of homogeneous 
equations of dimensions m, n, p in the same number of vari- 
ables æ, y, 2; then J (wv) vanishes, and if the dimensions 
are equal J,, Jys J, also vanish. 
Proor.—By (1624), au, +yu, +20, = mu 
av, yv, tav, =a >; s. Je = Aymut+ Dav C pw. 
guy d- yw, HW, = pw 
By (582), A,, B,, C, being the minors of the first column of J. Therefore, 
if u, v, w vanish, J also vanishes. 
Again, differentiating the last equation, J+aJ, = zl mu, + Bynv,+ Cy pwr. 
Therefore, if m =n = m J+ad, = m (alu, D, Opm,) = mJ. 
Therefore J, vanishes when J does. 


1608 If «=0, r=0, w=0 are three homogeneous equations 
of the second degree in », y, z, their climinant will be the 
determinant of the sixth order formed by taking the eliminant 
of the six equations u, v, W, J,, J,, J,. 


QUANTIOS. 23% 


Pnuoor.—J is of the third degree, and therefore J,, Jy, J. are of the second 
degree, and they vanish because w, v, w vanish, by (1607). Hence u, v, w, 
Ja Jy J, form six equations of the form (+, y, Do — 0, 


1609 If » variables w, y, 2 (1 —3) are connected with » 
other variables £, n, č, by as many equations u=0, v=0, w=0; 


then da dy dz __ d (uri) E! e (uru) 


dé d, d£ d(&b) ` d (yz) 


I ] Uy, Uy Us at. Te uy y, uil Up ta e 
acr dy uz t v v v.T v y 0.2 v v v 
Sa Cue zy 3 — mue A E i = i 
ds dn dz d n $ PES 
D * D wi 23 MZ D j 
wy, UU y w: (ki rte at yn Ww, a its wv. We | 
Pg Y 103 
QUANTICS. 


1620 Derisition.—A Quantie is a homogencous function of 
any number of variables: if of two, three variables, We. it iS 
called a binary, ternary quantic, &c. The following will 
illustrate the notation in use. The binary quantic 
aa? +3bey +3ery + di? 

is denoted by (a,b, e, d Xx, y)? when the numerical coefficients 
are those in the expansion of (x+y). When the numerical 
coefficients are all unity, the same quantic is written 
(a,b, c, d'Yo, y. When the coefficients are not mentioned, 
the notation (x, y)? is employed. 


EULER'S THEOREM OF QUANTICS. 

If u = f (x,y) be a binary quantic of the n* degree, then 
1621 eu. yu, = nn. 
1622 cans, FEU ry tye, — m (n=l) u. 
1623 (nd, yd,) uw — n (n—1) ... @—r-+1)%. (1492) 

Proor.—In (1512) put A= az, k= ay; then, because the function is 
homogeneous, the equation becomes 

(lta)"u = uta (zu, + yu) + 3e! (ua + Way tly + y huy) + eee 

Expand (1+a)", and equate coefficients of powers of a. 
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The theorem may be extended to any quantic, the quan- 
tities on the right remaining unaltered. Thus, in a ternary 
quantic u of the »'^ degree, 

1624 Us HyU +H zt, = nu; and generally 


1695 (rd,+yd,+ed,)" u = n (n—Y) ... (n—r-F l)u. 


DEFINITIONS. 


1626 The Eliminant of n quantics in n variables is the 
function of the coefficients obtained by putting all the quantics 
equal to zero and eliminating the variables (583, 586). 


1627 The Diseriminant of a quantic is the eliminant of its 
first derivatives with respect to each of the variables (Ex. 
1631). 

1628 An Invariant is a function of the coefficients of an 
equation whose value is not altered by linear transformation 
of the equation, excepting that the function is multiplied by 
the modulus of transformation (Ex. 1632). 


1629 <A Corariant is a quantic derived from another quantie, 
and such that, when both are subjected to the same linear 
transformation, the resulting quanties are connected by the 
same process of derivation (Ex. 1634). 


1630 <A Hessian is the Jacobian of the first derivatives of a 
function. 

Thus, the Hessian of a ternary quantic uv, whose first 
derivatives are ttp, Wy, Uz, 18 
Uor WU, Ue 
d(u,u,u.) . 


d (xyz) 


Min Usy Wyz 


Use Ul zy HU»; 


1631  Ex—Take the binary cubic u = ax>+8bey+3cry?+dy*. Its first 
derivatives are 
u, = Sax 6bey+dcey’, | 3a 6b 3c 0 
u, = 3ba*+ ery +3dy, | 0 8a 6b 3c 
Ane A haa! 3b 6c 3d 0 
Therefore (1627) the discriminant of u 0 3b Ue 3d 
is the annexed determinant, by (587). 


1632 The determinant is also an invariant of «, by (1638) ; that is, if w 
be transformed into v by putting z = e£- y and y = a+); and, if a 
corresponding determinant be formed with the coeflicients of v, the new 
determinant will be equal to the original one multiplied by (uj —a')*. 
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1633 Again, ua = bar+6by, ta, = cw Ody, ty = Obst 6cy. 
Therefore, by (1630), the Hessian of w is 
Nog tt, — n2, = (ae + by) (ee dy) — (be + ey)? 
= (ue— l’) ot (ad—be) uir (bd —c?) yt. 
1634 And this is also a corariant; for, if u be transformed into v, as 


before, then the resnlt of transforming the Hessian by the same equations 
will be found to be equal to v, 7,,—(2,. See (1052). 


1635 If a quantic, « — f/(r,y,z...), involving * variables 
ean be expressed as a function of the second degree in 
XE X... Mo where the latter arc linear functions of the 
variables, the discriminant vamshes. 


Proor.—Let U= AV + YX XA +x A; +e., 

where NX, = aw tby tezte. 

The derivatives Un w,, &c. must contain one of the factors X,Y; ... X,., in 
every term, and therefore must have, for common roots, the roots of the 
simultancons equations X, — 0, X, 0, ... Xaa = 0; n —1 equations being 
required to determine the ratios of the n variables. Therefore the dis- 
eriminant of u, which (1627) is the eliminaut of the equations u, — 0, u, — 0, 
&e., vanishes, by (553). 


1636 Cor. 1.—Ifa binary quantic contains a square factor, 
the discriminant vanishes; and conversely. 

Thus, in Example (1031), if & has a factor of the form (As+.By)', the 
determinant there written vanishes. 


1637 Cor. 2.—If any quadric is resolvable into two factors, 
the discriminant vanishes. 
An independent proof is as follows :— 
Let u = XY be the quadric, where 
X = (ux+by+ez+...), Y= (vet by cz ...). 
The derivatives un np u, are cach of the form pj. X - 4Y, and therefore have 


for common roots the roots of the simultaneous equations X —0, Y — 0. 
Therefore the climinant of u, — 0, u, — 0, &c. vanishes (1627). 


1638 The discriminant of a binary quantic is an invariant. 


Proor.—A square factor remains a square factor after linear transforma- 
tion. Hence, by (1636), if the discriminant vanishes, the discriminant of 
the transformed equation vanishes, and must therefore contain the former 
discriminant as a fucfor (see 1628). Thus the determinant in (1631) is an 
invariant of the quantie u. 


The discriminant of the ternary quadric 


1639 u = ap by + ev + 2fyst 2gar+ hry 
ow 
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is the eliminant of the equations 


1640 iw. x wd x M a h g 
hat 1s, th 
EMT at aK T ^ determinant "M 
au, = ge fy- Fez =0 ge fe 
1641 = abe+ 2feh—af?—be?—ch’ = A. 


1642 The following notation will frequently be employed. 
The determinant will be denoted by A, and its minors by 

4, D, C, ', C, H. Their values are readily found by differ- 

entiating A with respect to a, b, e, f, g, h; thus, 

A= b =f =A, B-ecea—mc-—A, C-—ubp—H pm 

F-gh—af—iNM, G=hf—be =49, H= fech 


1643 The reciprocal determinant is equal to A? or 


AHG TERRE |? 
HIG Ff | = RUM By (575). 
GFC Canine 


1644 The discriminant of the quaternary quadric 
u = aa? by tes +dur+ 2fyzt gzet 2hey 
T23pate t 2qywt 2rew 

is the eliminant of the equations 
1645 t, = avthytge+pu = 0 that is, |^ hgp 
uy =he+bytfetqe=0f | the hbfq 
u, = gabtfyteztre = 0( 7 deter- ef én 

= m Mum = Ü p pgrda 


r3 t w= wj 


The determinant will be denoted by A', and, by decom- 
posing it by (568), we have 


1646 N= d4.A—4py—Dq'—C? —2Fqvr—2Grp—21Hgq. 
1647 A pA Eq, Tr, ied A. 


1648 Turoręem.—-If ¢ (vy) be a quantic of an even degree, 


$ (d,, — i) $ (w, y) 


is an invariant of the quantic. 
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Proor.—Let the linear substitutions (1628) be 


g =at + bn, y= (OCU ees an we Wess 1.) 
Solve for and n. Find £, &,, »,, n, und snbstitute in the two equations 
dicet dun d, = deč, + dun. 


The result is 

doc fad, Tb (—4de)] —M; —d- {a'd TU (—dg)} + | eT 
where M = al’—a’d, the modulus of transformation. Equations (i.) and (ii.) 
are parallel, aud show that the operations d, and —d, can be transformed in 
the same way as the quantities z and y; that is, if 9 (x,y) becomes y (È, n), 
then 9 (d, —4,) becomes V (dy, —d;) + M", where v is the degree of the 
quautie $. But ¢(d,, —d,) $ (z, y) is a function of the cocfficients only of 
the quantic $, since the order of differeutiation of each term is the sume as the 
degree of the term; therefore the function is an invariant, by definition (1625), 


1649 = Exampre.—Let 9 (r, y) = az bey p exih p fy. The quantic must 
first be completed; thus, ¢ (ry) = aat + bay teary’ + eey’ +fy', (c = 0); then 
$ (dj, —d,) o (z, y) = (adıy— bdays + cda — Cl yar +f.) 9 (2, y) 

= a. 94r — b. 6e-p c. 4c — e. Ob p f. 94a = 4 (12af — 3be +c’). 
Therefore 12af—3be+c? is an invariant of $, aud. = (1247 —3BE t C*) - M*, 
where 21, D, C, E, F are the coeficients of any equation obtained from ọ by a 
linear transformation. 

But if the degree of the quantic be odd, these results vanish identically. 


1650 Similarly, if ¢ (x, y), 4 (v, y) are two quantics of the 
same degree, the functions 
$ (d,, —d,)V (v,y) and y (dp i) p v, y) 
are both invariants. 
1651 Ex—If ¢=a2742brytey? and b= a 2Vry Foy; then 
(ad,,—2bd,, tedu) (Cz E 2Uy a c^) = ac ca - 20U, au invariant. 


1652 A Hessian is a covariant of the original quintic. 


Proor.—Let a ternary quantie u be transformed by the lincar substitn- 
tions in (1604); so that u = ọ (x, y, 2) = 4 (hn, č). The Hessians of the 


t l 
two functions are daam and ite K av (1690). Now 


l d (yz) d (Ey) 
d (u; u ue) B y (up nne) a, T(t, y M2) M? d (n,n,u.) 
d (524) d (ryz) d (sus) d (ryz) 


The second transformation is seen at once from the form of the determi- 
nant by merely transposing rows and columns; the first and third are by 
theorem (1604). Therefore, by definition (1629), the Hessian of u is a 
covariant. 


1653  Cogredients.—Variables are cogredient when they are 
subjected to the same linear transformation; thus, z, y are 
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cogredient with x’, y' when 
v= u+ i } 


v= at +b } 
y = e+ dn 


y = ¢& +d 


1654  Emanents.—1f in any quantic u = ¢ (v, y), we change 
vinto v-rpez', aud y into y+py’, where g’, y are cogredient 
with z, y; then, by (1512), 
$ (e pv, yc py) 
=utp(a'd,+y'd,) utie (ed, y d,) ut &e., 
and the coefficients of p, p°, p®, ... are called the first, second, 
third, ... emanents of u. 


1655 The emanents, of the typical form (#’d,+y'd,)"u, are 
all covariants of the quantic wu. 


Proor.—lf, in ¢ (2, y), we first make the substitutions which lead to the 
emanent, and afterwards make the cogredient substitutions, we change 
æ into z--pv', and this into a£-F bg-F p (aZ E by). 
And if the order of these operations be reversed, we change 
æ into a£+bn, and this into a (£-- p£) +b (n-- py). 
The two results are identieal, and it follows that. if 9 (x, y) be transformed 
by the same operations in reversed order, the coeflieients of the powers of p 


in the two expansions will be equal, since p is indeterminate. Therefore, by 
the definition (1629), eaeh emanent is a covariant. 


1656 For definitions of contragredients and coutravartants, sce (1813-4). 
For other theorems on invariants, see (1794), and the Article on Invari- 
ants in Section XII. 


IMPLICIT FUNCTIONS. 


IMPLICIT FUNCTIONS OF ONE INDEPENDENT VARIABLE. 


If y and z be functions of v, the successive application of 
formula (1420) gives, for the first, second, and third deriva- 
tives of the function $ (y, z) with the notation of (1405), 


1700 p. (yz) o. des. 
1701 pz. (yz) = Py Yo F221 se Deke + Py You Ps Max 


IMPLIOIT FUNCTIONS. D 


— e—a —— — 


1702 4$.(yz) = dui 04.) 2 gon o 
le L (hoy Yet $,- ES Ya tO (fy. Sel Peya) Zor 
SIS $, JJ or ap $. = Bure 


By at z= y in the last three formule, and conse- 
quently 2, Seu, 4,72 0, or else by differentiating independently; 
we obtain 


1703 Pa (^y) = Pryt Pe 
1704 Pp», (y) = Ye +26.) Yet Poet ds. 


1705 Por (vy) = Psr HRP 994. y. Pare 
KT bey) Poot br Yse 


1706 In these formnlæ the notation 9, is used where the differentiation 
is partial, while $,(», y) is used to denote the complete derivative of 9 (x, y) 
with respect toa. Each successive partial derivative of the function. (y, z) 
(1700) is itself treated as a function of y aud z, and differentiated as such by 
forinula (1420). 

Thus, the differentiation of the product $,y, in (1700) produces 


(Pu) Yz Py Yor = (Pay y. Py: 2.) yz ys. 
The function ¢, involves y aud z by implieation. If it should not in fact 
contain z, for instance, then the partial derivative ¢,. vanishes. On the other 
hand, Yz Yo, &c. are independent of z; and z,, 2;,, &e. are independent of y. 


DERIVED EQUATIONS. 
1707 lf ¢ (vy) — 0, its successive derivatives are also zero, 
and the expansions (1703-5) are then called the first, second, 
and third derived equations of the primitive equation 9 (2j) — 0. 
In this case, those equations give, by eliminating 7,, 
1708 dy =n 9$. 2 det. 29.9. gue Por $,— $.9- 
dx $, da? $, 
y 
1710 Similarly, by eliminating y, and ¥,,, equation (1705) 


would give 54, 1n terms of the “partial derivatives of $ (ay). 
Sce the note followi ing (1732). 


JL If ¢@y)=0 and ot ; T- _ oz. 


1719 aud du. 3$.9,—9. py 


T z db, 
y 
Pnoor.—By (1708), $, — 0. Therefore (1704) and (1705) give these 


values of ya and Yz. 
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1713 EH 4,and $, both vanish, y, in (1708) is indeterminate. 
In this case it has two values given by the second derived 
equation (170-4), which becomes a quadratic in y,. 


1714 If $,4, zy, and $4, also vanish, proceed to the third 
derived equation (1705), which now becomes a cubic in ys, 
giving three values, and so on. 


1715 Generally, when all the partial derivatives of $ (v, y) of 
orders less than n vanish for certain values z-a, y=b, we 
have, by (1512), (a, b) being zero, 


$ (a4- h, b+h)= " (hd, + kd)” $ (£y) aa + terms of 


higher orders which may be neglected in the limit. (x, y are 
here put = a, b after differentiation.) Now, with the notation 


of 1406), hose thoy, = 9; 
therefore b bra ay 
h Pub dx 
the values of which are therefore given by the equation 
1716 (hd, + kd," $ Qv, y), = 9. 


1717 If y, becomes indeterminate through # and y vanish- 
ing, observe that a = - in this case, and that the value of 
the latter fraction may often be more readily determined by 
algebraic methods. 


If v and y in the function $ (x, y) are connected by the 
equation y (x, y) =U, y is thereby made an implicit function 
of x, and we have 


1718 s= Pa ed 


1719 dn (v. y) = | (hay hy — Poy by) Ve (1o, — Woe by) V 
= (PsP — Lye Py) y. V, km y : 


Proor.—(i.) Differentiate both 9 and 4 for z, by (1703), and eliminate y,- 
Gii.) Differentiate also, by (1704), and eliminate y, and yaz- 


If u, y, z are functions of v, then, as in (1700), 


1720 Pe (uyz) = Petet Phy y. T 4... 


to 
S&S 
cr 


IMPLICIT FUNCTIONS. 


— — — M 


1721 Per (yz) = Putt hay fet Poz 
-F26,5y. 5. --20. e mu. = Py zy. 
+ fy tort Py Yar $us. 
1799 To obtain $4, (yz) amd 4, (xyz), make u— in the 


above equations. 


Let U = $(x, y,z, £)) be a funetion of four variables con- 
nected by three equations «v — 0, n — 0, i0 — 0, so that one of 
the variables, £, may be considered independent. 


1793 We have, by differentiating for £, 
peet 6, y; d $2; 4-9; — U; = 0 dU — d(duriw) | 


Uy TU, Yet, Seb My — s "ur Wil (eyz) UE 
[abbey yere Set = () ime 4- d (rw ) 
WP ep WU, Yet Ze Wy; =) d (xyz) 


a dli) il, dy a (new) lY, 

1724 dé a(éys) J' d£ d(vés) SF’ 
de d(urw) Y. 
d£ Ue J 


Observe that V, stands for the complete and $, for the 
partial derivative of the function U. 


Proor.—(i.) U; is found by taking the eliminant of the four equations, 
separating the determinant into two terms by means of the element 9,—U,, 
and employing the notation in (1600). 

Cii.) a) yg and z are found by solving the last three of the same equa- 
tions, by (532). 


IMPLICIT FUNCTIONS OF TWO INDEPENDENT VARIABLES. 
1725 If the equation $ (x, y, z) — 0 alone be given, y may 


be considered an implicit function of w and z Since @ and z 
are independent, we may make z constant and differentiate 
for »; thus, for a variation in e only, the equations (1703-5) 
are produced again with ¢ (x,y,z) in the place of ¢ (v, 4). 
1796 lfr be made constant, z must replace z in those equa- 
tions as the independent variablo. 


Again, by differentiating the equation (xyz) = 0 first for 
r, making z constant, and the result for z, making x constant, 
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we obtain 
1727 ae ait Pet et by YoYst DM = 0. 
From this and the values of y, and y,, by (1708), 


1728 w.— id 


1729 f 2, y, z in the function $(», y, z) be connected by the 
relation y (æ, yz) = 0, y may be taken as a function of two 
independent variables » and z. We may therefore make z 
constant, and the values of A (v, y, z) eumd eot (Gy, 2) aie 
identical with those in (1718, '19) if æ, y, z be substituted for 
æ, y in each function. 
1730 By changing æ into z the same formule give the 
values of ¢, (7, y,2) and $x (x, y, 2). 
1731 On the same hypothesis, if the value of ¢, (v, y, z), in 
forming which z has been made constant, be now differen- 
tiated for z while x is made constant, each partial derivative 
Pes Vy &c. in (1718) must be differentiated as containing g, y, 
and z, of which three variables æ is now constant and y is a 
function of z. 

The result is 


1732 .2(0. ys) = [(Preby— Yee by) 9 — (9,0, Pye by) VeVi 
E (put h, $,) Va; ss (Poy V, — Poy $,) Ypap > y; 


In a partieular instance it is generally easier to apply such rules for 
differentiating direetly to the example proposed, than to deduce the result in 
a functional form for the purpose of substituting in it the values of the partial 
derivatives. 


1734  Exampte.—Let $ (2, y, z) =letmy+nz and p(x, y, z) = +y +2? 
= l, e and z being the independent variables; 9, (2, y, z) aud Q+ (ie, y, z) are 
required. Differentiating $, considering z constant, 


Pz (a, y, 2) — Lm Nu -—i— min since 2 =— » = mi 
$04 
Pox (2s Y, z =) — —qm 4 fs =o = E i ur 
y 


a result which is otherwise obtained "s formula (1719) by substituting the 
values Oa = l dy =, ol S Q9. — Ga — 0G 
Y, = 22, ur = 2y, p: = 22; Vus = Pay = pp = 
Again, to find $,, (z, y, z), differentiate for z, considering æ constant in 
the function 


m2 thos Déc] a ee 
JA dem us idi = +m p m y" since 3 P 7 
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1735 Let U= 9 (a y,« z, §, 0) be a function of five variables 
connected by three equations à 20, r=0, w=0; so that two 
of the variables £, » may be considered independe nt. Making 
» constant, the equations in (1723), and the values obtained 
for Us, te yg 2%, hold good in the present ease for the varia- 
tions due to a variation in £, observing that $, u, 7, w now 
stand for functions of » as well as of E. 


1736 The corresponding values of Up T, Ya % are obtained 
by changing £ into n. 


IMPLICIT FUNCTIONS OF n INDEPENDENT VARIABLES. 


1737 The same method is applicable to the general ease of 
a function of n variables connected by r equations u=0, v—0, 
ja)... eC. 

The equations constitute any n—r of the variables we 
please, independent: let these be £j n, Z.... The remaining r 
variables will be dependent: let these be w,jy,z...; and let 
the function be Uz$(»,y,z ... 5 m E. 

For a variation in £ only, Ter e will D the derivative of the 
function U, and r derived equations as under. 


1738 $$$ ES +H —U, 
Wt, Wee t ee = 0, 
Ce eHe yer SF oe vp = 0, 
involving the 7 implicit funetions Voy Ves Ze &e. The solution 
of the r ‘equations, as in (1724), gives 


dv dme...) 1. dy ad (mar...) 1 
1739 dé "Uc m qu Cam ACT TENE, j Pu 


(Pay class = il Guai...) dU  d(duriw) | 


ge...) Ao dE d(aysd) JU 
The last value being found exactly as in (1723). 


1741 With £ replaeed by » we have in like manner the 

Malues cfc, y, 2 is U,; and similarly with each of the inde- 

pendent variables in turn. 

1742 If there be » variables and but one equation 

$ (5, Y,%...) = 0, there will ben —1 independent and one depen- 
9 


203 DIFFERENTIAL CALCULUS. 


dent variable. Let y be dependent. Then for a variation in 
æ only of the remaining variables, the equations (1703-5) 
apply to the present case, $ standing for $ (r, y, £ E Itu 
be replaced by each of the remaining independents in turn, 
there will be, in all, n—1 sets of derived equations. 


CHANGE OF THE INDEPENDENT VARIABLE. 


If y be any function of e, and if the independent variable 
œ be changed to /, and if £ be afterwards put equal to y, tho 
follies ing formule of substitution are obtained, m which p=y,: 


1760 don: UM 


da sh ue 


Differentiating these fractions, we got 
d 


du  yscv—C4yy; _ 9» 
M t € t € y 
dy e fy sity m Wy Yel — Ily f Vat Tath} 
fo = =; —— ——. op 
[55 € t 
Mor eti lor fe 
1766 —Á—— 1! 


we 
y 


moi ÉX.—1f «= reosÜ and y — rsin0; then 


1768 dy _ rasin 0-F-r cos 8 dy r*--95—vrs 
do r,cos0—rsin@’ da  (r,cosÓ—r sin 0)" 
E oor —Whiting 0 fort in (1760) and (1762), we have to find 2, y, 
5 thus, 
? Ze = Ta cos O—rsinÂ; — «4 = r4, cos 0—92r, sin 0—r cos 0; 
Ya = v,sinÜ--rcos0; Yap = ra sin O+ 2r, cos O—+ sin D. 
Substituting these values, the above results are obtained. 


xi} : : 
To change the variable from x to tin (up 52)" y,,, where 


Tuve) = e, employ the formula 
1770 (a+b Y, = b (d, —n—i) (d, —n—2) ... (d, —1) y. 


tn which, multiplication by d, by the index law signifies the 
repetition of the operation d, (1 492). 
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Por. — dla tri" ys} marbre)" byur (et be) ad] ze 
Now br, =e’ = athe. Substitute this, and denote (u+ br)" Ynse by Uy; 


Quae ae) = wi XM EL or UL = 5 (4m) U 


b 
Therefore U, = 6 (4, —2—1) Uy. aud Una = b (4, —4—2) Un s, ÈC, 
and finally U, — b (09,—1) U,. 
But ÜN— (ae) vy, — ee, = Uy. 
Therefore U, = (d, —n—1) (lnt) ... (4, —1) Ye 


17741 Cor— (u tr) Yne and a"y,, are transformed by the 


same formula by putting D=. 


1778 lo fF =d ina), where zr, y are connected with &, n 
by the equations vw=0, v=0. Itis required to change tho 
independent variables r, y to £, n in the functions F, and V,. 
1773 HRvurr.— To find the value of V,—JI/fferentiate Vu, v 
d P É l Eu UU a 3 3 
each with respect to x, considering E, n functions of the inde- 
pendent variables x, y ; and form the eliminant of the resulting 
equations; thus, 
4 T F r r r 
1774 VE Fm NV 0 RU 1 
wi lw ete —170 5; s. fee ou M. | = 0 
rE be ath 


snmiarly, to find V. 


| 


| 


0 the ou 


1775 Ex.—Let w=recos 6 and y=rsin 6; then 


k - . 3n 2 ». - cos 6 

by = 1.cos0 —1, m V, = Vesiné+V, ~ 

Puoor.— wuzreosÜü—zr, vzzrsinÜü—y, y ae NEM 4 
aud the determinant in (1774) takes the form 9.0.9 —rsin0 —19| 0, 


annexed by writing r and @ instead of i and y. : 
MUR : 5 sin 0 rcos 0 0 
A similar determinant gives Vy. 


- sin @ 
[] 


To tind Va, substitute V, cos0— J in the p' ee of V in the value of 


V,; and in differentiating for r and 0, consider V, and V, as functions of 
both r and 9. Similarly, to find Fẹ and V,,. Thus, 
" z A E . \ 2 sinl eos . siu! 0) - sin? 0 
ME PLI TET — tr, = + Va 3 ; 
r r 


D 


NE. " m ON DU en sf . cos? Q 3 
1778 y= Vasina (F ror) ce P py. ut 
j r 


os* 9 


BC 


By addition these equations give 


1779 ee y Vy = PEE Vl Vs. 
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1780 Given V=f(z,y,z) and č, n, č known functions of 
w, z; V, F V, are expressed in terms ot ue. 
the formule 

dV d(VWmC joy dV —cWieKD) T. dV - d£» E) E 


» = ————— P —— ° 


dë d(ays) © ^ dq d(eyz) ` al Ce) 

Proor.—Differentiate V as a function of ( Vii c V,n V; = Vas 
Eg, £ with respect to independent variables VEIT ca c 
2, y, z. The annexed equations are the result. Py up vo goy 2 
Solve these by (582) with the notation of (1600). Vid V ma a =e 


1781 Given =f (2, y, z), where æ, y, z are involved with 
£, 5, C in three equations w=0, v=0, «w-0, it is required 
to change the variables to £, n, Zin V,, V,, and F;. 

Applying Rule (1773) to the case of three variables, we have 


V, E+ n V, C= = 0 V, P V; m Ve 
Ue E+ unt Ul + u, = 0 Ug Uy Ug Url g 
oe a teL ra — 0(7 C [vow ÃO 
W E+ 0,9. d wet w= 0 We Wy We W, 


The determinant gives V, in terms of Va} V,, V; and the deri- 
vatives of u,v,w. V,and J’, are found in an analogous manner. 


17829 Similarly with n equations between 2» variables. 


1783 Ex.—Given 
e =r sinl cosġ; y=rsinOsing; z= r cos 8. 
The equations uw, v, w become * l 
rsinÜ cosó—2 =0; rsin0üsin$—y =0; r cos 0 — a = 0. 
Writing r, 0, ¢ instead of & n, ¢, the determinant becomes 


Ww a i —V, 
sind cosó rcosOcos¢ —rsindsing —l EM 
sinÜ sing  rcosÓ sin ó r sin Ó cos 9 0 
cos 0 —r siu 6 0 Ü 


From which V, is obtained. Similarly, V, and V;; and, by an exactly similar 
process, the converse forms for Vn, Vo, and V. The results are 


* Tn writing out a determinant like the above, it will be found expeditious 
in praetice to have the columns writteu on separate slips of paper in order to 
be able to transpose them readily. Thus, to find the coefficient of V,, bring 
the second column to the left side, and, since this changes the sign of the 
determinant, transpose any two other columns, so that tho coetlieient of V, 
may be read off iu the standard form as tbe minor of tho first element of tho 
determinant. 
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————- ————— — 


1784 V, = V,sin0 cos¢+ re g — = V, Sine, 
rsm 
1785 V, = V, sin 0 sin p+ V, ^9? gins TY, Con 
“snr 
1786 = eos 0 — F, S329. 
1787 V,—  V,sin 0 cos¢+ V, sin 0 sin 9+ V; cos 0. 
1788 Y,=  V.reos0 cos¢+V,rcos0 sin ¢—V,r sin 0. 


1789 V, = —V.rsin0 sing+V,rsin 0 cos 9. 


1790 To find V; directly ; ; solve the equations x, v, w, in (1783), for r, 0, 
and p; the solution in this case being practicable ; thus, 


2 3 
r= t+) Ost LEED, e m tan P 


Find r,, 0,, ¢, from these, and substitute in V, = V,v,-- V,0. + V,$,. Simi- 
lani P, mu E, Also a = ¥.2,+ ai Vias. Similarly, V, and V,. 


1791 To obtain V,,, substitute the value of F, in the placo of V, in tho 
valne of V,, in (1785), and, in differentiating F, Fo V,, consider Seni of 
these quantities a function of r, 0, and 9. 


To change the variables to 7, 0, and $, in. Far t Vs, 4- Vass 
the equations (1783) still subsisting. Result— 
1792 ‘get Vay- Vie 
E V FO cot 0+ V,-- Fo cosec? 6). 
Proor.—Put rsin@ =p, so that x =p cosp and y-psin$, 
100102 0779), Vat Vy = Roth - Y S T E n (1. 
Also, sinco z = rcosÜ and p —rsin0, we ha by the same formula, 
at Ve, = Feet — ole +l NI sue RENE 
Add together (i.) and (ii.), and EV = by (1776), which gives 


3 cos 0 


osi em 


If V be a function of n variables z, y, 2... connected by 


the single relation, ayo? SH eee (195 
1793. Vua Fatto. = Pot 2S I 
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Doo apr m, since 7, =<, by differentiating (i.), 
| — a 
therefore Le ars E - hs y,—— = = Y, “r E T y. (+ 7 =). 
r " 3 
2 
Similarly VC s 


Thus, by addition, UR 
Vut Vy the. = V, EISE py, (e LEE ES) = yet y, 


LINEAR TRANSFORMATION. 


1794 If FVaf(sy,z), and if the equations wu, v, w in 
(1781) take the forms 
Dm at bnt 6 iN E Aya Ay Aye, 
uethn ted then E = B w+ B:y+ B5, 
= 3§-+bn+e56 AC = Cr+ Cryt+ C5, 
by (582), A being the determinant (a,l.c;), and 4, the minor 
Of OS VO 


1795 The operations d,, d,, d, will now be transformed by 
the first set of equations below; and d,, d,, dẹ by the second 
get. 


d, = (A,d,-4- Bid, + Cid.) + i| d= TM 


a L 
ll 


d, = (Aid; - D,d,4- Cid) + A „ = 0 d, bud, bd, 
d, = (Ajd.4- Bd, + Cyd.) + A d; = cd, - ed, cd; 


Proor.—By d, = dE, d m. t die, and d, — d,z, T diy, d,2,; and the 
values of £,, z,, &c., from the preceding equations. 


1791 From (1795), V; =a Fzt: +a: Operating 
again ee Va we have 
Tot = (a, d, fad, + asd.) F; => a4 (Vj), 05 (V3 +a; (Va 


and by substituting the value of F; and simik uly with oe 
Vx. we obtain the formulas 


1798 

2e. tl pos V, Hag V, 20, V,, 22,2, V. 720,0, V, 
EP = y ‘or FOF Voy 5; | Cr Cunt "E355, V..4r- 205b, i 
Eccc a Kotes Vor 2656 We T2056 V, 4-366 ] 
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ee 


ORTHOGONAL TRANSFORMATION, 
1799 If tho transformation is orthogonal (58-4), we have 
wep qz = E+ +6; 
and sines, by (532, 983), A—1, A4,—u,, &e.; equadions 
(179-4) now become 
1800 e-2«u£T5m-46€ E= awtaytasz 
n = be + byt bz >. 
t= eette yti: 


y = mEt bant ek 
2 = @6+ b, + (56 


And equations (1795) become 


1802 d. = adhd, cd; d; = ad,+ad,+a,d, 
d, = todit bli ted >, d, = b d, t bad, + bsd: 
d, = a4; 4-0, d, + 6d d, = c6 det cd, ed, 


The double relations between e, », z and č, n, č, in the six 
equations of (1800-1), » the similar relations 1n (1802-3) 
between d,d,d, and d,d,d;, are indicated by a single diagriin 
in cach case; thus, 


1804 t£» & d; d, d, 


ea) 


1805 Hence, when the transformation is orthogonal, the 
quantities x, y, z are cogredient with d,, dy, dz, by the defini- 
tion (1653). 
1807 Extending the definition in (1629), it follows that any 
function v= "TOS y, 2), when orthogonally transformed, has, 
fora NC the function ¢ (d; d, d.) W. That isp uy 
the transformation, 

u=¢ Gr, Y» US y (£, 1, L), 
then also $ (d, d,, d.) = (di, d,, d) w. 


1808 But if v be a quantie, then, as shown in (16-48), 
$ (di, d, da} n is always a function of the coeficients only of u, 
and the corartunt is, in this c: ise, an urartant, 


1809 Ex.—Let u or o (x, y, z) = ac by + ez +2fyz+2 2g at hry, 


. (da d, d,) U 2 au, + bus + cua fu, + 29i, H 2h, 
zig U.o42/ 29 4-240j, aud this is an invariant of w. 
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1810 When V=/(e, y, 2) is orthogonally transformed, 
"eet Vey Vo = Vogt Ve, Vs. 


Proor.—By adding together equations (1798), and by the relations 
atbh+a=1, &e, and aja, + biba p eue, = 0, &., 
established in (584). 


1811 If two functions v, v be subjected to the same ortho- 
gonal transformation, so that 


uc $ (v, y, ELE (£, né) and v= (vr, y, s)=¥ (E mG) 
then $ (dz, d,, d,) v = È (d, d, d) v. 


1819 Ex—Let w= ax? +by? +c? +2fyz +2922 +2hay =o 
= APE P+ Cl + Of nS Hg CEH Qin = D, 
and let v = dy bz HP y+ l= and Y. 
Then $9 (d, d,, d,) v = av,, +0, +cv,, +2fr,, +2gu., +2hv,,, 
and D (d, dys dg) V = ava H Utoy HOV yet OF v, o 2g Vee FAI vg, 
But v,=2, and 2,,=0, &e. Hence the theorem gives a+b+c 
=g +b +c; in other words, a+b+c is an invariant. 


1813  Contragredient. — When the transformation is not 
orthogonal, (1795) shows that d, is not transformed by the 
same, but by a reciprocal substitution, in which a, b,, e, are 
replaced by the corresponding minors 4,, Bı, Cie In this case 
d,, d,, d, are said to be contragredient to v, y, z. 


1814  Contrarariant.—1f£, in (1629), the quantics are sub- 
jected to a reciprocal transformation instead of the same, we 
obtain the definition of a contravariant. 


1815 When zis a function of two independent variables æ 
aud y, the following notation is often used : 


io, dela, b_i 
do — P dy — 4 do da 
dp dq ds Lu dq on 
dy de” dedy ^ ` Uu dy 


—— — — 


Let $(w,y,2) — 0. It is required to change the indc- 
pendent variables from v, y to z, y. The formule of trans- 
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— — - — + -——— - — 


formation are 


Jm ll. de LL. i MN ON" 
1816 gs p’ UE o G4 m 

Px 2spq—tp —rq'. Cae _ qr—ps 
1819 dy p ; dyde — p — 


Proor.—Formulw (1761, 1763) give z, and z, because, since y remains 
constant, ¢ may be considered a function of only two variables, x aud z. 

Formule (1708-9) give æ, and zy in terms of partial derivatives of $, 
since z is now constant, and ¢ may be taken as a function of the two variables 
z and y. 

Bunt ¢ (x,y,z) 20 is equivalent to (sz, y) —2 2 0; and the partial 
derivatives of 9 with respect to x aud y are the same as those of y ; and 
therefore the same as those of z when z and y ave the independent variables. 
Hence z may be written for ¢ in the formula. 


Lastly, Ea (- 4) = (-1) ue gquegn DONE 
dy dz pls pls dz p i 
The independent variable is here changed from z to z, without referenco 


to the equation 9 = 0; aud this is allowable, because y is constant for tho 
time being in either case. 


MAXIMA AND MINIMA. 


Maxima and Minima values of a function of one 
independent. variable, 


1830 Derixitioy.—A function (e) has a marimum value 
when some value =a makes ¢ (x) yreater than it is made 
by any value of x indefinitely near to a. Similarly for a 
minimum value, reading less for greater. 


1831 = Itivstration.—If the 

ordinate y in the tigure be al- 

ways drawn =f(2), it has 

maximum values at if, C, FE, 

and minimum at D and D 

(1403). a 
Note.— For the algebraic 

determination of maxima and 

minima values by a quadratic 

equation, see (58). 


1839 RurE L.—.1 function $(x) is a marimum or minimum 
when p (x) vanishes, and changes its siyn as x increases. from 
plus to minus or from minus to plus respectively. 


) 
LER 
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1833 Rrr IT.—Ofheririse $ (x) is a mavimum or minimum 
when an odd number of consecutice derivatives of p(x) vanish, 
and the next is minus or plus respectively. 


Proor.—(i.) The tangent to the curve in the last figure becomes parallel 
to the a axis at the points A, D, U, D, E as æ increases; therefore, by (1193), 
tan 0, which is eqnal to f (2), vanishes at those points, while its sign changes 
in the manner deseribed. 

(ii) Let f"(«) be the first derivative of f(x) which does not vanish when 


2=a, n being even; therefore, by (1500), f(a h) — f(a)-- Boys (a 4-8). 
n 

The last term retains the sign of f"(a), when À is small enough, whether À 

be positive or negative, since n is even. Therefore f(x) diminishes for any 

small variation of 2 from the value a if f"(4) be negative, but increases if 

f'(a) be positive. Hence the rule. 


1834 Nore.— Before applying the rule for discovering a 
maximum or minimum, we may evidently— 
(i.) reject any constant factor of the function; 
Qi.) raise it to any constant power, paying attention to sign; 
(iii.) take its reciprocal; maximum becoming minimun, and 
vice versa ; 
(iv.) take the logarithm of a positive function. 


1835 Ex. 1.—Let qa) 7v — doe, l, 

therefore Oe) = (i —2oe oo as d 

Also o” (x) = 7 (62°—1227). Therefore « = 4/5 makes 9’ (e) vanish, and 
9 (e) positive; and therefore makes ¢(«) a minimum. 


1836 Ex 2.—Let  $(w)-—(»—3)*(»—2)". Here 

@ (a) = 14 (2—3)9 (s —2)! +11 (g—3) (9 — 2)? = (—3)? (e—2)" (252—060), 
and we know, by (444) or by (1460), that, when #=3, the first thirteen 
derivatives of ¢ (x) vanish; and 13 is an odd nnmber. Therefore o (e) is 
either a maximum or minimum when 2 — 3. 

To determine which, examine the change of sign in ¢' (e). Now (z—3)" 
changes from negative to positive as æ increases from a value a little less 
than 3 to a valne a little greater, while the other factors of @ (a) remain 
positive. Therefore, by the rule, $ (w) is a minimum when « — 3. 

Again, as æ passes through the value 2, p’ (r) does not change sign, 10 
being even. Therefore z — 2 gives no maximum or minimum value of 9 (2). 


Lastly, as » passes through the value E the signs of the three factors 
9 


in $' (x) change from (—) (+) (—) to NES (+); that is, p (x) changes 


from + to —; and, consequently, $ (v) is a maximum. 


1837 Ex 3.—Let ¢ (2, y) = a4 9xy—,y! = 0. To find limiting values 
of y. 


WANT Ws AND SPONTA. 307 


Here y is given only as an implicit function of æ. Differentiating, in 
order to employ formule (1705, 1711), 


Q = he + ey, pau = l2 +hy, p, = 29 By’; 
y.-— 0 makes $,2 0. Solving tl’s equation. with 9 (ec, y) —0, wo get 


2=+1, y=—1 when y, vanishes. 
2 d . . 
And then y, — — Or zo RET = 8, positive; therefore, when z=+1, 
$, 2—35 


y has —1 for à minimum valne. 
Sinilarly, by making y the independent variable, it may be shewn that, 


H : Ne gp 
when y = — qi has both the maximum and minimum values + vb. 


a a 


1838 A limiting value of pier, y), 

subject to the condition TOM Uc cS 

is obtained from the equation o= p U m 
Simultaneous values of e and y, found by solving equa- 

tions (i.) and (i), correspond to a maximum or minimum 

value of 9. 

, ead (1718), ¢ being virtually a function of x only ; and, by (1832), 


1839 Ex-—Lret o(t,y)=ary and Y (e, y) = 2$? —ay- t y — O...... (1.) 


Equation (3.) becomes — y (3) —2) = e (0o —y). 


Solving this with (1.), we tind y = 245. and a? (te 172). 

Therefore x= 127, y= 1A are values corresponding to a maximum 

value of o. That it is à maximum, and not a minimum, is seen by inspecting 
eqnation (1.) 
1840 Most geometrical problems can be treated in this way, and the 
alternative of maximum or minimum decided by the nature of the case. 
Otherwise the sign of ġa (y) may be examined by formula (1719) for the 
criterion, according to the rule. 


Mavima and Minima values of a function of two 
independent variables. 

1841 RurgL—.4 function $ (x, y) isa marimmn or minimum 
when Px and $, both vanish aud change their signs frou plus to 
minus or from minus to plus respectively, as x and y (crease, 
1849 Reve H.— Otherwise, , aud py must vanish ; das Pey — $i 
must be posit ire, and da OF da, isl be negative for à ucetinum 
and positive for a minimum value of o. 

Proor.—By (1512), writing .1, D, C for pin Gry, Gay we have, for small 
changes 4, k in the values of x and y, 


$ (ath, y- Fk) — o (e, y) = hg, kpt} CAP E 2 DI p Cl) + terms 
‘Which may be neglected, by (1410). 
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Hence, as in the proof of (1833), in order that changing the sign of h or 
k shall not have the effect of changing the sign of the right side of the equa- 
tion, the first powers must disappear, therefore ¢, and @, must vanish. The 
next term may „Pe written, by completing the square, in the form 
il f (4 4 +B) +A0—B i; and, to ensure this quantity retaining its 
sign for all values of the ratio h: F, AC—J must be positive. @ will then 
be a maximum or minimum according as A in the denominator is negative 
or positive. 

It is clear that A and B might have been transposed in the proof. Hence 
B must have the same sign as A. 


1843 A limiting value of Ole, yx 

subject to the condition Wi (o; y, s) =U ee (i: 

is obtained from the two equations 

1844 Du dou ce w $a, = pl S 

1846 or, as they may be written, $. — EE. (iv.) 

Y P v 

Simultaneous values of c, 4, z, found by solving equations 

(i. ii., ii.), correspond to a maximum or minimum value of ¢. 


Pnoor.—By (1841), 6 being considered a function of two independent 
variables # and z, aud, by (1729, 1730), 
$2, 9. 2) 50 gives Cio. and 9: (ao) = 0 gives (im) 
The criterion of maximum or minimum in (1842) may also be applied 
without eliminating y by employing the valnes of ó,, and @,, in (1719, '30). 


1847 Ex.—Let ¢(@,y¥,2=¢+7+? 
and wy (a, y,2) = aa? bif 4- c2 + 2fyz+ 99zx 4- Qhry—1 = 0..(.) 
Equations (ii.) and (iii.) here become 
Z ORDEN = comici. = - = E: , Say, (iv.) 
avthy+ge hetby+fe getfyte R 
Therefore, by proportion (70) and by (i.), @+y+2 = H7 — ¢. 


From equations (iv.) we have 


1848 ae 4- hy +g — Pv gc wi g 
aby a S ee) a = 0, 
ge +fy dez = Rz g ee 


1849 or (R—a) (R—b) (It — e) 4-2fgh 
— (4t — a) f? — (R — 0) g? — (Rt — c) I? = 0, or (see 1611) 


IU— IO (a4 -6-- c) - R (be-- ca ab — f^ —g? — 8) — A — 0, 
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This eubie in Z2 is the eliminant of the three equations in 
v, y, ze Itis called the discriminating cubic of the quadrie (.), 
and its roots are the reciprocals of the maxima and minima 
values of a? y^ 4-27. 


1850 To show that the roots of the discriminating cubic 
are all real. 


Let R, T, be the roots of the quadratic equation 


1851 ux "s E (lc) pe OON ue) 


R, >b and c, and b and e > R, 


Make R=, in the cubic, and the result is negative, being minus a 
&quare quantity, by (v.). Make I’ = R, and the result is positive. There- 
fore the cubie has real roots between cach pair of the consecutive values +o, 
R,, Py —00 ; that is, three real roots. But since the roots are in order of 
magnitude, the first must be a maximuin value of N, tho third a minimun, 
aud the intermediate root neither a maximum nor a minimun. 


Mavima and Minima values of a function of three 
or more variables. 


1859 Let ¢(ryz) be a function of three variables. Let 
dus ds» dae P. due Pry be denoted by e, b, cuf. 9, hs; and let 
A, B, C, I, 0, H be the corresponding minors of the deter- 
minant A, as in (16-42). 


1853 Reve L—49 (x,y,z) is a maximum or minimum when 
bro $5 $a Ul vanish aud change their signs from plus to minus 
or from minus to plus respectively, as x, y, aud z increase. 
Otherwise— 


1854 Reve IL.— Tho first derivatives of à must vanish; A 
and its coefficient in the reciprocal determinant of A must he 
positive; and $ will be a marium or minimum according as 
a is negative or positive. Or, in the place of A and a, read P 
and b or C and c. 

Proor.—Parsuing the method of (1812), let Z, ». ¢ be small changes in 
the values of z, y, z. By (1511), 

p (ete, ytn, 2+2)—9 (2, y z) 

Eo. uod mE (ad? + bn? +02? HSn HR hU) ke. 
For constancy of sign on the right, pa 9, $, must vanish, ‘The quadric 


may then be re-arranged as under by first completing the square of the terms 
in ë, and then collecting the terms in ¢, 7, and completing the square. TU 


pry ye) yi 
thus becomes d f (aithn +g)" + rn + st "E pa ; x 


wll 
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Hence, for constancy of sign for all values of £, n, 2, it is necessary that e 
and BC— F? should be positive. This makes B also positive. By symmetry, 
it is evident that A, D, C, BO—F*, CA —G*, AB—1I* will all be positive. 
The sign of a in the first factor then determines, as in (1842), whether $ is a 
maximum or a minimum. 


1855 The condition may be put otherwise. Since 
DO— I? = aA by (577), the condition that .5C^— P* must be 
positive is equivalent to the condition that a and A must have 
the sume sign. Hence we have also the following rule :— 


1856 RurzIIL—24,, $,, 0, must vanish ; the second of the four 
determinants below must be positive, and the first and third 
must have the same sign: that sign being negative for & mag- 
imum and positive for a minimum value of $ (x, y, 4). 


1857 Pres Paw Pry | Pox Pry $.. E Pox Poy $.. Quo s 
$, Poy $,. Pry Oye $,. Poy Py: Pyw 
Pex Pry Paz Pex Pzy Po: Pew 
Pur Pry Pw: Pow 
a E à 10. 
1858 The theorem can be extended in a similar manner to 
$ (2, ij, 2, 16, ...), a function of any number of variables. Form 
the successive Hessians of ¢ (1630) for one, two, three, &e. 
variables in order as shown above; then— 


1859 Rore.—In order that $ (x, y, Z, w,...) may be a mag- 
imum or MİNİMUM, bys Pys Pur du, Ke. Must vanish; the Hessians of 
an even order must be positive; and those of an odd order must 
have the same sign, that sign being negative for a mavimum and 
positive for a minimum value of the function $. 

For a demonstration in full, sce Williamson's Dif. Cule., 4th Edit., p. 433. 
CEN — — —— ORBI o o 
1860  Ex— Required a limiting value of the function 

u = aw? + by? + 02? + fyz + 9gze + hey + 2pe + 2yy + Ira td. 
The condition in the rule produces equations (1), (2), (8). Equation (+) 
results from Euler’s theorem (1624), thus; introducing a fourth variable w, 
as in (1645), we have — au, yu, zu. t ww, = 2U, 
which reduces to (4) by means of (1), (2), (3), and the value of «, putting 
qi. 


1861 ku, = az+hy+gz+p =0..... (1) ahg p 
ju, E hoc by + 4% +q = rre (2) : : h b f q EVO 
lu, = getfy dea +r = 0...... (na cuc cuc rl 7 


pe+qy trz +d = u... (4) D y F C 


WAXTWHA AND OMTNTPWA. sll 
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The determinant is the clininant of the four equations, by (683), and is 
equivalent, by the method of (1721, Proof. i.), to A—Auz:0, or uz AVA 
(Notation of 16406). 

To determine whether this value of u is a maximum or minimum, either 
of the conditions in (1854, '6) may be applied ; and since, in this example, 
tin, = d, M3, = 2b, &c., the letters a, b, e, f, 4, À may be considered identical 
with those in the rule. 


1862 To determine a limiting value of $ (e, y, z, ...), a func- 
tion of m variables connected by n equatious i z 0, i40, ... 
u= |), 
Rere. — Assvme n undetermined multipliers M, X, ... An 
with the following m equations :— 
$T (1), FA: qur nes TAi CHA = 0, 
oy tA, (1) +À: (Qc ooo an (u,), = 0, 
making in all m+n equations in m+n quantities, X, F, y... 
anil NX An The values of X, y, Z, ..., found from these 
equations, correspond to a maximum or minimum value of $. 
Proor.— Differentiate $ and 3, Ua ... Un on the hypothesis that z, y, z, ... 
are arbitrary functions of an independent variable £4 Multiply the resulting 
equations, excepting the first, hy Aj, A, ... Xn in order, and add them to the value 


ofpe The coefficients of a, yo Z, ... may now be equated to zero, since the 
functions of £ are arbitrary, producing the equations in the rule. 


1863 Ex. 1—To find the limiting values of r = x+y +z with the 
conditions Ae+ By +0 =l and le+my+nz = 0. 


Here m = 3, n = 2; and, choosing À and p for the multipliers, the equa- 
tions in the rule becoine 


2ep2ddetpl =0...... (QU) Multiply (1), (2), (3) respectively by 
Qy+2BrAy+ pm = 0...... C. z, 7,2, and add; thus u disappears, 
22+2CAz+pn = O......(3) and we obtain 


Hy zi (Ar Dy CZ) = 0, therefore A= — 7. 
Substitute this in (1), (2), (3) ; solve for 2, y, z, and substitute their values 


in lc ny nz = 0. 
M 2 3 
1864 The result is =: - + a + T r = 0, a quadratic in 7’. 
zog —3À D = 


The roots are the maximum and minimum values of the square of tho 
radius vector of a central section of the quadrie 2Ló + By’? + Cz? = 1 made by 
the plane l2+my+nz = 0. 


1865  Ex.2.—To find the maximum value of u = (+1) (y+1) (z4 1), 
subject to the condition N =. arc’. 
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This is equivalent to finding à maximum value of 
log (+1) +log (y+1) +log @+1), 
subject to the condition log N = z log «4 y log b+z log c. 
The equations in the rule become 
— th loga = 05 = JG ui =e -= 

By eliminating A, these are scen to be equivalent to equations (1916). 

Multiplying up and adding the equations, we find À, and thence «+1, y+1, 
z--1; the values of which, substituted in «, give, for its maximum value, 

u = {log (Nabe) P2- 3 log à? log b? log œ. 


Compare (274), where a, b, c and 2, y, z are integers. 


+à logc = 0. 


Continuous Maxima and Minima. 
1866 If ¢, and $,, in (1842), have a common factor, so that 


$, = P4 (v, y), $, = OY (es y)... 2, 
where P and Q may also be functions of æ and y; then the 
equation y (x, y) = 0 determines a continuous series of values 
of cand y. For all these values $ is constant, but, at the same 
time, it may be a maximum or a minimum with respect to any 
other contiguous values of p, obtained by taking æ and y so 
that V (æy) shall not vanish. 


1867 In this case, ¢2,¢2,—9¢%, Vanishes with V, so that the 
criterion in Rule II. is not applicable. 
Proor.—Differentiating equation (i.), we have 
qp n aE 
bay = Q,V 4 Quy, ) í dy: = QU 


If from these values we form $4$,—$., X Puz Y will appear as a factor of 
the expression. 


1868  Ex.—Takez as ọ (zy) in the equation 


Qe =U Sob (Ty iyu M GD 
b b 
P = —— 1) Tod 22, — 4 (==!) 
( V C +y’) rey VICE 


The common factor equated to zero gives a? + y* = L7, and therefore z = za... (ii.) 
Here a is a continuous maximum value of z, and —« a continuous minimum. 

Eqnation (i.) represents, in Coordinate Geometry, the surface of an anchor 
ring, the generating cirele of radius « having its centre at a distance b from 
the axis of revolution Z. Equations (ii) give the loci of the highest and 
lowest points of the surface. 


For the application of the Differential Caleulus to the 
Theory of Curves, see the Sections on Coordinate Geometry. 
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INTRODUCTION. 


1900 The operations of differentiation and integration are 
the converse of each other. Let f(r) be the derivative of 
¢(x); then ¢(v) is called the integral of f(r) with respect to a. 
These converse relations are expressed in the notations of the 
Differential and Integral Calculus, by 


dp (wv) _ =f) and by re ) de = ẹ (x). 


de 


1901 "ursongEM.—Let the curve y =f (r) be drawn as in 
(1403), and any ordinates Ll, Mm, and let OL =a, OM=b; 
then the area LMml = $(b) —$(a). 


Proor.—Let ON be any value of z, and PN 
the corresponding value of y, aud let the area 
ONPQ =A; then A is some function of æ. Also, 
if NN'— dz, the elemental area NN IP = dA 


= ydz in the limit; therefore us Ex 
au 


is that function of z whose derivative for each 
value of æ is y or f(x); therefore dl = 9 (2) 4- C, 
where C is any constant. Consequently the area 
LMml = 9 (b)—9 (a), whatever C may be. 


The demonstration assumes that there is only one function $ (x) corres- 
pouding to a given derivative f (z). This may be formally proved. 

If possible, let W(x) have the same derivative as ¢(7); then, with the 
same coordinate axes, two curves may be drawn so that the arcns dé fined ns 
above, like L Mil, shall be $ (c) and V(z) respectively, cuch area vanishing 
with z. If these curves do not coincide, then, for n given value of 2, they 
have different ordinates, that is, 9 (z) and V (7) are different, contrary to tho 
hypothesis. The curves must therefore coincide, that is, 9 (£) and y (x) are 
identical. 


25 
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1909 Since 9 (0) — (a) is the sum of all the elemental areas 
like NN’ PP included between Ll and Mim, that is, the sum of 
the elements yde or f(x) de taken for all values of æ between 
a and b, this result is written 


(Fede $0—80). 


1903 The expression on the left is termed a definite integral 
because the limits a, b of the integration are assigned.* 
When the limits are not assigned, the integral is called inde- 


finite. 
1904 By taking the constant C=0 in (1901), we have the 
area ONPQ = 6) = ( f(x)dx. 


Nots.—In practice, the constant should always be added to 
the result of an integration when no limits are assigned. 


MULTIPLE INTEGRALS. 
1905 Let f(z, y,2) be a function of three variables; then 


T2 ( Y2 ( «2 
the notation ] ( ( f(x,y, z) dx dy ds 


et, e y1] @ 2 
is used to denote the following operations. 


Integrate the function for z between the limits z=2,, 25, 
considering the remaining variables æ and y constant. Then, 
whether the limits z,, z, are constants or functions of « and y, 
the result will be a function of e and y only. Next, consider- 
ing æ constant, integrate this function for y between the limits 
y, and 4s, which may either be constants or functions of w. 
The result will now be a function of # only. Lastly, integrate 
this function for æ between the limits a and a. 


Similarly for a function of any number of variables. 


1906 The clearest view of the nature of a multiple integral 
is afforded by the geometrical interpretation of a triple in- 
tegral. 


* The integral may be read * Sum a to b, f (7) dr”; f signifying “sum.” 
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Taking rectangular coordinate axes, let the surface 
z = $ (o, y) CN Yom in the figure) be drawn, intersected by tho 
cylindrical surface y= 4 (e) (KMNnwu), and. by the plane 
a=, (LNml). The volume of the solid OL MNoliii bounded 
by these surfaces and the coordinate planes will be 


zy y(n) qeu) 
| | da diy dz. 
« 0 


CU boon) aedy - Y 


Proor.—Sinee the volume eut off by any plane parallel to OYZ, and at à 
distance z from it, varies continuously with #, it must be some function of z. 
Let V be this volume, and let dV be the small change in its value due to a 
change dz in x. Then, in the limit, dV = PQqp x de, an clement of the solid 
shown by dotted lines in the figure. Therefore 


dac y Gr) 
— LOG? = | 9 (2, y) dy, by (1902), 
Ë 0 


z being constant threughout the integration for y. The result will be a 
function of z only. Making æ then vary from 0 to x, we have, for the whole 


Ti 4 (xr) zx y (x) Cs y) 
volume, | f | $ (% y) dy | dv = | 1 | [ [ dz | dy | de, 
0 0 0 0 PEU 


since p (x, y) — z. With the notation explained in (1905), the brackets aro 
not required, and the integrals are written as above. 


« 0 


190" = If the solid is bounded by two surfaces z, = Q, (7, y), zs = 9x y), 
two cylindrical surfaces m= Y (7), Ya = V, Ce), and two planes «=, à — fy 
the volume will then be arrived at by taking the difference of two similar 
integrals at cach integration, and will be expressed by the integral in (1905). 

If any limit is à constant, the corresponding boundary of the solid 
beeomes a plane. 
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METHODS OF INTEGRATION. 


INTEGRATION BY SUBSTITUTION. 
1908 The formula is fs p la dx = ‘ $ (a i d = dz, 


where z is equal to f(x), some function - so as to facili- 
tate the integration. 

Rute L— Put x in terms of z in the given function, and 
multiply the function also by x,; then integrate for z. 

If the limits of the proposed integral are given by x =a, 
x — b, these must be converted into limits of z by the equation 
me zy 


The following rule presents another view of the method of 
substitution, and is useful in practice. 


1909 Ru Il. —/Jf $(x) can be expressed in the form F (z)z,; 
then | Qum EL | F (2) £ dr = | F (2) ds. 


Ex. 1.—To integrate |o . Substitute z = æ + y (za); 
dz r. e+ VG? +a’) 
therefore — = 1 = va zs 
j da / (i! 4- a?) 42) v (2+ u’) MAGE pay 


e ce i T. 
| dz dn | z pA log {a + / (2 *e)]. 


04,8 2-6 9,73 
x 2. | ea do = | ero log (a*-Pa™); 


gta eee 
Here peta Ie (2) OE Ze = — (5275+ 227°). 
z 
Ex. 3 [5E dx E |. mie "dio 
Bc lte J/(l-Faa*- ev’) Hee / (ete eta) 


ERG. d, (y! er) dz 
m lE ^A (a7! - Fez) +a— 2e} 
» ii js v / (a —2c) + / (14r aa" KL 
v (a— 2c) lez? 
1 M QI 
or COSS D eo 
By (1927) or (1926). Here —z^'-ez. 
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In Examples (2) and (3) the process is analytical, and leads to the dis- 
covery of the particular function z, with respect to which the integration is 
effected. If z be known, Rule l. supplies the direct, though not always tho 
simplest, method of integrating the function. 


INTEGRATION BY PARTS. 
1910 By differentiating ur with respect to z, we obtain the 


» » 
general formula | wwvde = uc — | ur da. 

The value of the first integral is thus determined if that 
of the second 1s known. 


Rue. — Separate the quantity to be integrated into two 
factors. Integrate one factor, and differentiate the other with 
respect to x. Jf the integral of the resulting quantity is 
known, or more readily ascertained than that of the orginal 


one, the method by ** Parts" is applicable. 


1911 Nore.—In subsequent examples, where integration by Parts is 
directed, the factor which is to be integrated will be indicated. Thus, in 
example (1951), “ By Parts fe da” signifies that e** is to be integrated and 
sin be differentiated afterwards in applying the foregoing rule. The factor l is 
more frequently integrated than any other, and this step will be denoted by fdz. 


INTEGRATION BY DIVISION. 
1912 A formula is 


| (a+ be")? de =a (atbar) (ar (a +bw”) -d : 


The expression to be integrated is thus divided into two terms, 
the index p in cach being diminished by unity, a step which 
often facilitates integration. 
Similarly, [ (a+ ba^ tes”) de 
= a (a4 bz" ter")! + bz" (at ba" 4- ee”)! + ez" (at bx"  cx7)n7. 


£913 Ex.—To integrate | J (2 +0’) dz. 
3 
By Parts | ae | V (2? +a) dz =r J (x? + a*) -[ a dx 


MEETS 
Rm no P £ wide Er. 
By Division, f V (2? 4-27) dz = | visi Ea) + | ZI 


Therefore, by addition, 


2 
a 2 d -— / 2 3 1 a dx 


= ir (2° +a") + 10? log {z+ (z 2"), by (1909, Ex. 1). 
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INTEGRATION BY RATIONALIZATION. 


1914 In the following example, 6 is the least common de- 
nominator of the fractional indices. Hence, by substituting 


1 
z — $5, and therefore x, = 675, we have 


gi—1, [2—1ldz, ,(#—# 
| d a= Fu dz d 612 a 


qus 
— 6 | (raa Bade ) da. 
z4-1 


Each term of the result is directly integrable by (1922) and 
(1993). For other examples see (2110). 


INTEGRATION BY PARTIAL FRACTIONS. 


1915 Rational fractions can always be integrated by first 
resolving them into partial fractions. The theory of such 
resolutions will now be given. 


1916 If ¢() and F(z) are rational algebraic functions of v, 
p (x) being of lowest dimensions, and if F(x) contains the 
factor (z— a) once, so that 


Fn) wa). E 


a A (x) 9 (a) 
then $c ud. XU) LT 
1917 Tum aa T p(w) F (a) () 
Proor.—Multiply equation (2) by (1), thus 
9 (2) = Ap (2) + (x—a) x (2). 
Therefore, putting v =a, $ (a) = Av (a). Also, by differentiating (1), and 
putting z—« afterwards, F” (a) = 4 (a). Therefore A = ¢ (a) + JU (a). 


1918 Again, if F (æ) contains the factor (z—4), n times, so 

that F(x) = (»—«)* y (2). 

A his h (æ) = EL A, y "um X (n) 
IS (^) (e—a) a (e—a) E vm a y(x) 


To determine A,, 4,... Ap Multiply by (x—a)"; put 
x=a and differentiate, alternately. 


1919 1f F(z)=0 has a single pair of imaginary roots 
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a d- iB; then, applying (1917), let 


$ (a-4- 18) L— =k. a $ (a—iB) = 557,2 
weno) acm a e 
and the partial fractions corresponding to these roots will be 
A—iB A-FiB — 24 (o—a)4-258 
c—a—iB ` v—adiB (r—a)-FB8' - 


For practical methods of resolving a fraction into partial fractions in the 
different cases which occur, see (235-238). 


INTEGRATION BY INFINITE SERIES. 


When other methods are not applicable, an integral may 
sometimes be evaluated by expanding the function in a con- 
verging series and integrating the separate terms. 

on ae ae 


a 
Ex. [Caz es Gites EL tissa4 


jore 


-p&c. — (150) 


=. —— wp e e c 
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1991 Some elementary integrals are obtained at once from 
the known derivatives of simple functions. Thus the deri- 
vatives (1422-38) furnish corresponding integrals. The fol- 
lowing are in constant use :— 


1922 ( T d ql ann E = los v 
` t E —À m+ Ü f "m — lo) & . 
» k ar LI y 
1994 lee =,“ fese. 
loga " 
1996 | d -= ui cos"! & or — 1 sin^! LS [Subs. - 
Je/@—c) « a a c 
pP dx l v dE di 
NER SS — (lig s t [Substitute =- 
1927 |- v) uf AC Ep l 
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1928 |voES = log [v+ v (a + )]. (1909, Ex. 1) 
dx Ec po AU l 
1929 ur ae) sin! -- or cosmin (1434) 
EU NEN M 
1930 * V (a? dz a?) ALT + J (a +a ye 


1931 By Parts, Division, and adding results (1913), we obtain 
| V (7 07) de — de / (a^: a*) + $^ log fetve). 


1932 By Parts, Division, and difference of results, 


CC a ds ? 
| JG = ley (t He) F 4e log [54/49]. 


1933 | e—a) de = Mh siu Z 4 de Vea) 
K [As in (1931) 


Cr ie 
1934 (Et — sin E de (ea) 
v (a —àa) a [As in (1932) 
1935 | NE ON m for c EE (1436) 
J He a a a a 
dv l vV—tt : 
= — log 2 By Partial fractions 
1936 p 2a Cawta [By 
dv il ate 
1937 e. = a log — a [ Do. 
J| @—a 2a a— a 
1938 {sin æ dv = — COs x. | cos v dv = sin a. 


x 
1940 {tan v dv =— log cos x. | cot v dw = log sin v. 


: mo m * a 
1949 | sec v dv = log tan (+5). | cosee da = log tan = 


Mertnop.—(19-40, ’2), substitute cosa. (1941, '3), substitute sin z. 


1944 | sin ede = site Mu 


1945 | cos! a' dx = x cos!» — y (1—2a?). 
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1945 | tan! der = v tane — 4 log (1+7). 

1947 | cot wde = vtan et } log (104r). 

1948 | see! arde = v seela —log E vL (a RP 
1949 | coseal w die = a eose a+ log fet /(a®—1)}. 


Mrriop.—(1944) to (1949), integrate by Parts, Vie. 


HA | log q Yir = vlog r—.r. [By Parts, | dz 


D) , Z 
e p ESL pu a—h 
1951 E TE^ v (w — 05) ie fi "e (Sah Í 
1 /(b4- «) H (b —a) tan d.n 
> TEN Goa ee EE 
1952 o os | me v (ba) —4 (=u) tan 1a" 


according as a is > or < h. 
[Subs. tan $a, and integrate by (1935 or '37) 


VARIOUS INDEFINITE INTEGRALS. 


GENERALIZED CIRCULAR FUNCTIONS. 


1954 { sin” dv. | cos" dw. | cosee” dw. 


a 
Metnop.—When » is integral, integrate the expansions in (772-4). 
Otherwise by successive reduction, see (2060). For cosce” da, see (2098). 


ilm!» tein" "ae. ie» 
&c 


1957 m NIME RAE Eu i 


n—1 N—od n— 


Proor.—By Division: tan"; = tan"? x secte — tan” ?z, the first term of 
y ; , 


which is integrable; aud so on. 


die OT 
1958 lS oF. | (a— beds &)"- ud 


Metnop.—By substituting tan z = tan Z / C Similarly with 
A € 


sing in the place of cosa, substitute 4r— r. 


* . . 
Ey COST, | XL [s sina, 
.eosmr . sina -~ 


1959 x Dap. 


COS ML e Sin ne 
2 T 
dm 
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Mernop.—By (809 & 812), when p and n are integers, the first two 
functions can be resolved into partial fractions as under, p being < & in the 
first and < »—1 in the second. The third and fourth integrals reduce to oue 
or other of the former by substituting $7—». 


1963 cos?» _ 1 Se sin (27— 1) 0 eos? (2r—1)0 SO T 
== — c e -= —————— ig e= 
COS NL (ie eas cosz—cos(2r—1)0  ' MT 

cos? x 1 me asn Tro cos? rd. - 

1964 S = —— xri (- 1"! — —__, with 0 — —. 

sin NË n SIN g cos x — cos rü 2b 


The fractions in (1963) are integrated by (1952) ; those in (1964) by (1990). 


Formule of Reduction. 


N 3 Mire a =— > a mc) r 
ieee oe a eae T cos E 


Cos? ar Cosel ae M Cos? a 
d . » 
COS n sin (n—1) @& cos(n—2) v 
1965 oe dv = —? | Siete da 4 | cask A dx 
smë v A} sn^ wv 4 sin’ & 


v . e 3 D e __9 p 
cos (n—1)a de | sin (n—2) a 


» . 
Sn uv 
jc. (enr pi Ee | 
wv SID? qu s) SIM D sm? r 


1968 f Ana o= 9 | sin (n—1) 3, f sin (n—2) 8 5, 


COS? w cos? la COS” a 


Pnoor.— In (1965). 2 cose cos (n—1) æ = cos nv+cos (n—2) r, &c. 
Similarly in (1966-8). 


dv 


z * 
1969 | sin? w sin nv dw 


SIN? V eos nv ) uM... 
E a d | sin?-! w eos (n —1) ada. 


pa pn 
1970 | cos? av sin ne dv 


COS? v COS NY Y X m m e 
7 e E | cos’! w sin (n— I)e de. 
rie pn. 


c... —— Hr ——— —— ——————— ÁÉÁ — al 


LÀ 
1971 | sin? v cos nv der 


* 


sin? æ sin ar DEI iw 
—— —— / | sin” Ly sin (n— 1) æ da. 


ptn " jee o 


RAM 


v 
1972 | eos? x cos nv der 


COs? L SIMUNAP ) 
= a ee no | cos e cos (n —1) e da. 


pn agre 
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Proor.— (1969). By Parts, \ sin verde, In the new integral change 
cos nz cosx into cos(u—]l)r—sinssr sina, Dy successive. reduction in 
this way the integral may be fonnd. Similarly in (1970-2). 

Otherwise, expand sin? or cos’ in multiple angles by (772-4), and 
integrate the terms by the following formuhe. 


1973—1975 


| sin pe sina die = Qe = Hn our) 
. z pm p 


and so with similar forms, by (666-9). 
» » Li 
cos pe d.e sin px de 
ind | — 
COS An COS WL 
l i! COS pz— sm pe EN 5 l zoi- 
E m di — d 3 E 
COS UE l+” 
when p and x are integers, by equating real and imaginary 
parts after integrating “the right side by (2025). 


Proor.— Pnt cosa+isina =z; therefore izde = dz. Multiplying nume- 
rator and denominator of the fraction below by cosnv+i sinngz, we get 


aro found from 


1976 | 


cos pa + i sin pz _ 9 C08 (p+a)}r+i sin (ptn) x z_o gh 
COS n4 1 +cos Pnet i sin 22a: ligit } 
cos pe +7 sin pe MECILUDP 
therefore cus pef sin pe 7, — or * E 
cos NL l+” 


1978 | eeu nd ^ sin BU e it de are found in the same 


sn v sin ue 
cos peti sm pe wo ga 
way from | ee T Us En ue 2 Í a 
sin we =g 


Proor.—As in (1976), by multiplying numerator and denominator of 
os pati sin pa 
CE Et eee by cos nz—i sin nz. 


sin ae 
- LR ———————————————————— 


* cos bids "o sinede 
—— ——— and |————. 
FA (eos Ne) v/ (cos nv) 
COS wo find tan az =i(l—y"), and therefore 
V (eos ar) 
yde = ——-. Hence, multiplying by 7, we have 
[ cos rY— sin 2 | dy 
E — de z—-—. 
& (Cos ua) j2-y" 
The real part and the coeflicient of / in the expansion of the integral on 
the right by (2021, `2), are the values required. 


1980 


Putting y = 
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1982 Aem m tan” (tane e [Subs. tan z 
t 


u cos? e+ b sin x MAS ab) 


1983 = ‘a 3p {blog (acose+)sinz)+az}.  [Subs. tanz 
1984 | ius M as tan"! [M [Substitute cot x 
1985 | D. ct =d dia = 5 tan”! (a cos x) — 2 [Substitute a cosa 
1998 [S = oy tO vüce c A [Sube sine 


cosa v (1— à? sin? z) de = 1sinz V (1 —à? sin*z) + 5; sin"! (a sin z). 


[Substitute a sin» 


1987 | 
1998 | saevae sin? e) de = — $cosz V (1—a? sin?) 
| 


iz {a cose + v (l—a simz)). [Subs a cos æ 


2 
sin e (1 — a? sin? a)? dz = — l cosx(1—a’sin?z)? 


+3 (1=a') | sinz /(1— d sinta) de. [Subs. a cos æ 


1989 


d _ log Í(u cosee e - b cot &)^ tan? dx 
1990 | siu « (w+ cos) a! — b 
B 1l — &—bcosac b sing 
UAM See IS — v 405 3 0 2 D c E DNE E 
sina (a+ b cos w) (a*—b*) sinew (u?—l?)(u+b cos v) 
tana dua M 1 14008 e A/ (b — a) 
1991 | V (uc bia) /(b—u) i v b 
[Subs. cos a ,/(b — a) 
/ (a+b sin? 2) -ı Vb cos a 
é dis = Am : - 
1992 ES gin a a Vs -b) 


— Ja log { Va cota + v (a cosec*a+b)}. 


Metinop.—By Division (1912), making the numerator rational, and in- 
tegrating the two fractions by substituting cot and cos v respectively. 


1993 | de _ (igi cem | dæ ) 
u + Zb coser ceos 2a m en Zccose-Fb—a — !2ccosz-Fb am )' 
where m = /{l?—2c(a—c)}. Then integrate by (1953). 


$ dv ; dé - 
B | aot ee 


: > b 
Mernop.—Substitute 0 = &—u, where tan «a = 
a 
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1995 | F (sin w, cos) de 
J a eos eT sina-Fc 
P being an integral algebraic function of sina and cos r. 


Meruop.-- Substitnte 0 = z—a as in (199), and the resnlting integral 
“(sin 0, cos) dU s() 40 | f sin dd (cost 

takes the form fo D = É Li ‘ye , 
-l cos t+ E Acos0+B J .Leos0- 5 
since f contains only integral powers of the sine and cosine, and may there- 
fore be resolved into the two terms as indicated. 

To find the first integral on the right, divide by the denominator and 
integrate cach term separately, To find the second integral, substitute the 


denominator. 


F (cosa) die 
1996 1 oS SE GU 
(a, +b, cosa) (+h cos)... (4,4 - bn cos v) 

where /'is an integral function of cos a. 


Metnop.—Resolve into partial fractions. Each integral will be of the 
ly 
fort — (1981). 
j; | Cos g Nu 


Jj A eose +L smete cm 


1997 | acos eto sinate 


Metnop.—Let $ (x) =acosatbsine+e; c o (7) = —asinz-bcosz. 
Assume I eos zr Basinet C = Ao (7) + ny (z)-Fv. Substitute the values of 
9) and pọ (z), and equate the coctlicients to zero to determine A, u, v. The 


Integral becomes 


y 9 (2) k E = n 4 o | as dx 
[Garet CE le = Av+p logo (2) + (2) lx, 


and the last integral is found by (1991). 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS. 


1998 | e" F (2) de can be found at once when T(r) can be 
expressed as fhe sum of two functions, oue of which is the 


derivative of the other, for 


COOLTOWE ed (9. 


1999 | e™ eos” bede antl | e@ sin" bral arerespectively = 


(t ecos benh sin he n(n—1)/ 
i acr muc Uk e*^.cg8" ^! ba + — oe fe * 00s" "dame. 
etn etre 
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and 

asin be—nb cos bv ne . n- i(n—1) e " 

OM. gc sect cue lUo (My dL. Hec e° sin"? bede. 
TR TM at nb 


Proor.—In either case, integrate twice by Parts, feda. 


Otherwise, these integrals may be found in terms of multiple angles by 
expanding sin” # and cos" æ by (772-4), and integrating each term by (1951 2): 


9000 |e sin”wx eos".^de is found by expressing sin”w and 


cos’« in terms of multiple angles. 
js je sin'z cos?zdz. Put e® =z in (768), 
(2i sin a)* (2 cosa)? = (2—27')’ @ +2")? 
ES (pesos (gu oct @—2 )-3@ a te e joc. E 
99 e? sin? æ cos! a = e” (sin 7e—3d sin oz sin 3x +5 sin g). 


Then integrate by (1999). 


2001 Turorem.—Let P, Q be functions of v; and let 
{Pdz = Pp, J P,Q.de=P., SPQ de = pios M 
oa = PQQ"— nP, Q+ n (n—1) P,Q"7— ... E 
Proor.—Integrate successively by Parts, | P dz, &c. 


2002  Turonzw.—Let P,Q, as before, be functions of z; and 


p) p 
let Tu -(m) p, (2). Pe (zi) c &c. Then 


L di = M ee 
JQ' —  (n—1)Q,Q"' (n—l)(n—2) Q, Q 
P, l go 
(n—1)(n—2)(n—3) GQ" 2 n—1 Q oe 
Proor.—Integrate successively by Parts, | — oo dæ 
EXAMPLES. 
2003 | quel (os a) 
1) n 
uem n m s 1 n u Q-E ee pu E 
me =<( me p +( D ne” 


Meruop.—By (2001). P, = " P=, Pp dc. 
n V 


ALGEBRAIC FUNCTIONS. 9E 


2004 


| mora = | a" ÍA-Ene log e+) (no log a) +&e.} de, 
. . [By (119) 
and each term of this result can be integrated by (29033). 


arde 
2005 jean 
— Cum l p! amic" mel n3 Y 
= Ti = (us (n— 2) 2E (n— 1) (n—2) (1—3) +e.) 


int" Tai da 


+ ___. 
n=l. 


Menon — By (20A ene a DP -Lwmm5 Pom ee 


loga 


The last method is not applicable when n = 1. In this 
ES p 
case, writing l for log v, 


pide oP mf mu 
= log/+ml T &c. 
2006 Pm Toge zn TY Tet lo?) 1.2.5.P o. 2s 
m-1 mlogr 
METHOD: = Expand the numerator by (150), and inte- 


à logg  zlogz 
grate. 


See also (2161-6) for similar developments of the expo- 
nential forms of the same functions. 


PARTICULAR ALGEBRAIC FUNCTIONS. 
i 1 1 l 
2007 |ala as} 


a” (z—1)" n—l ((l—r)" a 


n f 1 1 


Ten o E 1) " 
NEN EM TEE eie 
E Jie OCIm-)t gn? 


.. (n— 1) 5]1—zc 
n being even. (1918) 


basa 


dr E l EN S jd ) 
2008 | (o tav (i — 2’) ^ ¥(i+a’) lau 


[Subs. V 
v 


dr 1 uo us M NM 
2009 dress v/ (1-2?) TOV EU 


da T a /2 + /(P—1) 
2010 |n e-o-v 9 vem s 
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dr 1 2? (ae—be) 
OT ee M — >b 
2011 (c 4- ez") EHE S J/ (ace — be?) ui PI aeg + ac ) in i 


1 c A (a 4- ba?) 4- v / (bc — ace) 
fo — A «b 
A, (b eve / (c4 ex?) Ce E 
dz 2 Slat bx") — Sa 3 
LL. a c UEM E Subs. —— 
2012 | uya 98 uta Fabi s di 
(1 +2*) dz ee eee eru Sub AA 
2013 [o SES = 1 tog 224 VO Pate, BA 
Os") dx Dd cmm TAI? Sub x /2 
2014 | gees OSD EM UU eem (Subs ER 
ACC =.) AlN e a d sh 
2015 [VCE ae = T fog MOH n sin Y, 
æde il { vmi er Seay --— I) 
"QU PNE cue e AB e ee NT 
2016 | az m Fa (= 1-2 eee 


[Substitute z /(14-a*) — «4/2 in (2015-6) 


SPOTS 


2: 21 
[Substitute z = z (24? —1)t 


A 
g Me 


da i (993 — Ty —2 
———————À, = } log ——_____— 
2017 | GQ—a)2e—-li * "Q’—lt+e 


de 2 
ea — Erg e T 
s | AFA {VAt O [VUF 
[Substitute x 


VIV) 


da fms adv re $/(1—2?) 
Í De m = log v ru + HAE ETT tan 1 EET [Snubs. "fium 
de M a 
2090 | (IESU Vl 432432) reduces to (2019) by substituting S em 
gi} 


INTEGRATION OF — ——- 
p" + at 1 


If l and n are positive integers, E [—L«n:t n m 
being even, 


-—— — ——————SÀRÉ 


* [f i— n, the value of the integral is simply ; log (z*—1). 
i 


1-1 


E 
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2021 — = z log (. —1) + = log (r+ 1) 


++ SeosriBlog (a? — 2 con B41) 2 snrBtanr 278 —veosrB 


sin rf 


where B = ^, and X denotes that the sum of all the terms 
n 


obtained by making r-2,4,6...»—2 successively, is to 
be taken. 


TEM d. 
ia g 
2022 | 2 = — log (e—1) 


a"—]l n 


D av _;v—eosr 
+5 ScosriBlog(e?—: 2u cosrB+1)—— Esin riBtan7 Se 


wii r= 2,4, 6 —1 successively. 


If n be even, 


2023 |: A - =— LZ X cos riB log (4?^—2. cos rB-+1) 
d i S sin rif tan? — mg ur 
) 


sin vB? 


with r —1,3,5... n—1 successively. 


If n be odd, 
ka — (—VY) x... 
2024 | EL bog (+1) 


2 — 3 
-i X cosrlfBlog(a*—2xvcosrB-F1)--- X sin Bin 5988 B 
7 T 


sin r8 
with r =41,3,5...n—2 successively. 


Proor.— (2021-4). Resolve wz into partial fractious by tho method 


z $ (a) F a" r : 
of (1917). We have = —— = —, since a" = F1. The different 
PU) swm n 

values of a are the roots of #"+ 1 = 0, and these are given by de uL + 
t sin rH, with odd or even integral values of r. (See 480, 431; 2r and 2r+] 
of those articles being in each case here represented by r.) "T he first two 
terms on the right in (2021) arise from the factors «+1; the remaining 
terms from quadratic factors of the type 


(z —cos 73 — i sin 7/3) (z — cos rB +7 sin r3) = (x—cos rj)! 4- sin! rj. 
These last E ms are integrated by (1923) and (1935). Similarly for the 
cases (2022-4). 

Tu 
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9095 If, in formule (2021-4), yrs) sin rl be 


added to the last term for the constant of integration, the 
integral vanishes with v, and the last term becomes 


x sin r8 
1] — cos rp’ 
reading — in (2021-2), and + in (2023-4). 


UP etd 
= sns 
n 


m-l 
p T I < jd Bu x 
2026 | atb arb | E i) 


where az” = be”. Then integrate by (2023-4). 


p Eum 4. : v—COsr 
2027 | E dv = — > sinmrB tan?! a—cos vB 
: vt n sin rB 
where (9 — c^, and += 1,3, 5,... successively up to »—1 
or n—2, according as n is even or odd. 


2028 
uua 2 = ^ 
| BE 113 dx = — P eos mrp log (1? —2r cos r8-4- 1), 


with the same values of +; but when n is odd, supply the 
additional term (—1)* 2log (z4-1) 4- n. 
Proor.—Follow the method of (2024, Proof). 


Similar forms are obtainable when the denominator is 2"—1. 


2029 

471 J I 
( — 3475 ii - ue E T - > cos (n=) p a eer ia $ 
J "2a" cos nü--1 nsin nd sin $ 


—2 sin (n—1) $.log (4?—2 cos $-F 1), 


YT 
where ¢ = 0---—— and r —0,2,4,...2(n—1) successively. 
n yo: 
; , asin 
But if the integral is to vanish with z, write tan^' ser j 
. E E (6) 
as in (2025). dd 


Proor.—By the method of (2024).— The factors of the denominator are 
given in (07), putting y equal to unity. 


x r 
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2030 | € de= F E E { cos (r/B + mr) 
x log (a? — 2x cosrB+ 1) —2 sin (B+ juz) tan ere 
with the values of P and r in (2021-4). ; 

Proor.— Differentiate the equations (2021-4) i times with respect to l, 


by (1427) and (1461-2). If m be negative, integrate m times with respect 
to l, and the sume formula is obtained by (2145-6). 


In a similar manner, from (2027-8) and (2029), the general 
terms may be found for the integrals 
2032 
[ den Co Dra] og 


p d r amd ( gl (log av)" dae 
wt 1 G € i ar’ OO» COS no+ 1 


> P 
INTEGRATION OF ja” (amp bu")? da. 


2035 Rur I.— When mit is a positive integer, integrate 


1 
by substituting z = (a+bx")". Thus 


p (j ` ml — (l ae i] 
| a? (a4p-ba")* de = E | ee (4) ” di 
nb . ) 


Expand the binomial, and integrate the separate terms by (1922). 


a 


9036 But if the positive integer be 1, the integral is known 
at sight, since m then becomes = »—1. 


9037 Rute II.—]WAhen "ELLE is a negative integer, 
l 
1 


substitute z = (ax-"--b)*. Thus 
i : m+} 
| av” (a 4- ba") dv = — a. | mPtq-] (=) X c -1 * 


. n « a 
Expand and integrate as before. 


2038 But, if the negative integer be —1, the integral is 
found immediately by writing it in the form 


m+ P p 5 
k 4 (az7" + b)? de = | 277 (az tye dx 


q x E 
up pM uet 
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EXAMPLES. 
2039 To find fadt) de. Here m=}, n=4, p=2, q= = 8, 


a positive integer. Therefore, substituting y = (+$, æ = (3—17, 
aen = O (y ED and the integral becomes 


| (yl) x = ud = f y* (ye —1) dy, 


the value of which can be M LOU by expanding and integrating 
the separate terms. 


au 


343 
33 (a 4- ba*)5. 


= 1 (2036); that is, m 4-1 = n, and the factor 2? is the derivative 


2040 | R oe 
For m+ l 
n 


l 44 
of qv. 


2041 | = aao a dz, or [2i (1-- obi dz. Herem=—i, n=}, p=2, 


go 5 me) + 2 =—2 a negative integer. Therefore, substitute 


prem (ey a= (y —1)?, z, = —6y? (y —1)*. Writing the integral in 
the form below, and then CE the values, we have 
Jat (et +1)? wdy = — 6 f y! Q1—1) dy, 


which can be integrated at once. 


2042 |. = {= (ator de Hee eee pP = a 
(a + ba") n q 
therefore, by (2038), the integral 
= =|. 717 (ag 4 D)-! de = — + log (a27"- b). 


REDUCTION OF fa" (a+b)? de. 


When neither of the conditions in (2035, 2037) are ful- 
filled, the integral may be reduced by any of the six following 
rules, so as to alter the indices m and p, those indices having 
any algebraic values. 

2043 I. To change m and p into m+n and p—1. 

Integrate by Parts, ly aria 
2044 II. To change m and p into m—n and p+l. 

Integrate by Parts, X (a4 bx")" dx. 

2045 IIT. To change m into m+n. 


Add Y top. Then integrate by Parts, (x" dx ; and also 
hy Division, and equale the results, 
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2046 IV. To change m into m—n. 

Add. 1 fo p, and subtract n from m. Then integrate by 
Parts, Ax" dx ; aud also by Division, and equate the results. 
2047 V. To change p iuto p1. 

Add 1 to p. Then integrate by Division, and the new 
integral by Parts, | x"7' (a+bx")?. 

2048 VI. To change p into p— 1. 
_ Integrate by Division, and the new integral. by Parts, 
| x"! (a 4- bx")". 


2049 MNEMONIC T ABLE rog THE SAME RULES. 
E ee —— a nE al 

I. | m+n, p—1 | By Parts (m). 

II. | m—n, p+! | By Parts (p). 


III. m+n (p+1), Parts (m) und Division. 

IV. | m—n (p+1, m— n), Parts (m) and Division. 

V. pt] | (p+1), Division, and the new integral by Parts (p). 
VI. p—1 | Division, and the new integral by Parts (p). 


By applying the rules, Formule of reduction are obtained. 
Thus, any of the six values below may be substituted for the 


integral | ve (apb) dw. 


2050—2055 
Ja ant (ap be")? 2 bnp | atr - run ue 


m+ J mers 
pU et mE Loss a 
TI. bn (p+) bu(p+1). Q (u+ be”)?! da. 


qt qst b(m-r- nn i-- 1) Í 1 
gr, Ta hate bn n E np D | ome (a p Len? du. 
I u(m+ l) a(m-+1) \ pelt) 


eat barytt — a (m—n4Y) (uus — 

IV. b (mr ap 1) D L a (a A- ba ) Ga. 
ml ap l » 

an (p+1) an ( p4- 1) | e" (at bere da 


am Matheny anp 


i = Wu T ee cma laa l m’ h. anYp-l l. ` 
m+npt | WAT Mops 


334 INTEGRAL CALCULUS. 


EXAMPLES. 
2 MES 
9056 To find [4e m de. Apply Rule I. or Formula I.; thus 
x 


fat (ama)! de = — at (9 —2?) fa (a? —2?)-3 de (1927). 


2057 To find [.——— dz. Apply Rule IT. or Formula II.; thus 


2 2?) 
(a^ — x 


fa CE a = a (a? —a) t — 3 fa (a@—a)? dæ (1934). 


2058 J cosec” 040. Substituting sind = e, the integral becomes 
{sin "8.59 de = = jem =)? da. 
da 


Apply Rule IIL; thus, increasing p by l and integratiug, first by Parts 
aes dz, and again by Division ; 
s SERRE 


qom i i= 
e^" (l1—2») de een 


+ L [e= tae, 
l—ow i 


|^ (1—27)? = A (1—22?)! da— ]z7 (1 —a*)—} da. 
Equating the results, we cod 


2059 jer aay EE 


By repeating the process, the "es is made to no finally upon 


a7 (1—2)? da or [a-a dz, 


m 


= Dm e le (1—2)7! da. 


according as m is au odd or even integer (1927, '29). 


2060 J sin" 040 is found in a similar manner by Rule IV. The integral 
to be evaluated is fa ^ (1—2?) >de; and the integral operated upon is 
(am? (l—a®)?dw. Otherwise apply Formula IV. See also (1954). 


9061 = To find Ic 3j 3 Apply Rule V. p--—r, and inereasing p by 


1, we have, first, by Division, 
| (+e) de = | a? (x +a) de p a? | (a? +a)” da. 
Integrating the new form by Parts, fa (x? +a)” de, we next obtain 


2 33l-T 
2 (3 Tur v (x Ta) E T | pi 3A-z 
E (a? + a?) 7" de TENER) E (25 -- à3)'7* dz. 
Substituting this value in the previous equation, we have, finally, 


2062 
( de E 2rp— P z | dx 


Tu "ig (t ' (2r = TET 


(pey 2 (rl) a* He) 
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—— 


This equation is given at once by Formula V. Thus r is 
changed into r—1, and by repeating the process of reduction, 
the original integral is ultimately made to depend upon (1935) 
for its value if v be an integer. 


Another formula for this integral is 
| de (dq a’ (1 ER 
a HEU. PEE EO NN ag (3 n m 
| (a* -B)* 1.2... (r—1) dB’ V, p : a) 


Pnoor.— Write 6 for «@ in (1935), and differentiate the equation r— 1 
times for /3 by the principle in (2255). 


9064 = To find | (a34-.2) da. Apply Rule VI. By Division, we have 
| (a! +r?) de = “| (a? à)! gu + E (a3 4-21)! dy. 
The last integral, by Parts, becomes 
| a (at 2) — + a (a3 4 1)" — 1 | (a? 4- 23)". 
Substituting this value in the previous equation, we obtain 
2065 | (at 22) a — Jc dar ii | | Ge an) de, 
E n+l n+l. 
a result given at once by Formula VI. 


If n be an odd integer, we arrive, finally, by successive 
reduction in this manner, at. V (a?) de (1931). 


2066 The integral |j sin" cos’0d0 is reducible by the fore- 
going Rules l. to VL, if, in applying them, n be always put 
equal to 9; if p be changed into p+2 instead of p+; and 
if Division be always effected. by separating the factor 
cos’@ = 1 —sin*0. 


Proor. | sin" 0 cos? 0 40 = ya" (1—2?)!»-" dz, where x = sin @. Thus 


n = 2 always, and the index 4 (p—1) is increased by 1 by adding 2 to p. 


Thus, Rule I. gives the formula of reduction 
2067 


w. sin"*'9 eas? 6 j= | 
| sin"Bcos^64d6 — - 3 Ec 


si m? r «n-? 1 
T E +E in”t? 0 cos?-*040 


336 INTEGRAL CALCULUS. 


But the integral can be found by substitution in the fol- 
lowing cases :— 
If r be a positive integer, 


2068 | cos’ "2 simPardm = (a —zzrdz, where z-sin x. 


e 


2069 | sinw COS? ede = -| (1—2?ya?dz, where z — cosa. 
If m+p = —2r, 
9070 | sin".v eos? a dv = | (1Ha) eue where 2 n 
FUNCTIONS OF atbrte’. 
'The seven following integrals are found either by writing 
2071 a-+be+ea? = {(2ce+b)?+4ac—b?} + 4e, 
and substituting 2ez4-b; or by writing 
9072 at+be—cx = fac 4 D — (2ez — b) ] = 4e, 


and substituting 2ex— b. 


l , aeto / (b —4ae) 
2073 ! ph Tus — (b —4ac) log 2Zer+b-+ y (P —4ac) 
2 a 9er b 


or 


/ (4ac — 5?) ae me (4ae — b? 
according as b? > or < 4ac (2071, 1935-6). 


2078 f paar = pa 8 Urin) ara) 
(2072, 1937) 

2075 E E 

TUE l zlog (2ew+b+2 /e y (a+be+er’)}. 


(202 1E? T259) 


wt 
~J 


FUNCTIONS OF a -- bet ea”. di 


2077 | (atbetea’) de = 167? | Lf M ac—Pb) dy. 


2078 ( S(atbe—ev) de = 167i | \/ (ate T P —9*) dy, 


where y =L +b. The integrals are given at (1931-3). 


| der - min ud dy 
2079 \ (abete) ^ | (yh 44e — b)” 


(By (2071), the integral being reduced by (2062-3). 


2080 | cum 


(on) dee 
up bad can)? 


= | (20w40) dæ rth) de +( . S) | dv 

(abba 2)" £P (athe ea”)? 

The ee a the second integral is (a +bæ+ ra)? + (1—p), 
unless p= 1, when the value is log (a+be+ca). For tho 
third, see (2071). 


sg —Decompose into two fractions, making the numerator of the 
first Yer +b; that is, the derivative of a+ bet ca’. 


2081 | C dx may be integrated as follows :— 
pe 
I. lf & > 4ac, put « and Q for ate and, 


by Partial Fr P the integral 1s resolved into 
paty p t an 
nC ek ) | c dx Aey da (1926) 
IJ. 1f & « 4arc, put = =r? and amer -— jie, wd. Ue 


integral p be —Ü into 


(q—pn) à qm cq, (g3p09 1-3 TO s 
2082 2 n  s-Lmved-n da -| d ? metn aa b 


the value of which is found by (2080). 


JEDE ue — duae 
2083 | m fe yA eE). (2062) 
Jatbertet Pathe A A), 2a 


gx 
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vde 2a 
2084 ! a+b Feat  — b(2a+ba) 


de Da l af ae " vr ) 
2085 (= T io /(2ab) p m xj 2a ba? 
EN 


I 


REDUCTION OF ja" (a tbe $a")? aie, 
` Norr. —In the following Formule of Reduction, for the sake of clearness, 
a” (a + ba? + cx")? is denoted by (m, p), and the integral merely by | (m, p). 


2086 (m+ 1) | Gn. p) = (ml p) 
—bnp { onto, p—1)—2enp | (m+2n, p—1) oe (m. 


2087 bn (p+1) | Qn, p) = (m—n-4-1, p+1) 
—(m—n-+1) ftm» p4T1)—2en(p4-1) { (m+n, p) ...(2). 


2088 2en (p4- 1) | (m, p) = (n—2n+ 1, p+ 1) 
—(m—2n +1) | (n—2n, p+ D) — n (p+) | (n—n,p)...(8) 


2089 — (m-up4d-) | (a, p) = (m+, p) 
+anp (on, p—1)—enp | (m+2n, pel eeu TE (4). 


2050 Gn 4-2np 4-1) | (n, p) = (m1, p) 
+2anp È (n, p—l)+bnp Ton, p—1). epp m (5). 


2091 b (mr np-4 1) \ Qus E Cea E 


—a(m—n-+1) TEM p)—e(m+2np+n+l) n m+n, p) 
T (6). 


2092 bn (p+!) Jn, p) — —(m-—n-F1, p+) 
(nup) f (in —n, p) 20 (p V) f (in —n, p) 
(7). 


REDUCTION OF Ve" (a+ bo" A ca)? de. 339 


——— M 


2093 cn (p4- 1) ii (m, p) = (m—2n--1, p+!) 
+an(p+1) {we 2n, p) — (n -np—n 4 V) Mo 24, p+) 
5). 


2094 an(p+ 1) ij (m, p) =—(m+1, p+!) 
+(m+np+n-+l) Qn p+))+en(pt+]) | Gn 4-2n,p)...(9). 


2095 2un (p4-1) n (m, p) 2 —(m-FV, p) 


J- (m4-2np 4-204 1) | Gn, p-F1) —ó» (p4-1) | (m+n, p) 
— (10). 


2096 — «(QD | (m, p) = (m+1, p+1) 
— nip n-E VC (mp) — en d-2npd- 24-1) (en 2n,p) 
— (i: 

9097 — c (nd hip) Jn, p) = (m—=2n+1, p1) 
— (m+np—n+ 1) | (u—n,p)—a (n—21+ 1) | der. Jp) 


Proor.—By differentiation, we have 


2098 

| (m, p) = m i) (m—1, p) bap | (m+n—1, p — 1) -F 2enp N (n +2n—-1, p—1). 

Formulae (1), (2), and (3) are obtained from this equation by altering the 

indices m and p, so that cach integral on the right, in tnrn, becomes n (m, p). 
Again, oF division, 


2099 JQ p) =a) Om, p-1D) by ors, p—1)*e Yin 22, p—1) (A). 


And, by changing m into m—n, and p into p l, 
2100 " (n—n», ptl) =a \ (m—n, p) +h i (m,p)te (m+n, p)... (B). 
Formule (4) to (12) m: ay now be found as follows :— 
(i), by eliminating | Gun, p—1) between (1) and (3); 
(5), by eliminating Y (m 20, p—1) between (1) and (A); 
(6), by climinating \ (n=, pt) between (2) and (B); 
(7), by eliminating li (mtn, p) between (2) and (B); 
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(8), from (4), by changing m into  —2n, and p into p 1; 
(9), from (4), by changing p into p+1; 

(10), from (5), by changing p into p+1,; 

(11), from (6), by changing m into m+n; 

(12), from (6), by changing m into m—n. 


If a and B are real roots of the quadratic equation 
a+b” 4- ca?" = 0, then, by Partial Fractions, 


audi 1 { | a” di ( adla j 
2101 per — e(a—B) LJ a"^—a  Ja"—B)"* 
and the integrals are obtained by (2021-2). 
But, if the roots are imaginary, 


v" dv Pel Zn d 
TEL UB. oam i 029 
ee = a == y ho —2z" [275 conf usn 


| e = 
where cos nf = — E amd =| 
24/ (ac) a 


2103 crier is reduced to (2079-80) by (2097). 


d.e i dy 
2104 lem errn -| JG By poy)’ © 2075) 
where y = (z-Fh)?, A=c, B=b—2ch, C= a—bh+el’. 
da l althe 1 althe 
——————À = s^! peut com zi 
2105 ler Jani Via oth ski 
da 1 Ene l +h 
SS —— — By (2181). 
2106 esr Vice Jol ath [By E 


Metnop.—Substitute (z4-A)^!, as in (2104). Observe the cases in which 


i= ll 


j da > y” dy 
2107 | (e EA)" (aF bete) | -|- v (A+ Byt Cy 


with the same values for A, P7, C, and y as in (2104). The 
integral is reduced etl BY (2097). 


(Le m) de 
2108 i (+B) yy (qa Eb e) 


INTEGRATION DY RATIONALIZATION. 3&l 


Mernop.—Substitute 0. by putting v = p tan (0 +y), and determine the 
constant y by equating to zero the coeflicient of sin 20 in the denominator. 


. 4 í 
The resulting integral is of the form | Tiaan Oe Wim eg 
J CP + Q vos 20) 


Separate this into two terms, and integrate by substituting sin @ in the first 
and cos 0 in the second. 


i $ (e) de 
9109 | F (e) / (ad be ca) 
where $(») and F(») are rational algebraic functions of g, 
the former being of the lowest dimensions. 


$ Cr) 
L(x) 


are either of the form (2107), or else they arise from a pair of imaginary roots 


(A v + L) de S b 
et titut 
{(a—a)?+)3°} v (u tbet ex?) Hor af 
#—a in this, and the integral (2105) is obtained. 


Metnop.—Resolve 


into partial fractions. The resulting integrals 


of F(x) = 0, and are of the type | 


INTEGRATION BY RATIONALIZATION. 


In the following articles, /’ denotes a rational algebraic 
function. In EOM case, an integral involving an iérational 
function of æ is, by Am neon made to ‘take the form 
\ (2) dem This latter integral can always be found by the 
method of Partial Fractions id 215). 


2110 | rar dese n gr &c. f dae. 


ath. 
Substitute PEE = z’, where / is the least common dc- 
ge 
nominator of the fractional indices; thus, 
Li 
m Ts = de dw (bf—ng) (zn) T: EJ we, 
b—g3* dz (b—gz!)? f gx 


the powers of z being now all integral. 


n T 
Do em eos oy «urba M. i | 
2111 | d 1 L , Gee ki ase. du. 


Reduce to the form of (2110) by substituting 2". 


a 
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2119 ( Fy /(atv man) } dev. Subs. ./(a+Vme+n). 


2113 |n Fin, XA Dr rcer’)? da. Substitute «= = 
i ) 2 
And therefore v (bæ + ca?) = xz 3 a — S 
2114 (r fo, /(atbe+ca’)! de. 
Writing Q for a+be+ca*, F may always be reduced to 
IES OE a 
icone — in whieln A, 6, C. D are konsian Eon 
C+ D/Q 


rational functions of æ. MRationalizing this fraction, it 
takes the form L4-M VQ. ‘Thus the integral becomes 


[nde | ar /Qde, the first of which two integrals is 
hi 


rational, while the second is equivalent to E dw, which 
is of the form in (2075). 


2115 Ornerwise.—(i.) When e is positive, the integral may be made 
rational by substituting 
a — ez dæ _ 2c (bz—cz! — a) 2 a—cz? 
p= a+be+ es’) = ve( ih 
Qez—b’ dz Qez—b)>  * V ED 2e2— b p 
(ü.) When c is negative, let a, B be the roots of the equation 
a+bz—ce2= 0, which are necessarily real (a, b, and e being now all 
positive), so that a+be—ca? = e(v—a)(8—2). The integral is now made 
rational by substituting 


|oen24[ de || 29(a—f)ez EM OD E ez 
m CIE (ez! - 1)? ’ vA EE) ez +l 


In each case the result is of the form jr (2) da. 


2116 | Frag i inm V/ a+ba bea} da 
when "El is an integer, is reduced to the form (2114) by 


ii 


substituting a”. 
2117 
{ F! a (tT ber), 4 ‘(fter)} gv substitute. = 


a MÀ M M À— MÀ À——M— 


ae ha 
gn 


3] 
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ga (ug — hf) 
v (y — b) > 
te * * 
yb AA (ng — bf) de a (bf. — uq) a 
/ tj = Er re, 8 = 9 : ke 
ete ) v (yi — b) de (gz? — by? 
The form ^ Ios, /(y2—b)} dz is obtained, which is 
ae in (2114. 


( a 
and, therefore, r = a 7 (a + br) = 
gz — 


2118 {. en p fa” ; lapba), bath (aJ P. p) ae, 


thts 


when is an integer, is reduced to the form | @) dz 


by E z = bh tv (a+b), and therefore 
2 9 
fim 2 9 a + a 
qa" = “ ; A/ (a D — : 


m+1 


—1 
Qm l (Z—aY (5) 
dz 2nb\ 2bz gp 


2119 E CO o) g F (a) de is rationalized by substituting 
n su ne ei nm. 
q 


either VENT or CON according as ——— 


is integral, whether positive or negative. 


» p 
= M : 
2120 | ee Os LJ a", (atbe)*} dv, when — is either a 
k n 
positive or negative integer, is rationalized by substituting 
1 


(a+ ba”) ?, 


INTEGRALS REDUCIBLE TO ELLIPTIC INTEGRALS. 


2121 { F m VL (aM bM e x dap ea 5 thir. 


Writing X for the quartic, the rational function F may 
PIS J? 
TENURE 4 


and this again, by rationalizing the denominator, to the form 


always be brought to the form 
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M+N/X, where P, Q, P’, Q', M, N are all rational functions 
ofz. f Mde has already been considered (1915). 


f "NX It doe : 
N/A do = or , whe : 
| NS X da | 7X dv or YX where F is rational 


By substituting g = e and determining p and g so 
y 
that the odd powers of y in the denominator may vanish, the 
last integral is brought to the form 
Rdy 
J ply Fey) 
R being a rational function of y, may be expressed as the 


sum of an odd and an even function; thus the integral is 
equivalent to the two 


‘yA CP) dy F, (4°) dy 
abe | v (a+ by + cy’) 1j J (at by Fey’) 


2122 


'l'he first integral can be found by substituting vy. 


The second, by substituting Ex for 4°, can be made to 
ler 


depend upon three integrals of the forms 
lw V1 ka? de 
2124 li enr o joes, 
V 1—a*.1 — Ka? VA 
dx 


f (1-- na?) /1—a?. 1 R 


By substituting $ = sin^'z, the above become 


2195 ( J.B 


( do 
E sin! d 
{ dd 
(12-2 sind) //1—1? sin! 


These are the transcendental functions known as Elliptic 
Integrals. They are denoted respectively by 


2196 — F(k4, E(h$., L(a, k, $). 


INTEGRALS REDUCIBLE TO ELLIPTIC INTEGRALS. 3-45 


APPROXIMATIONS TO /'(b,4) AND E (i, pġ) IN SERIES. 
When Æ% is less than unity, the values of (f, $) and 
E(k, ¢), from the origin p = 0, in converging series, are 


] D. k* l. e.t A 
2127. F( 4) = 4— i A ALI S Act 


íi. -w—1 ** i 
«+1 ihe M i Ji Am &c. 
E Iz lj; ill o. p. 

2198 E (k, p) = pt E A,— a A. it > 4.0.2 Ayr... 

inl sO... uo k” & 
where p Y" G x ur} Aa ue 
bam € is an even integer. 

A, = - Z. —6, 


5) 
sindo — fs5m2 T 
ee mA + 39, 


m- Sg E. DN ei 109, 


4. 8m np n aim 2) by Eu 2) sin (n—4) 9 


I ——— A M 


C (n, 9) cm n n HDC (n, dn) $. 
n—6 


Proor.—In each case expand by the Binomial Theorem ; substitute from 
(773) for the powers of sing, and integrate the separate terms. 


The values of /’'(I, ¢) and E(k, »), between the limits 
e= 0, p =e, are therefore 


2129 


OEO E E 


2130 mm. 7 
E VI m. Q (19V SOY e 
F (^5) 5 2 L (p id (5 ri) nc (ET) E T 
But series which converge more rapidly are 


2131 
P(g) tpe (je Eje eee] 


£y 
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2132 "EM 
Py Pa AS T EN. W EIC 4 EU 6 & 
= (x, z= ETI {1+(5) a +) k Hs) a te] 
where n = IE) 


F (x) dm 
2133 \ Soe ee 
pressed in the form (s— Lr (e+ +), is integrated by 


substituting æ+ m 


If b is negative, and F (x) of the form (e+ 35 (e+); 


2 


when I(r) can betes. 


substitute 2— L 


Fo) de 
2134 A/ (a+ bet etd catt TETON 
Substitute æ+ i — 
v 
de 1 1 ) E 
Hence Tat = = e dz, 


and the integral takes the form 
( P--Q d — | 24 -3— /z—2 
Jaf a (3—32) +b (42—2)-Fez-F dj j 2/2 t 
where P, Q are rational functions of z. Writing Z for the 
cubic in z, we sce that the integral depends upon 
{+ ~ and QG? de 
Vb 2) H v A eae) 
the radicals in which contain no higher power of z than the 
fourth. The integrals therefore fall under (2121). 


; F (v) dm 
2135 | " (a Fb 4e eh bad aa) 


Ixpressing P(e) as the sum of an odd and an even fune- 
tion, as in (2123), the integral is divided into two; and, by 
substituting 4?, the first of these is reduced to the form in 
(2121), and the second to the form in (2134) with a — 0. 


INTEGRALS REDUCIBLE TO ELLIPTIG.INTEGRALS. 947 


| f Gn 

|à (abet eat dey 

Put e =y +a, a being a root of theequation «+ hr + e dai 0. 
and, in the resulting integral, substitute zy for the denominator. 
The form finally obtained will be 


( (p+ Q Vat+Bx*) dz, 


which falls under (2124), P and Q being rational functions 
ol z. 


2136 


` Wr) 
ae EE 


Expressing F (e) as the sum of an odd and an even func- 
tion, as in (2123), two integrals are obtained. By putting 
the denominator equal to z in the first, and equal to vz in the 
second, cach is reducible to an integral of the form 


ons Q v/a-- B3!) der; 


which falls under (2121). 


2138 | LE = — E I (=: $). [Expand by (2127). 


sut 1) v= \v= 


' dis ln 
2139 d a =) 
| ^ t+." 2 (3 2 a 
Proor.—Snbstitute cos 'z in (2133), and 2 tan! in (2159). 
2140 i T 
y de 2 2u "-- ) 
——— — gir F — s » =. I : : 5 
\ v (aw —a*)(b—w) yb (v b $) NS (v 2a ^) 


according aS Gis > or < 2m 


Proor.—Substitute accordingly, à = 2asin?g or x = b sino. 


j de 4 (ub 
2141 | J (a—w)(e— b) (e+e) — Arb $ (y ate’ $): 


Proor.— Substitute z = a—(a— b) sin? p, z being <a and >b. 
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SUCCESSIVE INTEGRATION. 


2148 In conformity with the notation of (1487), Ict the 
operation of integrating a function v, once, twice, ... 2 times 
for æ, be denoted either by 


| t, { Chee ( Gem ie ke), Wiles UE ccr 
e 20 


ew 2v 
the notation d. , indicating an operation which is the inverse 
of de Similarly, since $9,, Yous Yor: XC. denote successive 


derivativ es of Ys SO Y-as lI omes DI - 8 &c. may be taken to repre- 
sent the successive integrals of y with respect to æ. 


2149 Since a constant is added to the result of each in- 
tegration, every integral of the 5" order of a function of a 
single variable x must be pe eu by the quantity 


E a 
eui T 1 Mr Es Le U t. "des 20 ues KE 


where ai, 45, 3... @, are arbitrary constants. 


Examples. 
The six following integrals are obtained from (1922) and 
(1923). 
When p is any positive quantity, 


aq pa 
a 1 90 { nx = EBIQEES) UTERE +4. ES 


When p is any positive quantity not an integer; ODE 
positive integer greater than o, 


i — 
2151 \ == ^ (p—-l)(p—2) D ae UE a p k 


When p is a positive integer not greater than a, the me 
lowing cases occur— 


2152 LI loga- | 0. 


2153 ( E = (vloga =u) | 


a (ptl)c E Mi = T 
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uw pec log) 2] La 
2154 le a | ue og.) > shee 


For the integral within the brackets, sce (2166). 


The following formula is analogous to (1461-2) 


9155 | P» LE = l “a (ui — 17) + | 0, 


aaa GUS a” COs 


SUCCESSIVE INTEGRATION OF A PRODUCT. 


Leibnitz’s Theorem (1460) and its analogue in the Integral 
Caleulus are briefly expressed by the two equations 


2157 Dhr) = (d,-F9,) we, — D_, Qui) = (d 49)" ue 5 
where D operates upon the product uv, d only upon uv, and 6 
only upon v. Expanding the binomials, we get 


8159. Joe) =at T nato 1) RR i efie --&c. 


n(n l 
2160 D sgg (tt v) = Uns HW Lauer ur arr T is, cce. 


152 


Proor.—The first equation is obtained in (1460). Tho second follows 
from the first by the operative law (1453); or it may be proved by Induction, 
independently, as follows— 

Writing it in the equivalent form 

| (uv) = f uv—n | uv. atl) | V2, Åe. ...... qm), 
nz nx nel)z s ne«2)m 


make n = 1; then 
| (ww) = | w—| wt | WO Ces... -:- 
r E 2r 3r 


a result which may be obtained directly by integrating the left member sne- 
cessively by Parts. Now integrate equation (i.) once more for », integrating 
each term on the right as a product by formula (i1.), and equation (1.) will 
be reproduced with (+1) in the place of n. 


2161 | a o FR gE 0. Or, by expansion, 
2162 
| re Eum. n(n+1) m (m—1) amike. | «| 0. 


a” a lu " 


If m be an integer, the series terminates with (—1)" n™ «^. 
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Similarly, by changing the sign of m, 
2163 
| pe cH fla qm 4 nO T) m (n 4- 1) +h. } +| 0. 


i D 9 2 
az a aE a er a Eon ee im 


Proor.—Puttine u =e, v = 2" in (2158), the formula becomes 
o 3 
f ett g™ — (d, --0,) E E = (de + e**0,)-" a" = e* O "a^. 
nz 


Here € is written before 6, within the brackets, because ¢ does not 
operate upon &"?. Observe, also, that the iudex —2 affects only the opera- 
tive symbols d, and 6,, but it therefore affects the results of those operations. 
Thus, since d,«^? produces ac”, the operation d, is equivalent to aX, aud is 
retained within the brackets, while the subject e°”, being only now connected 
as a factor with each term in the expansion of (a+¢,)~”, may be placed on 
the left. 


"a 


2164 Jena d = © Sa" Tanig DE ar e 


a 


zc UE 


c 14 UTE Ow 


Proor.—Make #=1 in (2162) and (2163). 


2166 ( aloga) = ( ergy. [Subs. log z. 


e ng ane 


Hence the integral of the logarithmic function may be 
obtained from that of the equivalent exponential function 
(2161). 

For another method, see (2003-5). 


HYPERBOLIC PUN TIONS: 


2180 Derinirions.—The hyperbolic cosine, sinc, and tan- 
gent are written and defined as follows :— 


2181 cosh e = 4 (e*+e7*) = cos (iv). (768) 
2183 sinh w = 4 (e — e7") = —i sin (iv). 


2185 tanhe = il 


e+e? 


£ 


—(0 


—i tan (i4). (770) 


TI¥PRBRBOLIC FUNCTIONS. gol 


By these equations the following relations are readily 


obtained. 
218) coh =T 4h0-0; cole =smkbo =A. 
2191 cosh? e— sinh e = 1. 
2192 sinh (v+y) = sinh w cosh y+ cosh sinh y. 
2193 cosh (+y) = cosh cosh y+sinh w sinh y. 
TT = tanh e-+tanh y 
2194 ileg) = T-+tanh tinh 
2195 simh 2e = 2 sinh x cosh w. 
2196 cosh2v = cosh? er sinh? w. 
0197 —9ecosh?s—] = 14-2sinh’ v. 
9199 sinh de = Ssinh rpt sinl? w. 
9900 coshar = 4 cosh?./—23 cosh w. 
2 tanh. 
tanh 2 -= ., 
2201 -i i+tanh*w 
o tanh ettanh*.e 
i-e 
2208 gus | 4-5 tanh’ 
2203 sinh T — ou : 2 cosh — = (a 3 
she—i _ eoshs—l1 sinh 
‘ hs <= CO CORE — E = A UE 
2205 Lia ey cm sob o suh cosh ot I 
T+tanl? le k 2 tanh Ye 
a =: mu B 
2208 nans d | —tanh? Je" pw ] —tanb? $x 
INVERSE RELATIONS. 
9910 Let w= cosh, v. t = cosh u= log (u-- di. 
9211 e = sinh v, s. e= smh em log (e+ Set D. 
9912 = famhm, so. C= tah w= Hog (17 +). 


| ec 
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pe ——————H ——— E ——M—MÀ—À 


GEOMETRICAL INTERPRETATION OF tanh S. 
9913 The tangent of the angle which a radius from the centre 
of a rectangular hyperbola makes with the principal axis, is 
equal to the hyperbolic tangent of the included area. 
Pnoor.—Let 0 be the angle, r the radius, and S the area, in the hyperbola 
gi—y*'-]1 or = sec 20; then 


S | 1 sec 20d0 = 1 log tan (17 4-0). (1942) 


0 

l+tané en 
Therefe 2s = L——M— 
jerefore e i= 


s 
therefore tan 0 = 5. — = tanh S. (2185) 
ot 


e? 


VALUE OF THE LOGARITHM OF AN IMAGINARY QUANTITY. 
2914 log (a+ib) = $log (Pitan. 


a 


eror ihe ie Y Sum =itn t. By (ai 
= M (TU) 1-45. a 


a 


DEFINITE INTEGRALS. 


SUMMATION OF SERIES BY DEFINITE INTEGRALS. 
b 
2230 MC de= KO t+f(atda)+...tf (atn dx) | de, 


where n increases and dz diminishes indefinitely, so that 
ndz = b—a in the limit. 


9931 Ex. 1.—To find the sum, when 7 is infinite, of the series 


1 1 1 i a 
-— en Lc Purs- t 
n 4 m s 24-9 t npn Er. da de 
da da da da | *@ de 
2 ———.——-.... —— = = loo 
a a+de atvtdz E Su. ga € we 


I —————— 


9232 Ex. 2.—To find the sum, when « is infinite, of the series 


n n n n il 
-n —— F. ———.. Put p = = tl 
vit]? = n? +2? af wt 3? ur jr n? 4r à n ae hs 
da da da | ! de T " 
———Aci—co.eee ————4 = — = =, (1935 
irar ire to Tada r 4 Cee) 
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LL ——————— 


THEOREMS RESPECTING THE LIMITS OF 
INTEGRATION. 


L o o I —M———— 


2233 lo (e de le (u—.) dx. [Substituto a—z. 
MI *ja 
2204 | e uu — 2 | $ (wv) de, 


or zero, according as p(x) = X $(a—2) for all values of æ 
between 0 and a. 
Ex.— | sind S [si ads. | cos x da = 0. 
0 0 *0 
i I o c c 
If o(c) = 4(—2), that is, if (v) be an even function 
(1401) for all values of x between 0 and a. 


2236 \¢ (Dur =\"s (w) dx = E (ip) de. 


0 


E r 
z Pe 
Ex.— | „ COs vds = | cos zd = cos g dw. 
* m 


- 


: 2 
ENDE o o 


If ¢(«) = —9(—2), that is, if g(x) be an odd function 
for all values of « between 0 and a. 


2238 |" dm) da — |o (v)de — and U p(w) d.e = 0. 


o T T 
5 3. 3 5 E 
Ex.— | „Sin zdz = -| *sin zde and | , sin rwr = 0. 
no 0 S 


Given acecb, and that z—«c makes $(") infinite, the 
b LI 
value of | $(e)de may be investigated by putting «= 0, 
after integrating, in the formula 
% vom % 
2240 | $ (a) de = | $ (4) de+ | PE) ar. 
aa ed ects 
If the function ¢() changes sign on becoming infinite, this 
expression, when x is an indefinitely small quantity, 1s called 


the principal value of the integral. 


W7 
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Y de -& q: D 
Ex.— | ez ve S --del-itg-9 
= B eH = a E 


which is the principal value. If, however, u be made to vanish, the expres- 
sion takes the indeterminate form 00 — x. 


a) P j 
ae 


finite in value while n is less than unity. 


Pnoor.—Let u in (2240) be taken so near to c in value that 4 (z) shall 
remain finite and of the same sign for all values of « comprised between 
cpu. Then the part of the integral in which the fraction becomes infinite, 


C+ A 
and whieh is omitted in (2240), will be equal to Í a= 
g—ce 
Je-u 
a constant whose value lies between the greatest and least values of w(x) 
which occur between V (c—g4) and j(c4 p). By integration it appears that 
the last integral is finite in value when v is < 1. 


2242 — ÈO de= (Iw) fla-00—9). 


where 0 lies between 0 and 1 1n value. 


The equation expresses the fact that the area in (Fig. 1901), bounded by 
the curve y = f (a), the ordinates f(a), f (b), and the base b—a is equal to 
the rectangle under b—« and some ordinate lying in value between the 
greatest and least which occur in passing from f(a) to f (b). 


will always be 


, multiplied by 


If y (æ) does not change sign while e varies from «=a to 
gD, 


2943 (re) Qs dm =a) fy 19173 


9944 If («, J is a symmetrical function of æ and u 
a 
to 5 E " 
| $ (o. -) dw oy | g(x, i) da 
a 0 av HH cw 0 TP v 


Proor.—Separate the integral into two parts hy the formula | = +Í ; 
0 1 


and substitute i in the last integral. 5 
x 


METHODS OF EVALUATING DEFINITE INTEGRALS. 


9945 Rup 1.—NSnbstitute a new variable, and adjust the 
limits accordingly. 

Hor eaamples, see numbers 2291, 2308, 2342, 2345, 2416, 2425, 2457, 
2506, 2005, &c. 
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2946 Ree M.—ntegrale by Parts (1910), so as to intro- 
duce a known definite iutegeal. 


For examples, see numbers 2233, 2290, 2130, 2493, 2465, 2481-5, 
9003-123, 2023, 2625, &c. 


2247 Reve IIEI.—Difereutiate or integrate with respect to 
sume quentily other than the cariable concerned; if a known 
integral is thus obtained, evaluate it, and then reverse the 
operation of differentiation ar integration before performed 
with respect to the secondary variable. 

I'or eramples, sce mos 3340-7, 2304, 2301, 2417, 24£21—£, 9420, £425, 
BUDE 250241, 2571, 2575-6, 2991, 2004, 2614, 2017-8, 2632, &c. 


9948 vu LV.—Substitutre imaginary values for constants, 
and thus transform the cepresstou into one capable of iute- 
gration. 

For examples, see numbers 2420, 2494, 2577, 2594, 2528, 2603, 20600, 
9615, 2041-2. 


2249 Ree V. — Ea! the function, if possible, in a fiuite 


or converging series, and integrate the separate terms. 


For ezamples, see numbers 2305-7, 9402-3, 2418-9, 2479, 2500, 2571, 
9593, 2598, 2614, 2620, 2625, 2029, 2630-2, 2639. 


2950 Rrrr VI.—Decoimpose the integral into a nuinber of 
partial integrals, aud change all these by some substitution 
iuto integrals having the same limits. Dy sanming the 
resulting series, a new integral is obtained which may be a 
known one. 


For examples, see numbers 2341, 2350-61, 2572, 2038. 


2251 Rete VII.— Separate the function to be tuteqra cd 
into two fuetors, and replace ane of them by its ralue in the 
Jorm of a definite tutegral lakeu betireen coustant limits with 
qespeet lo some new variable, The double (uteqval so obtuéned 
may frequently be evaluated by changing the order of tuteyca- 
tion us explained in (2261). 


For examples, see numbers 2507, 2510, 2573, 2019. 


2959 Rere VILI.— Multiply a kuomn definite integral which 


is discontinuous between certain values of à constant which it 
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contains, by some function of that constant, such that the 
integral of the product with respect to the constant is known. 
A new definite integral may thus be obtained. 


For examples, see numbers 2518, 2522. 


Particular artifices not included in the foregoing rules are employed in 
2293, 2305, 2310, 2314-5, 2317, 2367-9, 2104-15, 2422, 2429, 2456, 2495, 
2514, 9518, 2585, 2600, 2626, 2635, 2637. 

Additional formule for integration will be found at 2700, et seq. 


DIFFERENTIATION UNDER THE SIGN OF 
INTEGRATION. 


b 
Let u = | f (v) de, where a, b, and f(x) are independent 


of each other; then 


du du __ 
9953 Ali = f(b) and S —f (a). 
Proor.— Let u = (b)—¢ (a). 


Therefore u, = $4 (b) = f(b) and u, = —9 (a) = —f (a). 


b 
Let w= | J (a,c) de. Then, when a and b are inde- 


pendent of c, 
b 1 b 
2955 w, = { Lf Gr, Cc); ae and w= ( { f(a, c) "culi 


b b 
Proor.— dx = {| f(a, oh) H] Ve ©) de? +h 


v [em e 4- hi —f (v. c) 


i dz (since h is constant relatively to 2) = l -a da. 
ac 
a 


a 


But if a and b also are functions of v, 


2257 = LEE aero, gau ON oe 


de de de^ 


Proor.—The complete derivative of u with respect to c will now be 
usc tibet Uute But u, f (b, c) and ua = —Jf (a, e), by (2253-4). 


APPROXIMATE INTEGRATION. 057 


a ——————— — —— M 


INTEGRATION BY DIFFERENTIATING UNDER THE SIGN OF 
INTEGRATION, 


99258 Ex. 1.— [ome = fos daz = l LE 2956) 
=e, (etu) zu Or, 
by (1464), a and x being transposed. 
9959 Ex. 2.— jue sin bade = I |e sin bed. 
The last integral is given in (1999), putting n= 1. 


0960 Ex. 3.— 


r-1 T = *de) = = - ( -u) 
[eu dr = [e Jade = (fe de), be a log u r log u 


o 


INTEGRATION UNDER THE SIGN OF INTEGRATION. 


When the limits are constant, 
“ra ("a *ya (ra 
3261. (| fe) dedy SV fes y) dyder. 
e T) « Vi e yis 


That is, the order of integration may be changed. 

But an exception to this rule occurs when, at any stage 
of the integration, an infinite value is produced. The double 
integrals above will not then have the same value. 


APPROXIMATE INTEGRATION. 


BERNOULLIS SERIES. 


2262 (rode are) Ef) Ls f 0). 


Ge peu). CEU. Aon) ae 


Pnoor.—Integrate successively by Parts, Ir oe &e. Or change 


Jf (z) into f(z) in (1510). 


2263 
V ro) dv = (b—a) f (a) - So ve ——— f(a) + Ke. 
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Proor.—Put f (a) for 9’ (u) in the expansion of the right side of equation 
(1902), by Taylor's theorem (1500); viz., 


[ 7) de = 6 D9 @ = 0—0) g (a) + CH s (a) te, 


The following is a nearer approximation :— 
Let (b—a) = nh, where n is an integer; then 


2264 { Fe) de = hÍLf() 3-1 f OH (a 4-1) 4- ...- f (b —)] 


l° B; kB 7 
Eo OO ag Oana 
_ Ba 5, 
POL} ke. 
Proor.—Expand que —1) = CHE — 1) by ordinary division, and also 


by (1539), and operate upon f(x) with each result; thus, after multiplying 
by h, we obtain, by (1520), 


h 1f (2) +f (oh) f (et 2h) 4-.. HÀ oK 
- _ a ED. UN 
(Gb) 560) (dat TE m D idet); 
which expression, by changing v into a and E into b, is equivalent to 


re-nh 
the above, since d_,{f(w+nh)—f(x)} = Jota 


2265 
ath 2 92 ori 1 ree) —3l 
UO Jig. la) Ciro ie, Sila SO NN 


Proor.— Assume «= ce", Then a is equal to the coefficient of a 

in the expansion of —log (1- e]. Thus : 
a 2. KA Pht | 
ez, eor 1,2. t 

Substitute d, for æ, and therefore d,e "^ for c in this equation, and operate 


with it upon E (a+h) dx, employing (1520). Finally, write f(x) for 9' (a), 
and a for g. 


v = c+ 


A more gencral result, obtained in the same dur ls 


2266 i E ) dx = nhf (a—h)-4- n wii: Lá (ua —2h) 
P (eit 
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THE INTEGRALS B(, m) AND r(a) 


EULER'S FIRST INTEGRAL B (1, m). 


The three principal forms are— 
gji 
2280 dh. CByA)— | a1 —2)* 2v = bmi). [By Gam) 
« 0 


' NE "m n. oe 
2281 Ii. (lm) |. dayne [By substituting; inl. 


e mend 
2262 TII. B(/, m) Esa f Gee dv. [By substituting 


1—z 


in I. 


When J and m are positive, and / is an integer, 
(1-1) 


l 

9983 B (na) — i 

If m be the integer, interchange / and m. If both 7 and 
m are integers, the forms are convertible. 

PRoor.—Integrate (2280) by parts, thus, 

1 1 

| af (1— x)” de = ral | a (Lae 
9 ul 0 


Repeat this step successively. 
I- cn ME. d Rer ——————————— À——À —ÀM—À 


EULER'S SECOND INTEGRAL T(n). 


n being a real and positive quantity, 


[ES Jl 1 n=l 
2984 P(n) = | pum vu | (log =| dx. 
a0 «0 


T 


The second form being obtained by substituting e^* in the first. 


2286 Poema, Usus 
9988 F(n-J-1) =n (n) 2n (n—1) ... (=r) V(n—r). 
2990 T(nt]) =|, when n is an integer. 


E: r” D 1 D 
Proor.— By Parts, | or — | + | mT. 
o ne* Jo n Jo 


The fraction becomes zero at each limit, as appears by (1550), differentiating 
the numerator and denominator, each r times, and taking r2 n. 
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vo ii " n-1 
em n E Jl 
2291 | e "an dr = m = | V (log +) de 
«0 v0 "i 
Proor.—Substitute kæ in the first integral, and so reduce it to the form 
(2284). In the second integral, substitute — log v, reducing it to the former. 
When *w is an integer, (2291) may be obtained by differentiating &—1 


times for k the equation | ede = Tu 
[U 


When p is an indefinitely great integer, 
EOD 
2293 T (n) = ——ÀÁ————vu. 
o n (n-- 1l)... ESTE 
1 
Pnoor.— log = lim. u (1—2*) (1583). Give it this value in (2285), 
1 
and then substitute y = æ+ ; thus, in the limit, 
1 1 1 
T (n) = pt" | (1—a&)'-!dz = p” | y^"! (1—y)" dy. Then, by (2288), 
0 
changing p finally into u+1 in the fraction. 


log r (14-2) IN A CONVERGING SERIES. 
2904 Let n be «1, u an indefinitely great integer, and 
E ae then 

e 3 p 


log T (14-2). 
2995 = (logu — S)nc-iSa) — 1S) 15,n! — 55; Ae. 


2296 = ilog.77— + (log p — 8) n—$S, 5S, — &e. 


sin UT 


9297 = }log MTU) |, (14log p—s) 


© sinam (14-2) 
3 5 
£ a8) + P -S)He 
EET ES iiem 42297242 
2298 = $108 sinnum ^ EE 1—n a cdl 


— 0673530: — 00738552^— 001192727 — 0002231 — &c. 
ae RTT 
(w+ 1) (2) ... (n t i) 


since s =1, when u =œ. Whence 
"-rpi 


log P (1--2) = ala— (14-9) —1 (14+ 5 )—1 (1+ a ee (14+). 


Proor.—By (2293), [(l4+n)= 
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Developing the logarithms by (155), the series (2295) is obtained. The next 
series is dedneed from this by substituting 
Sg 3 St ESQ + Usa + &e. = log nm —log sin n, 
a result obtained from (815) by putting 0 = nr and expanding the logarithms 
by (1 50). 
The series (2297) is deduced from the preceding by adding the expression 
3 5 
fe Flog H” Tul tà + qe, from (157). 
5 


=N 


2305 B (ym) = T 


Proor.— Perform the integrations in the double integral 
ES X 

| | eo Ty (me T em 
1 


0 


first for v, by formula (2291), and then for y, by (2281), and the result is 
D (1, m) V(l+m). Again perform the integration, first for y, by (2291), aud 
the result is FQ) Pon), by 19284). 
Nore.—The double integral may be written by the following rule :— 
Write xy for x in T (}), and multiply by the factors of V(m+1). We 


thus obtain 


ES 5 
| e (ay) x o7 aed, 
Jo Jo 


which is equivalent to the integral in question. 


2306 B(/, m) B(l+m, n) = B(m, n) B(m-n, l) 
= B(n,/) B(n--!, m) 


XL T (P) V (n) Cm) 2305 
2307 = HOE) — mew). 


Ma 
2308 | at 7 (a—a)" dae = a!*97! BCL, m). [Substitute * 
a 0 
O 
te ; 2p 
If p and 4 ave positive integers, p «4, and if m= pr. 
24 
" LEA 2p 
a T 
2309 | WES dv — D ia: 
Jo det 2q sin nm 
"2 2p 
a T 
2310 m———" 
do L—art 2q tian nim 


Proor.—(i.) In (2023) put 1 — 2p+], n = 24, and take the value of tho 
integral between the limits +œ. ‘The first term becomes log] =0; tho 
second gives tlie series 

= f sin rs a Mm., tsin GIT E: 
q 2q 24 2g q sin mar 
by (800). The integral reqnired is one-half of this result, by (2237). 
(ii.) (2810) is deduced in a similar manner from (2021). 


ON 
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prot T MO aU T 
do = — , Z o = a 
sin ne o l—w tan mr 
where m P any value between 0 and 1. 
me- Nc x : 2p4+1 
Proor.— By substituting 4" in (2309-10). Also, since m = =; —, by 
2, 


taking the integers p and q large enough, the fraction may, in the limit, be 
made equal to any qnantity whatever lyi ing between 0 and 1 in value. 


9313 (m) r(1—in) = = ig m being « 1. 


sin ner 
Pnoor.—Put 1+m = 1 in the two values of D (l, m) (2282) and (2305); 
U^ gm 
T(m) T (1—m) =| ——de =—_, by (2311 
thus, (m) lT(1—m) = | ree = ee ( ). 


9314 0p — n (4) =\ T. 


The following is an independent proof: 


E ES * D 
e 9 
XS up NO z = -£- 
ri -l side= dy «9| « da. 
0 0 0 


Now form the product of the last two integrals, and change the variables to 
r, 0 by the equations 


m AA la y= VU edo m rdrdé. H 
E nl from which, by (1609), dy dz xis (8) rdrdU. Hence 


D aD E rim 
TGF = af | gu 18 dy dg = af | e^" rdrd0 = 7; 
0 J0 0 JO 
the limits for r and 0 being obtained from 


%2 = 4+2, tanb = A 
z 


EIE nd a e JEE 


Proor.— Multiply the left side by the same factors in reversed order, and 
apply (2313) thus 


2 — — 
r(—) r(i--) r(=) r(1- 3m ps r(in” 2 
a i ? n 2 " 
m”! On -14n-1 
Ee E aM 814), 
co. T : (7— dr n , by ( 14) 
Sli 811 soo SUD, = SS 
n 2b 4 


2316 m D ro 5) PE (e+ =) = a 
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Proor.—Cull the expression ou the left o (x). Change « to «+r, where 
T is any integer, nud change each Gamma function by the formula 


V(etr) =r" Vor) (2289). The result after reduction is g(r). Hence 
$ (à) =p (+r), however great r may be. Theretore Ce) is independent of 


zo But viene = E >» (x) takes the value in question by (2516). There- 
u 


fore @(v) always has that value. 
The formula may also be obtained by means of (2291). 


NUMERICAL CALCULATION OF T(x). 


2317 All values of T(r) may be found in terms of values 
lying between T'(0) and (1). 

When ris >l, formula (2289) reduces T(r) to the value 
in which wis <l; and when æ lies between 1 and 2, formula 
(2313) reduces the function to the value in which æ lies 
between 0 and 1. 

Values of T(x), when r hes between 0 and 1, can also be 


made to depend upon values in which w lies between b and 4, 
by the formule, 
, 2 
L (2% n "m 2 
93818 (9-3 vara T()o M ma 
C 2'3 Gos —- "( = ) 


Proor.—To obtain (2318), make n = 2 in (9316). To obtain (2319), 
put m = }(l+r) in (2313), and change x into Je iu (2318), and then 
r) 


- 


eliminate. D ( 


Methods of employing the formule— 
2320 (i) When x lies between $ and 1, reduce I(r) to 
Du. by 3313). 


2321 (i) When r lies between ẹ and 2, reduce by (2319), 


the limits on the right of which will then be ¢ and 5. 


2322 (m) When æ lies between 0 and 1, reduce hy (2218); 
(e+) will then involve the limits } and 3, and will be 
reducible by case (ii.) 

If 2eis <ie reduce P(2r) by (2318), writing 2 fore. TE 
this gives -he <4, reduce again dy the same formula, vias 
Aw for v, and so on. 
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2323 The figure exhibits the 
curve whose equation in rect- 
angular coordinates is y=T'(7). 
Let the unit abscissa be OA = 
AD -—1. Then the ordinates 
AD, BC ate also each =1 by 
(2286-7). 

The minimum value of I'(2) 
isapproximately0:8556032 ,cor- 
responding to «= 14616321. 

The values of log '(z) in 
the table at page 30 correspond 
to ordinates taken between 


ot) and DG =T (2): 


0 A B 


INTEGRATION OF ALGEBRAIC FORMS. 


2341 Jr THE. die = BL, in). 


Proor.—Add together (2281) and (2282). Separate the resulting in- 
ji D 
tegral into | +] , and substitute p in the last part. 
0 1 v 
ne Cl ee Bil,m 
( ) dp. ED CULO [Substitute p 
gta 


aota | a" (1-- a) 


1 
9343 j a7 (1 ayn} um = ln (5, n). [Substitute a”. 


Ln Td. uu 1 
o jae+b(L—a D 
The integral is also equivalent to 


um . = E 
5 n si eos?7-19 


2944 n". dy = SC m). [Subs.— 


X 


d0, and similarly in other cases. 


is qul dv 1 - ba 
X s e s Substitute — —. 
Y (a+ be)?" — nab” + bx 
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2346 z ee wm 18) l 
Ali (at b.e)" *" md nun? au" b" 


Proor.—Differentiate (23-45) ii —1 times for a. (2255) 


2347 


E gota I C T 1 
————— lv = m,n) ———. Ve 1. 
eo -ay" om i mT 


Proor.— Substitute 2 = ay in (2811), and then differentiate n times for a. 


9348 omes UN oe ll um T «gi "7 
A —- = — ¢okec — SY. — ak. 
wo Le” n n 0 


where m and n are any positive quantities, and mis < n. 


L 
Proor.—Change m into J' in (2311-2), and then substitute z^. 
n 


When is positive aud greater than unity, 


"20 »35 
dv T T d T T 
2350 | T cosce? p rer 
ques wR n Jo l—a" n n 


Proor.—Substitute g” in (2311-2) and change m into L 
n 


vy 2 
tle T T d T T 
9352 | ——— = — cosee—. | ——— = — col —. 
do v ld n n Jd v eae © n 
Proor.— sti 4 in (2350), ¢ —— 235 
00F.—Substitute DE in (2350), and e in (2351) 


ue m lies between 0 and 1, 


9354 ee T MUT "ede T, "nr 
2 = sec =») a E = — — tan E 
RIEN T o 1—4 2 ` 


Pnoor.—Make n = 2 and write m+1 for m in (2318-9). 


-m 


pe T ual T 
23506 a d'y ———-. | e qum u 
0 


I+ea SINNT a l—w tan mmr 


where a M between O and 1. 


Proor.—Separate (2311-2) cach into two integrals by the formula 


D 1 3$ 
| = | + | , and substitute c^! in the last integral. 
0 l 


0 
Otherwise, in (2601) substitute e~™, and change a into ra— 3r. 
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ML Ln =m ,] um =m 

"T ati" T INT T — i T MT 

2358 | Er ————— 1. P= — set —. | ———— td er 
wal) l Fa” 2 2 n 2 2 


Pnoor.—From (2351-5) by the method of (2356). 


l „m-l 1n—m-—1 
p" -Lq T MT 
L Mi yS oosce m. 
2360 if ; pom n n 
m-l 
2361 (= e E 
i ONDES n n 


Pnoor.—In the same way, from (2348-9). 


*1l ,Q,25—mi—1 n-m-1 
d i T MIA 
c iv = — sec——. 
2362 \ lp” 2n 2n 
»1 „n=m-l1 n+m-—l1 
T — 17" 7T MT 
2363 Jaen. ee via 
Jo l=” 2n 2n 


TBO —In (2601) substitute e ET and put a= S7. In (2595) substi- 


9n 
tute e » aud put a = L 
I 
ws -1 
^. dv d | a : 1 
2904 mee SS 3o ^ being an integer. 
eo (Ppa) ag 2a` 


Proor. — By successive reduction by (2062), or by differentiating 


2 

dx T Sm 

——, = $5 v—1 times with respect to a’. (2255) 
oe oe Oi 


v quisiera T COSECMNT 1+ bz E 
c Al e e c o MAL C Subs, t. (2311 
2365 x 0 (1 bx) (1 gue S a b)” [ u S 1 —g29 ( ) 


"a a—1 na—1 
T nr 
2367 | —_— — v) div = log. 
e 0 


]—v» 1-2" 
Proor.—The value when a = 1 is logn. The difference, when the value 
R ; 1 pool =| 1 Qut oy? 1 
is @, 18 — — denn | ——————-dr, 
Ee 5 =e". 


which, by substituting æ” in the second integral, is seen to be zero. 
3 e 


l'(v) being any integral polynomial, 

ura ea D 

2368 | 2er) da 

PEN (1 Se 1 mU 

term in the product of /'(») and the expansion of (| 3) ". 
ud 


= Am, where zÍ is equal to the constant 
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Puioor.—Dy successive reduction by (2053), we know that 


I(r) de A dr 
ee — = wy) J/(1—a?) +.1 1 = NL a os ost l 
[A 7 4€ 0762 [ee 0), 
where @ (7) is some integral polynomial and -l is a constant. Therefore the 
integral in question = Amr. To determine -l write the last equation thus, 
? -à | -4 
| l n (1- 2) de = ixo (x) (i= T) +af 1 c $) dz. 
it tes U ar rd 
Expand cach binomial; perform the integrations and equate the cocflieients 
of the two logarithmic terms in the result. 


F(v) being an integral polynomial of a degree less than n, 


4h \) n-1l — 
2369 | Lim = ae D f F (c) log =} 


wa (e= e)” = Inl de" 
b Y b "LES b fon 
PRoor.— FG) ils? e L ( l pn UE (2255) 
|, Quee" | n=l Ja Ode"! Ve—e/ ) 
But Ff) Eu c) t f (ay where f is of a dimension lower than n—1 
se a—c 


(421), and therefore d „are f (7, c) = 9. Hence the integral on the right 


qin b r (c) d” l DEG ; 
E — le= (e ^ 
TE | dx E (c) lee 


p T METEO dum 


INTEGRATION OF LOGARITIDMIC AND 
EXPONENTIAL FORM. 


No —1 "Lug den 
2391 a? log vde = ——. == = loam D) 
«lo (p+1)’ Jo loge 
Proor.— These are cases of (2202). Otherwise; to obtain tho first 
integral differentiate, aud to obtain the second integrate, the equation 


l 
3? de = with respect to p (2255 and 2281). 
0 ptl 


Proor.—Sce (2292), Otherwise, when x is either a positive or negative 
integer, the value may be obtained, as in (2591), by performing the dilter- 
entiation or integration there described, » times snecessively, and employing 
formule (2100), and (21032) in the case of integration. 


Cd WEIT ur Bv (2392 
2394 LU iet dv = log x [By (2392). 
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9?a-? " z vel 
9395 i en — di L—— Bm -— -4 — dw. 
n eo vl 
ES. um. a S s |i gem 
M dam — SG Bi, = da. 
2397 ES I+ 2n an e*--1 
Pnoor.— Expand by dividing by 1-re, and nc by (2393) ; thus 
1 [62 22-1 
| (log e)" da = — |Qn—1 (rg stg as ee) 
9 d 
Vion jm - 5 ( il 1 
VD dy = — |2a—1(l—-— +5 - = 
f ji +2 dæ |2u—1 QU "E gm = + ke. i 


The first series is sammed in (1545). The difference of the two series mul- 
tiplied by 2-1 is equal to the first; this gives the value of the second series. 


2399 
Poar n (gaa 41-1 1.4 
Y ile 4 E i l 


ER v 1 l 
= —1 —— eu = CANTOR = = —. 
Proor.—As in (2395-7), making n = 1. 
The series (2399) may also be summed by equating the coefficients of o 
in (704) and (815). 


‘loge, y_ ]l | "oo 
2401 (em dem —1— 4-4 -&e--7. 


Proor.—The integral is half the sum of those in (2399, 2400). 


Mog(Ite),, T C1. Lm 
2409 1 xem dus ix je — log m dn: = zi 


Pnoor.—Expand the logarithms by (155) and (157) and integrato the 
terms. The series in (2400-1) are reproduced. 


9404 Let ("leg =) R a bein a 


Substitute l—« = y ; therefore, writing l for log, 
1 1 l-a 
"C | ty dy — | ly dy _ | uu 
"oic ie) o Y 
The sccond integral by (2399), and the third by Parts, make the right side 


? 
== 4 +lal(l—a)— (i a dy. Therefore 
y 
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2405 $(«)4-$(1—4«) = loga log (l—a)—}r 


*4 [ha = 
If a =i, | log (1 —¢) dv = 1 } (log 2)? - T 
a 0 "T 
Again, 9 (x) = B LU —*) de, .. (by 2253) 9’ (7) = tin) = 
0 e 
-gz wt E l Cm i 
de (—*) 2 LÀ (x2) z(1— ey ty (i), 


—r TN d peel de soe al 

d -— | = -——Ó— MÀ He l e 

"im Ji "c E | Sates f I—z @ 
=} L A) — e (x). 


Put. *- for x; then 
l+ 


2406 $704 (1L) = 1log(1-4-4)]*- 
Also, ros- E += epe) 
=— ta AR E $ PEZ 
T 


Hence ¢(¢)+9(—2) 3 A 440) = : o (x). 


Eliminate $ (—.) by T3 ; ic 


2407. $(L5) 1669-90) = log 0-0)" 


i 
M 
CN 
Es 
"pne 


x "E! Ius 
Let E = a^, and therefore g = 2 + Es Jo zz say, 
' by (2407), = e (9)—-9(B) = $i (14-8), 
or E cedes (B) = i (7/2)? ; " p -1-j and l4 -4 ; 
and by (2405) $ (1B) +9 (6) = 2 (By — cv, 


= a 3 ERU C Mt a 4 . 
e (B) = (Ip) Ts and 9(1—/3) = (lP) ist" that is, 


/35—1 


"? log(l—2a) EX "um oc 

"^ log(1—2) j—ly s 

» IoxO— RE se f a. Ma— ow 

2409 |l Ee = (og) — m 


2410 Let a be >1, then $ (a) contains imaginary elements, but its 
value is determinate. We have 
1 a ae = 
sem | E Pact |" l (1— eD E RES D 
) 


x 


1 1 


3B 
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the integration by 2399, and 1(—1) = ri by (2214). The last integral 
: B 7 1 dz lj g ( lade 
ie f {+i (1-4) } D o wila+ 5 (Ia) + [i Ics 


Substitute i= y in the last integral, and it becomes 
g 


4 
J LAD gy = | 10-04, [ 10-94, = — 7 — 9 
d y 0 y 0 y 6 


& |- 


) 
Hence, when ais » 1, 
2411 $(046 (L)9 — f +riloga+ (loga). 
If a=2, this result becomes, E. Doo (2405), 
2412 f Lr dp =—7 T. +7ilog?2. 


2413 Let iw) = T = = log z= - da. 


mem vona (E), enint 


therefore "eS =f (i18 1 4 


l—z 2 


2) dx, therefore 


; ]l—« 4 eee 
92414 — VQ) (1) = Hoge log =". 


The constant vanishes, by (2403) and (2401), putting «= 1. 


eee = = and therefore e = /2~—1; then, by (2414), 
HH 


»/2—1 
2415 (el log TEZ & — —3 flog (/2—1)]*. 


Sal E 


2416 (Cg 9 de= T log? 


Pnoor.—Substitute 9 = tan^!'z; then, by (2233), 


9 


[haranga e (^ {1 +tan (1-9) LEM d j 


2417 By differentiating or integrating the equations (2344) 
to (2363) with respect to the index m, "the integrals of func- 


o= 
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tions involving log» are produced; thus, from (2356), 
nies ating for m between the limits 2 $ and m, we have 
M m-1 - 
L =u AT 
2418 Lm —— di — log inm. 1943 
^ (1-F«) loge x 2 Pei 

Otherwise, this result may be arrived at by forming the expansion of the 
fraction in powers of x, and integrating the terms by (2392); the reduction 
is then effected by 815-6. 

In a similar manner, we obtain the more general formula 


Pl (ger 1 ae!) de m nap m+2p n-c3p 
ee n e elc " 
2419 1 (1+a”) loge EF m+p n+p m+8p' 


me atm mT 
ee Ra E oa bac. 
2420 í (14-47) loge T 


Pnoor.—Integrate (2360) for m from 2n to m. 


a" tHe (rp) loge 
2421 | ~ — (ga)  ' da 


= (p--1)log(p4- D) —(r+ D logre 1) 4-6 —p) {1+logy+1)} 


Proor.—Integrate (2394) for p between the limits r and p. 


(q—r) a? +(r—p) 4 (p—q) a” 
2499 Ji gu UEM an 
— log 1 Cp-EF 1)2*9«-2 (g--1)6* 06-9 Gp 1)e*0(-9? , 


Pnoor.— Write (2421) symmetrically for r, p; p, q and q, r. Multiply 
the three equations, respectively, by g, r, p, and add, reducing the result. by 
(2394). 


2423 i) ee a”) dare = log (1+ab). 


Proor.—Differentiate for a, and resolve into two fractions. Effeet the 
integration for z, and integrate finally with respect to a. 


2424 
Y E [P^ dae ]- H^ b Dor 
log(] ~)log(1 =) = = ?m| - ) log (1 A) 
\, i Tug p ta me ra » a a 
Proor.—In (2423) put a = 1, and substitute i = y; multiply up by b, 


and integrate for b between limits 0 and i , and in the result substitute by. 
a 
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2425 ( e de = L qe [Substitute ka’. 
« 0 2 k 


—À — 


2 r 2n mt 
2426 ( ents git dy = ed BED ? yT. 


0 Jail 
eJ 


Proor.—Substitute kx’. Otherwise, differentiate the preceding equation 
n times for K. 


© Tbt _ 4 - ar 
2427 ( —— dv = log a—log b. 


2428 (= ee de e— b+log ve 


Pnoor.—Making n = 1 in (2201), | oT du = e Integrate this for a 
a a 
between limits b and a to obtain (2427) ; and integrate that equation for b 
between limits b and c to obtain (2428). 


UE n YS URS ey meis P. —aax 
2429 | (I DON ty = adlog. 


d 
Proor.— Make c = a in (2428). 
Otherwise.—Integrating the first term by Parts, the whole reduces to 


e" at e7 ot ce es ga e^ bt 
EE. c ease 
c 0 5 v 


The indeterminate fraction is evaluated by (1580) and the integral by (2427). 


2430 n | Mice. (a —b) eTe? (a—bF = i 
e0 dq p 2a 
—1i E aoc Ww 
Pnoor.—By two successive integrations by Parts, jea t ida, o. 
EN DET -be — -a€ E 26-5 2,-ar 
| Caef UT pectode E a 
E dp Ze ZE 2 € r 


r - £ 
2 pe ae 
Also 2 T == -— ——— d». 
€ HH é € c 


Substitute these valnes, and make e=0. "The vanishing fractions are found 
by (1580), aud the one resulting integral is that in (2 427). 


In a similar manner the value of the subjoined integral may be found. 
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2431 
ig - (=p ya (abe (ab) e i 
ec m i "i Lae” ~ T r. = 


INTEGRATION OF CIRCULAR FORMS. 


i - 


(n) 


Notation.—Let a,” signify the continued product of n 
factors in arithmetic: al progression, the first of which is «, and 
the common difference of which is b, so that 
2451 at? =a(atb)(a+2d) ... («4-(n—1) b}. 

Similarly, let 
2459 a^ = a(a—b)(a—2b) ... (a—(n—1) 0]. 

These may be read, respectively, “a fo n factors, difer- 
ence b"; **a to n factors, difference minus b." 


MY E MI 

= . i 1 * uy 

9453 | Sinead &im"-? die, 
a 0 n 2 0 


Proor.—By (2048); applying Rule VI., we have, by division, 


[sine = E sin*^?a eos’ ade, 


^ 


eet sin” le cos a 1 " 
and by Parts, | sint “v cos ste = ——————— + sin" z dr, 
n—l n=l. 
rm , Lapa 
Therefore | sin” Ta cos wder =- sin? rde. 
n= 
PE 9 


The substitution of this value in the first equation produces the formula. 
If 1 be an integer, with the notation of (2451), 
2) vin (n) 


Lu exon * ie DIE IP T 
2454 sin?’ edi = >y and sin” ede = — —. 
wo oy «0 2M 


Pnoor.— By repeated application of formnla (2453). 


Wallis Formula.—lf m be any positive integer, we have 


"M rm Aoa 
2456 2n Cm zm PE T" =a : 
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And since the ratio of these limits to each other constantly 
approaches unity as m increases, the value of either of them 
when o is infinite is im. 


Ex.—With m =4, 47 hes in magnitude between 


QJ ES a 2d unm 
Logs 5^ ue ICT 


Pnoor.—Put 2m=n, then 
m LR n—1 (i. 
| sin”! gdg, sin” gdz, and sin”! ade 
0 0 w Jo 
are in descending order of magnitude; the first and second because sina is 
<l; the second and third by (2453) ; then substitute the factorial values by 
(2454-5). 


2457 ( tan- dh ES LE [Subs. 2=tan’@ in (2311). 


-'0 2 sin mar 
T air 
2458 ( sin” edr = 2 | sin” wv daa. [By (2284). 
« 0 a 0 
Un Deu 
9459 | sin” w cos? æde = 2 | sin” w cos? wdw or zero, 
a 0 « 0 
according as p is an even or odd integer. [By (2234). 
T wir 
2461 | sin” v eos? ede = | sin? v cos” e da. [By (2238). 
0 « 0 


2462 (" sin" eos? eder = iB (13, = [ Subs. sin*2 (2280). 


a VU 


Let either of the integers n and p, in (2461), be odd, aul 
the other either odd or even; thus, let 4 be odd and 
= 2m+ 1, then 


wig o0) 


2463 | sin?" *!a eos? ede = — rT (2451) 
eo ( TENE mpg 


Proor.—Transposing the indices by (2461), we have, by Parts (2067), 
lm 9 ir 
TU. 2n EC aue 
sin? a cos’ * edz = — 3 aim? cos "^ ada. 
" pt l 
By repeating the reduction, the integral finally arrived at is 


br 
2464 | sin? ™ > cosg de = [m z ai 
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If both the indices are even, then 
Dr, " 1” 
Um Pu nunn$p fo — 2 2 P Ou 
24.65 | sin".r eos? ede = o E (9451) 


lr 
Proor.—Rednee by Parts as before. The final integral is | sin?" Pada, 
0 


the value of which is given at (2155). 


9466 Should either of the indices be a negative integer, the 
vilue of the integral is infinite, as the foregoing reduction 
shows, for the factor zero will then occur somewhere in the 
denominator. 


"m vr 

2467 | simae Sulpudc-— | cos ne cos poe da = 0, 
« 6 a 0 
when 7 and p are unequal integers. 
"T 5 
2n 
2469 | sinne cosprdv = ——, or zero, 
«0 yis — p 


according as the difference of the integers n and p is odel or 


even. [By (1973-5). 


Vr vr 
2470 | siw neder = | cosa = Tm, 
* e 0 


when 7 1s an integer. 


Proor.—Express in terms of cos 2nz, and then integrate. 


n—1 


z 


dv. 


"dm mn *1 
2472 | sin’ ade = | cose do = | (1—2?) 
= 2 0 a 0 


The following four integrals (2473-9) all vanish for in- 
tegral values of x and p excepting in the cases here specified. 


Vis n-1 ` 
29474 | sin? sin nede = (—1) ? c(», P). 


ae J 
when p and n are both odd, and n is not greater than p. 


2475 But if p be eren, and n odd, the value is 
(yi mei. Torn | e 


PoP (pz) pe 


(p Cun? 


2n” 
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= p—»Ym 
2476 ‘i sin? x cos ned = (—1)? *C(p, 5 De Rn 


LO 


when p and x are both even, and n is not greater than p. 


9477 But if p be odd and n even, the value is 


TED hfz pe XN Due C (p,2)(p—4) _ 
uc 2p—2 2? (p—2y— (p—4y— n eee 
pl v f 
pi Cini ne 
EC EI ke 
2478 (osa cos eda = C (p, rx) Z 


e 0 


when p and n are either both odd or both even, and n is not 
greater than p. 


2479 Pa sinnedz, when p~n is odd, takes the value 


n C (p, 1) C (p,2) 
2x T n r n? lp t3 0» —(p—4 om : 


the last term within the brackets being 


pol ep 
C (p, when p is odd and C Psy) when p is even 
— n even, Or e and 7 odd. 
j)5—1 n 
: nm Oe 2474 to 2479.) —Expand by (772-4), and apply (2467-2470) 
oO e separa je terms. 


CoroLLakizs.—2 being any integer, 
T 


ae m 
2480 ( cos" e eos no de = e Jj cos" v cos n dio = xe 


a 


2482 J sin?" cos nade = (— pes mo 


i e T 
L sint wv sin (2n+1) vdr = (— Deu 


wher DE 
pn(p—l Er 
2484 | cos? cos na dv = bg D | cos? av eos nae da. 
0 pon eo 


LO 


INTEGRATION OF GIRCULAR FORMS. Am 


— —— M — — 


2485 


wher ' 

i i(p—] PW. t n 
| cos" sina ed = pus ) | cos? sinnede — ——,. 
wo paw do 9 —" 


Proor.—(For either formula) By Parts, | cos rdr; and the new integral 


of highest dimensions in cos z, by Parts, | cos? “'e sin zde. 


-— C = — C 


vier vie l 
2486 | cos" w cos ne d.r = 0. | cos” w sin ne de = —. 
.'0 <0 n— l 
Proor.—Make p=n in (2484-5). 
When £ is a positive integer, 
wr 
2488 | cos” “.¢ cose dw = 0, 
e 0 
wir 9) (k) 
A—u— ee EE (n--2k)', us 
9489 \ COs PCOS RA da — sjo Darker 
Proor.—The first, by putting p= n—2, n —4 ... n —2k successively in 


(2484) and employing (2486). The second, by putting pen3,mrÜ 
.n+2k successively and employing (2451). 


When £k is notan integer, 


whe 
2490 i cos*-* p cosmirde = 9* "t! sinder B(w—2k-+1, &). 


Pnoor. i (2700) take f(a)'= «"^**, and transform by (766). The co- 
efficient of i vanishes by (22 39), and the limits are changed by cene 


3 +): 


2491 i cos" sin nede = au " y 


Proor.—By successive reduction by (1970), making m=n, and the 
integral definite. 


2492 When pand n are integers, one odd and the other even, 


whe UE | 
| cos? eos nar d.e = COTTA (amp uuo 
- | (2 = a rec} with P even. 


Proor.—Reduce snecessively by (2484). The final integral, according as 
p i5 odd or even, will be 
(4 eostux  (—1)3" 


T ix 
| cosz cosnrde = > LIO or | cosiq de = 
0 [ 


sin nr  (—1)i0"» 
=r’ ]l—^ i 


u n 


3E 
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7? 


2493 n Casey COSME E 


Wr 
I" \ sin?" v cos?" ede, 


where n and p are any integers whatever such that p—n 


is > 0. 
Pnoor.—W hen p—x is odd, each integral vanishes, by (2478) and (2459). 
When p— is even, let it — = then, by (2488), 


k) (2) n 1? 
P n427 d (m+ 91. m — ose Vay l l Ec 
, cos ‘% COSRVAY = eae Que | 1”) gen 9 
2 


(n) 
n+ 2k im R 
E sin” g cos“ade, (by 2405). 
nm 0 
2 


But »4-29k — p, and by (2234) the limit may be doubled. Hence the result. 


"T 
2494 | x cos’ y» sinnede = ————A. 
“0 2" (n—1) 


Proor.—In (2707), put k=1 and f(x) = a"-*. Give e"? its value from 
(766). The imaginary term in the result vanishes, and the limits are changed, 
by (2237). Finally, write x instead of 0. 


2495 
| f" (cos) sin™ ede = 1.3... (2n —1) ("f (cos d) eos na d. 
e0 e0 


Proor.—Let z = cosx. By (1471), we have 
E E a (s) 
n 
Also, by integrating times by Parts, 


f. fGY—2yrm-ds = (— v fd Q—2y-H daz 
l * 
= —1.83 ... (2n —1) I HOLA (=) dz, by (i.) 
Then substitute z = cosa. 
Otherwise.—Let f(z) = A, + Azt Az’? + be. = 24,27, 
V" (2) = Sp (p—1) ... Qp—v+1) 4,27", 


"T m 
( f (cos v) cos mede = ES | cos" x cos nz dz 
0 0 . 


| pa (cosa) sin? de, by (2493). 


et ] 
ET... (Sg lk 


2496 Wm. a nm NS 


Jo (eos? sin? 2ab 
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alr n 
eos? ede * 
2497 | i a Tei.) —— En mU Differentiate (2-46) for a. 

Jo (eost eb? sina) tab entinte (2406) 


sin? b d.e T 


(a? eos? eB sint)? dab? 


2499 " Pu cca 


(cos OEE sin? a)? dab 
[Add together (2497-3) 


um | eara alat zo v) 
Jo (4 costa bt simae? ra qu "s 


i Different inte (2496) for b. 


2498 (" 


dr T an 


iT " 
5 
2501 i (a cos? w4 b site — 32a6 tar Lon a T jd b’ 5) 


2500) and (2501) are obtained by repeating upon (2499) the operations 
by which that integral was itself obtained from (2496). 


| dem ae 
2502 ( VES, de = Z log (at, t4). 


um E) 


Proor.—Denote the integral by u. 


du l de T 1 d 
—€——— EE E - by (2008) 
da zl (14a) SAI, 2 x a RT yt 
. ES Xd da PAL A Ü n PT 
"EE — ui | e+e = 2 log (a+ s l +a ). (1925) 


"den ue o. T 
2503 | FOI) M , log (La). 


Proor.— Differentiate for a. Integrate for z by partid fractions, and 
then integrate for a. 


! 1 
t 4 $ I iu l a 
2504 ig tan a aa n = qu {(1+ F) (+4) b 
EE "Mes b a!) 
Proor.—From (2503) we obtain 
*. dme x log (lL +a) 
—————— de = =. 
i c (u*4- =) 2 a 


Integrate for a between limits E and æ, and in the result substitute br. 
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II 
tan™lar—tan™ br a 
2505 | aa mes EL 7 Z log 
a 0 a 2 2b 


Proor.—Applying (2700), ¢ (0) here vanishes. Also, by Parts, we have 


h h 
NO m {edz 
Ja x 2 dog 

a 


sinec be is infinite and therefore tan`! (bx) = — in every element of the 
T y 


integral. Heuce the required value is 


wo doe log © 

9 I w NEC. 

Lr d . 9 

2 (US, T 
2506 mm, c er 
Jo l4-eos'a 4 


Proor.—(i.) Substitute -—2z, and the integral is reprodueed, and is 
thus shown to be 


Ü 2 
= a, = = (ane cos m—tane cos) e 
peer j 2 ( T aie 


(.) Otherwise, expand by dividing by the denominator, and integrate 
each term of the result by Parts. Employing (2478) we obtain the series 


1 1 1 7? " 
SS ee l aS By (2945). 
(1 mp the ) i [By (2945) 
VT yer "" sin 
2507 i D it ese | e A 
eI VAT 2 «0 Vd T 


Proor.—By the method of (2251), putting 


1 = 2 p. dy 
i AE Vt Ns d 
the integral becomes 
= I [err cose dedy = EN [ Ios cos e dy da (2261) 
V jo Jo Vt te lu E 
—2 [Uy oe [7 (2348 


The second integral is obtained in a similar manner. 


3 Ma * 
2509 f cosytdy =, 2.72 nk in y'dy. 


Pitoor.—Substitute j*, and (2507-S) are produced. 
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M M —— 


When n and p are integers, 


2510 | ae 


we c 


OEL ap- lemt sim" mde dw. 
T 1) í, E 

The integration for æ in ES double integral is given in 
(2608-9), and the original integral is thus reduced to tho 
integral of a rational fraction. 


Proor.—By the method of (2251), putting 


l ES 
AN cem I e 7 ;9-Mdz. [By (2291). 
[sai ar olt. 4B T , 
9511 i Se i Aj Be 
"wo dz T [By (2510) 
2012 {= de = 6 pn CSED ES T & (2081). 
2513 |, Segre de = log P. 
«0 X (, 


Proor.—By D): Transforming the numerator by (673), and putting 
l (p+q) =u, $ (p—q) = b, this becomes 


9514 F sin ar sin bv jp — li, an. 
a 0 V p» Sa—b 
2515 | Up PT da = — (p—4). 
a 0 € - 


Pnoor.—Integrate (2572) for r between the limits p and q. 


EL LLL o O pO E 


If « and b are positive quantities, 


x . 
sin «b cos bv T 
2516 eoor 
e0 


"m 2 
according as a is > or < b. 


or 0, 


Proor.—Change by (666), and employ (2572). 


L amaaa 


L 2) . . 
S a E S b. ? al [ 
9518 | sm aa = LE - T = 
C = 


x 


according as a or b is the least of the two numbers. 
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E a aa Iaaaaaauaaauaalalalllulullt$lultlliÅiÂiaMlMMlMlM 


Pnoor.—From (2515), exactly as in (251 
Otherwise, as an illustration of the nd in (2252), as follows. De- 
noting the integral in (2516) by wu, we have, (i.) when b is > a, 


b a b 
[xa | Zor Odd =£; 


thatis, Z= M = li Sae inbi e (2261) 
2 auis e o x 
3: : ; 5m nb 
(ii.) When b is < a, j udb = | > db E 
9 97 
If a is a positive quantity, 
uos) 
Sin «e COS av T 
2520 a q.s 7 (9) or 0, 
" c 4. 
according as a is or is not less than 2. 
Proor.— sin!z eos ax = } sing {sin(1+a) e4- sin (1—2) 2j ; 
and the result then follows from (2518), the valne of the integral being in 


the two cases TT A zo aud s al) = T-a). 


© s 9 . 
Sm a sm ave UT a 
aop | oe a 


e0 ma mi = 


according as a is > or < Qa 


Proor.—Denote the integral in (2520) by u; then, when a is > 2, the 
present integral is equal to 


p: m P T 
esee i T (2—a) da | "Oda Sig 


, E 2 ma ma 
And, whena is < 2, uda =| —(2—ae)da — S 
A m 2 B 


INTEGRATION OF CIRCULAR LOGARITHMIC 
AND EXPONENTIAL FORMS. 


Tea" Rihi E 
2571 ( IEEE = ie e 
e 6 T a 

Proor.—Differentiate for r, and integrate by (2584). 
Otherwise.— Expanl sin ra by (764), and integrate the terms by (2291). 
Gregory’s series (791) is the result. 
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imr? T 
2572 | de — 5. 
* 0 v Ld 
Pnoor.—(i) By making a = 0 in (2571). 
Cii.) Otherwise. By the method of (2250). First, observing that the in- 
tegral is independent of r, which may be proved by substituting rz, let 7 — 1. 


Then f. sinz 7, -[ sin z de + sin £ lz +(" sin * eile. 
9 o ¥ v 


z 2m 


Now, n being an iuteger, the general term is either 


mr — gine 7 —sinydy it: 
eae | ——————— —, by substituting x = (2n—1 UA 
m 2 dx OE y subs E ( )rty 


2n-1; T gin hu T H 
or | da =| EURO by substituting z = (Q2n—1) 77—-y; 


n-ne 7 o (2u—l)r—y 

= gin v LE 1 1 jl jl 1l i 
AANS qu A —é&c. + d 

|, " da: (sms Ge zy mm E TE = &c j 


= a sin y tant L dy (2913) xii sin? Fly = = =, 
0 — 


Ls 
COS y re r m Sa 
2573 || de = Ze db ue 
7 a 0 lp” a0 


Proor.—(i.) By (2251), putting “ =? n e- (lex? Yydy (2290) 
á 0 
the integral takes the form 
| cosrze UV ydedy = ef | eP yet? cos ve dy de 
0 0 


Oo. 


ax 
» 


- 


Jo ‘we 5 
= vei o” w dy (2614) = "77 (2604). 
; 2 


a . 
sin ar cos bx 
lr, 


(ii.) Otherwise. By the method of (2252), putting u = | 
it follows from (2516) that 


0 Č 


D 


| ue^* da = otia | = e° du = - t’. 
Jo 0 OES = 


* P siu ac cos ba ? eos hr 
Therefore —".e-^ = Suis qo o-tdnals = im : dag by (2583). 
LI * y 
Ue lo lcu 


uc rae EL 
9575 \ rer os "me = z“ : 


€" 6 e D 
2576 \ a (ia) da = y (1 ( Ve 


Proor.—For (2575) differentiate, and for (2076) integrate equation 
(2573) with respect to r. 
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9577 T arasan 1 ÈN (pp) dau E C “in, tau), 
COs (p) COs a 
Pnoor.—By (2291), | etzat- da = POD, 
0 


Put k=a+ib, and a = r cos, b — rsinÓ; thus 


2 
n 
K e7 Dran- dy = (cos n0—i sin n0) ro). ü 
0 


by (757). Substitute on the left side for e7'* from (767), and equate real 


and imaginary parts. Otherwise, as in (2259). 


pec sme v. 5 snm 
2579 y et (bx) dv = —— Um) 


b? cos 
Proor.—Make a= 0 in (2577). 


sin 
|" ange! » EE: 


lom meee es 


w sm / MT 
T (m) 2 2. os cz ) 
2 


Proor.—Put n = 1—m in (2579), and employ 


2081 


«0 


mT T 
Ta P(l—»)z-———-—- 5 
sin T SIN MT 


^?» ID 
: a 
2583 | e^^* sin bede = S | e-** cos baud = —— 
ae Q w+’ eQ a+ bD 


Pnoor.—Make n= 1 in (9577-8). 
Otherwise.— Directly from (1999), putting n = 1, and —a for a. 


2585 ie cos?" 8 sin"0 in mU qoc. pe mre dd 


Mp) ceoX2 


where 2 is a positive integer > 1. 
Proor.—In (2577), put tan`! Dus — 0, thus, writing p for n, 
a 


a. 
T od Tp . 
| P i e ne vos? O sin pl). 
a 
0 


Multiply this equation by "7! db = a" tan"7!0 sec 6d0., 


and integrate from b =Q to oo, by (2579). Then the corresponding limits 
in the integration for 6 will be 0 and Xr. 
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bru i, GUT _ —eos/pr\ 1 
2587 \ sin? 0 o, P9) 40 = Fade sor 


Proor.—Put n = p—1 in (2585). 


yi ; AEST sin aa) c Tc Gn sin 
2089 \ eta = (x tan 8) dv = T(n) cos" 8 ae n0. 


Proor.—In (2709), let $ (2) = cos (x tan @) ; 


2 54 
EE a., q=, A m T ice m bem 


vanishing. "Therefore 
æ 
" | e-*a?-! cos (x tan 0) dz 
a 
19 tant... = å 
| e zo udi 
0 


al 


) 
- tan’ 0— 
l]* 


1- £03 Dag o4 


The series on the left =4(1+7tan 0)-* +} (1—itan 0)-*, which by tho 
values (770) and (768) reduces to cosaÜcos*0. Then change a into n. 
Similarly, with sine in the place of cosine. 


2 e7 p— her R um. S VC E 
2591 \ —, — sinbede = ian Ld tan x» 


Proor.—Integrate (2583) for a between a =a and a z fj. 


ao 
2592 ( e^" cosax sin’ a da, 


« 0 


where n is any positive integer. 


Seo (2717-20) for the values of this integral. 


l e” —pem 
2 e" +2 cos ate 


Ren nis —ar 
e+e = we 
2593 h ar ma dv = 


a being <r. 


Proor.—Tho function expanded by division becomes 
(677 + 67%) sin mr (ONE CEDE Bn &c.) 
Multiply in and integrate by (2553). The result is 
E cum Di C 
{(2n—1) r-a} +m’ ((2n —1) zr ap m 
But this series is also prodneed by differentiating the logarithm of equation 
(2053). Hence the result. 
D 
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"eter sin a 
9594 ———— cos mede = ——,————.,, 
4&0 prat e" --2 cos a 4-e 
Proor.—Change m into 20 in (2593), thus 
2 (0% + o777) (e9* —e-8) Ene sin 0 
- p E cos a+cos 0 ` 


Now change a into im and write a instead of 0. 


* i i 
2595 Ü Me euge cs tanga ae made 1 cein—e-in 
e0 quie GU ay ^ noo A 


2 Q5 poe 4 e” pe” 
Pnoor.—Make m = 0 in (2594), and a =0 in (2593). 


o nT -TX im 
e pce 1 erpe? 
sin m.v dr = LU ET 


5 qos 
do ete" 9 ge im 


2097 


Proor.— Make «2 x in (2593). 


eo w?” ldx T 
2598 (va. 


En -— sin ma on the left side of (2596) by (764). The right 
side is = — łi tan (Zim) by (770). Expand this by (2917), and equate tho 
a Ms the same powers of m. 


2599 n cm D sin ma d» = E: Cae) sina I 


e+e e"'-+2 eos2a+e ™ 


ete” 2 (e?-I-e7") cosa 
2600 Ü = dar e eos ma d.e = CEID 
qo p e” +2 cos 2a+e~ 
Proor.—To obtain (2599), pnt a+3r and a—}r successively for a in 


equatiou (2593), aud take the difference: of the seis (2600) is obtained 
in the same way from (2594). 


MNT: ere 
e 
2601 (EE e sci 
J pet 


Proor.—Make m = 0 in (2600). 


2602 |, sin (ar) dm = T eos (er) dar = -> A" 
«0 - am 


CIRCULAR LOGARITHMIC AND EXPONENTIAL FORMS. 387 


Proor.— By (2125) | erat dm vt 
Sn] = 
Put alti. Substitute on the left from (706), and cquate real and 
A oe 


imaginary parts. 


2604 j Tu me 8 eR. 


Proor.—Denote the integral by u. Differentiate the equation for a, and 
substitute — in the resulting integral to provo that = —2u, aud there- 
z 


du 
fore u = Ce, When a = 0, we get 


LC OMNES ED 


70 


2605 y pU tais = MT qum 


Pnoor.—Substitute z Vk, and integrate by (2604). 


wD 


2606 | on (ras) cost aL (at s) sin 8| dx 
a 


sin 


a 0 


2 sill 


Ld 


T o COS : 0 
= MEE pa CO (2u sin 64-5). 


Proor.—In (2605) put k= cos0-Físin0; substitute from (766), and 
equate real and imaginary parts. 


wt. 6 1.2.3... (2n 4-1) 
ur att pde = LLLÉ————————————————. 
2608 | ( 1n Ua («8 2p 3) (8 4) m («8 2-20 4- V) 


l^? 3... 


y) — as 22 ede = mes: 
2609 \ à viser un u (a°+ 2°) («^ 4-4) oc (a?+2n°) 


2610 


: a(2n+1)2n 

| a cos ee due = a a iL ww 

«9 + (2n+1) (42n 4 )(€0T24— I» 
a (2n 4-1) 2n (22 — 1) (24— 2) a 2n«] 


——Ó— €————A——— MR ap cae E a” 
(8+ On 1) (a? p 2n — 1) (8 2n — 97) (a? n1) . (a! 1) 
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B 2 a a 2n (2n—1) 
e^** eos?" ede = ———— + ee 
2611 f d+ (2uy T (W+2n’) (à? --2n —2) 
a2n (9n —1) (9n — 2) (2n — 3) a|9n. 
(a? +2n’) (à 2n — 2) (e? 9n—4 ) (a? -- 9n) ... (a? 4- 2) 
Proor or (2608-11). — Reduce successively by (1999). The integral 


part after cach reduction disappears between the limits in the cases (2608-9), 
but not in the cases (2010-1). Sce also (2721). 


2612 
im 9 9 om CT 
{ Ca cosU rdu= E ee G eer zt 2) 
-ir (dà +I Net)... (^ 4- 2n l ) 


2613 
y 9 9 9 (Uu aar 
P em Cosme = De RAT Jo 2), 


So =e 
eur a (a? 2-22) (e? 4-4?) ... (e? 4-207) 


Proor.—By successive reduction by (1999). 


d 2,2 a/ T e 
2614 ( Ce cos 2bade = ¥— e ”. 
all 


a 


Proor.—Denote the integral by u, then 


oo a 
du air? : 9b qug Ibu 
m | e Basin Qbede = - | =z 07% cos 2be de = — =>, 
C AR i a 
a e . DA 2 
the second integration being effected b arts, Ve^*7 2g dæ. Therefore 
g g M gs i 
f E 7T 
log u = log 0— —; aud b = 0 gives C= m (2425). 
a 2 w m 


Otherwise.—Kxpand the cosine by (765), and integrate the terms of the 
product by (2426). Thus the general term is 


(—1)* (oye | c emus = (aie 1 Ou aen (2n—1) m 
0 


P ETE neler 
an 
= (-])" I (=) iz- > which gives the required result by (150). 
TT JT C 
2615 | e^" cosh 2be = 3— NS . (2151) 
«0 zt 


Pioor.— Change b into tb in (2014). 
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is b/w 
2617 | et w sim bedere = —— ge". 
« 0 - 


wD B 
-—- -— m d' 3 
2618 \ eh sin (2bet 187) de = + an Me”). 
e aut 


Proor.—To obtain (2617), put @=1 in (2614), and differentiate for b. 
To obtain (2618), differentiate, in all, n+ 1 times for b. 


" eosa—e "t 
2619 | ————— dv = lega. 
« 0 


a 


Proor. — By (2251) putting im =| e dy (2291), and changing the 
k 
0 
order of integration, the integral becomes 


| | (cos aet) e7 dy de = | | (e^?! cos e —e 9107) dy dx 
0 0 Jn 


0 
= y 1 


B | TART 


) dy (2584, 2291) = log a. 


2620 ( log (1—2« cosa+a’) dv = 0, 
« 0 


when a is equal to, or less than, unity; but is equal to 
2mlog«, when a is greater than unity. 
Proor. — (i.) a=1. By (2635), since 
log 2 (1—cos z) = log 4+? log sin 27. 
Gi.) a< 1. Dy integrating (2922) from 0 to x. 
(üi) a »1. Asin (2920), integrating from 0 to r. 


2622 | dog (1—2 cos a) de. 


When v is less than unity, the values of this integral depend 
on those of (2620). See (2933). 
w si oe TT T 1 
2693 | er —log/1+a), or 7 log(14-7 : 
Z — 2 a e 
Jo L1— 2a cosa a Th 7 
according as a is less or greater than unity. 


* 


Proor.—Integrate | log (1—2a cose +a’) dz by Parts, | d, and apply 
(2620). 0 j 


Tu 


"JT 
2695 | cose log (1 —2« cosa+e) dr = — X. or : 
0 


according as u is less or greater than unity. 
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Proor.—Substitute the value of the logarithm obtained in (2922). T 


integral of every term of the resulting expansion, excepting the one in which 
w=r, vanishes by (2467). 


2697 T sin v sinrede ma e ma m 
o l—Zacosw+a” 2 "' 22 
according as a is less or greater than unity. 
Pnoor.—Integrate (2625) by Parts, j cos rx dz. 
9629 cosrvdy sa” a being <1 
o l—2a coseta 1—a? 


Proor.—The fraction = cos ra (1+ 2a cos @+ 2a? cos 2e+2a* cos 3# +...) 
+(1—a’), by (2919), and the result follows as in (2625). 


MES da E T ]+ae~° 
A Nl aes eee r | 


cosez-4-a? ^ 2(1—«) 1—ae~° 


Proor.—Expand the second factor by (2919), and integrate the terms 
by (2573). 


"log (1—22a coser+a’) dx _ E ES 
2631 | og (120 coste) d log e) 


Proor.— Expand the numerator by (2922), and integrato the terms by 
(2578). 


É æ sin evdo T 
2632 Y (1--2*)(1—2«a cos ewp a) 2 (e—a) 
Proor.—By differentiating (2031) for c. 
Otherwise —Expand by (2921), and integrate the terms by (2574). 


e 


2633 [res eee) (uv mm = 4 fF —(cos 9. 


COS V 
Proor.—Put a = 1 in (1951), and take the integral between the limits 
0 and 37, then integrate for b between limits 0 and c; the result is 


iT lo ia c mem 
| log(1 d ceosa) gy = ef | = "ae 
0 COS vw 


oy 1+6 
and the integral on the right is found by substituting evs™' b. 
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dv = sinc. 


jh log (14-c cos a) 


COS V 


2634 


Pnoor.—As in (2633), by taking 0 and = for the limits of a. 


2635 | "log sin æde = — log = Eu dx 
eð 2 o / (1 —a2) editt ?) 
1 ly 
Proor—{™ Sin p | cos x dæ (2233). Add these integrals and sub- 
0 0 


stitute 2v, applying (2234) to the result. 


2637 T v log sin edv = La log 4. 


Pnoor.— | 


0 
difference of these integrals to zero. 


vlog siu g dr = | (—2)! log sina da, by (2233). Equate the 
0 


- Par 
2638 | æ log sin? vde = —n’m log 2, m being an integer. 
Proor.—Method of (2250), 
nm T 2T 7 "T . 
| ælsin? g dz = | æl sin? æ te | lsin? gde+... +Í el sin? g dx 
0 «0 T (1-1 r 


= [a sinta dot | (r4 y) L sin! y dy+...+ li f(n—1) w+ yl lsin’ y dy. 
0 
Each integral reduces by (2635) and (2097) ; for example, 
T "T 
| (04 y)lsin! y dy = 2 (x+y) lsinydy = an |" Isinydy +2 | ylsiny dy 
0 0 


0 
= 2 2 = 2 
= — 2n log 2— r’ log 2 = — 3r” log 2. 


The result is —(14-3--54-... -- (2n — 1)] w log 2 = — wa? log 2. 


“snme Lf =) 
dump T SEE go Met aure 


0 err 1 m 


Proor.—Develope sin mæ by (764); integrate the terms by (2395), and 
sum the series by (1559). 


2640 J SM Me Jp — E T 


ett Qd ores 
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Proor.—Develope sin mz by (764); integrate the terms by (2398). The 
resulting series is = Eme F 5; cosec imr, by (2918), which is equivalent to the 
above by (769). 


9641 M a cone eg) eG lcm 


log w 
1 a * 
sin (m log v) —sin (n log v 
aa bn los a) =e 108 ©) qu = tan *m— tanta 
0 gw 


Proor.—Put p=im and g=in in (2394), and equate corresponding 
parts. See (2214). 


2643 
sin (nlog a) 2 E s(nlog.r) 1 
cn ie tan 2. Wr M ts —ilog 

f log.v EU. ion un o log v de = lee lpr? 


Proor.—Put m=0 in (2641) and (2642). 


MISCELLANEOUS THEOREMS. 


FRULLANTS FORMULA. 


2700 Ü ee dx = $(0) log = -+f 


h being = oo, and the last term generally = 0. 


$ = ) dv, 


a|> o> 


h Ey 
Proor.—In the integral | (2) : 50) dz substitute zz a» and z= bx, 


and equate the results thus, : 
h h h 
[ 9 (09) qi — i 9 (0) ty = |" e (o) dai u 2) dy, 
v ae x 
0 0 0 0 


h. A 
on [ee af’ 


p (ba) ay f 2.) ay mo 
l im da = ' eS $ (D) log 


ej 


Then make h infinite. For applications sce (2013) and (2505). 
PI 
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2701 a dy = (uf EO dæ 


teo e) ten gf 8 


wilt hae == On 
h : Y NN 
PRoor.— d, { | pH = | $ (av) da — 9 (A) 
ES ) w h 


0 


(2257) = [Oae (0) a — (9, 


0 
by making b= 1 in the proof of (2700). Integrate for a between limits 


h A 
a and b, thus | 9 er) de- |’ ọ on du 
9 0 
= (a— n| 2? 90) q, 24-9 (0) {ala—blb—a +b} — tan, 
and the leftis = [ OE pe $02) g, 
x 
0 


POISSON’S FORMULA. 
2409 D Opus gel dr = 2m ; f (a4-c), 


—2e coswteé 1—cec 


ebeno < I. 


Proor.—By Taylor's theorem (1500), and by (2919), the fraction is equal 
to the product of the two PANE 


ZO +f (a) cosz- 7 f" (a) cos 2g + E 3 TO cos 3z +.. E 


and {1+2c cos w+ 2c? cos 2a + 26 Me 
divided by (1—c?). By (2468) the integral of every term of the product 


vanishes, except when it is of the form 2f cos ng, and this is =r, by 
(2471). Hence the result. o 


2703 


irte Le (1—ccosa) de = v {flate )+f(a)}. 


2104 


gusce) sin v E ur a-- c) —f(a) ; - 
er E vd: z (a o)—f(0)j 


Proor.—As in (2702), adding unity to each side of (2919), and employing 
(2921, 2467, 2470). 
9 E 
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ABEL'S FORMULA. 


Given that F(x+a) can be expanded in powers of e^ 
then 


""F(v-riat)4- F (9 —iat 
2705 | F (or iat) T F (wiat) dt = TF (va). 
Jo +f 
Bipot oe F(e+a) = A+A etH Age? + A,079* + ke., 
. F(a+iat) + F (e—iat) = 2A +24, cos at +24, cos 2at+ &c. 
SUCUS and integr 2 by (1935) and (2573). 


dt T 
—Let = —, th z—————. 
Ex.—Let F(x) en f. 8) @ zug) QNS 


KUMMER’S FORMULA. 
fe v cos e^) e™ d9 = sin ka { (1—2) f (zy des 


os 
2 


2706 | 


usi dd h = se??, then a+h = 2x cos 0e? by (766). Substitute these 
values in the expansion "of f (@+h) by (1500); multiply by e”? and in- 
tegrate; thus, after reducing by (769), 


Ü f (22 cos 0599) 49 q0 = sin kr wo f(r) _ af (x) m el) E D. ? 


E pq L22) 2 
Again, putting h= — «ó in (1500), multiplying by 9*"'d, and in- 
l 
tegrating, we have | Qf (z—2z9) do = the foregoing series within the 


0 
brackets. Equating the two values and changing $ into l—2, the formula 
is obtained. 
For an applieation see (2490). 


9107 When lis an integer, 
im yoi 
EN cos Be”) e? 949 = a j (1—32) faz) dz. 


Proor.— Divide equation (2706) by sin £z, and evaluate the indeterminato 
fraction by (1580), differentiating with respect to k. 
For applications see (2490), (24 94). 


2408 If X be a function of æ so chosen that 
Vo M 
| Xf (s, 1) de =O.) O 2; 


and if the scries 


AGC, 0) +A, f(e, il) T As f (o, 2) + &c. E p e m (ii.), 
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where ¢ is a known function, then 


I Xo (à) dx 
Ur (a, 0) de 


Proor.—Multiply (ii.) by X, and integrate from a to b, employing (i.) 


PRC E eA. ee... E 


94709 If the sum of the series 
A, AvtA- Aye) - Asa? 4- Ke. ... = (2) 
be known, then 


A,+A,a-+ A,a(a+1)+A,a(a+1)(a+2)+&c.... 
( Cag Oey de 


— Q 


BD 
| ex PEDE 
ef 


Pnoor—In (2708) let X =e-*z~1 and f(e, k) = a*. Then since, by 
Parts, we have | pura ue T solu Dye (a+k—1) | e^? a^- da, 


0 0 
it follows that C, = a (a+1)...(a+hk—1). Hence, conditions (i.) and (ii.) 
being fulfilled, result (iii.) is established. 
For an application see (2589). 


TusogEM.—Let f (etiy) = P-4iQ............ ees (i.) 
2710 Then f E ded dy = Ü s "E 1 Cis E. (ii.) 


s 
2411 ( Ü = lædy = -| ie go = dyd (iii.) 
edea 
Proor.—Differentiating (i.) independently for æ and y, 
f (etty) =P,+iQ,, of a = P,+1Q,, 
Ce Qu — iP a, Pe ande. o E 
Hence by (2261) the equalities (ii.) and (iii.) are obtained. 


Ex.—Let f(e+iy) = e cw = e^ * e. (cos 92y —isin 2ry). 
Here P = e-e” cos i Q = — e2 d sin 2æy, therefore, hy Gii.), 
B 2 
[" e~™ (e cos 232 — e" cos 2ax) da = | ef (e7 sin 2by —e7^ sin 2ay) dy. 
Pro g=a= 0 therefore 


ao 


| e” (oF cos 9/2 —1)dz =0, ^. P | e-* cos 93x de = E zc uoc 


“0 . 0 #0 
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CAUCHY'S FORMULA. 
2419 Let ( a? F(a?) dz = Am, n being an integer, then 


D 1 9 
( aq {(w-=) ae 
Jo ae 


= A pee) 4,4 as “ee PR. 


19 
: y l 
Proor.—In the integral | g” F (2) dz = 24,, substitute 2 = $— 7,5 
2 b. » 4 2 
and it becomes l (s — I) c 2) F} (w- =) | da zT (i.) 
n x z L x x 


Let the integral sought be denoted by Com then 


E 9 eo 2 
= pt (e— 1) t de = ae pi (s +) ) nE 2n" 
: gm 2/)m a al $a 


This is proved by substituting 1 in the first integral. Therefore by addition 
d 


NC E EM rf (s- 1) | 226, — cii.) 
l ; 


Now, in the expansion of cos (2n+1)0 (776), put 2 cos 0 = @+ + and 
2i sin 0 = e— L, where 2 = e? by (768-9), and multiply the equation by 


2 
F} (2— 1) } ud and integrate from 20 to =œ. Then, by (i.) and 


(ii.), the required result is obtained. 


2713 Ex.—Let l(x)-e-**, then 


2n ,—- ax z5 lc 3.. . (27-1) Vr 
Ap = Ji ge po "m Vr and A= mE 
Therefore pee G a da 
0 
eTEN TN n(ndl), (n-1)" | (n e © | (n—3)9 y 
= j el eee MES 2 ce. 
2 vu l d du t 19 42,42 ii 1 19 4404 i 


FINITE VARIATION OF A PARAMETER. 


2714 Theorem (2255) may be extended to the case of a 
finite change in the value of a quantity under the sign of 
integration. 
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Let a be independent of a and b, and let A be the differ- 
ence caused by an increase of unity in the value of «, then 


*b (99 
| Ad (x, a) dx = A | $ (^, a) de. 


J TEE EEE ee 


9715 Ex. 1. | Cou u oo | Ac Oran — ei. that is 
0 a 0 a 
E (e-* —1) de = — Rei 
3 a (a+1) 
Also, by repeating the operation, 


| A"g-ar dz = ul. that is 
0 a 


P =t] dr = (=b 
2716 f (e Idr = e e] 


2717 Ex. 2.—In (2583-4) put k for a and (2a—m) for b, then 
[^ 9a—m 


P+ (Za wu): TEE Ol) 


k ? 
TT e O 


| € ** A sin (2a— m) g dz = 4 
0 


f €** A cos (2a —m) edu = A 


In (ii.) let m = 2p, an even integer, then 
A” cos (2a — 2p) z = cos (2a+2p) «—2p cos (2a+2p—2) r+... 
... $008 (2a— 2p) æ 
= cos 2az [cos 2pz —2p cos (2p — 2) « +0 (2p, 2) cos (2p —4) 2— ... 
-.. t eos 2pa'] 
— gin 2az [sin 2pz —2p sin (2p—2) a+... 
... — sin 2pz ]. 

The coefficient of cos2az, in which equidistant terms are equal, is 
= (—1)? 2 sin? æ (773) ; while the coefficient of sin 2a% vanishes because 
the equidistant terms destroy each other, Therefore 

A? cos (2a —2p) « = (—1)? 2"? cos 2ax sin” a. 
Hence (11.) becomes 


M ~k Daan aerea = ( 1) 2p k 
uU UU aog Pan omt = 1 AH rr 
2118 { 2 k*-E(2a—2p)" 


9719 Again, in (i.) let m = 2p+1, an odd integer, then 
A’?*! sin (2a — 2p —1) v = sin (2a -2p-F 1) & — (2p -- 1) sin (Qa+2p—1) 2 
+ C (2p3- 1, 2) sin (2a --2p —8) « —...— sin (2a—2p—1) « 
= sin 2ax [cos (2p +1) e — (2p +1) cos (2p —1) e 4- ...—cos (2p +1) a] 
+ cos 2az [sin (2p-- 1) z— (2p 4- 1) sin (2p —1) e ... - sin (2p +1) x]. 
The coefficient of sin 2ax vanishes as before, while that of cos 2ax is 
= (— 1)e9mstem slo (774). 
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Therefore equation (i.) becomes 


2120 


] 20 — Aw T 
a a,” cos Zaz sin "TUM = - = Aon X c" 
«o D k+ (2a— 2p —1) 


'To compute the right member of equation (2718), we have 


A» EENCM =i: laculzs 
hk? + (2a — 2p)’ k+ (2a -- 2p) 
— Pp $ Cpe) EI — I: 
P+ (Qu+ 2p—2) i? + (2a + 2p—4)? ». k+ (2a — 2p)? 
Let a=0, then the equidistant terms are equal, and we obtain in this case 


: k (=P 
V ee eee ee eee 
2121 K*4-(2a—2pY k (E --4)(- 106) ... {H+ (2p 


Thus formula (2609) is proved. 
Similarly, by making a — 0 in (2720) after expansion, formula (2608) is 
obtained. 


1.2...25, 2"? 


Let p be any integer, and let q and « be arbitrary, but 
q<2p in (2722), and <2p+1 in (2723). 


2422 
(—1)? oN Ah 


" eos2a.v sin? x = 
€——— SS 
0 


umo = TUFI) h O PFE 
2123 


? cos 2ar sin? tw I 
E —— d. 
e c 


v 


(—1) z i Aj (2a—2p—1 -pe dz 
- eras A, S" pecie ^ 


where A has the signification in (2714). 


ene — Employing the method of (2510), replace 
b ent 21 d. ; 
gt dires b z az 
q being integral or fractional; therefore 
db [5] EN" 3 D 
POST e C" cos Zaz sin’? xe" 72 dz da, 
0 En r Ui a 1) o 40 
by changing the order of integration. Substitute the value in (2718) for 
the integral containing 2, writing the factor z% under the operator A, since it 
is independent of a. 
Similarly, with 2p+1 in the place of p, we substitute from (2720). 
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It may be shown that, whenever a > p, formula (2722 
reduces to 


2424 


(C cos2ar sin? , (—1)*'s 


A? (2a —2py*. 
2»*1T (g-- 1) sin x 


0 yitt oe 
e cu 


For a complete investigation, see Cauchy’s * Mémoire de l'Ecole Poly- 
technique," tome xvii. 


97285 Ex.—Let a = 2, p= l, gq=}, 
| cos CUI vl T A? (2a—2)3 


0 dd 8T (4) sin E 


and — A!(24—2)! = (2a--2)3 —2 (2a)5 + (24 —2)* = 63 —9. 43. p 95, 


FOURIER’S FORMULA. 


2726 ( 90142 §(2) de = 5 $(0), 


Jo sinw 
when a= w and h is not greater than iz. 
Proor.—(i.) Let ọ (e) be a continuous, finite, positive quantity, de- 


creasing in value as v increases from zero to h. 


E 3a (Bu 


nu. To „2r 2 
sin az mU " z , 
TOM E e 


a being the greatest multiple of = contained in A. The terms are alter- 
a 


nately positive and negative, as appears from the sign of sinaz. The fol- 
lowing investigation shows that the terms decrease in value. Take two 
consecutive terms 


(n+1)t (atr 
a c qu S 
sin ag sin aw 
| — —— $ (x) dz, | ~—— o (2) da. 
nm sin z Geis sine 
a a 


Substituting æ — T in the second integral, it becomes 
{n+1)r " 
F a sin ag p («+ =) f 
Tm sin («+ =) P 
a a 
and since $ decreases as z increases, an element of this integral is less than 
the corresponding element of the first integral. 
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Now, by substituting av =y, we have 


(n--1) 7 A Ga 
| a sin az erede | a (4) y= 90) ah " (ii), 
na sir er asin * q a Y 
t 


(n--1)m 


when a is infinite, because then $ (4) = =¢(0) and a sin? y = 


Hence the sum of n terms of (i.) may be replaced by M^ "T sin Y dy, 
a 


which, when » is infinite, takes the value $(0) $7 by (2572); w lls the sum 
of the ‘remaining terms EEES because (the signs alternating) that sum is 
less than the n+ 1* term, which itself vanishes when 2 1s infinite. 

Gi.) If o (2), while always decreasing, becomes negative, let C be a con- 
stant such that C--$ (x) remains always positive while æ varies from 0 to A. 
The theorem is true for C+ 9 (z), and also for a function constant and equal 
to C, and it is therefore true for the decreasing function 9 whatever its sign. 

If g(x) is a function always increasing in value, —ọ (æ) isa decreasing 
function. The theorem applies to the last function, and therefore also to 9 (2). 


227 Cor.—Hence the same integral taken between any 
two limits lying between zero anid iv, vanishes when a is 
infinite. 


9798 pa sin ar SC. 


0 sin wv 


= c 1i4(0)--$(v)--$ (2m)-- ...-- 9 (n—1) re(n}, 


when a is an indefinitely great odd integer, and nr is the 
greatest multiple of 7 less than h^. But when a is an indefi- 
nitely great even integer, the second and alternate terms of 
the series have the minus sign. 


Proor. l RE p Bro m f sin ar M ES 

o Sin e sin a NEUES 
Hp ins the second integral into 2a others with the limits 0 to 1v, 37 to v, 
m to 37, ... (2u—1) Y to nm; and in these integrals put successively @ = y, 
T THY 27 — y, 2r --y, .. nr—y. The new “limits will be 0 to iv, lw to 
0 alternately, with the even terms negative, so that, by changing the signs of 
the even terms, the limits for each will be 0 to $7. Also, if a is an odd in- 
sin az 


ieger, is changed into pe by each substitution, so that (i.) becomes 
sin y 


n TY (9 (y) -$ (v —y) +9 (ety) + - +9 Qm—y)] dy 


sin y 
sin az e 
| — weg (2) da cd.) 
Peele 
: e . simay |. 
But, when a is even, the substitution of rm = y for z makes ———- minus 


sin g 
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NN 
whenever ris odd. The limit of the first part of (iii.) is 
Z £9 (0-29 (9) +29 Be) +...429 (01) ng (nn), by (2726). 
In the last part of (iii.) put z = nt +y, and the integral becomes 
| UT SBA s (ne +y) dy =F p (on), ithne is Fy by 2725), 


sin 


If h—nr r between 3 le and r, decompose the integral into two others ; 
the one pu limits 0 to 37 will converge towards ¿rọ (nm), while the other 
with limits ix to h —n« becomes, by putting y= 32, 


iT gin az 
$ [(n-F 1) r—2z] dz = 0, 
|. sinz 


the limit by (2727). Hence the last term of (iii.) is a7 (nr). Substi- 
tuting these values, (2728) is obtained. 


noo 
9799  Ex—By (2614), K Po dz = ve ea 


Put 6=0, 1, 2 ... n successively, and add, after ence the first equa- 
tion by 4, thus 


| e- 2? (1.-- cos 2g-+ceos 4x -+ ... -+ cos Hs da 
0 


n2 


= sh E 22 Inn 
The left side =} K ses in EEDE qs, by (801), 
0 


and, if n = œ, becomes 


dde pent pec me... ], by (2728) ; 


m LAS LE LE 
m Íide-7*-po-tUüso.pg-9me E, ] zc pe Cpe Ott, 


Put ra =a and E = p; therefore 
EM us O 
2780 ae "ce pe? ...] 


= JB {pe e pe F+...}, 
with the condition aß = m. 


2731 jr mE (x) dx = 5 $ (0), 


when a is an infinite integer. 


Proor.—The integral may be put in the form 


^ sin az 
: p (x) dz, where 9 (x) = 
[ SES? e (e) de, () 
31555 
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therefore, by (2726), when k is 4m, and by (2728), if h is 2 1v, the value 
is Lao (0), since in (2728) © (w), b (27), &c. all vanish. But ® (0) = ẹ¢ (0). 
Hence the theorem is proved. 


When a and f are both positive, 


2132 Ü Buen ple de =0= n inis f(a) dx. 


aa V a 


2733 ( i sin t" g(x) dv = rẹ (0). 


*^ 7 a 


Pnoor.—(i.) | =|. zi = = 4(0)—% 9 (0), by (2729). 
Gi) f =f + [= Fe Orzo 


by substituting —z in the second integral. 


"dex (Ce 
2734 | jn (x) cos uxdudr = E $(0), when a=o. 


1 a 
Poon Sew =| cos ux du. Substitute this in (2731). 
d 


0 


When a and f are positive, the limit when a is infinite of 


Pa PB 
2735 | | $ («) eos tu cos ue duda, 
e Odea 


^a PB 
or of (x) sin tu sinurdude, 


«0«'a 


is i«$ (t), if ¢ lies between a and B, 129 (t) if t=a, and zero 
for any other value of f. 


Pnoor.— When a=% we have, by (668), and integrating with respect to u, 


B NE B gin a (£ —t 8 sina ( 
p v)cos we costudz du i| "© (ep $ (2) de-- 1 sip (e ọ (2) dx 
x—t ett 

vavo a RE. 
lue 


Se ees 


l3 
e 


d pB+tsin az 


2 


9 (do ae (i.), 


by substituting z = z—1 and z= v+ t in the two integrals respectively. 
When « is infinite, the limit of each integral is known. 
When a and /3 are positive and £ lies between them in value, the 

limit of (1.) 188 o (^), by (2/98g0 E Lo ener (ii.) 


When « and B are positive and / does not lie between them, the 
value is. zero by (2738)... Sc eoe E TA) 


" 
k 


Ja-—ít 
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If a =t in (i), the first integral becomes = ẹrọ (f) by (2731), and 
the second vanishes as before; so that the value, in this case, is 17 $ (t)... (iv.) 
The same demonstration applies in the case of (2736), transforming by 


(669) instead of (668). 


Hence, by (ii.), if ¢ be always positive, 
2737 \ | (x) cos tu eos we du d = = $ (t) 
0 «0 


wo to 
= | | (v) sin tu sin ur dude. 
e0 0 


2139 Ex.—Let $ (x) Le 


I od e 

T 

4 | e^?? cos tu cos uz du dæ = T mu 
0 0 


^ a “a@costu ,  % nat 
Therefore, by (2584), Ji "mi uos ME 


which is equivalent to (2574), with ¢=1. 


The expressions in (2737-8) being even functions of u, we have, supposing 
t to be always positive, 


[ [ $ (x) cos tu cosuzdudz =r 9 (t) = | 


| 9 (x) sin tu sin uz du dæ ...(i.) 


-2 0 


Replacing $(z) by $(—2z), and afterwards substituting —«2, these 
equations become 


E 0 
| | 9 (x) cos tu cos uz du dæ = rọ (—1) 
-0 -90 oo [t] 
—— | | 9 (2) sin tu sin uz du da......... (ii.) 
From (i) and (ii.), by addition and subtraction, we get 


2740 | | @ (2) cos tu cos ua du dæ = v [9 (t) 4- 9 (—t)], 


-0 


2741 l l 9 (æ) sin tu sin ux du dz = v [9 (f) —9 (—1)]. 


-2 


Whence, by addition, 


2142 i JE p(x) cosu (t—«) dudw = 27¢ (t), 


the original formula of Fourier's. 
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THE FUNCTION (a). 


The function d,log T(e) is denominated y (æ). 
1 l 1 1 
2743 we) = log e] an es 


when y is an indefinitely great integer. 


Proor.—By differentiating the logarithm of (2293). 


: NU ai MEI 
2/44. Con. y (1) = log =l] 3 mi San "EET 
when LZIN, 


= —0:577215,664901,532860,60 ... (Euler). 


All other values of (s), when æ is a commensurable 
quantity, may be made to depend upon the value of ¥(1). 


When z is less than 1, 
244.5 V (1—2a) —y (x) = m cota. 
Pnoor.— Differentiate the logarithm of the equation 
U (2) T (1-2) = r + sinzz (2313). 


2146 V) EV sre Eee (aet) 


= ný (nv)—2n log n. 
Pnoor.— Differentiate the logarithm of equation (2316). 


2747 To compute the value of uE P) when È is a proper 
fraction. E 


Find y ( 3 from the two equations 


2748 ¥(1-4)—y(2) = m cot Pm, (9745) 
2749 pen j 
y (1 -2 )ty(2) = y (1) —log q+cos = log (2 vers =) 


eos P og (2vers 2 =)-+e0 s SPT log(2 vers) 4 &0.f, 
q 
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The last term within the brackets, when q is odd, is 
COS uisi om log (2 rend = z) 
q 


and when q is even, the last term is + log2 according as p 
is even or odd. 


Proor.—Equation (2743) may be written 


1 1l 1 1 ee 
Se oe e poer d 
ve mE ; EUM s zen P EU pl 
# being an indefinitely great integer. 

Replace x successively by —, 2 2 as fd 1; where q is any in- 
teger; thus p q 

E q q q 

-— == I A 84 — —i— 4 J4— — pl 
A) Hot vea 3 SWEET 2 EEUU ; 

E q q q q 

EA RE mE i es panes 

1i) = — 1 gos EINE c ee Tat M 15— 
| q gem p me : TERIS : mE E 
$0) =- 1 +2- 3 4H— } H4- i +i- 
Now, if ¢ be any one of the angles 2 eur ML LT, we shall have 

G a d 
1 = cos gd = cos 2gp = cos BGP = &c....... esses (ide), 


cos $ = cos (q+ 1) $ = cos (2g +1) $ = cos (8q +1) 9 = &e....... (iü.), 
cos $ +cos 26 +cos 3¢ +... +cos (q—1)ọ +1 = 0 by (803)...... (iv.) 
By means of the relations (ii.) and (iii.), equations (i.) may be written 


cos gv (=) =— q cos ¢ + cos 412 — Tp cos (9+ 1) $+ cos $03 -, 
za eee e uc 
cos 294 (—-) = 5 cos 26 + cos 2912 T 2) CORR j 


CRT pM 3 ree 
cos 864 (7) = ap Coe) uc Seige Pree cp ST ; 


cos(q—1)9 V (=) =— mp (q— 1) $+ cos (9—1)912 
— gos o7 D 94.008 7 D $H— 


V$0)2-1 + dm — box Ho - 
Upon adding the equations, the coefficient of each logarithm vanishes, by (iv.) 
The remaining terms on the right form a continuous series, and we have 


cos gy =) +cos 29 Y E +... + cos (q—1) oh =] +4 (1) 


= — q {cos $ +} cos 2ọ +4 cos 39 +in inf.} 
= 4q log (2—2 cos p) by (2928) ...... eee (v.) 
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Let e w. Then, by giving to $ in equation (v.) its different values w, 


2w, 3w ... (q—1) v, we obtain g—1 linear equations in the unknown quanti- 


ties y EI y m goo (— 2 1 To solve these equations for d (2) 
q q 
p being an integer less than g, multiply them respectively by 


cos pw, cos 2pw ... cos (q— 1) pw, 


and join to their sum equation (2746), after putting z = — and nz gq. 
The coefficient of 4 (5) in the result, 5 being any integer less than q, is 


q 
cos pw cos kw + cos 2pw cos 2kw+ ... +cos (g— 1) pe cos (q—1) kw +1. 


By expanding each term by (668), we see by (iv.) that this coefficient 
vanishes excepting for the values k = q—p and k= p, in each of which 
cases it becomes = 1g. Hence, dividing by 19, we obtain 


4 Gea +4 ie) = 24 (1)—2lq+ cos pwl (2—2 cos w) 


+cos 2pwl (2—2 cos 2w) t ...... T eos (¢—1) pwl {2—2 cos(q—1) w}. 
The last term = cos pw l (2—2 cos w) = the third term; the last but one 
= cos ?pwl (2—2 cos 2:9 = the second term, and so on, forming pairs of 
equal terms. But, if q be even, there is the odd term 
cos 3gpw log (2—2 cos 1qw) = + 2 log 2, 
according as p is even or odd. 


Exampies.—By (2748-9) we obtain 
2750 4éG)-9(0)-3lg24 5. — $0) 24 0)—31og2— 7, 
2492 VG $ —40)—tog 3+ 55 V (3) = (1) -iloeg3— "NE. 
2154 V (3) = v (1) — 2log (2). 

DEVELOPMENTS OF W(a-+.r). 
When «w is any integer, 
= ] 

9155 yuta) = VG) ont urat to: 

Proor.—By (2289), putting »=a+a—1 aud r 2 «— 1, 


T (a 4-2) = (a+e—1) (a -2—2) ... (a 4-2) (a-4- 1) a P (a). 
Differentiate the logarithm of this equation with respect to a. 


" æ S(re—1) , c(»e—1)(o—2) 
2756 W(a+w) = y (a)4- m XE CET (a1) 3a (a+1)(a+2) 


_ wle Dee) |. 
Aa (a+ 1)(a+2)(a+3) + ke. 
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If æ be a positive integer, the number of terms in this 
series is finite, and the value of y(a+æ) can be found from 
that of ¥(a). 

Hence, by this or the preceding formula, in conjunction 
with (2747), the value of y (N), when N is any commensurable 
quantity, may be found in terms of 4 (1). 


Pnoor.— Let Y (a+) = A+ DBz-4- Ox (s —1) + De («—1) (2—2) + &c. 
Change z into z4-1; then, 
A (at+2) =  (a4- 4-1) — 1 (at+2) = d, (log P (at+2+1)—logT (a+z)} 


= d, log (a+#) (2288) = 


ate’ 
Aw = 1, Az (2—1) = 22, Av (w—1) (z— 2) = 3w (s—1), &e. Therefore 
ry, = B+ 202+ 8s (a —1) +4Hx (s —1)(2—2) +, 


i b rem | Drees). UE D, 
aac 


INE —9 3079 98 4 Ba. 
ate 
gp dem eM 
apa 
Put z — 0 in each equation to determine the coefficients A, B, C, D, &o.; 
1 1 1 1 1 
tl m= B=, 90£4-— Se 
18 y (a) 5 a "men m " (a+1) 
OM A ee eee, 
a a(a+1) a(a+l1)(a+2) 
1 2 DO 


2.8.4H = A 7-—A , and so on. 


a(a*l)a42)  a(a+l)(a+2)(at3) 


SUMMATION OF SERIES BY THE FUNCTION (a). 


2757 Formula I. Neo (oa fere 


= g-tara) 


Proor.—Let S, denote the n terms of the series to be summed. We have 
a 


Ü = Z aa b c b gu. i ] Oc 
S8, = + ( : +n+1) -2 E (A2) y ( : +n+1) (2288) 
or San 5 9 (2+n42) 28-5. (24041). 

c c c c 
Hence the difference is independent of n, and therefore 


ato (Int) ese to (2) epo ten) 
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9758 Ex 144 tl doch seme im 1—4 (2) +19 (n2). 
. a a cn w— a 
9759 Formula IH. o perc mp ae b (2n Fic 


"eem wi em l- vy (=) +0 (C 9c zen (2). 


Proor.—The series is equivalent to 
a a a a a a a 
En t b+ 9c * b -- Ac vU b --2nc { b+c a b+e+2c oe mee. i 
and the result follows by Formula I. 


9460 Formula III.— 
1 


1 
7 Gale Soe 


—.,. in inf. 


E Ioco c) x y (= z2) y ( "d P. 


Proor.—Make n= œ in Formula ll. The last two terms become equal. 


961  Ex.1.—In (2760) let b=c=1, then 
1—441—4 8o = H3 (2) -9 0] = log 2. 
For $0) 1:9 (1), by (8755); QD CE-L0 (D) -21og 2, by (84-3) 


294769  Ex.2.—In (2760) let b — 1, c —2, then 
1-7 the. 249 (0-39 (0 =F 


2763 pata) = | “oP aera QD. 

Proor, Warn i (1)-ba- 2 an) gat) &c. [by (2756) 
Du I-0-m =a E . a (a— Lr 4. 8 Ca € e 3 m 
therefore V (120) = ( m dz -F y (1). 


Substitute 1 —z in the integral. 


2764 V (THp) — b (14-0) = [^ * E de. — [By (2763 
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Ex.—Put b = —2; then 
V (1--a)—V(1—2a) = LEG) V (1—a) (2756) = — —- cotra (2745). 


s-a 


v 1 
2765 Therefore f r da = " —m cota. 
TM. 


V (x) AS A DEFINITE INTEGRAL INDEPENDENT OF w(1). 


E — du. 
2166 dis f; (iss zs ics) 
Pnoor Y (æ) = log p— E A —...— —— with =œ (2749). 
v+ l et+p—1l 
1 1 1 ge—l__ tte 
B [CELL cimi Eu stc cc uu 
w x ea eae | l-z : 
by actual division and integration. 
Ca Ji z 
Al xil lo mt 2367). 
SO log p ce Be dz (2367) 
1—z*- 1 1 gete-1 "m = , 
pu E lE Em a a HZD ae Gi.) 


Put z = y" in the first integral, therefore 
1 Py el 1, 4-1 , wert 
| p yay =p | ur NT 
0 LE y ley 
Replace y by z, and suppress the term common with the second integral 


TED d b We {a =l m dm Ela 
or (1.), and we ge i 2. 
f 1—* Iun 


Put z“ = u, and this becomes 


1 


UME yep uM 


gc Ix 
m su 


But when u =œ the product p Gut) has —logw for its limit (1584) ; 


x 
and «4^ = 1. Hence the result. 


2767 (x) =f f- aap! a3 


Proor. T (e) =| er eo de Cl (a) =| e^? 2-1 log zdz. 
0 0 


-a par 


But, by (2427), . log z = | B da, 
0 


one 


a 
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ee) =| | gcc ee I 


a 
0°90 


BE Ea 1 da 
= [e e7332- dz— | e*t aren = 
A " tt 


40 


ine) | [e*- T “2 (9991) 


which establishes the formula since 


doy Me) = oeque 


2768 log Tr(a) = [e ——— i: 


1 atl ~ 
269 il Tec 


2710 ve) =) [E - Jae 


Proor.—Integrate (2767) for x between the limits land 2, observing 
that log I'(1) = 0; thus 
-1 T 
mop xe cuc oe (1*a)!—(l-4ca)- I 
jb |i L ee log (1-+a) a 
Subtract from this the equation obtained from it by making # = 2, and 
multiplying the result by z—1. We thus obtain 


E M l-4ca)!—(1-Fa)774 da 

loe DL = = ge Hu SUE M M 
eh) ) K D a rere 
Substitute £ = log (1 +a), and (2768) is the result. To obtain (2769), sub- 


stitute z = (1 TEE ^L Lastly, (2770) is the result of differentiating (2768) 
tor a. 


` 


NUMERICAL CALCULATION OF logt (v). 


9'71 The second member of (2768) can be divided into two parts, one of 
which appears under a finite form, and the other vanishes with z. If we put 


ES 1 e-t e l 
P=(s=1— +) Do and Q= ip 
olen log V (2) = | (PH Qe79) 4E Less GE) 
0 


If Q be developed iu ascending powers of é, the terms which contain 


Me corn 1 ^ 
negative indices are rà Jam R say. 
—À 
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Put F(z) = | ctt) dé 


0 


E ( [(e7»- — ner (1-1) etn] = "T Go 
) 


: n eae epee 
and a (2) =| (Ome me ee ai 
|. G pup e 


==. 


Then, by (i.), loe I(r) = (a ee c (iv.) 


F (æ) can now be calculated in a finite form, and w (2) will have zero for its 
limit as 2 increases. 


First, to show that F (3) and w (4) can be exactly calculated. 


ee ee Na ds 
EDS | cer E 3E ET 


and, by substituting 44, 


ET H 1 ieee de 
w =| S E e (vi); 
and, by substituting 3, 
E muT uu eR t 
sub = | (a 6:7 3 ) e ene (vii.) 
The difference of (vi.) and (vii.) gives 
A (i c E eft... (viii), 
mU É 


since 


Also, by (iv.), Oe (1) = IT (3) dir, FQ) = Flog 22)—4...ix) 


ee 


F (x) may now be found by calculating F'(») — F (4) as follows :— 


° 1 
By (Gi), F (z)- F (8) =| [G- D ect (i3) (s-&—e7i | A 
a 
2 4 a é a —£ = =r — E: 
-[- Urdu Ee ics] - di 
0 k = Jo 


= 1—a+(#—4) logg (2427-8), 
 F(z)2 Flog (27) + (a—3) loge—a2, by (ix.); 
S by Gv.) log I (æ) = } log (27) + («—z) logz—atoa (ome E CDE 
212 sa P(E) = ce Pat (22) ew 0 aoaaa eee UL) 
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When z is very large, e* (9 differs but little from unity. For e (x) diminishes 
without limit as æ increases, by the value (iii.) 
Replacing w (æ) in (x.) by its value (iii.), and observing that 
log I' (z-- 1) = log e--logT (2), 
we get logI'(z--1) =F log (27) +(#+)) log z—2 
+ — -+- +) m (xii.) 
0 


Now, by (1539), 
(G22) LLB Be yy Balt, Baat 
l—e-= E 3 i we Eos UU lm ^ 1.228389) 
where 0 is <1. Also 


ote B. um NE S 1.79» 
[emae [oee =o, Ti 
So that equation (xii.) produces 
3 log l (2m) 1 
2773 logr(æ+1) = + D log *—^ 


2 B, 0D... 
tp: 3a pens er 


This series is divergent, the terms increasing indefinitely. The comple- 
mentary term, which increases with n and is very great when n is very great, 
is, however, very small for considerable values of n. For instance, when 
æ = 10, the values obtained for log IT (11), by taking 3, 4, 5, or 6 terms of 
the series, are respectively, 


16:090820096, 16:104415543, 16:104412565, 16:104112563. 


CHANGE OF THE VARIABLES IN A DEFINITE 
MULTIPLE INTEGRAL. 


2774 Let v,y,2 be connected with ë, n, € by three equations 
v=, ws 0. 

Then, when the limits of the integral containing the new 
variables can be assigned independently, we have 


" i n F(b 9» D aye d (ure) 
-- UP Ü o ion ER abun. 


ene d (uie) 
d (yz) 
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where $ is what F becomes when the values of v, y, z, in terms 
of č, n, č, obtained by solving the equations u, v, w, are sub- 
stituted. 

dx dy dz 


Proor. 1i F (o, y, 2) dedy dz = (i ® En, Dog EE di dn dt. 


To find z,, consider n and Z constant, and differentiate the three equations 
u, v, w for ë, as in (1723). To find y,, consider ¢ and z constant, and differ- 
entiate for y. To find Ze, consider æ and y constant, and differentiate for Z. 
We thus obtain 


d (uvw) d (uvw) d (ww) d (uvw) 
de dy de _ (Gea) Unk) UE _ THD 
dë dn dý d(uvw) d (ww) d (uvw) ^ — d(ucw)? 

d (xyz) d(yz£) d (zin) d (yz) 


observing that two interchanges of columns in a determinant do not alter 
its value or sign (559). 
Similarly in the case of any number of independent variables. 


When, however, the limits in the transformed integral 
have to be discovered from the given equations, the process 
is not so simple. 


In the first place, we shall show how to change the order 
of integration merely. 


O15 Taking a double integral in its most general form, we shall have 


b f$ (x) g re (v) ) 
Í | Ea ide dy = =| | (ed mE (.) 
a Jy (o) aJ V (y) 


The right member will generally consist of more than one integral, and = 
denotes their sum. The limits of the integration for z may be, one or both, 
constants, or, one or both, functions of y. ‘ is the inverse of the function v, 
and is obtained by solving the equation y = 4 (æ), so that æ = (y). Simi- 
larly with regard to ¢ and ®. 

An examination of the solid figure described in (1907), whose volume 
this integral represents, wil make the matter clearer. The integration, the 
order of which has to be changed, extends over an area which is the projec- 
tion of the solid upon the plane of zy, and which is bounded by the two 
straight lines e =a, z =b, and the two curves y = V (z), y = $ (x). 

The summation of the elements PQyp extends from a to b, and includes 
in the one integral on the left of equation (i.) the whole of the solid in 
question. 


But, on the right, the different integrals represent the summation of 
elements like PQqp, but all parallel to OX, between planes y =a, y = p, &c. 
drawn through points where the limits of g change their character on account 
of p boundaries y (x), y 9 (x) not being straight lines parallel 
to OX. 
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9776 Exampie.—Let the figure represent the pro- 
jected area on the zy plane, bounded by the curves 
y = y (2), y = 9 (x), and the straight lines z = a, g — b. 
Let y — $(v) have a maximum value when z-— c. 
The values of y at this point will be g(c), and at the 
points where the straight lines moot the curves the 
values will be g(a), 9 (b), v (a), V (b). 

According to the drawing, the right member of 
equation (i.) will now stand as follows, U being written 


for F (æ, y), 


y (a) rb p (a) [à b (5) fb $ (c) fẹ: (y) 
| í Udyde+ | | U dy de + l | Udyde+ | | Udy dz. 
Jo 0) ly) Jota) Ja $ (a)! (y) $(5) 1, (y) 


'The four integrals represent the four areas into which the whole is divided 
by the dotted lines drawn parallel to the X axis. In the last integral, d, (y) 
and ®,(y) are the two values of # corresponding to one of y in that part of 
the curve y = 9 (æ) which is eut twice by any z coordinate. 


V (5j 


OY "4 To change the order of integration in a triple integral, 
from z, y, e to Y, #, 2, we shall have an equation of the form 


re (hele) fé (x9) zo (Ya (z) (Pr (2, x) 
| | | F'(2,y,2) dedy dz = >| | | F (a, y, 2) dededy 
pU Aue M ELATOLLITOL eee Gii.) 


Here the most general form for the integrals whose sum is indicated by 5 
is that in which the limits of y are functions of z and æ, the limits of z func- 
tions of z, and the limits of z constant. Referring to the figure in (1906), 
the total value of the integral is equivalent to the following. Every element 
dz dy dz of the solid described in (1907) is multiplied by '(vyz), a function 
of the coordinates of the element, and the sum of the products is taken. 


This process is indicated by one triple integral on the left of equation (ii); 
the limits of the integration for z being two unrestricted curved surfaces 
z = ¢,(2, y), z= oo (o, y) ; the limits for y, two cylindrical surfaces y = v4 (x), 
y = Yp, (x); and the limits for a, two planes & = 2, x = r, : 

Bnt, with the changed order of integration, several integrals may be 
required. The most general form which any of them can take is that shown 
on the right of equation (ii)  Soiving the equation z 2$, (v, y), let 
y, = d, (2,8), ya = D, (a. v) be two resulting values of y; then the integra- 
tion for y may be effected between these limits over all parts of the solid 
where the surface z = $, (x, y) is cut twice by the same y coordinate. 

The next integration is with respect to g, and is limited by the cylindrical 
surface, whose generating lines, parallel to OY, touch the surface z = 9(2, y). 
At the points of contact, æ will have a maximum or minimum valne for each 
value of z; therefore dẹ, (e, y) = 0. Eliminating y between this equatiou 
and that of tlie surface, we get 2 = Wi (2), æ = Y, (z) for the linits of x. 

Lastly, the result of the previous summations is integrated for z between 
two parallel planes z = z,. z=, drawn so as to include all that portion of 
the solid over which the limits for x and y, already determined, remain the 
Bam o. 
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a MÀ 


The remaining integrations will take place between z = z, and similar 
successive parallel planes; and, according to the portion of the solid which 
any two of these planes intercept, the limits of x for that integral will be one 
or other of the bounding surfaces, enrved or plane, the limits of y, one or 
other of the curved surfaces. 


aoa a o a o a I 


The general problem to change the variables in a multiple 
integral, and determine the limits from the given equations, 
may now be solved. 


2778 First, in the case of a double integral, 
T2 pie (x) 
| [ TCI OAT c e. (nes 


xı a (x) 
to change from a, y to £, n, having given the equations u=0, 
v —0, involving the four variables. 


To change y for n, eliminate § between these equations; thus y m) 
and dy = f, (x, n) dn. Substituting these values, we shall have 


F (x, y) dy = F {xf (2, m) ] Ja @ n) dn = F; (o, n) dn. 
Also, if y, corresponds to y, the equations y; = p (z) and y, =f (z, m) will 
give n = W (x). Similarly n, = v (2). 
Hence the integral (iii.) may now be written 


za pw2(a) ne (F20) 
| | F, (2,9) dedy = z| | TU Cau uke Buc T Gv); 
wid W(x) m JW, (n) 
the form on the right being obtained by changing the order of integration, as 
explained in (2775). 

Next, to change z for £, eliminate y between the equations « = 0, v= 0; 
thus, æ = g (È, n) and dz = gẹ (5 n) dé. Substituting as before, we shall have 


Ganda = I G a) E 


Also, & corresponding to «,, the equations 2, = V, (n) and z, = g (, n) pro- 
duce & = m (n), and in the same way & — m(n). Hence, finally, 


xa [u2 (x) "a [ma(m) A 
| | d (2, y) de dy = i| | IE D nice Ue erre (v.) 


ay Jg (T m Jam) 
In the last transformation from æ to £, the most general form of tho 
integrals which may be included under X has been chosen. When any of the 
limits of z are constants, the process is simplified. 


9779 Again, to change the variables from 2, y,2 to &,n, a 
in the triple integral, 


pra (aim) rxe Ce, v) ‘ 
| | | TO (yj, 2) a co cee Gal 


iyi (x) xı Gr y) 
having given the equations u=0, v=0, w=0 between the 
six variables m, 7,2, É, n, C. 
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First, to change from z to Z, eliminate and ņ between the three 
equations, aud let the resulting equation be z —/(z,y,2) From this 
dz = fe(a, y, 2) d$; therefore 


F (æ, y, z) da = Fiz,y, f (2, y, Op fo Qo y, 2) d£ = Fi (e, y, £) d3. 
Also, if ¿ corresponds to the limit z, the equations z, = x: (s, y) aud 
z -—f(vy,5) give f= $1 (v, y). Similarly 2, = 9,(a, y). 
The integral (vi.) may therefore be written 


Xe (Var) (és, y) $2 ('Y2($) (Pa (6 €) . 
| | | HF, (@, y, 6) dudyal = i| | | F (a, y, ¢) dédedy 
a. Jue) J pils, y) &à J V4 (2) «i (£,a) $5 ew. 


the last form being the result of changing the order of integration, as ex- 
plained in (2777). We have now to change from y to y; we therefore 
eliminate z and £ from the equations u, v, w, obtaining an equation of the 
form y — f (č, x, n), and proceed exactly as before. The result, as respects 
the general form of integral in (vii.), will be 


$2 (Yolg) (Aa (6 x) u 
| | TC, m, 6) dédadn «eem (viii.) 
à Jw) J (Ga) 


The order of æ and » has now to be changed by (2775). Since ¢ is a 
constant with respect to integrations for æ and y, ¥,(¢), V,(Z) will also be 
constants, while A,(Z, z), A,(Z, æ) will be functions of the single variable z. 

Suppose n —AX,(Z,z) gives v= A,(Z, n). Similarly, e = A;(5, n) may be 
the other limit. 

At the point where =¥,(Z) and q—X(Z,*), we shall obtain by 
eliminating 2, say, n= y, (č). Similarly, from g — V,(Z) and n= à,(%, 2) 
suppose, we get n = u,(¢) for the next limit; then a general form for the 
transformed integral will be 


és fral) ['Ao(5,) 2 : 
| | | I a m co daa ME (ix.) 
& Jm) AlS x) 


It now remains to change from the variable æ to £. Eliminating y and z 
between the equations u, v, w, we have a result of the form «=f (6, n, $). 
Substituting for v and dz as before, we arrive finally at the form 


S2 (He(¢) (va(5, n) 
| | | ENG 1, Ou dud: NNNM (x.) 
i J i ($) J vile, n) 


It should be noticed that the limits #=A,(é,n), «= A,(¢, n), in (ix.), are 
not necessarily different curves. They may, in some of the partial integrals, 


be different portions of the same curve. This was exemplified in the last 
integral of (2776). 


MULTIPLE INTEGRALS. 


The following theorems, (2825) to (2830), which are 
given for three variables only, hold good for any number. 
Let 2, y,z be quantities which can take any positive values 
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subject to the condition that their sum is not greater than 
unity; then 


a ee re _~— T(D) Tim) r(n) 
2825 ({ (i wea 1s LIS eee 1) 


Here a+y+2= 1 is the limiting equation. 


Pnoor.—Integrate for z; then for y by (2308); finally for æ by (2280), 


and change to the gamma function by (2305). 
us, 
ar 1Qm, on P aK pers 
2826 (\ £g dE dy dE = € T T n ; 
ve Tr E ue 
Gage) 


q 
when (54 PE (+) = 1 is the limiting equation. 
g Y 
Proor.—Substitute v = (+y, y= bm = (e and apply (2825). 


2827 When the limiting equation is simply €+n+2=Ah, 
the value of the last integral becomes 


genes TU) Elon) Tn) ` 
l'(I4-im4- 4-1) 


9828 The value of the same integral, taken between the 
limits hand h+dh of the sum of the variables, is 


itmen=1 T (I) Van) T(n) dh. 
LT(L4- m4 n) 
Proor.—Let u be the value in (2827); then, by Taylor's theorem, the 
value required is 3 
du E cac A) T (m) P (2) dh 
En dh = (l+m+n) h I DRESD) ly 


which reduces to the above, by (2285). 


2829 (ffe f(x+y+z) dedyds 
- ED (n) (n) (p) ptenen-: 
— Td+m+n) KOL Pu 
9H 
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if &4-y 4-2 — h and kh varies from 0 to e. In other words, the 
variables must take all positive values allowed by the condi- 
tion that their sum is not greater than c. 


Pnoor.—For cach value of 7 the integration with respect to c, y, z gives, 


‘ nomcn Dn Dn) 
JQ Den 1 
by (2828), SA) f ree E Wore dh, 


the variations of x, y, z not affecting h. This expression has then to be in- 
tegrated as a function of h from 0 to c. 


eoo fes 3) D] to 


pqr a 


Proor.— From (2829) by substituting z = (5 » 


2831 lf z, y, z be n variables, taking all positive values 
subject to the restriction a++y+2+.. +1; then 
i} dv dydz.&c. qon 
eed JI —y—2—&e.) 2 1(n+1)t 
But, if negative values of the variables are permitted, omit 
the factor 2” in the denominator. 
Proom——Ini(2620)ipnt 72mi— Sors o= 0-0 =), pg 


col dl 
I= Fai 


; c=1; and the expression on the right becomes 
2b n (1 in-1 
eun | ae Cilo 


R (15151 
ihe integral is = J 2) C20) = PG") PER (2305). 
Henee the result. rs (n4-1)] 


But if negative values of the variables are allowed under the same re- 
striction, 4^ 4- y ++. 1, each clement of the integral will occur 2” times 
for onee under the first hypothesis. Therefore the former result must be 
multiplied by 2”. 
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2832 If n positive variables, v, y, z, &c., are limited by the 
condition a?--3?4-z2?4- &e.» 1, then 


M $ (axt by+es+&c.) de dy ds ... 


aae 


+ (n—1) 
= (EB), 
ZT BOHN] 
where = @?+0?+c+&c. 


Proor.—Change the variables to £, n, č by the 


orthogonal transformation (1799), so that e y £ 
a? 4-05 -- c 4- &e. = £^, and axt+bytez+ ke. = ki. , 
The integral then takes the form i M i P. 1 
(i 9 (EZ) d&dydZ;. with @4+7°4+0+&e. > 1. NEVER EG 
Now, integrate for n, à, &c., considering é cou- Jk k kc 
stant, by adapting formula (2826). The limiting a o g 
equation is č k Ek k 
č a 


icum) onem &c. to n—1 bu 7 


Dheretorc pati mec Ger— 15 pesig eere 2; a= > es eA 
1 d 2-1 
TENE (1—8)? {ray 
The result 1S [ $ (Ki) E c Gea 
which is equivalent to the value above. l 


dé, 


2833 With the same limiting equation for n variables and 
the same value of k, 


n 9 (av by-- ex-4- &e.) 
J /(1—a! —y — z — Ac.) 


E TT \¢ (KESE) d£. 


Proor.—Making the same orthogonal transformation as in (2832), the 
ee (S 4 
integral changes to ul T Sa 
Considering £ constant, the integration for the remaining variables is effected 
by (2830). Adapting the integral to that formula, we have 


do dyds ... 


o (LE) d£ ji dude... ! 
= E o I MESNU 
OE n a 
i e E C l 
with cus) + as! + &e., ton erms, >> 


for the limiting equation. 
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Here l= m = &e. =l; p=q=&.=2; a= f= c, = (1—2); 
moe TS e= 1; and the reductions are similar to those in (2832). 
=} 


2834 If in (2832-3) negative values of the variables are 
admitted (since the limiting equation is satisfied by such), 
each element of the integral with respect to n, č, &c. will then 
occur 2"-! times, and therefore the result in each case must 
be multiplied by 2"-!, and the limits of the integration for & 
will be —1 and 1 instead of 0 and 1. 


EXPANSIONS OF FUNCTIONS IN CONVERGING 
SERIES. 


The expansion of a function by Maclaurin's theorem (1507) 
ean be at once effected if the n™ derivative of the function is 
known, or if merely the value of the same, when the inde- 
pendent variable vanishes, is known. Some n derivatives of 
different funetions, in addition to those given at (1461—71), 
are therefore here collected. When the general value would 
be too complicated, the value for the origin zero alone 
is given. 


DERIVATIVES OF THE n™ ORDER. 
The following is a general formula for calculating the n'^ 
derivative of a function of a function. 
If y be a function of z, and z a function of 2, 
d'y s dy a" (4 i 
A euo | tt 
2659 da” > (r ds! da’ \a i 


where r = 1, 2,3, ... n successively, and a is put =z in each 
term of the expanded binomial, after differentiation. 


A A A, 
Proor.—Assume Yn, = 4,Y2+ E Yaz + ES 2 ooo r ju. f 


To determine any coefficient A,, form r equations from this by making 
y = 2, 23, 23, ... 2” in succession : multiply these 7 equations respectively by 
rz, —O (r, 2) 272, O (r, 8) 278, ... (—1)"*127", and add the results. All the 
coeficients excepting A, disappear. This is shown by differentiating tho 


equation (1—2)" = 1—rz+0 (r, 2) 2*—C(, 3) t. Ea" 
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e o a ee 


successively for v, and making « zero after each differeutiation. Thus, finally, 


A, = (—1y" (e C & 2) ar dE C (r, 3) (e tum" eu(-1)" T 


zt z a P 


ed (= -1) 5 


with a put = z, after expanding and differentiating the binomial. 


9853  ExaupLEs.— The formula may be applied to verify 
equations (1416-19). 
Jacobi’s formula (1471) may also be obtained by it. 


2854 UE. dud c 
1.3... (2n—1) T n 1.8C (n, 2) z 
ENS oe) po noy eee 
2" (1—a)'(1—a?)* 2n—1 2n—1.2n—8 á 


1.5.5 C (n, 3) 5 1 | l~g 
uS qe bre 5 viae i ee 


Proor,  (sin™ #) arya = (1-07? (12) 3], (1434). 
Expand the right member by (1460). 


9855 d tanw. This derivative is obtained in (1468). 
The following is another method, which also includes the 
result in (1469). 


ap tang) o E =4l 1 IE 


ati g—i 


ue e 1 
DETUR) E PES f -2ml 
by (1425) an`! g o e 
Put æ = cot 0, therefore z + i= /(1+2*) (cos8 + isin 0), which values 
substituted in (1) convert the equation, by (757), into 


(tan! 2),, = (—1)"7 [n—1 sin" 8 sin 20. 


9856 dre 1e***cos (a sin a)} = e*t cos (v sina-+ na). 


Proor.—By Induction. 


LAGRANGE’S METHOD. 


9857 Lemma.—The n™ derivative of a function u = f (w) 
will, by Taylor's theorem (1500), be equal to 1.2...” times 
the coefficient of A” in the expansion of f(a+h) in powers of 
h by any known method. 
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Let u = a+bg+ecg, and therefore u, = b+2cæ; then 
d,..(a+be+cx)” is equal to either of the following series, 
with the notation of (2451-2). 


(eee nc) n n, Ob Peu nos ch 
2859 or, putüng * — m and e = P 
(r) 


ea fuga Pun +.. .+C (n,p)- b t3 4e. de 


eS 


Proor.—Changing æ into y in wu", it becomes (w+u,h+ch?)". Then, 
by (2857), d,.u” will be = |r times the coeflicient of ^" in the expansion of 
this trinomial. (2858) is the result, and it may be obtained by expanding 
{(u+u,h)+ch?}" as a binomial, and collecting the coefficients of A^ from the 
subsequent expansions. The valne (2899) is found by taking 


(utu,h+eh?)" = wt ( EL (2): p 


Qu 2u 


expanding, collecting coefficients of A", and multiplying by 1.2...7, as 
before. 


2860  Ex.—To find d,,(a?+2*)". Applying formula QUA we have 
guia Eng = 2a, c Uheretore 
2 m a) Fon, n (n—l) 
dng (à +27)" = (2n) E 35 qe en 
n? (n— = (n—2) (n—3) | 


2 L2.» 90-9) 


mo ute. f : 


2 2 net C 
9861 dc Lg L "(2x)" .. + na a” "auge "Ae. 
with r = 1, 2, 3, &c. in succession. 
Proor.—By the method of (2857). Putting ct Ot? = e0? garh yah’ expand 


the factors containing 4 by (150), and from the produet of um two series 
collect the coeflicients of Å". 


2869 dy. at = (20) za 43) + 


COS 


2r) 
Wr ra e a (n—r)m,,. 
ec qo (2)*^ Eu "e BaF) + be. 
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Proor.— d,, (cos a? + isin g’) = dase. Expand the right by (2861), 


putting i” = £- since, by (766), ei = isin P =. Also put 
oa "eas T (nt =} + isin Tun CETUR r? , 


and then equate real and imaginary parts. 


2864 d ie [e In. 99] eo-02 


1 — 
me or 1] = 
4-10 (n4- 1, 2) — 9? (1 +1) 4+3"} E 
4- [C (n. 4-1, 8) —2"C (n. 1, 2) -3" (n4- 1) —4"] gn o. | 


Proor.—Let u be the function. By differentiating u it is seen that 
(e* 4-1)" Une = A, + A, 10777 +A,» Ce cd 


the A's being constants. To determine their values, expand v= (e? +1), 
aud also (e7+1)"*!, by the Binomial theorem; thus 


U = (—1)” [e7* — 27e? +. 9"e- 97 Aret 4. &o.], 
(e? ET)" = e" D241 (n-- 1) e"? 4- C (n+l, 2j e^-92-- C (n-- 1, 3) en-22.. &c. 


From the product of the two expansions the coefficients A,, Án- &e. may 
. be selected. 


fent 

2865 d,a tanw = (—1) ? |n—1 or zero, 
according as n is odd or even. 

Proor.—By Rule IV. (1534). The first and last differential equations 
(see Example 1525) are, in this case, 

(14-27) ys, -292y, = O...... (CIR Jias2)20 T f (n+ 1) aao = O...... (015 

with Yo = 1 and y; = 0. 

Otherwise.—By (1468), putting e = 0. 
a eee (o. MU ————— Áo 
2867 non SIN) — 1.32.5*... (n—2)* or zero, 
according as n is odd or even. 

Pnoor.—By differentiating (1528). 

Otherwise.—As in (2865) where equations (i.) and (ii.) will become in this 
case (Acer ey ee (i) UN SRM a000 (ii.) 


2869  d,4(sin! e)? = 2.27.47.6 ... (n—2)* or zero, 
according as n is even or odd. 


Proor.—As in (2865); equations (i.) and (ii.) being identical with those 
in (2867). 
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2871 d, COS A sn my 
—(—1):m?(m—2)Qqmv— .. [pe —(n—2)"], 


or zero; according as n 18 even or 5 and >O if even. 


E M —————— 


2873 daz Sin (m sin^! æ) 
n-—1 
= (—1) 2 m(m*—l)m?—93) ... [m?—(n—2)?], 


or zero ; according as m is odd or even and >1 if odd. 


Dene E 


2875 dazo COS (m eos! a") 

— (—1)* m (in? — (n2 — 9?) ... [n?— (n —2)'] sin —7- 
2876 or 

= (—1)2 m? (m?—2”)(m?—4?) ... [m?—(n—2) 2] cos E 


according as n is odd and >1, or even and >00. 


MT 
2 ES ? 


MT 


2° 


2877 de sin (m cos x) 
= (—1)2m? (an? — 2?) (nm? — 4?) .., [m? — (n —2)*] sin $m, 
28/9 or —— 
= (—1)? m(m*—1)Qm*—3»)... [m*— (n —2)'] eos $m, 
according as n is even and » 0, or odd and 7 1. 
Observe that, in (2871-3), sin^!0 = 0, and in (2875-9), 
um oe are the only values admitted. 


Pnoor.—For (2871-9). As in (2865); equations (i) and (ii.) now be- 
coming in each case 


(1—2?) ys, — Ys m^y = O......(i.) Saec (m -—Tm UD (i) 
Otherwise.— By the method of (1583). 


9880 Let y =gcotg, then 


= Yo sin; m. + Yro € (n; v) sin? 


ne 


Jana Sin > 


with integral values of r, from 0 to n—1 inclusive. 
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2881 Thus, denoting y,,, shortly by y,, we find, by making 
3 z 1, 2, 9, &c. successively in the formula, 

92 Mc 128 

op EN 


Proor.—Take the nth derivative of the equation z cos æ = y sing by 
(1460), reducing the coefficients by (1461-2), and putting æ finally = 0. 


2 8 
Ja— 73: A lg — — 


$882 The derivatives of an odd order all vanish. This may be shown 
independently, as follows :— 
Let y = 9 (2), then 9 (x) is an even function of æ (1401) ; therefore 
Dos (a) = =p (—2); ; 
geo a = pu (0); 4o. pr (0) —. 


2883 df(t)? sin (m tan-ta)} = (XD T m”? or zero, 


according as 2 is odd or even. 


2885 d,o (+a)? J cos (in tan!) |] = = mC) or zero, 


according as n is even or odd. 


Proor.—As in (2865). Equations (i) and (1i), both for (2883) and 
(2885), are now (1+2?) y,,—2 (m—1) ey, 4-m (m—1) y = Orisirisi: G, 
and Und = — nen n a ee eT ii.) 


Formula (ii.) gives the factors in succession, starting with y; — 0, y, — m 
in (2883); and with y, = l, y, = 0 in (2885). 


9887 d (14-2?) * cos(mtana)} = (—1) 


according as » 18 even or odd. 


, 
2 


m™ or zero, 


Proor.—Change the sign of m in (2885). 
Notz.—In formule (2883-7) zero is the only admitted value of tan~’ 0. 


2889 d ( JE =(- 1)? Du Or Zero, 


according as » 18 even or odd ; by (1539). 


2891 When p is a positive integer, 
& D wee — b 
d, (a? 0 cos bx) = n)(e-+ 8") cos TO —p) tan PT 
or zero, according as n is > or < p. 


Proor.—Put y =e cos bæ and z = a? in (1460), employing (1465). 
o I 
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MISCELLANEOUS EXPANSIONS. 


The following series are placed here for the sake of 
reference, many of them being of use in evaluating definite 
integrals by Rule V. (2249). Other series and methods of 
expansion will be found in Articles (125—129), (149—159), 
(248-295), (756-817), (1460), (1471-1472), (1500-1573). 
For tests of conver gency, see (239-247). 


Numerous expansions may be obtained by differentiating 
or integrating known series or their logarithms. These and 
other methods are exemplified below. 


1 l l 1l 
te = — — —— -c 
guit cota d ra m. om —c 
1 1 1 
——— — Ó—ÀMÓ B 
sk Inpe  Sm—«c Ti jTt+a@r E 
Proor.—By differentiating the logarithm of equation (815). 
tre = — 
A COUR = K+ +t 
1 
Lor — mtt c. 
Proor.—By changing v into rz in (2911). 
] 1 1 
ian e (Lapa 
2913 tan ig—« "og pe 
] ] 1 
a Lh o Los 
Inpo | Pw—a Tam Á 
Proor.—By changing æ into 1«—« in (2911). 
2914 cosecr = =o po ae TT 
mye 2r—a 
m pem Ex: = m 


Ine dm—o— bata An—vr 


Pnoor.—By adding together equations (2911, 2913), and changing « 
into lx. 
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-l 
—m 1+m 


9915 —— loa = 


sin mr 


i " 1 1 
2—m 24+m 3—m Ə+m 
Pnoor.—By putting v = mz in (2914). 


EL 25» 2B. AB g 


For proof see (1545). The reference in that article (first edition) should 
be to (1541) not (1540). 


2917 


tana = 


* (9s — 2(21— 928—105 | 
EE D,v4- at Byw+ = Bj -r&c. 


Piel) Bow 


2918 cosee a = =. 3 


4 22 ZI) pa ay SO 2 (271) p atko. 


| 4 
Proor.—By (2916) and the relations 
tan x = cot#—2 cot 2z, cosec g = cot 1x —cot v. 
2919 
1—2a? 9 o9 8 
T—38—— — = 142a cos v+-2a° eos 22 4- 2a? cos 9x 4- &c. 
1—2a cos e--a 
COS v 
2920 1—2a cose +a’ 
E + —— eger gogoeta cos 2x +a cos Sc +a? cos 4a 4- &c...) 
a 
2921 
sina ; : ae A 
= sin æ+ a sin 2«-- à? sin So-E- à? sin 4e -- &c. 


1—2a cos g+ a? 
Proor.—By (784-6) making a = f = and c — a. 


When a is less than unity and either positive or negative, 
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2922 


1 a a? 
> log (1+ 2a cosa+a’) = a cose — = COS 2v-+—cosdv— Ke. 
pe p» e) 


2 SME ; m (e 
2993 tan l I+acose = asnv— > sin 2e+ 4 sinc — &c. 


Proor.—Putting z =a (cos e J- sin z), we have 
log (14-2) = log (1 +a cos x 4- 4a sin g) 


= 3 log (1+ 2a cosg +a’) +i tan"! ae (2214), 


d ] ] (1 ) — : à i & 

30 o E qu —— LC. 
and a g (id2 deed 3 + «ec 
Substitute the value of Z and equate real and imaginary parts. 


2994  Otherwise.—To obtain (2922), 
' log (1--2a cos z +a?) = log (1+ae*)+log (1+ae-*). 
Expanding by (154), the series 1s at once obtained by (768). 


2925  Otlherwise.—Integrate the equation in (786) with respect to a, after 
changing a and f into g, and c into — a. 


2926 When ais greater than unity, put 
log (1+2a cosa+a’) = log @+log (14207 cosaw+a), 
and the last term can be expanded in a converging series by 


(2922). 
2927 


log2eosiv- cosxv—tcos 2v+} cos dv—} cos de+ Ke, 


2928 


log 2 sin dv = — cos e—1cos 2v—} cos 8x —} cos de — Ke. 
2929 4w = sin æ—4 sin 2w+4 sin 8v —} sinda+Ke. 
2930 4 (m—e) = sin v+} sin 2v4} sin 8w+} sine &e. 
Proor.—(2927-30) Make a = + 1 in (2922-3). 


2931 lg = sin x+} sin 3v +} sin 5v4 Ke. 
2932 m = 24/2 (1+4—1-—-44$444—&c.). 


Proor.—Add together (2929-30), and put x = įr. 


When n is less than unity, and a=1+/(1+2’), 
2933 log(1-+n cosg) = log (1+2a cose +a) —log (148°), 
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and is therefore equal to twice the series in (2922), minus 
log (1+4). But if a be greater than unity, expand, as in 
(2926), by 
2934 log (14-2 cos«) 

= log (1--2«^' eos e4-a 7?) -log à?—1og (14-4). 


2035 
(1+2a cos e)" = A+A, cos v+A, cos 2» - A, cos Sv ]- gce., 

where 

A z 1-4 O(n, 2) 9d? ... --C (n, 2p) C (2p, p) a? +... 

A, = 2a {n+C (n, 3) 8a! +...+ 0 (n, 2p 1) C (2p -1, p) a^? +...}, 
A,_,(n—r+]1) a—rA, 

(ntr+l)a i 

If n be a positive integer, the series terminates with the 

n+1*™ term, and the values of A and <A, are also finite. 


and ATS 


Proor.— Differentiate the logarithm of the first equation; multiply up 
and equate coefficients of sin rg after transforming by (666); thus d,,, is 
obtained. 

To find A and A, expand (1 +24 cosz)" by the Binomial Theorem, and 
the powers of cosa afterwards by (772). 


LEGENDRE'S FUNCTION X,. 
2936 (1—2av--a?) t= 1-- Xa-F Xa... 4 - X,a74- 
Sith x. MCN NANI 


BECA T 


—— 


Proor.—Expand by the Binomial Theorem, and in the numerical part 
of each coefficient of a” express 1.3.5 ... 2n —1 as | 2n + 2" |n. 


Consecutive functions are connected by the relation 
2937 d, X,,4 = (n+ 1) X,+ do Xp- 


Proor.—Differentiate the factor once under the sign of differentiation in 
the values of X,., and X, , given by the formula for X, in (2986). 


A differential equation for X, is 


2938 (1—2) d, X, — 28d; X +n (n+1) X, = 0. 
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2939 When p is any positive integer, 
1?--2? -3*  - ...-- (n —1)? 


E qt n? 2,n?^ Bar Dn? 


[pii 2p "2 ipl [4 p3 [6 [p—s | 


concluding, according as n is even or odd, with 


2 
Up pot |2 
Proor. = = — : c Expand the left side by division, and 
e?— er — 
each term subsequently by (150). Again, expand the first factor of the right 
side by (150), and the second by (1539), and equate the coefficients of # in 
the two results. 
See (276) for the values of the series when p is 1, 2, 9, or 4. But the 

general formula there is incorrectly printed. 


Let the series (2040—4) be denoted by Sns Sins Sens $251, AS 
under, n being any positive integer; then 


= l 1 1 - uL 

2940 S. = Lt ance qm Pe qe nif 
Wen ee 1 1 l Eo ge1—] 2n 

2941 S, zl gu gis — gu F&O = RT JP e 

EU: 1 O ml a 
2942 su = l+ gs d gat ge th = say 7 Bx 

Proor.—(i.) Sz» is obtained in (1545). 
1 Son 


oe 1 A 1 , 
Gii.) S, — San = 2 (= + Am + &e.) = Xu 


This give S5. 


(ii) $4 = $ (Simt Sin). 


mls, y COLT? 


2 2u—]l ’ 


dum. 


peu -— 


Tri, , Cot TL 
APO ie 


qc. 


D^ vem l ] 1 
2044 Sne E l1— git pori — en Xe. = 


Proor.—By differentiating equation (2912) suecessively, and putting 
æ = į in the result. To compute d,, cot me, see (1525). 
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9945 The following values have been calculated by formulæ 
(2940-4). 


u T EN ar’ = T? m T) Í 
Eg a «6 RO. 
T e Tm ro ola p Lea, 
peg qoe 720’ S= sag) 5; — 7309600 
som rune ems EE UC ; 
n g 77 86 "8 960 s — 161280’ 
3 5 7 
DM E UNE V SUD 
4 32 1536 184320 


E E A A € € M 


2948 "heces (1) Lec 
x eae [aes | cod 
ggay “sates. n-—9 d 1-7 | amd 


x [1- um h- mm "mE 


eosz—cosa — sing TO sini in z (0—2) 
l—cosa siu? da 

(815). The two n+ 1* factors of the numerator divided by the corresponding 

ones of the denominator reduce to 


O- I 2ax + a? t.) (eI c j) 


dnr — aè Anz? — a? 


es - Loses Ne. anc 


2 2 
LIdde.—— m 
mie (1 qum 
Similarly with (2947) employing (816). 


PROOF. Expand the sines by 


2948 cos z+ tan 5. sing = ( — 0-2) (14 =) 


d Ue mi (1+ m Qc ze s 


2949 cose —cot 5. sin a = (1— 92) (1+ 2a )0- 2x ) 


a 21 —a 9v -d-a 


x (14 i) (1-3) (1+ ze eis 


cos (Gaze) 
A 


Expand the cosines by (816), 
COS $30 
and reduce. Similarly with (2949), employing 815. 


Proof. cosz-rtan E: sin 2 = 
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2959. fs» [e GTP (Me G7 
ssp ae [+ (2) 9] Q2] 


Proor.—Change 0 into iz in (815) and (816). 


e* —9 cos a -4- e^ * 


2952 2 (1— cos a) 


= [1p Ga) Pe G3] P Gt 


2953  2(l-cosa) 


E) +a) dee) ] ieee 


Proor.—Change z into iw in (2946-7). 


FORMULA FOR THE EXPANSION OF FUNCTIONS 
IN TRIGONOMETRICAL SERIES. 


2955 When g has any Mes between J and — tł, 
pe am (r—.v) ; 
Mae A Mh didi LE. A (2) cos! T4 ay... i), 


where » must have all € integral values in succession 
from | upwards 


But, if =l or —l, the left side becomes 1$ (I) 4-19 ( — 1). 


Proor.—By (2919) we have, when h is < 1, 
1-H? 


E eae = 1 +2h cos 0+ 2h? cos 20 +27 cos 36+ &e.... 
— Zh COs è 


Pune 0 = zez ; multiply each side by 9 (v), and integrate for v from 


—ltol; then make h = 1. The left side becomes, by substituting 2 — v—z, 
f (1—h*) ¢ (v) dv -[ (1—7) 9 (e 4-2) dz 
E 


—2h eos E SEES» (1h) 4h sin 32 

When h=1 each element of the integral vanishes, exeepting for values of v 
which lie near to g. Therefore the only appreciable value of the integral 
arises from such elements, and in these z will have values ucar to zero, both 
positive and negative, since x has a fixed value between land —l. Let theso 
values of z range from E toa. Then between these small limits we shall 


sin!zz «3 and 9(#+2) — $ (z), 


Bos sp 7 oap 
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and the integral takes the form 
age) f — 
-g(l—Ajy- =a 
(1+4)! ( deg v a Dh ) 3 
=> ¢ (x) | te v ———— EES 
eee eu a ? (#), 
when h is made equal to unity, which establishes the formula. 
In the case, however, in which æ= l, sin? i vanishes at both limits, that 


is, when 2-0 and when 272 — 21. We have therefore to integrate for z 
from —/3 to 0, and also from —2l to —2l+a, a and p being any small 
quantities. The first integration gives lọ (I) as above, putting «= U. The 
second integration, by substituting y=2+2l, produces a similar form with 
limits 0 to a, and with 9 (z —27) in the place of $ (x) giving lp (—7) when 
=l. Thus the total value of the integral is lg (I) - 49 (— 0). The result 
is the same when g = — l. 

That the right side of equation (i.) forms a converging series appears by 
integrating the general terms by Parts; thus 

i 

am (1 —2) "s . T (v—2) ; 
n) cos ——— —— dv = — v) sin ———_—+ 
onerare e 
i = 
— ES g (v) sin nz (v—2) dv, 
"mj, l 
which vanishes when x is infinite, provided o (v) is not infinite. 

Hence the multiplication of such terms by 4” when n is infinite produces | 

no finite result when A is made = 1, although 1° is a factor of indeterminate 
valne. 
AMENS 2k ———— eee 
$955a A function of the form 4(v) cosnz, with » infinitely 
great, has been called “a fluctuating function,” for the reason 
that between any two finite limits of the variable æ, the func- 
tion changes sign infinitely often, oscillating between the 
values (7) and —¢(æ). The preceding demonstration shows 
that the sum of all these values, as # varies continuously 
between the assigned limits, is zero. 


By similar reasoning, the two following equations are 
obtained. 
2956 If has any value between 0 and J, 


s; " "e 
TA E AKIO dv PESE cos T (o ty may 


But if z—0, write 1$(0) on the left; and if =l, write 
1 
29 (!). 


If z has any value between 0 and /, 


2957 0— PULO de4- zi È $C) cos 22 aem dv... (3). 
D R 
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But if v=0, write 49(0) on the left; and if z= b write 
1 
2$ (I). 


eu 
2958 9o(a j= f(r) de4- 2 SCOR T | cos (v) dv 
e 0 

This formula is true for any value of « between 0 and /, 
both inclusive. 

But if e be >l, write ¢(v7~2ml) instead of $(x) on the 
left, where 2ml is that even multiple of / which is nearest to v 
in value. 

If the sign of x be changed on the right, the left side of 
the equation remains unaltered in every case. 


-> » {re a 
2959 OP) = 7 E sin | sin I ORCL ULE garaoe 20 (5). 
S e0 , 


This formula holds for any value of æ between 0 and 1 
exclusive of those values. 

If v be >l, write +(v~2ml) instead of » (v) on the left, 
+ or — according as xis > or < 2ml, the even multiple of i 
which is nearest to x in value. 

But if æ be O or l, or any multiple of l, the left side of this 
equation vanishes. 

If the sign of x be changed on the right, the left side is 
numerically the same in every ease, but of opposite sign. 


Proor.—For (2958-9). 'To obtain (4) take the sum, and to obtain (5) 
take the difference, CCG Ua (2) emal C Je Mo determine the values of 
the series when x is >l, put v = 2ml + w’, so that 2’ is < l. 


EXAMPLES. 
For all values of z, from 0 to m inelusive, 


| ace 4 Veron HO HN E nd 
e 


DIET 
Proor.—In formula (4) put ¢ (e) =x aud l = m, then 
T Es > o 
vsMm nv , COS ny |T x 
| v cos nv dv = | aF Dur =— - or, 
T n Qu ME n 


according as n is odd or even. 
Similarly, by formula (5), equation (2929) is reproduced. 


For all values of x, from — 1 to $r inclusive. 


Oh 5 s] ol si £ TH 
2961 v= 4 | sing — SERE D sin ĝa — We. jÁ 
T 


o>. 
ed 


Proor.—Change « into 37 —w in (2901), 
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9962 7 Ce 8 sine 2 si 2s smv be 
p EE rum uec 
2 e"—e7 ati = (ee 

Pnoor.— In formula (5) put 9 (e) = e"" —e7*" and l= 7; then 
~-e7 47) 


T 
(=e “ain nwo eS T ea 
: i ET 


2963 If (x) be not a continuous function between &=0 
ame 1. let tie function beo (7) from w—0 to ¢=a, and 
y v) from æ=a to w=; then, in formule (+) and (5), we 
shall have $ («) or V (e) respectively on the left side, according 
to the situation cf œ between O and a, or between a and l. 
But, if «=a, we must write $1$9(v)--w(«)] for the left 
member. 

Proor.—In ascertaining the value of the integral in the demonstration 
of (2955), we are only concerned with the form of the function close to the 
value of x in question. Hence the result is not affected by the discontinuity 


unless z =a. In this case the integration for z is from —P to 0 with $ (æ) 
for the function, and from Ô to a “with V (x) for the function, producing 


39 (a) "s iv (a). 


2964. Hence an expression involving æ in an infinite 


. . . . TH 
series of sines of consecutive multiples of —- may be found, 


l 
such that, when æ lies between any of the assigned limits 
(0 and «, « and b, b and e, ... & and /), the series shill be equal 
respectively to the corresponding assigned functions 


AQ. AQ) fs...) 
provided that the integrals 


a ; à b 5 à l , oe 
| sin (5) Wana, | sin =i (oes | sin (Gare (x) das 
0 / a i / 


ean all be determined. 


9965 The same is trus, reading cosine for sin’ throughout, 
with the additional proviso [as appears from formula (4)] that 
the integrals 


T 7 
| Ji ea) ds | pu | f(a) dx 
«0 a ji 


can also be determined. 


2966 Ex. 1.—To tind in the form of a series of cosines of multiples of 
za function of x which shall be equal to the constants a, D, or y, according 
as z lies between 0 and a, a and b, or b and s. 
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Formula (4) produces, putting l= 7, 


1 ( a b T 
| a dæ-+ | pda4 | yde} 
m ( 0 «ü «b 


9 1 a b UT 
-~ narn 
+~ wv — COS NY { | « EOS 213 te | p cos në de + | y cos ne de | 
i o a 


m nel y * 
= {a NA o 


42 EN e cos nz ((a — p) sinna t (B — y) sin nb-F y siu uz]. 


T “nal 


2967  Ex.9.—To find a function of æ having the valne e, when z lies 
between Ô and a, and the value zero when 2 lies between « and I. 
By formula (4), we shall have 
| cos = ^ (ode ef cos T fp Si 
0 


Jum g” 
-0 


since $ (v) = c from 0 to a, ^ zero from a to l. 
mi do aw 


Therefore $ (e) = T me zi sin E cos y Io Bn gx 
1 í Ha 
a5 y sin S cos T + &e. Re 
When z za, the value is 4 [ọ (a) +0] = le, by the rule in (2963). This 


may be verified by putting a =— 1 iu (2923). 


2968 Ex. 3.—To find a function of æ which becomes equal to Le when 
w hes between 0 and 44, aud equal to k ([—2) when g lies between 37 and l. 
By iorum (4), 


HM 
j 4 (v) Cog T" dv =] kv cos = t f k (l—v) cos SON ' dv. 
“0 0 ae 


: IRIE nT ALE 
This reduces to “|, (2cos —- —cosnz—1) = — =", or 0, 
m'n 2 m 


according as n is, or is not, of the form 4m +2. Also 


a 1l al p 

E doth] TR DERE 

0 0 RP 4 
hh GU C 1 Orr Ee. 5 Ome L ob 
4d a ai coro won db l 


p(x) = 


APPROXIMATE INTEGRATION. 


b 
2991 Let 2 f(v)de be the integral, and let the curve 


gae m be drawn. By summing the areas of the trapezoids, 
whose parallel sides are the ntl equidistant ordinates 
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Vos Yis -- Yas We find, for a first approximation, 


"e = 
(FO de = ES (ez Bye oo Fort yn) li) 


SIMPSON’S METHOD. 


2099 If y, be the ordinate intermediate between y, = f (a) 
and y, =] L). then, approximately, 


ae b— M 
| Tou = A (yy yp useless (1.) 


Pnoor.—Take n = 3 in formula (i.); write y, for y, and suppose two 
intermediate ordinates each equal to y, The area thus obtained is equal to 
what it would be if the bounding curve were a parabola having for ordinates 
Yoo Yrs Ya parallel to its axis. Otherwise by Cotes’s formula (2995). 


2993 <A closer approximation, in terms of 2n+1 equi- 
distant ordinates, is given by Simpson’s formula, 
Lil 
(Fi) de = E [mt yatt Qn H) 
+2 (yty saa) | ses G.) 
Proor.—We have 


MC dz = f f) des | f @) TO da. 


i 
n 


ais 


Apply formula (ii.) to each integral and add the results, denoting by y, the 


" Ay yy oee——s ir 
value of y corresponding to 2 = ox 


2994 When the limits are a and b, the integral can be 
changed into another having the limits 0 and 1, by sub- 
stituting æ = a+(b—a) y. 


COTES’S METHOD. 
Let equidistant ordinates, and the corresponding 
abseisss, be 
2 n—l 


| TE 
Yos Yrs Yo --. Yn-1s Yn ANC m o ay, 


"x 
2995 A formula for approximation will then be 
it 
Lr) d = Ayo tA y+ ares +A,y,+ - +A, (iv.), 
i nr  (* A00 
CA ( Qu), du. (2452) 


where pi 
r le l n—r Jo ner 
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Prour.—The method consists in substituting for f(s) the integral 
function 
Pe) PA (nz)? 
V (x) = (7D ; 


Joss (iU (UT 


a na ix C2) (pte 
(ne) 


(wa—it) |n 


7 
Ynys 


r taking all integral values from 0 to n inclusive. When z =r, we have 
iG) = yee so that W (x) has n+l values in common with f (æ). The 


Toe 


approximate value of the integral is therefore E (x) de, and may be written 
as in (iv.) 
By substituting 1—2, it appears that 
li (ne), eae f -£ o 
naz— (n—r) 


o NE—T 


and therefore A, = 4, ,. Consequently it is only necessary to caleulate 
half the number of coefficients in (iv.) 


2996 The coefficients corresponding to the valnes of n from 1 to 10 are 
as follows. Every number has been carefully verified, and two misprints in 
Bertrand corrected; namely, 2089 for 2089 in line 8, and 89500 for 89600 in 
line 11. 


n=l: AQ—4,—5 
il 2 
m9 Ay = 4, =] 4 — ou 
Jl 3 
i 16 2 
n=4: A = aq al =Ai,= mu ar c 
19 95 95 
2, 2-2 O Md cce A, = A= TL ice m 
4.1 9 9 3t 
n=0 4,7 Às — giu A, =4A,= 35? tly = d As= 705 
Ecco mE i BENE SA 
dali T dc cU DM 
49 9989 
A, = A = mus — 1 -— s a 
2=45= guy 1s = = 5280 
989 90.14. 40-4 
n=8: Ay= 4, — T "inem cll. em TERE A,=A,=— 4175" 
2 = OMS E! mu. 4254. 
à 14175' $7 Egg 
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9857 op B x 
EE uy fih goguy 427 47 poa 
1299 2889 
A,= A, LV, A, = A. ——. 
$ 6€ 5600 : 5 44800 
m 4 10907 SETS NER ES 
n—10: Ay = Au— aa Ai = do— qggag: e 78 — — 19upgy 
5675 4825 17807 
DS eee ee ie s 924948 


GAUSS'S METHOD. 


9997 When f(x) is an integral algebraic function of degree 
2n, or lower, Gauss's formula of approximation is 


i 
Vr) = Afledt FAP lt RAI) (9. 
where 2y... 8p... @, are the n+l roots of the equation 
UG e a e (vi.), 


and A, = ( (rc) Gem rea) Com) 


The formula is evidently applicable to a funetion of any 
form which can be expanded in a converging algebraic series 
not having a fractional index in the first 2x terms. The result 
will be the approximate value of those terms. 


Proor.—Let Y (z) = (e—2,) (@—2,) ... @—2,); 
and let SC DU Cade fus e ence nt. (viii.), 


where f (æ) is of the 2n™ degree, Q of the 4 —1*'; and R of the n", since Y (x) 
is of the n+ l^ degree. 


Then the method consists iu choosing a function 4 (x) of the n+1™ degree, 
so that [a V (x) dz shall vanish ; and a function R of the n™ degree, which 
shall coincide with f (v) when g is any one of the n+1 roots of V (v) = 0. 

(i.) To ensure that Q V (a) dx —0. We have, by Parts, successively, 
writing N for V (a), and with the notation of (2148), 


| er N = a| N—p| ie | N) 


. 


= » N— par~ | N+p (p-1)| (7l N) 


v 


= &c. &c. 
=| par N+p (p-1) "| N=...|p | N (ix) 
Br 3z ~~ J(p«lz 


Tr 


a 


Now Qu (2) is made up of terms like æ? y (v) with integral values of p from 
0 to &—1 inclusive. Hence, if the value (vi) be assumed for V (æ), we 
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l 
see, by (ix.), that [qu (w)dx will vanish at both limits, because the factors 
4 9 
æ and «—1 will appear in every term. 
(ii.) Let R be the function on the right of equation (v.) Then, when 


æ= x, we see, by (vii.), that 4, — 1, and that the other coetficients all vanish. 
Hence Jè becomes f(x) whenever æ is a root of Y (i) — 0. 


The values of the constants corresponding to the first six values of m, 
according to Bertrand, are as follows. The abscisse values, only, have been 
recalculated by the author. 


=s y = A= dl 


n=l: g, —:21132487, A, =A, ='5, log = 96989700 ; 
2, = 78907513. 


100 0 aa —-——— — S S 
4292: m= 11270167, A= 4A, = à, log = 94436975; 
v = "o ; 


æ, = 88729333, A, = 4, log = 9:6478175. 


w= 3: - a = 00943184, A, = Ay — 71739274, log = 92403681 ; 
a, = 83000048, A, = A, 3200720, log = 95132148 s 
æ, 0009990535 
m = VSE, 


nad: m 046001008, A = A, = 1184634, log = 9:0735834 ; 
a, = ‘23076534, A, = A, = 2393113, log = 93789087 ; 


qu A, = ‘2844444, log = 94539975; 
a, = 770928166 ; 
v, 05905002. 


S 

| 
ex 
E 
I 


03376524, A, = A, = 0856622, log = 8°9327895 ; 
a, = 16939531, A, = A, 1808808, log = 9°2561908 ; 
æ, = 88069041, A, = A, = 2339570, log = 93691360; 
61930959 ; 
x, = 83060469 ; 
ay = ‘90023476. 


ll 


S 
3 
| 


i a ri 


As a criterion of the relative degrees of approximation obtained by tho 
foregoing methods, Bertrand gives the following values of 


Ip " E 
| gOS) da = f log? = “2721982613. 
" g 
Method of Trapezoids, m= O; »pod2807. 
Simpson's method, o = Jtr 395319013. 
Cotes's » n= o, 2227001. 
Gauss's " a= 4, “27 C1030. 


For other formulm of approximation, see also p. 357. 


ooo EEE ———————————————— 


GAECULUS OF VARTAMIONE: 


—— 


FUNCTIONS OF ONE INDEPENDENT VARIABLE. 


3098 Let y —f(»), and let V be a known function of g, y, 
and a certain number of the derivatives Ys, Yors Yar, &c. The 
chief object of the Caleulus of Variations is to find the form 
of the function f(e) which will make 


Vea ta e i) 


a maximum or minimum. See (3084). 

Denote $3,, Yors Yar: &C. by p, q, ", &c. 

For a maximum or minimum value of U, èU must vanish. 
To find èU, let èy be the change in y caused by a change in 
the form of the function y = f (æ), and let òp, dq, &c. be the 
consequent changes in p, q, &c. 

Now, Po: 
Therefore the new value of p, when a change takes place in 
the form of the function y, is 


prep = (y4-32y). = Ye + GU) 


Em T dy\ _. d (8y) 
therefore dp = (0y),; that is, ( A = 
Similarly, ear (iD Is 

or (89)., &c. Fo. e| 


Now èU = [eV de (1488). Expand by Taylor’s theorem, 
rejecting the squares of òy, dp, dq, &c., and we find 

SU = I (V,sy+V,op+V,8q+...) da, 
am, istius Wy Woy Teo ROTTEN =. 


Ta [" (Wey+ Pep 4- Q84 4...) DOP aeee L) 
i 3 L 
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Integrate each term after the first by Parts, observing that by 
(i1.) E; dæ = èy, &c., and repeat the process until the final 
integrals involve èydæ. Thus 


(x dydz is unaltered, 
| Papde = Pèy—| P,dyde, 
Í Qàp dy = Q8p— Q,8y + | Q,, dy de, 


Í Börde = R3q—F,8p + Redy — | Ry, dy de, 


3029 Hence, collecting the coefficients of dy, èp, 9q, &c., 
sue { "UN— P,4- Q,, — Rs, -...) Syd 


-Fày (P —Q.4-R,,—...—8y (P —Q,.-FR,,—...) 

-Fàp, (Q —R,-4- S, — ++ )1— 9p (Q Hi a e. Jo 

+89, (IR —S, 4- T, — ...), —84, (IR — S, + Toe —...)o+ &e. (iv.) 
The terms affected by the suffixes 1 and 0 must have c 

made equal to 7, and ay respectively after differentiation. 
Observe that P,, Q,, &c. are here complete derivatives ; 

y; P; 7,7, &c., which they involve, being functions of g. 
Equation (iv.) is written in the abbreviated form, 


3030 8U = \"K8y8e+1h—M, hu. NN 
The condition for the vanishing of èU, that is, for mini- 

mum value of U, is 

3031 K-—N—P,4Q,—R;-r&c.— 0 ......... (vi.), 

3032 ande, zH E 04... iin nes +s RII 


Proor.—For, if not, we must have 
T 
| Ky da = H,— H, 3 
Xo 


that is, the integral of an arbitrary function (since y is arbitrary in form) can 
be expressed in terms of the limits of y and its derivatives ; which is impos- 
sible. Therefore IJ, —H, = 0. Also K = 0; for, if the integral could vanish 
without K vanishing, the form of the function ¢y would be restricted, which is 
inadmissible. 
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The order of K is twice that of the highest derivative contained in V. Let 
n be the order of K, then there will be 2” constants in the solution of equa- 
tion (vi.) and the same number of equations for determining them. For 
there are 2n terms in equation (vii.) involving ôy, Yo dp,, &e. If any of 
these quantities are arbitrary, their coefficients must vanish iu order that 
equation (vii.) may hold ; and if any are not arbitrary, they will be fixed in 
their values by given equations which, together with the equations furnished 
by the coefficients which have to be equated to zero, will make up, in all, 2% 
equations. 


PARTICULAR CASES. 


3033 I—When V does not involve æ explicitly, a first 
integral of the equation K = 0 can always be found. Thus, 
if, for example, 


V= ẹ (4, p, q.v, 8), 
a first integral will þe 
ke rp 
TRp,— Ri pe M Toup 
+ Sp. — S. Port S p,— Ssep + C. 
The order of this equation is less by one than that of (vi.) 


Proor.—We have V, = Np +Pqt+Qrt+ hs. 


Substitute the value of N from (vi.), and it will be found that each pair of 
terms involving P, Q, E, &c. is an exact differential. 


3034 IIL—When V does not involve y, a first integral can 
be found at once, for then N = 0, and therefore K = 0, and 


we have P,—Q,,4- R,,— &c. = 0; 
and therefore P—Q.4- R,,—&c. = A. 


3035 III.—When V involves only y and p, 
V= Pp+A, by Case I. 


3086 IV.—When J involves only p and q, 
V = Qq-4- Ap4- B. See also (3046). 
Proor. K ——P,4 Qa = 0, giving, by integration, P = Q,+A. 
Also V= P¢+Qr = Aqt+Q.9+ Qr. 
Integrating again, we find V = Qq+Ap+B, 3 
a reduction from the fourth to the second order of differential equations. 
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3037 Ex.—To find the brachistochrone, or curve of quickest descent, 
from a point O taken as origin to a point #,y,, measuring the axis of y down- 
wards.* 


Velocity at a depth y — //2gy. 


Therefore time of descent = [ VERE da. 
To V 29y 
Duros 52 
Here ya J ef = ee A, by ea 
y Vg e c 


By reduction, y(1+p’) = E — 2a, an arbitrary constant. 
That is, since p = tan 6, y = 2a cos? 0, the defining property of a cycloid 
having its vertex downwards and a cusp at the origin 


H,—H, reduces to EL. {(pey),— (poy)ot = 0. 


/2a 

If the extreme points are fixed, òy, and ôy, both vanish. 

The values 2, Yy at the lower point, determine a. 

Suppose z, but not y, is fixed. Then òy, is arbitrary; therefore 
its coeflicient in (3) (P—Q,+&c.), must vanish; that is, (Vp) = 0, or 
f ———ci = 0, therefore p, = 0, which means that the tangent at the 
C /y (1e p?) 31 
lower point is horizontal, and the curve is therefore a complete half cycloid. 


3038 Inthe example of the brachistochrone, it is useful to notice that— 

(i.) If the extreme points are fixed, 07, Cy, both vanish. 

(ii.) If the tangents at the extreme points have fixed directions, ¢p,, 6p, 
both vanish. 

(iii.) If the curvature at each extremity is fixed in value, SP Gor EP qi 
all vanish. 

(iv.) If the abscisse z, «, only have fixed values, y, ¢y, are then 
arbitrary, and their coefficients in 7], — H, must vanish. 


3039 When the limits 2, 7, are variable, add to the value of 


Pnoor.— The partial increment of U, due to changes in 2, and 2,, is 
Er E UE qn que Dy (2253). 
da, da, 


3040 When e, and yi, «, and y, are connected by given 
equations, UNE COT SE EIIE 

Rurz.—Put 
Sy, = {y (e)—p] dx, and By, = dx (0) — m} de, 


——— — — 


* The Calculus of Variations originated with this problem, proposed by John Bern ulli 
in 1626. 
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and afterwards equate to zero the coefficients of dx, and d, 
because the values of the latter are arbitrary. 


Proor.—y, + oy, being a function of z, 
Qn t O9) +de, Cs + by,) de, = Y (n +da) = Y (2) + y (2,) dei; 
therefore ¢y,+p,dz, = Y (2) dzy neglecting ópda,. 
Ex.—In the brachistochrone problem (3037), the result thus arrived at 


signifies that the cycloid is at right angles to each of the given curves at its 
extremities. 


3041 If V involves the limits %, 4j, Yoo Y» Pos Pis SC- the 
terms to be added to 8U in (3029), on account of the varia- 
tion of any of these quantities, are 


daf? (T, EV, Vent} de 
+de osos V. qt. ] di 
ar [ (V, Sy 4- V, 84 EE V, Spot VSPA T &e.} dz. 


In the last integral, dy, 3%, 9p,, &c. may be placed outside 
the symbol of integration since, they are not functions of g. 

Hence, when V involves the limits %, 21, Yos i Pos Pis &C-, 
and those limits are variable, the complete expression for 
èU is 


3042 U= Civ- re DM DE 
di v Vat Vp V, qi e) dej de 
UE |" Vet Vn pot Vino +) de] ds 
+ {PQA Rim ot] Vande} y, 
—((P—Q.--R,,— c V, do] By 
(QR, Se — Lo) Vade} p, 


E omms mp ums 
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————— — —————————— 


3043 Also, if y, = 4(x) and yo = x(%) be equations re- 
stricting the limits, put 


Sy, = {Y (e) —p] de and y= (x (09) — Po} da. (8040) 


The relation K = 0 is unaltered, and, by means of it, the 
additional integrals which appear in the value of £1,—H, 
become definite functions of g. 


3044. Ex.—To find the curve of quickest descent of a particle from some 
point on the curve Yọ = x(z,) to the curve y; = v (2j). 


. z 1 z J+ 1p! ; 
As in (3037), t = ———— Jz qe V- , and contains y, 
( ^ /(29) j Y —1/o Y — Yo 1 
p, and y, Equation (3042) now reduces to 


Now K=0 gives N—P, = 0; therefore V = Pp+A (3035); 


14-9»? p’ 
therefore J EE = A + A 
y—y — V -yo)( tr) 


Clearing of fractions, and putting 4 — Tus this becomes 
Gyo) Lp) 8478. voee ee c E 
Al PME -————D c 3). 
à JETER e) 
14» 
Hence ve Ga) y,-—V,2m—N--—P,(by K=9), 
d Pox? 

therefore NT. = P- = SES POUR Nm e. 


Substituting the values (2), (3), (4), in (1), the condition 77, — H, produces 
e ny da,— (1-- pops) dzo+ hà — Pr óy, = 0. 
Next, put for éy, and oy, the valucs in (3040) ; thus the equation becomes 


{l+mV (@)} dz —iltn X (m dro = O (OG 
da,, dr, being arbitrary, their coefficients must vanish ; therefore 
pw’ (m) =—1 and pix’ (z) =—1. 
That is, the tangents of the given curves i) and x at the points ay. and zy, 
are both perpendicular to the tangent of the brachistochrone at the point zy. 


Equation (2) shews that the brachistochrone is a cycloid with a cusp at 
the starting-point, since there y = yy, and therceforo p = coo. 
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OTHER EXCEPTIONAL CASES. 
(Continued from 3036.) 
3045 V.—Denoting y, 4, Yor... Ua» Dy Ys Ps Ps --- De 
and E Vine ee. bY hM Ln 


let the first m of the quantities y, pi, ps, &c. be wanting in the 
funetion V; so that 


Mus DEDE DE € 
When A = dw D larr ma T e 95) ^4. T0, 
which equation, being integrated m times, becomes 
JE eee ne e ree ett (Lg E 
= pesbe cem d ee GA 


a differential equation of the order 2n—m. 


3046 VI.—Let z also be wanting in V, so that 


V =f (Pms Pms N 
then K= 0 is the same as before, and produces the same 
differential equation (i.) From that equation take the value 
of P,, and substitute it in 


= IE Deel en ear T T PS pass 


Each pair of terms, such as Pais pu45— dae Puis Pmsir 18 an 
exact differential; and we thus find 


pe C+ Pus Posi (Porr Pars Uel ars Pain) is Se 
+P, p, — d, P, pai do P a2) — ove (id ania nat 
+Í (eo e,2-+ e Te 4271) Pn3i da. 


The resulting equation will be of the order 2n—m—]1, or 
m-+1 degrees lower than the original equation. 


3047 VII.—If V. be a linear function of p,, that being the 
highest derivative it contains, P, will not then contain p,. 
Therefore d,,P, will be, at most, of the order 2n—1. In- 
deed, in this case, the equation K = 0 cannot be of an order 
higher than 2n — 2. (Jellett, p. 44.) 
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3048 "VIII.—Let p, be the lowest derivative which V in- 
volves; then, if P, — f(x), and if only the limiting values of 
æ and of derivatives higher than the m'" be given, the problem 
cannot generally be solved. (Jellett, p. 49.) 


3049 IX.—Let N = 0, and let the limiting values of æ alone 
be given; then the equation K — 0 becomes 


P,—Q,, + I, — &c. = 0, 
or, by integration, P—Q,+Jt,,—&c. = c, 
and the two conditions furnished by equating to zero the co- 
efficients of yi, dy, VIZ., 
(P—Q,+ &.), = 0, (P—Q,+&e.), = 0, 
are equivalent to the single equation c - 0, and therefore 


H,—H,- 0 supplies but 2n—1 equations instead of 2n, and 
the problem is indeterminate. 


3050 Let U = L Vde+V', where 
JM. 0,9 2) aad sey S S e 


The condition for a maximum or minimum value of U arising 


from a variation in y, is, as before, A = 0; and the terms to 
be added to H,— H, are 

V; day V, 9yo4- Vj, 9pod-. ... + Vanda + 7,89, 4- Ke. 
If the order of V be n, and the number of increments do, ày,, 
&c. be greater than »+1, the number of independent incre- 
ments will exceed the number of arbitrary constants in A, and 
no maximum or minimum can be found. 

Generally, U does not in this case admit of a maximum 
or minimum 1f either V or V' contains either of the limiting 
values of a derivative of an order = or > than that of the 
highest derivative found in V. (Jellett, p. 72.) 
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3051 Let V bea function of two dependent variables y, z, 
and their derivatives with respect to æ; that is, let 


V =f ey BP <0 Oe, ae ee Cs 
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where p, q, ..., as before, are the successive derivatives of y, 
andio. 74) those Gl z. 
Then, if the forms of the functions y, z vary, the condition 


EJ! 
for a maximum or minimum value of U or | Vds is 


ve 


8U = ("(K8y-- K'8:) de+ H, — H+H; —H, = 0... (2). 


Here K’, H' involve z, p', 4, ..., precisely as K, H involve 
y; P, q, ...3 the values of the latter being given in (3029). 


3059 First, if y and.z are independent, equation (2) ne- 
cessitates the following conditions: 


K-—0, K'—0, H,—H,LH-H, —H, —0...... (8). 
The equations K= 0, K’=0 give y and z in terms of e, 


and the constants which appear in the solution must be deter- 
mined by equating to zero the coefficients of the arbitrary 


quantities Sy, Sy, 9py, 9p, ... 929, S21, 8po , 8p, wees 
which are found in the equation 


H,—H,T-H,—H, = gum E (4). 


3053 The number of equations so obtained is equal to the 
number of constants to be determined. 


Proor.—Let T= F E o Vea Vea coo Yao o Zep Beo ooo e 
I ie of order 224 my, and -* of form E 1,1. -.- Yours o Ss ao Aaa) oo ls), 
Pils Ol order 2m in 2, and of form o (2, Y yv Yerni 2) Za ee Come rows Ci) 


Differentiating (i.) 2m times, and (ii.) m+n times, 3m+n+2 equations are 
obtained, between which, if we eliminate 2,z,... 34.4545, We get a resulting 
equation in y, of order 2 (m+n), whose solution will therefore contain 
2(m4-*) arbitrary constants. The equations for finding these are also 
2(m+n) in number, viz., 2n in H, — H, and 2m in Hi— He. 


9054  Nors.—The numberof equations fordetermining the constants is not 
generally affected by any auxiliary equations introduced by restricting the 
limits. For every such equation either removes a term from (4) by an- 
nulling some variation (Cy, dp, &c.), or it makes two terms into one; in each 
case diminishing by one the number of equations, and adding one equation, 
namely itself. 


3055 Secondly, let y and z be connected by some equation 
9 M 
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(xyz) = 0. y and z are then found by solving simultane- 
ously the equations 


p(x, y, 2) — 0 and duco. = Ko 
Proor.—¢ (2, y, 2) = 0, and therefore ¢ (x, y+¢y, 2+6z) — 0, when the 


forms of y and z vary. Therefore ¢,6y+ 9,02 = 0 (1514). Also Key+K’cz=0, 
by (2). Hence the proportion. 


3056 Thirdly, let the equation connecting y and z be of the 


more general form 
$(r,y,pq vow By p. dt one) = Oi ee TER 
By differentiation, we obtain 
$,9y-- 058p $,9q - «6282+ by Sp Horg + ... = 0... (0). 


If (which rarely happens) this equation can be integrated so 
as to furnish a value of 62 in terms of dy, then dp’, dq’, &c. 
may be obtained, by simple differentiation, in terms of dy, dp. 
Generally, we proceed as follows :— 


8V = N8y 4- P8p 4- Q8q t.. +N t+ P'8p' + Q'89 +... ... (7). 
Multiply (6) by à, and add it to (7), thus 
SV = (N34) y+ (P 4-4) p4-... 
EO EA) 82+ (P' HA p Sp ow suse (8). 
The expression for òU will therefore be the same as in (2), if 


we replace N by N+)9,, P by P--A$,, &o., thus 


3057 8U=| {Nag (P+) +} 8y 
UC LN’ FAG.) —(P’ AG, eb... } 82] de 
+ {P+$,—(Q+Ag, e+ $18 
— (P FM, — (QHP) +- 0 Yo 
+ {Q+2b,—(R+AG,) Fo Ja ÈP 
p= (Q-EM$,— (I-A). -- ao G 
&c. we. 
+ similar terms in P, Q ... p', q' ... &. .,.(9). 


3058 To render 3U independent of the variation èz, we must 


FUNCTIONS OF TWO DEPENDENT VARIABLES. 451 


then equate to zero the coefficient of è under the sign of 
integration; thus 


N'A, — (P' M). + (Q' Hpi) — &c. = 0......(10), 


the equation for determining À. 


3059 rx (i.)-—Given V = F(z, Y, p,q ... 2) where 
z = fods andi O = I E Vo h G aoo ix 


The equation ¢ is now a— | oda =0 or v—2,-— 0, 
Py = Vy $5 = Up; Pa = Va, ÈC., e 
pus p= —l1, a = 0, the rest vanishing. 
Substituting these values in (9), we obtain 


D | ‘[{N+A0,—(B-+ Mpa (Qus — «sf by + (IN 493: 8:] dz 


+{P+Au—(Q+rAv Jat... $s 05 P + Avyp—(QHAV_) a t+ bo OYo 

T QT Xv — (v). $1 Pr 7 (QM AVq— (B+ o)... 9p, &c. 
For the complete variation DU add V,de,— V,dz,. To reduce the above so 
as to remove ¢z, we must put N’+A,=0, and therefore A =— \ Nde. Let 


A = « be the solution, v being a function of z, y, p,q... e. Substituting this 
expression for A, the value of ¢U becomes independent of óz. 


Ex. (ii.)—Similarly, if z in the last example be = ND (2148), 9 becomes 
U— Zp = 0; and, to make N’+ ùp: vanish, we must put A =- NT 


pe 


3061 Ex (ii)—Let v-| vacuum c T E: 
To 
Here N 0: iN g RS seee; | NP MER (e 
V/l- p rp Ji+p +p? 
Q'— 0; and the equations K = 0, K^— 0 become 
qp =Q qos or c — — E, 1 ge 
3 H V 14 p! +p" RA Tp? 


Solving these equations, we get 
Yz= ^; 2,= 0; or yc matA; z=net+B. 


3062 First, if e, y, Zp Zy Yor Zo be given, there are four equations to 
determine m, n, A, and D. 

This solves the problem, to find a line of minimum length on a given 
curved surface between two fixed points on the surface. 


T T E a i 


3063 Secondly, if the limits z}, x only are given, then the equations 
(P) =0, (P) =0, (P) =0, (P)-9, 


are only equivalent to the two equations m = 0, n = 0, and 4 and P remain 
undetermined. 
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3064 Thirdly, let the limits be connected by the equations 
$8 Yn 5) 0, V (y Yo 29) = 0. 
We shall have ($4,4- 9, pi - $4, Pi) dz, + $y, Cy, + 2,02, = 0. 
Substitute $, — mió,, $, = m$, Pi = m, pi — n; thus 
(1+mm,+nn,) da, 4- n4 êy +n 62, = 0. 
Eliminate dz, by this equation from 
V, da; + (P), &y; +(P) 62, = 9, 
and equate to zero the cocfficients of cy, and ez, ; then 
mV, = (PA(l4mm unm); myi = (P)-ctmm,4an,). 


Replacing V,, P, by their values, and solving these equations for m and m, 
we tind n ew mq. 
Similarly from the equation V (x, yy z,) = 0 we derive m = m, n = ny. 
Eliminating 2, y, 2, Zos Yo 2, between these equations, and 


gy, = mm 44; 2, — ne dB; a, ma, Ey = nass 
9 (e Yi zı) = 0; Y C Uo Zo) = 05 


four equations remain for determining m, n, A, and B. 


3065 Ou determining the constants in the solution of (3056). 
Denoting p, gsr. by Pi Pe ps... we have 
V= F(a, y: Dis pa... pai Pi Di + Da): 
and for tho limiting equation, 


"EFT DUIS Dens tom cen D = 

V is of the order n in y and m inz. 

$ is of the order n’ in y and m’ in z. 
3066 Rur L—/f m be > m', and n either > or < n, the 
order of the final differential equation will be the greater of the 
two quantities 2(m+n’), 2(m’+n); and there will be a 
sufficient number of subordinate equations to determine the 
arbitrary constants. 
3067 Rete IT.—7/ m be < m', and n < n’, the order of the 
jinal equation will generally be 2 (m +n’); and its solution 
may contain any nunber of constants not greater than the least 
of the two quantities 2 (m'—m), 2 (n'—u). 


For the investigation, see Jellett, pp. 118—127. 


3068 If I’ does not involve x explicitly, a single integral of 
order 2 (m-4-2)—1 may be found. The value of V is that 
given in (3033), with corresponding terms derived from z. 
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Proor.— dV = Ndy + P,dp, t ...- P, dp, 4- N'dz4- Pidpi E... P, dp, 


Substitute for N and N’ from the equations K = 0, K'— 0, as in (3033), 
and integrate for V. 


RELATIVE MAXIMA AND MINIMA. 
3069 In this class of problems, a maximum or minimum 


value of an integral, U, — (F dæ, is required, subject to the 


condition that another integral, U, — | Vade, involving the 


same varlables, has a constant value. 


Rure.— Find the maximum or minimum value of the func- 
tion U,+aU,; that is, take V=V,+aV,, and afterwards 
determine the constant a by equating U, to its given value. 

For examples, see (3074), (3082). 


GEOMETRICAL APPLICATIONS. 
3070 Prorosition J.—To find a curve s which will make 
[7 (x, y) ds a maximum or minimum, 7" being a given function 
of the coordinates c, y. l 


The equation (5), in (8056), here becomes 
puppis 
where p = £a p =Y, 2 and y being the dependent variables, and s the in- 
dependent variable. 
In (3057), we have now, writing u for F(z, y), 
N=u, Nu, $Q2—?2p, by = 275 
the rest zero. The equations of condition are therefore 
*4,—d,(Àw,) = 0 and «,—d,(Ay,) = 0... sees (1). 
Multiplying by £s y, respectively, adding and integrating, the result is 
A S a, 
the constant being zero.* 
Substituting this value in equations (1), differentiating uz, and uy„ and 
putting us = Uzt, t wy, we get 
i tn Ye — Uy Gs) = uz coe emer sete) 
gu, Pp Ugg) = Bae eee Oo 


* Bee Todhunter's “ History," p. 406. 
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NND P P-—————— Án 


Multiplying (2) by y , and (3) by z,, and subtracting, we obtain finally 
V (Ys Los — Le You) = Wy. — Uys, OT 

3071 to on e (4), 
p dx ds dy ds 

p being the radius of curvature. 


To integrate this equation, the form of « must be known, 
and, by assigning different forms, various geometrical theorems 
are obtained. 


3079 Prorosition H.—To find the curve which will make 
| Fe, y) ds - |t. T E Ve 


a maximum or minimum, the functions F and f being of given 
form. 
Let F(zx,y)-* and f(#,y) — v. 
Equation (1) is equivalent to f (w+ va) ds. 
In (8057) we now have V=u-+vp; and for $, p?+p7=1, as in (3070). 
Therefore N = uzt puz; Jan O = DD g 
N eed $y- 2p; the rest zero. 
Therefore, equating to zero the coefficients of èx and òy, the result is the two 
equations Us - pv, — (v -Ap), = 0, 
dy pv,— Op), = 0; 
or d (AL) +0, = wu, tUr 
d, (Xy,) ecu P 
Multiplying by £, y, respectively, adding, and integrating, we obtain, as in 
(3070), \=4, and ultimately, 


tL (du dy _ du de, de) 
3073 = alee ds dy ds t dy l 


In ————————— a —Ó——MÀ—M———— Ó 


3074 Ex.—To find a curve s of given length, such that the volume of the 
solid of revolution which it generates about a given line may be a maximum. 
Here [(y^z,—2*)ds must be a maximum, by (8069), a? being the arbitrary 
constant. The problem is a case of (3072), 
u=a, u,-—0, w=0, vey, vy = y. 


9 
Hence equation (3073) becomes z 2 : 
p 


2 
Giving p its value, — (URS where p — E , and integrating, the result 
g (5 pp P dc g 2 
Dr 
2 2 2 n" 
a Jer s ; from which «— [7 S URINE 
Vi+p a v/a*— (y^ +i) 
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3075 Let V =f (8, y, 2; p» d, Vs 5. 0), 


in which g, y are the independent variables, and p, q, v, s, t 
stand for z,, Z,, 2223 Zeys Zz respectively (1815), z being an in- 
determinate function of g and y. 


Let Wes U Vdedy, 


e Yo 
and let the equation connecting v and y at the limits be 
9 (v. y) = 0. The complete var iation of U, arising solely from 
an infinitesimal change in the 207 m of the function z, is as 
follows :— 


Let V,, V,, &c. be denoted by Z, P, Q, E, 8, T. 
Let $ = (P— R,—28,) 62+ $89q + Hep, 
9 = (Q— T, —18.) 02+ $56p + 199, 
= (Z —P,—Q, + Fs, + Say + Toy) ez. 


The variation in question is then 


3076 6U= =| V- E e. Sh —$, Ge) de 


dx 
T [E CM Eu X da dy. 
Yo LaLo  €— Moe Yo 
vı [un ai [i 
Paoor.— >Í f Ydedy = | | òV de dy 
Xo Jo vod Yo 
= le [ee Pip + Qàq + Ror+ Ses+ Tot)dudy 


=| iets +x} dz dy, 


dz 
as appears by differentiating the values of $ a y. But 
udg y _ de dy, 
n dz dy — TES lr ody tren x: —9y-5 E 
Um d 
by (2257), and | a dy = Jy y, 7 Wynn, 
Yo 


Hence the result. 


3077 The conditions for a maximum or minimum value of 
U are, by similar reasoning to that employed in (3032), 


o = 0, dre We x = 0. 
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GEOMETRICAL APPLICATIONS. 
3048 Proposition I.— To find the surface, S, which will 
make || F(a, y, z) dS a maximum or minimum, F being a given 
function of the coordinates g, y, Z. [Jellett, p. 276. 


Here, putting F (z, y, z) =u, V= uv E 


—— du up uq 
= a JU cm ; Q=; 
Za Vit P49 a Vi+p+¢ V1 pg 


and V,, V,, V, are all zero. 


2 
de ltp tg \de ` dz (Lp +g)? 


dQ _ q ie is) a, (1p?) t—pqs. 


dj Viryxg dy 5d Quy 
The equation x 20 or Z—P,—Q, —O gives 
256 ce 2 ] ] 
Oleh ie cigs EO 1 (pdt t% — Ht) = 0 
(Lo pr JE Neq UE onm vs 


If R, R’ be the principal radii of curvature, and l, m, n 
the direction cosines of the normal, this equation may be 
written 

] l l /, du du a E 
3079 DES ty (ete Gene E 


and according to the nature of the function u different 
geometrical theorems may be deduced. 


3080 Proposition II.— To find the surface S which will make 
ji E S T n (v, y, 2) dady 


a maximum or minimum; Fand f being given functions of 
the coordinates z, y, z. 


Let F(a, y,z) =u and f(z,y,z) — v. Proceeding throughout as in 
(3078), we have V —uV1-4p tq To, 
Vltp te uv 
and the remaining equations the same as in that article if we add to the 


^ 


resulting differential equation the term — i on the left. 
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This equation may then be put in the form 
l l 1/,du ,. du du dv 
3081 3 --. ini nT) 


where l, m, n are the direction cosines of the normal to the 
surface. 


3089  Ex.—To find a surface of given area such that the volume contained 
by it shall be a maximum. 


By (3069), the integral {| (z—a V/1-- p! - g?) dedy 


must take a maximum or minimum value. The problem is a case of (3080). 
Wehave wg 0=4 m=% 75320 wuw-0 v,=1; 
and the differential equation of the surface (3081) reduces to 


(ed) r- pp (ep) t+ LO +p'+ 9) = 0; 


3083 co +e at. 


APPENDIX. 


ON THE GENERAL OBJECT OF THE CALCULUS OF 
VARIATIONS. 


3084 Deriitions.—A function whose form is invariable is 
called determinate, and one whose form is variable, indeter- 
minate. 

Let du be the increment of a function u due to a change 
in the magnitude of the independent variable, du that due to a 
change in the form of the function, Dw the total increment 
from both causes; then 


Du = du+8u. 


Thus, in (3042), the terms involving dz, and da, constitute du, 
and the remaining terms 8; the whole variation being Du. 
du is called the variation of the function v. 


3085 A primitive indeterminate function, v, of any number 
of variables is a function whose variation is of arbitrary but 
constant form; in other words, u = 0. 

9 N 


458 CALCULUS OF VARIATIONS. 


3086 Let v= F.u bea derived function,—that is, a func- 
tion derived by some process from the function u; F denoting 
a relation between the forms, but not between the magnitudes, 
of u and v. 

The general object of the Caleulus of Variations is to 
determine the change in a derived function v, caused by a 
change in the form of its primitive qw. 

The particular derived functions considered are those 


whose symbols are d and |: denoting operations of differ- 


entiation and integration respectively. 


SUCCESSIVE VARIATION. 


3087 Let the variation of the variation, or second variation 
of V due to a change in the form of the involved function, 
y =f (x), be denoted by 8(8V) or &V; the third variation by 
e V, and so on. 

By definition (3085), y being a primitive indeterminate 
functions and oy its variation, € y = 098 e 


3088 The second variation of any derivative of y is also 
zero, e., Op, oq, &c. all vanish. 


- Proor.— & (o) =o (QUE = [à (oy) bas = (OY) nz zu by (1). 


3089 If V-—f(e,y,p, q, r, &c. ...), where y is a primitive 
indeterminate function of a, then 

6" V = (8yd,--àpd,4-9q d, 4- ...)" V, 
where, in the formal expansion by the multinomial theorem, 
dy, 9p, &c. follow the law of involution, but the indices of d,, 
d,, &c. indicate repetition of the operation d,, dp, &c. upon V. 


Proor.—First, ôV = (Oy d,-F ópd, qd, 4 ...) V. 
In finding ôV, each product, such as éyd,V, is differentiated again as a 
function of y, p, q, &c. ; but, since the variations of cy, dp, &c. vanish by (2), 
it is the same in effect as though ¢y, dp, &c. were not operated upon at all. 
They accordingly rank as algebraic quantities merely, and therefore 
ey = (yd, pd, 4 64d, 4 ...)* V. 


Similarly for a third differentiation ; and so on. 


IMMEDIATE INTEGRABILITY OF THE FUNCTION V. 


3090  Drr.—When the function P (3028) is integrable 
without assigning the value of y in terms of a, and therefore 
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integrable whatever the form of the function y may be, it is 
said to be immediately integrable, or integrable per se. 


3091 The requisite condition for V to be immediately 
integrable is that K = 0 shall be identically true. 


T 
Proor.— | ‘Vde must be expressible in the form 


eu 


$ (AY PD e) —9$ Groyopoqo -++)s 
where ¢ is independent of the form of y. Hence, a change in the form of y, 
which leaves the values at the limits unaltered, will leave 


Tı S 
a| Vd» =0; that is, | Ky =) 
To To 
But the last equation necessitates K = 0, since òy is arbitrary. And K=0 
must be identically true, otherwise it would determine y as a function of g. 


DIFFERENTIAL EQUATIONS. 


— Qe — 


GENERATION OF DIFFERENTIAL EQUATIONS. 


3050 By differentiating ordinary algebraic equations, and 
eliminating constants or functions, differential equations are 
produced. Some methods are illustrated in the following 
examples. 


3051 From an equation between two variables and n 
arbitrary constants, to eliminate the constants. 


Rute.—Differentiate r times (r<n), and from the r+1 
equations any r constants may be eliminated, and thus C (n, v) 
different equations of the r order (3060) obtained, involving 

r USE 
n cr &c. 
dx gie 
independent. Dy differentiating n times and eliminating the 
constants, a single final differential equation of the n'^ order 
free from constants may be obtained. 


Only r 4-1, however, of these equations will be 


3059  Ex.—To eliminate the constants a and b from the equation 


y = OBOE gcc T T C (i.) 

Differentiating, we find oy EUNT I Ves c 
Eliminating a and b in turn, we get 

* at the =2y, a ae = gp a (iii., iv.) 


Now, differentiating (iii.) and eliminating b produces the final equation of 
the second order, 


a OL o wh 42y — 0 EE US ese acero (v.) 


The same equation is obtained by differentiating (iv.) and eliminating a. 


3053 To eliminate the function ¢ from the equation z= ¢(v), 
where v is a function of e and y. We have 
y. = dD aves 2, = > (y) t. 


ry ra ^ © — » 4 
Therefore ed = 2 
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3054 To eliminate $ from u = $(v), where u and v are func- 
tions of æ, y, z. 

Consider z and y the independent variables, and differ- 
entiate for each separately, thus 


Wy F We ha, = p (v) CAs Uze)» 
Uy F WIE, = $ (v) (v, aE 


and, by division, ¢’(v) is eliminated. 


3055 To eliminate ¢,, $z, ... ¢, from the equation 
F ay y, z, pı (%1), pa (as), en $.(2,)j = 0, 


where a,, a, ... a, are known functions of g, y, 2. 


Rutt.— Differentiate for x and y as independent variables, 
forming the derivatives of F of each order, up to the (2n—1)" 
in every possible way; that is, P; En Fy; Fiz, Foy, Fo,; óc. 
There will be 2n? unknown functions, consisting Of $15 pa, ... Pn 
and their derivatives, and 9n?--n equations for eliminating 
them. 


3056 To eliminate č, $,(£), ¢2(&), ... $9, (E) between the 


equations 
F' (o, y, 2, & &1(E), $2 (8) ... PaE) = 0, 
f {ts Yo 2, 5, 91 (E), vut) ose GENRE) == OL 


Rurs.— Consider z and & functions of the independent 
variables x, y, and form the derivatives of F and f up to the 
2n — 1*^ order in the manner described in (3055). There will 
be 4n?-+n functions, and 4n?--2n equations for eliminating 
them. 


3057 To eliminate ¢ from the equation 
F (o, y, 2, w, o(a,B)} = 0, 
where a, B are known functions of a, Y, z, w. 
Ruie.—Consider x, y, z the independent variables. Dif- 
ferentiate for each, and eliminate $, Pas $a between the four 
equations. 


p———————— — —Ó imma DUM A — Él lll n ln Ca 
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DEFINITIONS AND RULES. 


3058 Ordinary differential equations involve the derivatives 
of a single independent variable. 


3059 Partial differential equations involve partial deriva- 
tives, and therefore two or more independent variables are 
concerned. 

3060 The order of a differential equation is the order of the 
highest derivative which it contains. 

3061 The degree of a differential equation is the power to 
which the highest derivative is raised. 


3062 A Linear differential equation is one in which the 
derivatives are all involved in the first degree. 


3063 The complete primitive of a differential equation is 
that equation between the primitive variables from which the 
differential equation may be obtained by the process of differ- 
entiation. 


3064 The general solution is the name given to the complete 
primitive when it has been obtained by solving the given 
differential equation. 

Thus, reverting to the example in (3051), equation (i.) is the complete 
pr Du of (v.) which is obtained from (i.) by differentiation and elimination. 

The differential equation (v.) being given, the process is reversed. 
Equations (iii) and (iv.) are called the first integrals of (v.), and equation 
(i.) the final integral or general solution. 


3065 A particular solution, or particular integral, of a 
differential equation is obtained by giving particular values to 
the arbitrary constants in the general solution. 

For the defimtion of a singular solution, see (3068). 


3036 To find when two differential equations 2d the first 
order have a common primitive. 


Rore. — Differentiate each equation, and eliminate its 
arbitrary constant. The two results will agree if there is a 
common primitive, which, in that case, will be found by elimi- 
nating y, between the g given equations. 


——— — 


Ex.—Apply "m rule to equations (iii.) and (iv.) in (3052). 
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3067 To find when two solutions of a differential equation, 
each involving an arbitrary constant, are equivalent. 


Ruie.—EHliminate one of the variables. The other will also 
disappear, and a relation between the arbitrary constants will 
remain. 

Otherwise, if F= C, v=c be the two solutions: V and v 
being functions of the variables, and C and ¢ constants; then 


dV dv dV dv 


is the required condition. 
Proor.—V must be a function of v. Let V = $(v); therefore V,— $,v, 


and V,= $,v,; then eliminate ¢,. 


Ex.—tan^! (x +y) +tan™ (e— y) =a and a? -2bz = y’+1 are both solu- 
tions of 2zyy, = a?-Fy?--l. Eliminating y, x disappears, and the resulting 
equation is b tan a = 1. 


SINGULAR SOLUTIONS. 


3068 JDzrmrrroN. — ‘A singular solution of a differential 
equation is a relation between # and y which satisfies the 
equation by means of the values which it gives to the differ- 
ential coefficients Yv, y»,, &c., but is not included in the com- 
plete primitive.” See examples (3132-3). 


3069 To find a singular solution from the complete primitive 
v (ore det) — 0. 

Rur I— "rom the complete primitive determine c as a 
function of x, by solving the equation y, —O, or else by solving 
x,=0, and substitute this value of c in the primitive. The 
result is a singular solution, unless it can also be obtained by 
giving to c a constant value in the primitive. 


3070 If the singular solution involves y only, it results from 
the equation y,=0 only, and if it involves x only, it results 
from x,=0 only. If it involves both x and y, the two equa- 
tions x,—0O, y, —O give the same result, = 
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8071 When the primitive equation $ (xyc) = 0 is a rational 
integral function, pe — 0 may be used instead of Xe = 0 or 
yo = 0. 

Proor.—Let ¢ (a, y, c) = 0 be expressed in the form 


Y ERE Se TET ere (1). 
Then, if c be constant, UELLE E tee pecs (0473 
and, if c varies, Ya = Ja tdem TIU IE (3). 


When c is constant, the differential equation of which (1) is the primitive is 
satisfied by the value of y, in (2). But it will also be satisfied by the same 
value of y, when c is variable, provided that either f, = 0 or f, = ©, and in 
either case a solution is obtained which is not the result of giving toca 
constant value in the complete primitive; that is, it is a singular solution. 
But f, = 0 is equivalent to y, = 0, and f, = o» makes y, = ©, and therefore 
2 = constant. 


GEOMETRICAL MEANING OF A SINGULAR SOLUTION. 


3079 Since the process in Rule I. is identical with that 
employed in finding the envelope of the series of curves 
obtained by varying the parameter c in the equation 
$ (2, y, c) == 0; the singular solution so obtained is the equa- 
tion of the envelope itself. Í 

An exception occurs when the envelope coincides with one 
of the curves of the system. 


3073 Ex.—Let the complete primitive be 


= c% + /1—c, therefore y, = z— ————2 ; y, =0 gives c= EM. 
J i fe JET A i ^ l+’ 
Substituting this in the primitive gives y — /1+2%, a singular solntion. It 
is the equation of the envelope of all the lines that are obtained by varying 
the parameter c in the primitive; for it is the equation of a circle, and the 
primitive, by varying c, represents all lines which touch the circle. See also 
(3132-3). 


3074 “The determination of c as a function of æ by the solution of the 
equation y, = 0, is equivalent to determining what particular primitive has 
contact with the envelop at that point of the latter which corresponds to a 
given value of z. 

“The elimination of c between a primitive y = f (æ, c) and the derived 
equation y, = 0, does not necessarily lead to a singular solution in the sense 
above explained. 

* For it is possible that the derived equation y, — 0 may neither, on the 
one hand, enable us to determine c as a function of x, so leading to a singular 
solution ; nor, on the other hand, as an absolute constant, so leading to a 
particular primitive. . 
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“Thus the particular primitive y = e” being given, the condition y, = 0 
gives e^ — 0, whence cis +œ if v be negative, and —o if e be positive. 
It is a dependent constant. The resulting solution y — 0 does not then 
represent an envelope of the curves of particular primitives, nor strictly one 
of those curves. It represents a curve formed of branches from two of them. 
It is most fitly characterised as a particular primitive marked by a singularity 
in the mode of its derivation from the complete primitive.” 

[ Boole’s * Differential Equations," Supplement, p. 13. 


DETERMINATION OF A SINGULAR SOLUTION FROM THE 
DIFFERENTIAL EQUATION. 


3075 Rue IL—4ny relation is a singular solution which, 
while it satisfies the differential equation, either involves y aud 


: : : D ; 
makes p, infinite, or involves x and makes (— infinite. 
Dx 


3076 * One negative feature marks all the cases in which a solution 
involving y satisfies the condition p, — oo. It is, that the solution, while 
expressed by a single equation, is not connected with the complete primitive 
by a single and absolutely constant value of c. 

“The relation which makes p, infinite satisfies the differential equation 
only because it satisfies the condition y, — 0, and this implies a connexion 
between c and z, which is the ground of a real, though it may be unimportant, 
singularity iu the solution itself. 

“In the first, or, as it might be termed, the envelope species of singular 
solutions, c receives an infinite number of different values connected with the 
value of æ by a law. In the second, it receives a finite number of values also 
connected with the values of x by a law. In the third species, it receives a 
finite number of values, determinate, but not counected with the values of z." 


Hence the general inclusive definition— 
3077 “A singular solution of a differential equation of the 
first order is a solution the connexion of which with the com- 
plete primitive does not consist in giving to c a single constant 
value absolutely independent of the value of x.” 


[.Boole's “ Differential Equations,” p. 163, and Supplement, p. 19. 


RULES FOR DISCRIMINATING A SINGULAR SOLUTION OF 
THE ENVELOPE SPECIES. 


3078 Roe III.— When p, or i) is made infinite by 


x 
equating to zero a factor having a negative index, the solution 
“may be considered to belong to the envelope species." 


3079 ‘‘In other cases, the solution is deducible from the 
9 0 
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complete primitive by regarding ¢ as a constant of multiple 
value,—its particular values being either, Ist, dependent in 
some way on the value of a, or, 2ndly, independent of x, but 
still such as to render the property a singular one.” 

[ Boole’s ** Differential Equations," p. 164. 


3080 Rute IV.—4 solution which, while it makes p, infinite 
and satisfies the differential equation of the first order, does not 
satisfy all the higher differential equations obtained from it, is 
a singular solution of the envelope species. 


m-1 
EX.: Ys = my " has the singular solution y = 0 when mis >l. 
mor 
Now Yre = Mm (m— 1) ... (m—r+1)y ”, 
and, when v is > m, the value y — 0 makes y,, infinite. The solution is, 
therefore, by the rule of the envelope species. 


3081 Route V.—“ The proposed solution being represented by 
u=0, let the differential equation, transformed by making u 
and x the variables, be u,--f(x,u)-0. Determine the in- 


tegral | m as a function of x and u, in which U is either 
0 


equal to £(x,u) or to f(x, u) deprived of any factor which 
neither vanishes mor becomes infinite when u= 0. If that 
integral tends to zero with u, the solution is singular” and of 


the envelope species. [ Boole, Supplement, p. 30. 
3082 Ex.—To determine whether y = 0 is a singular solution or par- 
ticular integral of Ys = (ORT 
y 
Here u = y, and | -—— =a : 
oy (log y) log y 


As this tends to zero with y, the solution is singular. 
l 


Verification.—The complete primitive is y = c^-?, and no constant value 
assigned to c will produce the result y = 0. 


3083 Professor De Morgan has shown that any relation 
involving both æ and y, which satisfies the conditions p, = o, 
p, = ©, will satisfy the differential equation when it does not 
make Y, as derived from it, infinite; that it may satisfy it 
even if it makes y», infinite ; and that, if it does not satisfy the 
differential equation, the curve it represents is a locus of 
points of infinite eurvature, usually eusps, in the curves of 
complete primitives. [ Boole, Supplement, p. 35. 


me 
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3084 M+NSY—0, or Mdr+Ndy= 0, 


M and N being either functions of v and. y or constants. 


SOLUTION BY SEPARATION OF THE VARIABLES. 


3085 This method of solution, when practicable, is the 
simplest, and is frequently involved in other methods. 
Ex. ey (1+2) dy = (14-3?) da, 
JU. c poe 
l+y c(lcrey 
and each member can be at once integrated. 


therefore 


HOMOGENEOUS EQUATIONS. 


3086 Here M and N, in (3084), are homogeneous functions 
of x and y, and the solution is affected as follows :— 


Route.—Put y = vx, and therefore dy = vdx+xdv, and 
then separate the variables. For an example, see (3108). 


EXACT DIFFERENTIAL EQUATIONS. 
3087 Mda--Ndy —O is an exact differential when 
MENS 
and the solution 1s then obtained by the formula 
( Mde4- (íN—Aa,(f Mdzx)} dy = C. 


Pnoor.—If V —0 be the primitive, we must have V,— M, V,— N; 
therefore V,,-— M, = N,. Also V = | Mdæ+ọ (y), $(y) being a constant 
with respect to æ. 


Therefore N = Y, — d, [ Mda + (y), 

therefore $ (y) = | (N—d, [Md] dy 4 C. 

3088 Ex (a? —3a*y) da + (y®—2°) dy = 0. 
Here M, = —325)-— N. Therefore the solution is 


C= zen (ped a —«'y) j dy 
4 "4 
a 


E 4 
—a^y + | Piy = LU —ay. 
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C tut e rrr i. 


3089 Observe that, if Mdz-- Ndy can be separated into two 
parts, so that one of them is an exact differential, the other 
part must also be an exact differential in order that the whole 
may be such. 


3090 Also, if a function of e and y can be expressed as the 
produet of two factors, one of which is a function of the 
integral of the other, the original function is an exact differ- 
ential. 


dic eet ONES 
309] Ex. nou "ci e cu y — 0L 


Here Ž is the integral of the second factor. Hence the solution is 
4 
sin Č = C. 
2 
INTEGRATING FACTOR FOR Mde+Ndy = 0. 


When this equation is not an exact differential, a factor 
which will make it such can be found in the following cases. 


3092 I.— When one only of the functions Mx+Ny or 
Mx—Ny vanishes identically, the reciprocal of the other is an 
integrating factor. 


3093 Il—IJf, when Mx+Ny =Q identically, the equation 
is at the same time homogeneous, then x~™*) is also an in- 
tegrating factor. l 


3094 IIL—Jfueither Mx+Ny nor Mx— Ny vanishes identi- 


cally, then, when the equation is homogeneous, is an 


ii 
Mx-4- Ny 
integrating factor; and when the equation can be put in the 
for "EN TI S ann ORT T 
form $ (xy) xdy 4- X (xy) y dx = 0, Ms—Ry is an integrating 


factor. 


Proor.—I. and III.—From the identity 
Mda+Ndy = } { (Ma Ny) d log ay + (Me— Ny) d log = } ; 


FIRST ORDER LINEAR EQUATIONS. 469 


assuming the integrating factor in each case, aud deducing the required 
forms for M and N, employing (3090). 

IL—Put v= = M = z*ọ (v), N=a"b(v), and dy=adv+vde in 
Mdx+Ndy and Me+Ny. 


3095 The general form for an integrating factor of 
Mda+Ndy = 0 is 
f My Ny dv, 
=e Nv,- Mv, 
Where v is some chosen function of e and y; and the condition 
for the existence of an integrating factor under that hypothesis 
is that 
M,—N. 
3096 Nv,— Mv 


y 


must be a function of v. 


Proor.—The condition for an exact differential of Muda + Nudy = 0 is 
(Mp), = (Nu), (3087). Assume p = 9 (v), and differentiate out; we thus 


A gv _ M,—N, 
obtain a er) J UE 


The following are cases of importance. 


3097 I.—If an integrating factor is required which is a 
function of æ only, we put u = $ (æ), that is, v — 2; and the 
necessary condition becomes 


M,—N, 


AE must be a function of æ only. 


3098 II.—1£ the integrating factor is to be a function of æy, 
the condition becomes, by putting wy = v, 


M,— N, 


Ny—Ms must be a function of æy only. 


3099 III.—If the integrating factor is to be a function of 
E the condition is 
a^ (N,— M) 
Ma+Ny 
If Mv+Ny vanishes, (8092) must be resorted to. 


2 
must be a function of S. 
a 
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In this and similar cases, the expression found will be a 


function of » = 1 if it takes the form F (v) when y is re- 


placed by ez. 


3100 IV.— Theorem.— The condition that the equation 
Mdz-4- Ndy = 0 may have a homogeneous function of « and y 
of the n™ degree for an integrating factor, is 


wv (N,—M,)+nNe _ F |y 
Seen, 0 (uw), where w= x 


3101 The integrating factor will then be obtained from 
p= wet du 


Pnoor.—Put u =v = a" (u) in (3097), thus 
l. M,-NM 
v Nv,—Mv, 
Perform the differentiations, and, by reduction, we get 
Y (u) _ 2(N,—Myj)-TnNe 
VQ) Mz Ny ` 
The right member must be a function of u in order that ij (u) may be found 
by integration. 


3102  Ex.—To ascertain whether an integrating factor, which is a homo- 
geneous function of æ and y, exists for the equation 
(5 --aay*) dy —af de tr (e y) (e dy—y de) = 0. 
Here M=—(ay®tayt+y?), N= (y Haa! E xy +a’). 
Substituting in the formula of (2100), we find that, by choosing n = —3, 
axy’ — 9a? a—3u 
1 4 


the fraction reduces to , and, by putting y = uz, it becomes —, , 
u 


a function of u. 
[=> du — £—3 log, 


uU 
(o rae m) = = 


jo (=e Esto 


the integrating factor required. It is homogeneous, and of the degreo — 3 
in æ and y, as is scen by expanding the second factor by (150). 


UL Seen n on 
3103 If by means of the integrating factor u the equation 
uMde+pNdy =0 is found to have V — C for its complete 
primitive, then the form for all other integrating factors will 
be uf(V), where f is any arbitrary function. 
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Proor.—The equation becomes 
pMf (V) dz+pNf (V) dy = 0. 
Applying the test of integrability (3087), we have 
(pMf (V)), = {Nf V) fe: 
Differentiate out, remembering that 
(uM), = GAN), V, = pN, Va = le 
and the equality is established. 


3104 GzxrnAL Rute.—Ascertain by the determination of an 
integrating factor that an equation is solvable, and then seek to 
effect the solution in some more direct way. 


SOME PARTICULAR EQUATIONS. 
3105 (av+byte) d«-- (u'x+b' ytc) dy = 0. 
This equation may be solved in three ways. 
I.—Substitute g= č—a, y= n—ß, 


and determine a and f? so that the constant terms in the new 
equation in č and n may vanish. 


IL—Or substitute az--0y4-c — &£ aa+b'yte — n. 


3106 Butif a:a/— b:U', the methods I. and II. fail. The 
equation may then be written as a function of aw+ by. 

Put z = ax+by, and substitute bdy = dz—adz, and after- 
wards separate the variables g and z. 


3107 IIL—A third method consists in assuming 
(An+C) d£ 4- (A'E-- C) dn = 0, 
and equating coefficients with the original equation after sub- 
stituting B ugar n = t-- my. 
mM, M, are the roots of the quadratic 
am? 4- (b 4- a^) m 4- b = 0. 
The solution then takes the form 


CSI 
[(am,— a^) (a-m,y)- em, —6 ! TURON 
cS EE LV I - Ig p UN 


E 
( (ein, — a") (e mug) em, — e jm 
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3108 rx (3y — 7e 4-7) de+(7y—30+3) dy = 0. 
Put g = £—a, y = 23—f, thus 


(ou = (a) dapib dy m TERN 
with equations for a and f, 7a—30-4- 7 = 0; Mo 41320; 
therefore g ccs uh cn 


(i.) being homogeneous, put n = vi, and EE dcs = edid ido (3086) ; : 
(7v —7) £d£-- (7v —3) 2dv 22 0, or T + g= 7 dv =Q. 
The seeond member is integrated, as in (2080), with b = 0, and, after 
reduction, we find 5 log (7 + £) +2 log (n— 4) = C 
Putting £z «—1 and » = y, by (ii.) the eomplete solution is 
(ye 1? (y—e 1) = 


3109 When P and Q are functions of æ only, the solution 
of the equation 


ot 4 Py EMEN cr (i.) 


by merely separating the variables. 


3110 Secondly, the solution of 
S pPpy-Q is y=" po 


da 

This result is obtained by the method of variation of 
parameters. 

Roure.—Assume equation (1.) to be the form of the solution, 
considering the parameter C a function of x. Differentiate (i.) 
on this hypothesis, and put the value of y, so obtained in the 
proposed equation to determine C. 


Pax 


dx} : 


Thus, differentiating (i.), we get y, = Ge] Dny 
therefore C= a | jin therefore C= Í Qu Fae On 
Then substitute this expression for C in equation (i1.). 

Otherwise, writing the equation in the form (Py—Q)de+dy = 0, the 
integrating faetor A may be found by (3097). 


3111 ydus Quy 
is reduced to the last case by dividing by y" and substituting 


F= 
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Gs 


*3212 P,dx+ P,dy+Q (wdy—yde) = 0. 


P, P, being homogeneous functions of v and y of the j^ 


degree, and Q homogeneous and of the ¢ degree, is solved 
by "assuming 


: Lm? 1) P == Gt (4) O = x! (£) 
n wy(2), : DL s cr Ans 


Put y — ve, and change the variables to » andv. The result 
may be reduced to 

de qu (v) in x (v) pant 

dv © (o) cvi (v) p (v) d eb (v)? 
which is identical in form with (3211), and may be solved 
accordingly. 


3213  (4,+Bæ+0,y)(edy—ydz)— (A, + Bæ + 0y) dy 


—(A;+ Bye4- Cay) dz = 0. 
To solve this equation, put æ — £-«a, y=n+P, 
and determine a and p so that the coefficients may become homogeneous, 
and the form of (3212) will be obtained. 


RICCATITS EQUATION. 


3214 o E. mU (RU. 
Substitute y = ux, and this ERE on is reduced to the 

form of the following one, with »=m+2 and « — 1. Itis 

solvable whenever m (2t+1) = —4t, t being 0 or a positive 

integer. 

3215 Py by em Cl cin nase 


I.—This equation is solvable, when n = 2a, by substituting 
y = va^, dividing by e", and separating the variables. We 
thus obtain cn = Ea eae 
c—bv? 
Integrating by (1937) or (1935), according as b and c in 


equation (B) have the same or different signs, and eliminating 
v by y = va^, we obtain the solution 


eur x" / (be) 


3216 TN "M ds c RN (1), 
| 


* The preceding articles of this section are wrongly numbered. Each number and 


reference to it, up to this point, should be inereased by 100. The sheets were printed off 
before the error was discovered. 
3 P 
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" = E Ate zr a 
3217 or y= v( ; Ja tan iC cec Que (2). 
3218 Il.— Equation (B) may also be solved whenever 
n— 2a cC 
MUS t a positive integer. 


Rurg.— Write z for y in equation (B), and nt+a fora 
in the second term, and transpose b and c if t be odd. 


Thus, we shall have 


we, —(nt+a)2+b2 = ca” (when t is even) ...... (3), 
&z,— (nt -4- a) z4- cz? = be" (when t is odd) ...... (4). 


Either of these equations can a solved as in case (L.), when 
n = 2 (nt--a), that is, when ! p 


= tł. z having been de- 


termined by such a solution, the complete primitive of (B) 
will be the continued fraction 


a a” &” um 
E E EE E 
p P nae lr La E dol 


where % stands for b or ¢ according as ¢ is odd or even. 


3219 III.— Equation (B) can also be solved whenever 
n+2a 

2n i 
the same as in Case IL, if the sign of a be changed throughout 
and the first fraction omitted from the value of y. Thus 


= 1? a positive integer. The method and result will be 


a yn w” é 1 sit 
y= MEE Ie—— ce 5 
: n—a . 2n t—l)n—a . wv 
ca Pon, Ea y 


: a 
Proor.—Case II.—In equation (B), substitute y = A+ 7 and equate 
1 
the absolute term to zero. This gives A = - or 0. 


Taking the first value, the transformed equation becomes 
diy 


aa (eta) y toy; = ba”. 
- mea, "i : th 
Next, put y, = —— + —, and so on. In this way the ¢ transformed 
Cc 1, 


Yo 
equation (3) or (4) is obtained with z written for the ¢'" substituted variable y,. 
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Case III.—Taking the second value, A =0, the first transformed equa- 
tion differs from the above only in the sign of a; and consequently the same 
series of subsequent transformations arises, with —a in the place of a. The 
successive substitutions produce (5) and (6) in the respective cases for the 
values of y. 


3220 Ex. UAF = E (3214) 
. 1 ) ( a = 
Putting u = E s ES He "s 


and the equation is reduced to «y,—3 t3 = cvs of the form (B). Here 
9 

a=1, b=1, n=4, and = 2, Case III. By the rule in (3218), 
n 

changing the sign of a for Case IIL, equation (3) becomes 


gz, — 4z +e = cas. 
Solving as in Case I., we put z = ves, &c.; or, employing formula (1) 
directly, 
a 


m 2 
1 ve 
—-+ — 

Ü z 


Ce! Ven 4. 1 
25 da == 
e 


——; and then, by (6), y= 
e8 vex —— | 


is the final solution. 


A LL P M M S RR S 
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3221 Type 
uy (2 n—i dy E 
(4 qs do, Te +P yaa, +P, = U... T 


where the coefficients P,,P.,... P, may be functions of « 
and y. 


SOLUTION BY FACTORS. 
3222 If (1) can be resolved into n equations, 


ueni E a a — EU (2), 
and if the complete primitives of these are 
VZC, pic. bod E Uc. 


then the complete primitive of the original equation will be 


(V; —e)( Vi—e) jen (V,—c) —( E 
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Pnoor.—Taking n = 3, assume the last equation. Differentiate and 
eliminate e. The result is 


(V, — V,y (V,— Vj) CV; — V3) dV; d V,dV, — One ere (5). 
By (2), dV, = p (y, —5,) de, &e., where p, is an integrating factor. Sub- 
stitute these values in (5), rejecting the factors which do not contain differ- 
ential coefficients, and the result is 
(Y2—P1) (YP) Y2— Ps) = 0, 
which is the differential equation (1). 


3223 Ex.—Given y+ 3y- +2 = 0. 
The component equations are y,+1=0 and y,+2=0, giving for the 
complete primitive 

(yt+e—c)(y+2e—c) = 0. 


SOLUTION WITHOUT RESOLVING INTO FACTORS. 
3224 Crass 1.—Type $ (v, p) = 0. 


When # only is involved with p, and it is easier to solve 
the equation for « than for p, proceed as follows. 


Rvurg.—Obtain x =f(p). Differentiate and eliminate dx 
by means of dy = pdx. Integrate and eliminate p by means 
of the original equation. 

Similarly, when y ={(p), eliminate dy, &c. 


3295 Ex—Given «= Cx bus, dies d bp eoo (1); 
dx = adp +2bpdp, therefore dy = pde = apdp+ 2by'dp, 
o OF, 8 
therefore y= ae d: eva p 
- Ə 


Eliminating p between this equation and (1), the result is the complete primitive 
(ax + 6by — bc)? = (bay —40?—ac) (à? +4be). 


3226 Crass IL—Type 
vd (p)+yh(p) = xG)»- 

Rvure.—Differentiate and eliminate y if necessary. Tnte- 
grate and eliminate p by means of the original equation. 

If the equation be first divided by (p), the form is 
simplified into 
3227 y = (p) x». 

Differentiate, and an equation is obtained of the form 


4,4- P» = Q, where P and Q are functions of p. 
This may be solved by (3210), and p afterwards eliminated. 
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3228 Otherwise, a differential equation may be formed 
between y and p, instead of between « and p. 


3229 Or, more generally, a differential equation may be 
formed between æ or y and t, any proposed function of p, after 
which ¢ must be eliminated to obtain the complete primitive. 


39230  Clairaut's equation, which belongs to this class, is of 


the form y = pæx+f (p). 
Rurr.—Diferentiate, and two equations are obtained— 
Crew — 0, ad p O t-4-f' (p) = 0. 


Eliminate p from the original equation by means of (1), and 
again by means of (2). The first elimination gives y = ex +f (c), 
the complete primitive. The second gives a singular solution. 

Proor.—For, if Rule I. (8169) be applied to the primitive y = cz 4-f (c), 


we have &-Ff'(c) — 0; and to eliminate c between these equations is the 
elimination directed above, ¢ being merely written for p in the two equations. 


3231 Ex. i Yy = pe+eu Jil +p. 
This is of the form y = wo (p), and therefore falls under (3227). Differ- 
entiating, we obtain zdp--de V/14-p!4- —2° E 
since dy = pda; thus 
il da 


ME ee i24) dite ke en 
Vido. qp E w 2 
in which the variables are separated. 


Integrating by (1928), and eliminating p, we find for the complete 
primitive a*4-5? = Cx. 


3232 Ex. 2- y = p+ VU — ap’. 
This is Clairaut's form (8250). Differentiating, we have 


dp f p = e ? = (D 
dx V (b — ahy) 
The complete primitive is y = cæ + / (b — o?8); 


and the elimination of p by the other equation gives for the singular solution 
ay — be = aU, an hyperbola and the envelope of the lines obtained by 
varying c in the complete primitive, which is the equation of a tangent. 


3233 Ex. 9.— To find a curve having the tangent intercepted between 
the coordinate axes of constant length. 
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The differential equation which expresses this property is 


VM REUS, 
im 


ap 
or zug E a va t nS 1). 
a Em (1) 
: deut : dp 1 a j 
Differentiating gives LE 3g ————Rtpm0..-eeeeseeeeee (25 
g g da (l Tp 
Eliminating p between (1) and (2) gives, 
lst, the primitive ym eco T 3); 
k ; 14d G) 
2nd, the singular solution gà +y? —— m eos (4). 


(8) is the equation of a straight line; (4) is the envelope of the lines 
obtained by varying the parameter e in equation (3). 


3984 Crass III.— Homogeneous in x and y. 
Type uh (4, p) LE 


Rung.—Put y — vx, and divide by x". Solve for p, and 
eliminate p by differentiating y — vx; or solve for v, and 
eliminate v by putting v — X. and in either case separate the 

ps 


variables. 


3235 Ex. y = pete Vl +p. 


Substitute y = vz, and therefore p = v+av,. This gives v = p+ V/1- p. 
Eliminate p between the last two equations, and then separate the variables. 


da Oudv 
x =r l+? 
from which gz (+1) =0 or ay = Cu. 


The same equation is solved in (3131) in another way. 


The result is 


= 0, 


SOLUTION BY DIFFERENTIATION. 
3236 To solve an equation of the form 
i i$ (w, Y, Ye) y (er, UE yj = 0. 
Runr.—JZquate the functions p and y respectively to arbi- 


trary constants a and b. Differentiate each equation, and 
eliminate the constants. If the results agree, there is a common 
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primitive (8166), which may be found by eliminating y, between 
the equations à =a, $ =b, and subsequently eliminating one 
of the constants by means of the relation F (a, b) = 0. 


Ex. &—y yz tf Q^ —y' yz) = 0. 
Here the two equations x-yy, =a, f(y-—yy)-b, 


on applying the test, are found to have a common primitive. Therefore, 
eliminating Yz, we obtain 


fi —(-a)j = v. 
Also, by the given equation, a+b — 0. 
Hence the solution is fiy —(x4 5) zb. 
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n n—1 
3837 Type TUPE E+. E Pug D Puy = g, 


where P,... P, and Q are either functions of æ or constants. 


LEMMA.—1f 44, ys, -.. Ya be n different values of y in terms 
of v, which satisfy (3237), when Q = 0, the solution in that 


case will be y = Cint 6i... ug. 


Proor.—Substitute y, Ya ... y, in turn in the given equation. Multiply 
the resulting equations by arbitrary constants, C, C, ... C, respectively ; 
add, and equate coefficients of P, P,... P, with those in the original 
equation. 


LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS. 
3238 Une OU a-e T Tm Fain- Yet 043 = Q 000004 00€ Qux 
3239 Case I.—When Q — 0. 

The roots of the auxiliary equation 

wam cce ers SU ee ccc a (2) 


being 1%, iis, ... Mp, the complete primitive of the differential 
equation will be 


3240 y = C em p Cem Ege cee cere ees (8). 


If the auxiliary equation (2) has a pair of imaginary roots 
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(a +ib), there will be in the value of y the corresponding 
terms 


3241 Ae** cos ta Bersm Darse REDE 


If any real root m’ of equation (2) is repeated r times, the 
corresponding part of the value of y will be 


3242 (A, =F A wt A jb -+ TU. +- A S| qum ere i 


And if a pair of imaginary roots occurs r times, substitute 
for A and B 1n (3241) similar polynomials of the r — 1*' degree 
ia css 

Proor.—(i.) Substituting y = Ce"* in (1) as a particular solution, and 
dividing by Ce”*, the auxiliary equation is produced, the roots of which 
furnish z particular solutions, y = C, e'^*, y = C,e™*, &c., and therefore, by 
the preceding lemma, the general solution will be equation (2). 


(ii) The imaginary roots a + ib give rise to the terms Ce? '/^z + (oar-ibx. 
which, by the Exp. values (766), reduce to 


(C 4- C^) e cos bz +i (C—O) e sin ba. 


(iii.) If there are two equal roots m, = m, put at first m,=m,+h. The 
two terms Qe 4 Goel hie become e^: (C, + Cye**). Expand elt by (150), 
and put C,--C, = A, Oh = B in the limit when h=0, 0, =œ, C,=—o. 
By repeating this process, in the case of r equal roots, we arrive at the form 


(A, Tr Avo Tr As! Lui A, 10771) emt; 
and similarly in the case of repeated pairs of imaginary roots. 


3243 Case II.—lWhen Q in (3238) is a function of x. 
First method.—By variation of parameters. 
Putting () = 0, as in Case I., let the complete primitive be 
y = Aa 4- DBT Cy 4- &c. ton terms ............ (6), 
a, D, y being functions of e of the form ec”. The values of 


the parameters 4, D, C,..., when Q has its proper value 
assigned, are determined by the n equations 


3244 A,a + D. +ton terms = 0, 


A TEE: F 2 = 0, 
A, tr "dy acer te 89 = 0, 
ds8( 3) a Da Duca 99 xs Q, 


A,, Da, &c. being found from these equations, their integrals 
must be substituted in (6) to form the complete primitive. 
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Proor.—Differentiate (6) on the hypothesis that A, B, C, &c. are func- 
tions of a; thus 


Ja -— (Aas t BBa + doas (A,a-r B, B + wes 


Now, in addition to equation (1), »—1 relations may be assumed between 
the n arbitrary parameters. Equate then the last term in brackets to zero, 
and differentiate y, in all, n—1 times, equating to zero the second part of 
each differentiation ; thus we obtain 
Des = Aa, +BB,  -&c. and Agra +B, +&c. = 0, 
Yoo = Aaa +BB  -&e. and Asas +3B,8, +&c. = 0, 


Yin-12 = Aan- t Bean-a+&ce. and Azam- s Df 2) + Ke. = 0. 
The n quantities A,, B,, &c. are now determined by the n—1 equations on 
the right and equation (1). For, differentiating the value of y(n-1)2, we have 

Yue = (Anas BB, t &c.] + {Artna + Bebu- t &o-]; 
and if these values of Yz; Yr) ... Yng be substituted in (1), it reduces to 
As0.pa BBaajyat &c. = Q, 
for the other part vanishes by the hypothetical equation 
Jaz T Yn-ya2te tary = 0, 


since the values of Yzy ... Yin-ya, and the first part of Yax, are the true values 
in this equation. 


ee ee AE 


3945 Case II.—8Second Method.—Differentiate and eliminate 
Q. The resulting equation can be solved as in Case I. Being 
of a higher order, there will be additional constants which 
may be eliminated by substituting the result in the given 
equation. 


EMEN 00 a Se ——— 
3946  Ex.—Given Yor —TYs t lly mm usse ene (1). 


1st Method.—Putting x = 0, the auxiliary equation is m’—7m +12 = 0; 
therefore m = 3 and 4. Hence the complete primitive ofy;, — 7y, + 12y = 0 


is y = Aui (DS 


The corrected values of 4 and B for the primitive of equation (1) are found 
from 


Ae” + E c S. A,z—ave7* and A= Stirn, 
3 


34,” dp eem 
i 4241 


B,= ze” and B=— 16 e * b. 
Substituting these values of A and B in (2), we find for its complete primi- 
, are Pore 
tive y == ae + be DM : 
3947 9nd Method. You CYat 12y =v ese96009900€0096099999 09909060909 (1). 


3 Q 
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a — 


Differentiating to climinate the term on the right, we get 
Yar — TY + 1295. = 0. 
The aux. equation is m*—7m?--19m?- 0; therefore m = 4, 3, 0, 0. 
Therefore y = Ae* + B+ Ce D ....LLueue errem (2); 
Ys = 4Ae* --3Be* +0; Ya = 164874 9 Be*, 


: : EM dO SEN 
Substitute these values in (1) ; thus C — 193 D= 144! 
therefore, substituting in (2), y = Ae“ + Be” +3 + a as before. 


3948 When a particular integral of the linear equation 
(3238) is known in the form y = f (e), the complete primitive 
may be obtained by adding to y that value which it would 
take if Q were zero. 
: - d : EE : 
Thus, in Ex. (3247), y — ID + may oe particular integral of (1); and 


the complementary part Ae" + Be™” is the value of y when the dexter is zero. 


3249 The order of the linear equation (3238) may always 
be depressed by unity if a particular integral of the same 
equation, when Q = 0, be known. 


Thus, if Yat Py Yost Pa Yet Fey mm Queue eene e 


and if y =z be a particular solution when Q = 0; let y = vz be the solution 
of (1). "Therefore, substituting in (1), 


(2o + Pi t Pate t+ Piz) v+ &c. = Q, 
the unwritten terms containing v,, Voss and v;.. 


The coefficient of v vanishes, by hypothesis; therefore, if we pub v, = t, 
we have an equation of the second order for determining w. w being found, 


(Dien [uda 4- C. 


3250 The linear equation 


(atbe) Ynt A (a bey yo y B latba) yos... 
thy =; 

where A, D, ... L are constants, and Q is a function of x, is 
solved by substituting a+la = c', changing the variable by 
formula (1770), and in the complete primitive putting 
t = log (a 4- ba). 

Otherwise, reduce to the form in (3446) by putting 
a+be = Aë, and solve as in that article. 
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3951 Type F( dy Ëy DEALS 


do gp m 4 
(b qx do? da? 


SPECIAL FORMS. 
3252 F (NJ. Uotns- Jas) — A. 


When the dependent variable y is absent, and Yp» is the 
derivative of lowest order present, the equation may be de- 
pressed to the order n—7 by putting y,, =z. If the equation 
in z can be solved, the complete primitive will then be 


y= NE | 0 (2149). 


3253 Fí(y, Yrar CES e UE = 0. 


If æ be absent instead of y, change the independent vari- 
able from « to y, and proceed as before. 

Otherwise, change the independent variable to y, and 
make p(- y,) the dependent variable. 


For example, let the equation be of the form 
3254 F (y, Yay Yous Yax) = 0 vots06totastótbbeectotsenoteotose (1). 

(i.) This may be changed into the form 

F (Y, ty; Coy, Zay) =0 by (1761, '68, and '66) ; 

and the order may then be depressed to the 2nd by (3252). The solution 
will thus give « in terms of y. 
3255 (ii.) Otherwise, equation (1) may be changed at once into one of 
the form F (Y, P, gy py) = 0, by (1764 and '67?), 


the order being here depressed from the 3rd to the 2nd. Ifthe solution of 
this equation be p = 9 (y, C c;), then, since dy = p dv, we get, for the com- 


"— dy 
plete primitive of (1), G | ——*—- +. 
p ( $ (y, €, Cy) 1 
3256 Ue Fw) 


Integrate n times successively, thus 


y =| Fetar + eo es en 
ne 


484 DIFFERENTIAL EQUATIONS. 


32577 Yor = F (y). 
Multiply by 2y, and integrate, thus 
dy je 2 | F (y) di 2H 
—_)= +e, $—-|——————— tte 
(2 | (y) dy 4- e, | TES 2 
3958 Yna = F lamna] E 


an equation between two successive derivatives. 
Put Ym- ~> then z, = F(z), from which 


If, after integrating, this equation can be solved for z so 
that z = $(«, c), we have 9,4 = 9 (v, c), which falls under 
(3256). 


3959 But if z cannot be expressed in terms of v, proceed as 
follows :— 


dz 
Yin- Z253  Yin-2)s = [ide = e 25 


dz dz 
J(n-s)e = [s lrg” 
Finally, 3 sees dH rem eme 


the number of integrations and arbitrary constants introduced 
being 1—1. 


3260 Yna = F {Y(n-2) 0} . 


Put Ya- = 5; then Za = F(z), which is (9257), the 
solution giving e in terms of z and two constants. If z can be 
found from this in terms of æ and the two constants, we get 


2 OY Yun- F $ (a, Cis Cy)» 
which may be solved by (8256). 


3261 But if z cannot be expressed in terms of v, proceed as 
in (3259). 


DEPRESSION OF ORDER BY UNITY. 
3262 When = F(, Ys Yos as.) = 9 
is rendered homogeneous by considering 


, Ys Yas Your Joss eC. 
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to be of the respective dimensions 1, 1, 0, —1, —2, &c.; put 
a = Ca — 26, WC. 
The transformed equation will contain the same power of e in 
every term, and will reduce to the form 
Oa in, con) OP 
the order of which is depressed by unity by putting z, — w. 


3263 When the original equation is of the 2nd order, the 
transformed equation in » and z may be obtained at once by 
changing &, Y, Ye, Yə into 1, 2,u+s, utuu,, respectively. 
The solution is then completed, as in example (8264). 


Proor.—We have ae YS; 


Ya 48; Yas = e° (Zatz); a6 "(24—2,); and so en. 
The dimensions of 2, y, Yæ &c. with respect to e, are 1,1, 0, —1, —2, &c. 


Therefore the same power of e° will occur in every term of the homogeneous 
equation. 


3264 Fx.: Yon = (y — ty)". 
Making the above substitutions for v, y, Ys, and y2,, the equation becomes 
Zing + 44 = — £s. 
Put z, =u; thus 
WHU —u,- —uu,, therefore w7+1=—u,, mate = -dz, 
a -Fl 


therefore tan^!« = a—z (1985), therefore z, = u = tan (a—z), 
therefore d0 = cot (a—z) dz, therefore 0 = —logb sin (a—z) (1941). 
But 0-logz and z=% 


? 
L 


therefore bæ = cosec (a iL), or bæ = sec (c+ L) 


by altering the arbitrary constant. 


3265 When JA J; Yes Yx E = 0 


is made homogeneous by considering ®, y, j,, Yor, &c. to be of 
the respective dimensions 1, n, n—1, n—2, &c.; put 


ve, = 


and depress the order by putting z, = u, as in (3262). 


3266 When the original equation is of the 2nd order, the 
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final equation between u and z may be obtained at once by 
changing 

L,Y, Yos Yor into 1, 8, une, uu, + (2n —1) u4-n (n — 1) 5, 
respectively. 


3267 Ex: Jr Ue = C PE m0 


With the view of applying (3265), the assumed dimensions of each 
member of this equation, being equated, give 


n—24+n—1 = 1 +n, therefore n = 4. 
Thus z=; y =z"; Ys = e" (42); Yoo = e” (Zat 12, 4- 122). 
Substituting in (1), e disappears; and by putting z,— tw, Z2 = Wz, the equa- 
tion is reduced to 

(u? + 4uz) du + (Vi? + 40uz + 487 —2) dz = 0, 
which is linear and of the 1st order. "This equation is also obtained at once 
by the rule in (3266). 


3268 When Ftp vie ae 
fuda 


is homogeneous with respect to Y, Yes You &c., put y=e `, 
and remove e as before by division. "l'he equation between u 
and æ will have its order less by unity than the order of F. 


3969 Ex: You Dur. I QUESTO aoaaa Ilp 
P and Q being functions of a. 


Here y= a Ya E I V S A) Y 
Substituting, the equation becomes u, +u?’ +Pu+Q = 0, an equation of the 
lst order. If the solution gives u = ọ (æ, c), then fọ (æ, c)de = logy is 
the complete primitive of (1). 


EXACT DIFFERENTIAL EQUATIONS. 


3270 Let dU $(w,y, Ves Your «++ Ynx) de = 0 


be an exact differential equation of the 2" order. The highest 
derivative involved will be of the Ist degree. 


3271 Rur: ror rug Sonvmow (Sarrus).—Integrate the term 
involving yy with respect to yq), only, and call the result U,. 
Find dU,, considering both x «nd y as variables. dU —dU, 
will be an exact differential of the n—1" order. 
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Integrate this with respect to Yq»), only, calling the result 
U,, and so on. 
The first integral of the proposed equation will be 


U= U,+U2+... ee zs. 


3272 Ex.: Let dU = (y! - (2xy —1) y+ yos + ys] de = 0. 
Here U, = Yre, dU, = (ey ys.) do ; 
dU —dU, = (y^ (2zy —1) y,—2y,,] de = 0; 
U,=—ay, AU, = — (Yo + 8Y) dz, dU—dU,—4U, = (y -2ayy,) da; 
therefore Up = a and (i= e m ay = C 
is the first integral. 


3273 Denoting equation (8270) by dU = Vde, the series of 
steps in Rule (3171) involve and amount to the single condi- 
tion that the equation 

N—P,+ Q — Rss t &c. = 0, 
with the notation in (3028), shall be identically true. This 
then is the condition that V shall be an exact 1st differential. 


3274 Similarly, the condition that V shall be an exact 2nd 
differential is 


P—2Q,+3R,,—4S,,+&c¢. = 0. 
3275 The condition that V shall be an exact 3rd differential 


is Q— -3R + TS Zi S 1 — 5 Tio = = 
and so on. [Euler, Comm. Petrop., Vol. viii. 


MISCELLANEOUS METHODS. 


3276 et Eee Oe Uca 


where P and Q are functions of æ only. 
The solution is y — [2 a efo P da)" tide. 


Pnoor. — Put deer and multiply (1) by 2; then, since z, = Pz, 
zuo Po uuu iut .. ape | Qz-* da), &e. 


3277 pea Ay -1-R zc | I) 


where Q and K are functions of y only. 
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The solution is «= j4" ef ge! dydy. 


Qdy 


Pnoor.—Put e ~ = z, and multiply (1) by z. 
° (GH 5 Ji ey es ie ee 0. (24) = 2 | R? dy, &c. 


where P, Q involve # only. 
Put y, = z, and the form (3211) is arrived at. 


3279 Yout Piet Qu? = 0. 
This reduces to the last case by changing the variable from v 
to y by (1763). 


3280 For a few cases in which the equation 

Yet Py+Qyth = 0 
can be integrated, see De Morgan’s “ Differential and Integral 
Calculus," p. 690. 


3281 You = æ+ by. 
Put ae+by = t (1762-3). Result tə = bt. Solve by (3239) 
or (3257). 


3282 (1—4?) y,, — vy, - y = 9. 
Put sin^!z — i, and obtain y;-4-q'y = 0. 
Solution, y = A cos (q sin™ a) 4- D sin (q $in^! æ). 


3283 (1+ 427) y,,+ary,+¢y = 0 
T "u^ 
Put lon i= = i, and obtain y,--g*y = 0 as above. 


3984 Liouville’s equation, ys, f (v) Yst (y) y; = 0. 
Suppress the last term. Obtain a first integral by (3209), and 
vary the parameter. ‘lhe complete pr imitive is 


` f r(y)a (x) d. 
E at dy = A nn wg “de B. 


3985 Jacob?s lheorem.—1f one of the first integrals of the 
equation "ik f(ay uw). 18 wR e)a 50), 
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the complete primitive will be 


fs. (dy—4da) — e. 


Proor.—Differentiating (ii.), we obtain ¢9.+¢¢, = f (x, y), and differen- 
tiating this for c, re + Pepy $y. — 0. But, by (9187), this is the condition 
for ensuring that ¢,dy—9,¢d« = 0 shall be an exact differential; therefore 9, 
is an integrating factor for equation (ii.), y,—9 (a, y, c) 0. 


Equations involving the are s, having given 


3286 ds! = d+ dy or s, =v 14y 


3287 s = ax+ by. 
Here V 1+4 =a+by,. Find y, from the quadratic equation. 


3288 Ha =l. 


Change from s to # by (1763) ; ma —sz5s.,=4, .*. 87° — 2an 


l l 
> +4, = ——— a Q= —1)de+e’. 
BU ceut Ys 2ag -- c' d eee: 1) date 


APPROXIMATE SOLUTION OF DIFFERENTIAL EQUATIONS 
BY TAYLOR'S THEOREM. 


3289 The following example will illustrate the method :— 

Given 7,, cu, ee = ts D aaa). 
Generally, let 7, = 4 ves By) Vase = taris Ona 
But, by differentiation, 

Yarno = (Aut A, + D.) Yat (Ant Br) y; 
EM qoc mou n 
But ED D e sm 
A,— v4+-52, B,-—a--3, &e. 


Now, when «=a, let y = 0 and y, — p; then, by Taylor's 
theorem (1500), 


MAT queda 
y = a+p (x—a)+ (Asp 4- B,D) eo. t (Asp + Bp) eor 
+ &e., 


which converges when e—« is small. [De Morgan, p. 692. 
3 R 
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SINGULAR SOLUTIONS OF HIGHER ORDER 
EQUATIONS. 


DERIVATION FROM THE COMPLETE PRIMITIVE. 


3301 Let Jus = $ Qu VE Yas You eons Yin-1) x) ORAL) CALC TEL 10 (1) 
be the differential equation, and let its complete primitive be 


Yy = n a, b, C eae s) MOM Iu 
containing n arbitrary constants. 


3309 Reiw.—To find the general singular solution of (1), 
eliminate abe ...s between the equations 

y = E Yx = M Yox = fox ..39 Yi-0Dx = lo G50 000 (3) 
and i ine ios ose PIN 


m Is. ‘ines eos fom- ze) (4) 


if: te ior eee im 


The result is a differential equation of the n—1"™ order, aud 
the integral of it, containing n—1 arbitrary constants, is the 
singular solution. 

Proor.—Differentiate (2), considering the parameters a, b ... s variable, 
thus y, = fet fals t... fS. Therefore, as in (3171), 
Yx EXE if ip as + fs de bius Sz = 0, 
T= fa df Jeata ieo Ia e adka = 0, as well; 


and so on up to Yns = faee Eliminating a,, b,, ... s, between the « equations 
on the right, the determinant equation (4) is produced with the rows and 
columns interchanged. 


3303 Ex.: y —23, a a e a) =O aa (1). 
The complete primitive is g= ae A ta A qM MUT eee 


From which Jo UOI TET TU T s 
and tho determinant equation is 

md € ji £M 
dat+ Za, w 


2 
— f v 9 y» = lq ERTEETTETTETT 4 e 
Bee 0 or -F2ba tb ( ) 


D 
md 
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Eliminating a aud b from (2), (3), and (4), we get the differential equation 


Ady + (2 4- 29) de 
Ap eee) a a (0); 
the integral of which, and the singular solution of (1), is 
vV (16y +40? +24) = æv (14-2?) +log fe+ / (1472?)] 4- C. 
[Boole, Sup., p. 49. 


3304 Either of the two ‘first integrals’ (3064) of a second 
order differential equation leads to the same singular solution 
of that equation. 


3305 ‘The complete primitive of a singular first integral of 
a differential equation of the second order is itself a singular 
solution of that equation ; but a singular solution of a singular 
first integral is not generally a solution of the original equa- 
tion. 

Thus the singular first integral (5) of equation (1) in the 
last example has the singular solution 16g 4- 4o? += 0, which 
is not a solution of equation (1). 


DERIVATION OF THE SINGULAR SOLUTION FROM THE 
DIFFERENTIAL EQUATION. 


3306 Ruie.—Assuming the same form (8173), a singular 

solution of the first order of a differential equation of the n^" 

order will make T= infinite ; a singular solution of the 
(n—1) x 

second order will make dw) (Fox) both infinite ; 


a 
Secon) “mae 
and so on. [ Boole, Sup., p. 51. 


3307 Ex.—Taking the differential equation (3303) again, 


Ure inu (duse TRE 
and differentiating for y, and y,, only, 


La? +20 (Ya— 8yo) —2ys] d (i) — (e 4-2 (y,— 2) } d (y.) = 0. 


The condition TA = 00 requires 
d is 3-9 & (Ya — tY) — 2 2z = 0. 
Substituting the value of y,, obtained from this in equation (1), and rejecting 
the factor (2? +1), the same singular integral as before is produced (3303, 
equation 5). 
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EQUATIONS WITH MORE THAN TWO VARIABLES. 


3320 Pde Qty F Rdz — 08... ae 


P,Q, R being here functions of a, y, z, the condition that this 

equation may be an exact differential of a single complete 

primitive is 

3321  P(Q.—R,)--Q (Rt, — P)-- R (P,—Q.) = 0. 
Pnoor.—Let u be an integrating factor of Pde+Qdy+Rdz 20. Then 

—pP dy = pQdytplidz, and, by (9187), for an exact differential, we must 

have (uQ); = (uK), Write this symmetrically for P, Q, and F, differentiate 


out, and add the three equations after multiplying them respectively by P, 
Q, and R. 


To find the single complete primitive of equation (1). 
3322  RurE.—Consider one of the variables z constant, and 
therefore dz — 0. Integrate, and add 9 (z) for the constant of 
integration. Then differentiate for x, y, and z, and compare 
with the given equation (1). If a primitive evists, (z) will be 
determined in terms of z only by means of preceding equations. 

The complete primitive so obtained is the equation of a 
system of surfaces, all of the same species, varying in position 
accomng to the value assigned to the arbitrary constant. 


3393 Ex.: Tissus P EN) dy t@—a) dz 0 eee eee (1). 
Condition (3321) is satisfied; therefore, putting dz = 0, we have 
(e—3y—z) dx+ (2y —82) dy = 0. 
ate (3187), M, = —3 = N,, and integration gives 
42°—Bry—zet+y’+¢ (z) = 0. 
Differentiating now for a, y, and z, 
(w—3y—z) de + (2y — 3x) dy+ {p (z) —a} dz = 0. 


Equating coefficients with (1), $'(z) =z, therefore $(z) = iz C. 
Hence the single complete primitive is 


w+ 2y? Hz — bey — 2ze = O, 
the equation of a system of surfaces obtained by varying the constant C. 


3324 When the equation Pde+Qdy+Rdz=0 is homo- 
geneous, put z— uz, y — vz. The result, when the coefficient 
of dz vanishes, is of the form 


3925 M du 4- Ndv = 0, 
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solvable by (3184). Otherwise it is of the form 
3326 © = Mdu+Nar, 


T 


and the right will be an exact differential if a complete primi- 
tive exists. 


3327 Ex: ya da + ase dy + ary dg = 0... eee (1). 
Condition (3321) is satisfied. Putting 
v= uz yor, de =uda+zdu, dy —vda-radv, 
dz du , dv 


(1) becomes E + 35 Jr ae 


and the solution is log (zuv) = O or ayz= C. 


When the equation 
Por ane drug FETU. (15) 


has no single primitive: 


3828 hn —cdssume p(X, Y, 2) =Q esses (2) 
and diferentiate; thus 

dx ke dye da SO (9). 
The form of $ being given, eliminate z and dz from (1) by 
(2) and (3). The result, being of the form 

Mdx+Ndy = 0, 

can be integrated, and the solution taken with (2) constitutes a 
solution of equation (1), and represents a system of lines (by 
varying the constant of integration) drawn on the surface 


poc. 


3329 Ex: (142m) ede 4- (1 —2) ydy+zdz = 0. 


The condition (3321) not being satisfied, assume +y’ +z = 7? as the 
function ¢, therefore vd»--ydy-Fzdz — 0; and by elimmating z and dz, 
2mdx—ydy = 0, the integration of which gives y'— 4 = C, a cylindrical 
surface intersecting the spherical surface in a system of curves (by varying 
C), whose projections on the plane of xy are parabolas. 


The condition that 
3330 Xdx+YVdy+Zdz+Tdt = 0, 
where X, Y, Z, T are functions of a, y, z, t, may be an exact 
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differential, may be shewn,in a manner similar to that of (5321), 
to be expressed by any three of the equations 
3331  Y(Z-—TO)-Z(T,—Y)c-T(Y,—2,)20, 
Z CT, Ee pum 9 72) e (2 my 
i AT Ya) TA B T, ) E TAE m — 0, 
X(Y,—4,) + Y¥(Z,—X,)+Z (X,— Y.) = 0, 
the fourth being always deducible from the other equations. 


If this condition is fulfilled, the solution of equation (3330) 
is analogous to (3322). 


Integrate as if z and ¢ were constant, and therefore dz and 
dt zero, adding for the constant of integration ¢ (z, t). 

Differentiate next for all the variables, and determine $ by 
comparison with the original equation. 


3332 Ifa single primitive does not exist, the solution must 
be expressed by simultaneous equations in a manner similar 
to that of (3323). 


SIMULTANEOUS EQUATIONS WITH ONE 
INDEPENDENT VARIABLE. 


GENERAL THEORY. 
3340 Let the first of n equations between 54-1 variables be 
Pdr+ P, dyt+P,d2+...4P, dw = 0 .......-.. (D 


where P, P, ... P, may be functions of all the variables. 

Let æ be the independent variable. The solution depends 
upon a single differential equation of the n order between 
two variables. 

Solving the n equations for the ratios de:dy:dz:&e., let 


du m RE CM 

Q B Q, a Q aii Qe 
dy Q oQ dw Q, 
Ww OL IEEE de Q’ 


Differentiate the first of these equations ?—1 times, substi- 
tuting from the others the values of 2, ... Ws, and the result 
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is & equations in J,, Yor Yuz» and the primitive variables 
Deine atl: 

Eliminate all the variables but x and y, and let the differ- 
ential equation obtaimed be 

F (8, y, You «++ Yar) = 0. 

Find the n first integrals of this, each of the form 
F(a, y, 9], «> Yn-y) 2) = C, and substitute in them the values of 
Yos Yous ++ Ynxgy 1n terms of x, y, 2 ... w, found by solving the w 
equations last mentioned. Thus a system of n primitives 
is obtained, each of the form F(a, y, 2... w) = C. 


3341 The same in the case of three variables. 
Here n — 92. Let the given equations be 
Pidat+Q ıdy+R,dz = 0, 
P dx+ Q:dy+ f, ds = 0. 
lo lez 

3342 Theretoro p a= REDE DO EU, 
Brom these let y, 2 9 (27,9; E). 2. =v @, y. 2). 
Therefore Yon =a + Qu Ue oe oar 


Substitute the value of z,, and eliminate z by means of 
J»-—9(5 7,2). An equation of the 2nd orderin s, y, Vus fas 
is the result. Let the complete primitive of this be 
y= (2, a,b). Then we also have $ (5, y, 2) = dex (ane) 
These two cquations form the complete solution. 


FIRST ORDER LINEAR SIMULTANEOUS EQUATIONS WITH 
CONSTANT COEFFICIENTS. 


3343 In equations of this class, the coefficients of the 
dependent variables are constants, but any function of the 
independent variable may exist in a separate term. 

Such equations may be solved by the method of (3340), 
but more practically by indeterminate multipliers. 


3344 Ex. (1): s» +7xz—y = 0, DJ Ba Sy = 0. 

Multiply the second equation by i» and add. The result may be written 
d(e-Emy) , ro T mm ? = ] 
mm. FSi) te erage = Le e svies (Ow 
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To make the whole expression an exact differential, put c =m. This 
allt 


: —l +: —]—: 
gives m zm —U anum ETT EE 
E 2 


(1) now becomes Tetu) +(2m+7) (& +my) = 0, 


and the solution is amy = ce^?"*?* and a+m’y ce om t 
Solving these equations, and substituting the values (2), 
iy = cet Dt etg 6-06 — e7™ | (e—c') cost—i(e+c) sin tj, 


ie = ev { (et JE ete) cos £+ (i Vene ) sin t 


or y m e" (Ücost—Ü' sint), æ= je {(C+C’) cost + (C— C) sint]. 


3345 Ex. 2: a tõ ty =e, y,+3y—a = e". 
Multiply the second equation by a, and add to the first 


dO na) +(5—m) {w+ ped = e 


Put LE9m prm 


= m, thus determining two values of m, and put + my = z; thus 
at =. z = et -me", This is of the form (3210). 
Nore.—The equations of this example, written in the symmetrical form 


of (83i vould pe | io MEDI 
eí—5r—y ee +a—3y 


3346 General solution by indeterminate multipliers. 
IP do _ dy _ dz 


be given with 
P, = aye bread, 
P, 2 aad bay M ez d ds; 
P = aged sy +e 47 d. 
Assume a third variable ¢ and indeterminate multipliers J, m, n such that 


dt — ldem dy 4udz | Idxe+imdytndz 


= LIL—————— — 


t IP, +mP,+uP, ANE Rar) 7 PRENNE 


The last fraction is an exact differential, and, to determine A, J, m, x, r, 
we have 


a4 l-4- a0 d- a4 = Al, dj —AÀ ne üg | 
b, Ur b mt ban = An, b, b—A b [ems 
e, UE e mte n = An, 6 C3 €s—A 


dl+d,m+dgn = Àr, 
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The determinant is the eliminant of the first three equations in l, m, n. 
The roots of this cubic in A furnish three sets of values of l, m, n, r, which, 
being substituted in the integral of (1), give rise to three equations involving 
three arbitrary constants; thus, 


L il 
Gt = (Læe+ my tme tn), ct = (l + my +i +r)", 
1 


cgt = (La + muy +n + ra) ^s. 
Eliminating #, we find for the solution two equations involving two 
arbitrary constants. 
A similar solution may be obtained when there are more than three 
variables. 


dy we . dz 
334" To solve Pe pet pum apa Ac NUI 


where P=aetbyte, Pyp=aetbyta, &e. 


Assume pa=attbnte, peasthnteZ, o. 


and take ee TES ee (2), 


the solution of which is known by (8346). Substitute €= a7, » = yé, and 
these equatious become 


Pi Ps p 
and therefore E SL He 

D UD 
Dividing numerators and denominators by Z, the first equation in (1) is pro- 
duced, and therefore its solution is obtained by changing & n in the solution 
of (2) into «4 and yé. 


Certain simultaneous equations in which the coefficients 


are not constants may be solved by the method of multipliers. 
Thus, 


3348 Ex (1): 2%,4+P(aetby)=Q, yo P (dw Vy) = R, 
P, Q, R being functions of ¢. Multiply the second equation by m, add, and 
determine m as in (3344). The solution is obtained from 


amy = erm a (ote dQ 4 mk) dt}, (3210) 
with two values of m. á 


2 
3349 XQ eri G-y-1 y+} @+oy) =! 
are equations solvable in a similar manner, and the results are 
E e ee " = "rds 
euet rp euet) 


5 
[Boole, p. 307. 
3 8 
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REDUCTION OF ORDER IN SIMULTANEOUS EQUATIONS. 


3350  TuronEw.—2 simultaneous equations of any orders 
between n dependent variables and 1 independent variable are 
reducible to a system of equations of the first order by sub- 
stituting a new variable for every derivative except the 
highest. 


3351 The number of equations and dependent variables in 
the transformed system will be equal to the sum of the indices 
of order of the highest derivatives. "This will, therefore, in 
general be the number of constants introduced in integrating 
those equations. If, after integrating, all the new variables 
be eliminated, there will remain » equations in the original 
variables and the above-named constants. These equations 
form the complete solution. 

In practice, such reduction is unnecessary. The following 
are methods frequently adopted :— 
3352 Rute I.—Differentiate until by elimination of a vari- 
able and its derivatives an equation of a higher order in one 
dependent variable only is obtained. 


3353 Rove IL.— Employ indeterminate multipliers. 


3354 Ex. (1): Yo, = aw Hby, Yor = wgs by. 
By Rule I., differentiating twice for ¢ and eliminating y and y», we obtain 
vu— (atb) vat (ab —a'D) x = 0, 
which may be solved by (3239). 
Otherwise by Rule II., exactly as in (8344), we find 
an? 4- (a — t) m—b = 0, 
and for the exact differential l 
(2 4- my), = (a tma) (e +my), 
the solution of which, by (3239), is 
atmy = Ce V (a mat 4 Qe" Via+marye 


in duplicate with the two values of m. 


3355 Ex. (2): ay—2ay,+be 20, yu 2as4-by = 0. 
Differentiate, and eliminate y, y; Ya; thus 
ay+2 (2a? +b) zut bw = 0, 
and solve by (3239). Otherwise assume 
æ = Ecosat+ysinat, y = ņ cos at —ġ sin at, 
and the given equations reduce to 
b, = — (a° +b) È, Ma = — (a° +b) n, 
which are solved in (3257). [Boole, p. 311. 
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3356 Ex. (3).—Let u = 0, v= 0, w = 0 be three equations in c, y, z, é, 
involving derivatives of t up to 25, Yen Zu 

To obtain an equation between c and ¢. Differentiate each equation 
6+7 = 13 times, producing 3+13 X 3 = 42 equations involving derivatives 
of t up to Zien Vis; Zæ Between these 42 equations eliminate y, Yg ... Yists 
Z, £j, ... Z209 In all 41 quantities, and an equation of the 16th order in æ and ¢ 
is the result. [De Morgan. 


3357 If a number of equations involve the quantities æ, ay, 
Cyes SC, Yrs Your Ysy TC., all in the first degree, these quantities 
may be eliminated by assuming 


v = Lsinpt, y= M cos pt. 


3358 If there be n linear homogeneous equations in n vari- 
ables a, y, 2, ... and their derivatives of the 2nd order only, 
the equations may be solved by putting 


v=Dsnpt, y= Msinpt, z= Nsinpt, &e. 


Putting € = J) sin pt, y = Msin pt, 
o atp, b |=0 
, Du] | ese) 


gb (ftp)M-—0 g, ftp 
p and the ratios LZ: Af are thus found. 
Suppose L--—kb and M= k(p +a), 
then y = —kb sin pt, y = k (p+ a) sin pt, 


and k and £ are arbitrary constants. 


PARTIAL DIFFERENTIAL EQUATIONS. 


3380 An equation is termed a general primitive or a com- 
plete primitive of a partial differential equation, according as 
the latter is obtained from it by eliminating arbitrary functions 
or arbitrary constants, as illustrated in (3150-7). 


LINEAR FIRST ORDER P. D. EQUATIONS. 


3381 To form the P. D. equation from the primitive 
u = $ (v), where v and v are functions of z, y, z. 
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Rute.—Differentiate for x and y in turn, and eliminate 
$ (v). See (9054). 
Otherwise.—Differentiate the equations u=a, v=b; thus 
wede mady 41 waz = 0; 
v,dx+v,dy+v,dz = 0. 


; Oe 2 WY d cr PS 
Therefore ee) ea where P ác. 
Then the P. D. equation will be 
Pz, 4-Qz, =R. 


Proor.—Since z is a function of æ and y, z,dz -z,dy = dz. But de — EP, 
dy = kQ, dz = kR, therefore kPz,+kQz, = kk. 


3382  Ex—The general equation of a conical surface drawn through the 
; : y= ( ae) 
point (a, b, c) is "RS ó "-— 
the form of ¢ being arbitrary. 
Considering z as a function of two independent variables e and y, differ- 
entiate for æ and y in turn, and eliminate ¢ as in (8154). The result is the 
partial differential equation 


(w—a) z, - (y—b) z,-&—c = 0. 


3383 To obtain the complete primitive; that is, to solve 
the P. D. equation, Pz,+Q2, = R, 
P, Q, & being either functions of æ, y, z or constants. 


Rutz.—Solve the equations 


OS Gy ee 
I. R 
Let the two integrals obtained be u=a, v=b; 
then uot) 


will be the complete primitive. 


Propositions (3381) and (8383) extended to any number 
of variables. 
3384 To form the partial differential equation from the 
primitive ACA, c0 = a a (0). 


where «u,v, ... w are n given functions of n independent vari- 
ables x, y, ... and one dependent t. 
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Rursg.—Differentiate for all the variables thus, 
a y E... re, dw =O Ec 


Therefore, since $ is arbitrary, du,dv ... dw must separately 
vanish, giving vise to the n equations 


du = u, dx +u, dy + ^D +u,dt == 0, 
dv = v dx +v, dy +... +v dt = 0, 


dw = wdx +w,dy +... +w dt = 0. 


Solving these for the ratios, by (583), we get 


Cee Ot m MR 
pg eg o g es B) 


P, Q ... R, S being functions of the variables or else constants. 
Now, t being a function of all the rest, 
t, dx J- 5, dy +... t,dz = dt ... esses (4), 
therefore, by (3) and (4), the partial differential equation 
required is 


3385 Pt,+Qt,+...4 Rt, = S. 


3380 If u,v... w be n functions of n variables, «, y ... t, the 
condition of interdependence of the functions or existence of 
some relation expressed by equation (1) is J(u, v ... w) = 0 
(see 1606) ; that is, the eliminant of equations (2) must vanish. 


3387 Conversely, to integrate the partial differential equa- 


tion Pt,4- Qt, 4- ... PRE, 2 S eee (1) 
Roure.—Solve the system of ordinary equations 
DM eM 3 


Dare hs 
and let the integrals obtained be u =a, V=b, .. W=k; 
then (u,v, ... w) =0 will be the complete primitive. 
If P,Q... R, S are linear functions of the variables, the 


integrals of equations (2) can always be found by the method of 
(3846). 
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Notr.—Suppose, in equation (1), that any coefficients P, Q 
vanish; then, by (2), de = 0, dy = 0, and therefore the cor- 
responding integrals are «=a, y =b. The complete primi- 
tive thus becomes 

p (25 DLE 


3389 When only one independent variable occurs in the 
derivatives of the partial differential equation, the equation 
may be integrated as though the others were constant, adding 
functions of the remaining variables for the constants of 
integration. 


3390 (Ex. 1): £ = Fas Integrating for z as though y were con- 
t y — y 
stant, the complete primitive is 


pee Sc EH 
z= y sin? +o(y). 


Some equations are reducible to the above class by a transformation. 
Thus: 


3391 Ex. (2) : Rey = w+ y. Put Zp =U, 


therefore u, = «* y, therefore u = z, = xy iy (a), 
therefore z = bay ey + fẹ (9) ded y (y), 
or z = $ y bey) x G)T V (y). 


3399 Ex (3): (a — a) z,J- (y —b) z, = e—. 
Solving by (3283), ME = 
The integrals are 

log (y—b) —log (z—a) 

log (z— c) —log (w—a) 
Sevens estes 9 (=) is the complete primitive. 
v—a v—a 

For the converse process in respect of the same equation, see (3382). 


E. y—b _ gc 
log € )' E wea d “—a a 


3393 Ex. (4).—To find the surface which cuts orthogonally all the 
spheres whose equations (varying a) are 


todo source HUE I MBs oc (I: 
Let ¢ (x, y, 2) — 0 be the surface. Then 
(e—a) 9. ypy t 2$. = 0 
by the condition of normals at right angles. Substitute the value of a from 
(1), and divide by ¢,; thus, 


(a? —!— 23) z, + 9ayz, = 2zz. 
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dx _ dy _ di 


= = 
y—4'—2 Qry 2x 


By (3383), 


guide gives ¥ = e for one integral. 
y a @ 


Substituting y = cz, we then have 
de de 
gi—(d--1)23 e 
which, being a homogeneous equation in x and z, may be solved by putting 
Hyt 


z = væ (8186). The resulting integral is = C. Hence the com- 


2 24 2 
plete primitive is d -— (+) and the equation of the surface sought. 


3394 Ex. (5).—To find an integrating factor of the equation 
(45y-—2y*) dat (ey —9a*) E (1). 


Assuming z for that factor, the condition (Mz), = (Nz), (3087) pro- 
duces the P. D. equation 


(ay? — 22^) z, + (2y* —)y) zy = 9 (a9 —y*) a... eee (3x 
'The system of ordinary equations (3283) is 
LONE EN dz 


ay —25  9y'—-.2y Q9(e—y)z 
The first of these equations is identical with (1) (and such an agreement 


5 . au 4 
always occurs). Its integralis — + Y =e, 
B " as 


die 4- o da, dz 
l cM m 
Ao ey!—92aty +2xy*— ay 9 (à —3)2 


which reduces to ode + 3dy + de oF 
g y z 
and thus the second integral is a^y^; = c. 
Hence the complete primitive and integrating factor is 
H a 1 
= yy? (si) 


Any linear P. D. equation may be written as a homogeneous 
equation with one additional variable; thus, equation (3387) 
may be written 


3395 Pu, + Qty +... + Bu, = Bu, 


SIMULTANEOUS LINEAR FIRST ORDER P. D. EQUATIONS. 


3396 Pror. L.—The solution of such equations may be made 
to depend upon « system of ordinary 1st order differential 
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equations haring a number of variables exceeding by more than 
one the wumber of equations. 

Let there be n equations reduced to the homogeneous form 
(3395) involving one dependent variable P and +m inde- 
pendent. Select n of the latter, v, y ... z, and let the remaining 
m be én... l. From the » equations find P,, P, ... P, in 
terms of P, P,... Pa, and arrange the results as under: 


Pa Ptb P, ... +4, P, = 0 
P + aP +b: P, ses TP, I d E ue ee (ic 


PaF a, PT 0, P, ... thy P, = 0 
Multiply these equations by Ai, X,, ... A, respectively, and add; 
thus, 
AP, XD, ... -X,P, HE (Aa) P+ X (Ab) P, ... HEAL) P, = 0 
EA (2). 


From this, as in (8387), we have the auxiliary system 
de _ dy | dz  d& _ dm dá (3) 


ee vam A 
and, by eliminating Aj, Ay ... À,, 


d£ — a de —asdy ... —a, dz = 0 
dy — b, da —b,dy ...—b, dz = 0 DENN (au 


dé — kde — hady ... — hk, dz = 0 


Then, if «=a, v — b, &oc. be the integrals of (4), they 
will be values of P satisfying the equivalent system (1), and 
the integral of that system will be F(u, v, ...) = 0. 


3397 Pror. IL.—To integrate a system of linear lst order 
P. D. equations. | 

Let A= ad, thd, ... +hd,, 
so that AP = 0 represents a homogeneous linear P. D. equa- 
tion of the Ist order. 

Rune.— ‘Reduce the equations to the homogeneous form (1); 
express the result synbolically by 

AP-—0, A,P=0, .. A,P=0, 
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and examine whether the condition 


is identically satisfied for every pair of equations of the system., 
If it be so, the equations of the auxiliary system (Prop. I) will 
be reducible to the form of exact differential equations, and 
their integrals being u =a, v =b, wo, +, the complete 
value of P will be F(u, v, w, ...), the form of F being 
arbitrary. 

“ Tf the condition be not identically satisfied, its application 
will give vise to one or more new partial differential equations. 
Combine any one of these with the previous reduced system, and 
again reduce in the same way. 

“With the new reduced system proceed us before, and continue 
this method of reduction and derivation until either a system 
of P. D. equations arises, between every two of which the above 
condition is identically satisfied, or, which is the only possible 
alternative, the system P, — 0, P, — 0, ... appears. In the 
former case, the system of ordinary equations corresponding to 
the final system of P. D. equations, will admit of reduction to 
the exact form, and the general value of P will emerge from 
their integrals as above. In the latter case, the given system 
can only be satisfied by supposing P a constant.” 


3398 “Ex: P,+(t+ey+zrz)P:+(y+z—83x) P, = 0, 

Py+ (wat-+y —ay) P. («t —y) P, 0. 
Representing these in the form A,P—0, A,P=0, it will be found that 
(A,A,—4,4,) P = 0 becomes, after rejecting an algebraic factor, «P, -- P, — 0, 


and the three equations prepared in the manner explained in the Rule will 
be found to be 


P,+(3e+1) P,=0, P,+yP,=0, P.ERP.-0. 
No other equations are derivable from these. We conclude that there is but 
one final integral. 
* To obtain it, eliminate P,, P,, P. from the above system combined with 
P,dex+P,dy+P,dz+P,dt = 0, 
and equate to zero the coefficient of P, in the result. We find 
dz—(t+8z2") dæ —ydy —adt = 0, 


the integral of which is z—at—a—hly =e. 


“ An arbitrary function of the first member of this equation is the general 

value of P.” [ Boole, Sup., Ch. xxv. 

For Jacobi's researches in the same subject, see Crelle’s Journal, Vol. Ix. 
9T 
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o a a: 


NON-LINEAR FIRST ORDER PARTIAL DIFFERENTIAL 


EQUATIONS. 
3399 Type Pie fey) Ones. sos eee 


Cuarpits’s Sonvrion.— Writing p, q instead of z, and Zy, 
assume the equations 


oa D 


de gyn bL dp. (g 
mr q—pd» qt PY 

Find a value of p from these by integration, and the corres- 
ponding value of q from the given equation, and substitute iu 
the equation 

dz = pde-4-qdy. «t TEE 


aud integrate by (3322) to obtain the final integral. 


Proor.—Since dz = pda +qdy, we have, by the condition of integrability, 
Py = 4. Express p, and g, on the hypothesis that z is a function of 2, y; 
p a function of x, y, 2; q a function ofa, y, 2, p ; considering x constant when 
finding p, and y as constant when finding ge.  Equating the values of p, and 
4, 80 obtained, the result is the equation 

Ap Dp, ss Cp. — JID); 

musiche D. CO. D stand for —¢,, 1y G= CeT 

Hence, to solve this equation, we have, by (3387), the system of ordinary 
equations (2). 


3400 Nore.—More than one value of p obtained from equations (2) may 
give rise to more than one complete primitive. 
The first two of equations (2) taken together involve equation (3). 


DERIVATION OF THE GENERAL PRIMITIVE AND SINGULAR 
SOLUTION FROM THE COMPLETE PRIMITIVE. 


Rurz.—Let the complete primitive of a P. D. equation of 

the 1st order be 

y pce deb) esac. alee e EET 
3401 The general primitive is obtained by eliniuating a 
between Hc tix, MS $a) qud f = 05... AP 
the form of » being specified at pleasure. 
3402 The singular solution is obtained by elimiuating a aud 
b between the complete primitive and the equations 

f= Ogi... ee. 
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Proor.—By varying a and b in (1), 
p zu q = d ups 


Therefore, reasoning as in (3171), we must have 


frtrtfrb, = 0 and f,a,4-. 5 5,— O OT CU 
therefore either f, = 0, f, = 0, leading to the singular solution; or, elimi- 
nating fa, fos a,b,—a,b, = 0, i 


and therefore, by (3167), b = ¢ (a). Multiply equations (8) by dv, dy re- 
spectively, and add, thus f,da+f,db = 0. Substitute b = ¢ (a) in this and 
in (1), and the equations (2) are the result. 


SINGULAR SOLUTION DERIVED FROM THE DIFFERENTIAL 
i EQUATION. 


3403  Rurr.—Elüininate p and q from the differential equa- 
tion by means of the equations 
Ae Nna A 
Proor.—Let the D. E. be z = f (x, y, p, q), and the C. P. z = F(a, y, a, b). 
Now p and g being implicit functions of a and b, we have, from the first 
equation, fig = 2o Ra | Zalo % = rPe 3d 


Hence the conditions z, = 0, z; — 0 in (3) involve, and are equivalent to, 
En = 0, E50 


3404 All possible solutions of a P. D. equation of the ist 
order are represented by the complete primitive, the general 
primitive, and the singular solution. [Boole, p. 343. 


3405 To connect any given solution with the complete 
primitive. 

Let z= F(z, y,a,b) be the complete primitive, and 
z = (2, y) some other solution. 

Determine the values of a and b which satisfy the three 


equations ey 10 — E oe 


If these values are constant, the solution is a particular 
case of the complete primitive; if they are variable so that 
one is a function of the other, the solution is a particular case 
of the general primitive ; if they are variable and unconnected, 
the solution is a singular solution. 


3406 Cor.—Any two solutions springing from different 
complete primitives are equivalent. 
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3407 Ex: zr UU pg eeeetsties mesi s SE DEED (QU 
By (3299), SEE eee M (2), 
and we have C= m ug CE ; 
C= 4-Ph = ALS D = 4.+79:= TIU -0 


3 2 
Hence (2) becomes (pty) de = dy = C ii = UE 
jy +2 9pz-Fyz—p« O0 


o dp =Q DS q cm piss Substituting in dz = pde t qdy, 
le dad. c qusc ETE 8). 
i a (3) 
By (3322), maki tant, 24% 4 49 — 
y (3322), making z constant, A d m : 
therefore —log (z—a2) --log (a-Fy) = $(2) vecccrcsscceeeneneens (4). 


Differentiate for ce, y, z, and equate with (3), thus ¢’(z) = 0, therefore 
$ (z) = constant (say —log b); therefore, by (4), z = a«-F by ab, the C. P. 
2501): 


of (1) 
3408 To finda singular solution by (3402), we must eliminate a and b 
between z,=0, 2,=0; thatis, e+b=0 and y+4 = 0, 
therefore g = — vy — y toy = — try 
is the singular solution. 

To find the general primitive by (3401), eliminate a between the two 
equations z = av+(y+a) 9 (a) and e-F (y a) 9' (a) - 9 (a) — 0. 


NON-LINEAR FIRST ORDER P. D. EQUATIONS WITH MORE 
THAN TWO INDEPENDENT VARIABLES. 
3409  Pnor.—To find the complete primitive of the differ- 
ential equation 
"Tue a ees Vas Spi Pe 066 Pr) = 0 S56 GHG OOO 606 Ge 


dz dz : 
3 P 2 = E & C [] 
an, 


where ime 


3410  Rurz.—/orm the linear P. D. equation in denoted by 
lE dFidb dF /dẹ d 
(end? OE 
f w ep dp dp o dz 
the summation extending from r=1 to r=n. From the 
auxiliary system (3387) n—1 integrals 


$, = by, ®, = (ly, eae $, 1 = Oui 
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may be obtained. From these equations, together with (1), find 
Pis po. Pn i terms of xi, Xz... Xp, substitute the values in 
dz = preset, 1X5... e padxs 


and the integral of this last equation will furnish the solution 
required in the form 


E( Kay My oe Mug 2,8) Agen Qn) == e 
[ Boole, Diff. Fq., Ch. xiv., and Sup., Ch. xxvii. 
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3420 Type F (a YJ, S5 Ses Sy Sav Rays Kay) == 9. 

The derivatives 245 2p oan ey) are briefly denoted by 
p, q, 7, 8, t respectively. 

z being a function of the two independent variables 2 and 
y, the following values are of frequent use 


3491 dzs=pde+qdy; dp=rde+sdy; dq = sdx+tdy. 


If u be any function of e, y, and z, the complete deriva- 
tives of u are indicated by brackets, thus 


3422 TA) = Uy ieu (w,) = 1, + qs. 


A linear 2nd order P. D. equation is of the type 
3423 Perosti e= V ct Gi 


in which £, S, T, V are functions of v, y, 2, p, 4- 


PnoPosrrioN.—Any P. D. equation of the 2nd order which 
has a first integral of the form u = f(v), where u aud v involve 
t, Ys 2, p, q, 18 of the form 


3424. Rr+Ss+ Tt4- U (rt —$9) = V...............(2), 
where R, S, T, U, V are functions of 2, y, z, p, q, and 
3495 U= Ut T Ug Up ee Hn (3). 


Proor.—Differentiate u = f (v) for x and y separately, considering a, y, z, 
p, q all involved in v and v, and eliminate f'(v). The result is equation (2), 
with the values 
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9496 ah —u(n-—(1v auimve)-—(u)y, 
uS = v, (n) 3) y — Ug Qu) + (Cy) ta 

pU — wv —uv, BV muy) (Qu), 
with the notation (3422), u being an undetermined constant. 


3427 Cor.—The condition to be fulfilled in order that 
equation (1) may have a first integral of the form u = f(v) is 


uU, —u, v, = U. 


SOLUTION BY MONGE'S METHOD OF 
3498 Rr-4-Ss-- Tt = V. 
Rvrs.—]1Vr?te the two equations 
iy =S dudy Tda? — 0 c LU 
Rdpdy— Vdady-A- Tdq de = 90...............(2). 
Resolve (1) into its factors, producing the two equations 
dy—m,dx —0 and dy—m,dx = 0. 
From dy =m,dx and equation (2) combined, (f necessary, 
with dz = påx+qdy, find two Ist integrals u=a, v=b; 


then u = f(v) will be one lst integral of the given equation. 
Similarly from dy = m,dx find another 1st integral. 


3429 The final 9nd integral may be found from one of the 
Ist integrals by Lagrange’s method (3383). 


3430 Otherwise, determine p and q in terms of æ, y, z from 
the two 1st integrals; substitute in dz = p dæ+ q dy, and then 
integrate by (3322) to obtain the final integral. 


9431 If equation (1) is a perfect square, there will be only 
one Ist integral, and Lagrange’s method only is appheable. 


Proor.— By (3427) we may put g = mu, Vg = Mvp; and also 
dz = pda+qdy (9321) in the complete derivatives 
(du) = urde uy dy d u,dz-u, dp &,dq = 0, (dv) = &e. = 0; 
< by (8822) (uy) de + (uy) dy tu, (dp tmdg) 20) M (3) 
(v,) det (vy) dy-Fv, (dptmdg) 200 7 7 77 
Solving these equations for the ratios dw: dy : dp mdqg, we obtain at once 
da = dy o ida = mdu ES dp +mdq 
qt S JE y 
with the values of Jt, S, T, V in (3426). 
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Equations (1) and (2) are the result of eliminating m from (4). These 
two equations with dz =pdx+qdy suffice to determine a first integral of 
(3428) when it exists in the form « = f (v). 


3432 Ex. (i): q(14-g) r— (pF qo 2pq) stp (itp) t — 0. 


Solving the quadratie equation (1), we find 


pdetqdy =0, or (l+p) de+(1+q) dy = 0 ............... (o). 
First, dz = pde+qdy = 0, Cow 
Monge's equation (2) is. qg(1+q) dpdy +p (1-F p) dqdx = 0, 
which, by pdx = —qdy, gives Be = Er and, integrating, a = 
Hence a first integral is -ns O E UU Lees (6). 
lg 


Next, taking the second equation of (5) with 
dz =pdetqdy, de+dy+dz=0, ~v. etyte= [s 
Also, by (5), equation (2) now reduces to gdp = pdq, and by integration, 
p = qD; therefore the other first integral is p = quy tz). 
For the final integral integrate p—qd = 0; ie. z,—12, = 0, by (9383) ; 
dy dz dao 4- dy 4- dz 
=, . 2 — A, and da meet 
b(@tytz) 0° oom SST Geo) 
d (o4 y +z) > 
golpe SS ay ee 4 
(eta (oos 
Hence the second integral is «—f(a+ty+z) = F (2). 


DEus 


3433 Ex, (1.) i Za mU = 0. 
G) Here, m C Ra SS 2 =o 7 — 0; theretores n 
and (2) become dy?—a'dz? = 0, dpdy—adqdz = 0. 


From (1) dy+ade=0, giving y+av =c, and eonverting (2) into 
dp+adq = 0, whieh gives p+aq = c; therefore a first integral is 


peon = ust au jose Mu E (3). 
Similarly, from (1), dy—adz = 0 gives rise to another first integral 
pog cm) eee E (4). 


Eliminating p and q by means of (3) and (4) from dz = pde--qdy, we find 
dz = (2a) (9 (y +az) (dy 4- ada) —y (y —a«) (dy —ad«)], 
therefore, by integrating, z = (y az) 4- Y (y—az). 
For the symbolie solution of the same equation, see (3566). 


SOLUTION OF THE P. D. EQUATION. 
3434 Rr+ Ss4- Ti+ U (rt —$) = V... ues. 
Let i, ii be the roots of the quadratic equation 


3435 m RTE pem c2 
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Let u,— 4, c — b and w= uw, v, — U' be respectively 
the solutions of the two systems of ordinary differential 
equations. 

3436 Udp = mdy—T de Udp = mdy — a 
U= ran (3), Udy = mde —Rdy ; (4). 
dz = p de+ qdy dz = pde + hon 
Then the first integrals of (1) will be 
uf D ues): 
To obtain a second integral : 


3437 1st.—When m,, m, are unequal, assign any particular 
forms to f, and f, then substitute the values of p and q, found 
from these equations in terms of » and y, in dz = pde-d- qdy, 
which integrate. Otherwise, assign the form of one only of 
the functions f, f, involving an arbitrary constant C, solve 
for p and q, and integrate dz = pdx+qdy, adding an arbitrary 
^ function of C for the constant of integration. 


3438 ?2ndly.— When m, m, are equal, and therefore, by (2), 
SS? =A (PTEE (5). 


Equations (3) and (4) coincide, and, since m = $5, 
reduce to 


3439 Udp zs 18 dy Dde eL 
Uda = 48 de= Neg. 
de — p det gay ea ESI 


Here p, = y», and therefore the last equation is integrable 
if the values of p and q, obtained by integrating (6) and (7), 
be substituted in it. Let u=a, v=b be the integrals of (6) 
and (7); and let (minds b.e) looo RENS 
be the integral obtained from (S). 

The general integral is found by making the parameters 
a, b, c vary subject to two conditions b =f (a), e = F (a); 
that 15, by differentiating 

z= ofa, y, a, f(a), P(a); 

for a, and eliminating «. 
3440 The general integral therefore represents the envelope 
of the surface whose equation 1s (9). 
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Proor.—(Boole, Sup., p. 147.) Assuming a Ist integral of the form 
u = f (v), eliminate » and v from equations (5126) by multiplying (i.) by 
(Uz) tg, Gi.) by (uy) Up, Gv.) by (tte) (ay), (v.) by Upita, and adding. Again, 
eliminate u and v by multiplying (i.) by (te), (ii.) by (^, Gii.) by (tts) (uy), 
(v.) by (us) upt (ty) g and adding. The two resulting equations are 
R (tg) tat T (tty) Up— U (tz) (ty) + Vip tg = 0 
PR (uz) + § (uz) Qu) T T (o) PAO) aa (ty) Ug} =0) 
Multiply the 2nd of these by m, divide by V, and add to the lst equation ; 
the result is expressible in two factors either as (11) or (12), 
$ R (u) Fon (uy) F SP ev S HE (0) o S0 cene Dy 
{R (u) +m, (ty) + Vu, {m (t) +T (tty) + Vu4] m 0 ......... (12), 
M, M, being the roots of the quadratic (2). By equating to zero one factor 


of (11) and one of (12), we have four systems of two linear Ist order P. D. 
equations. "Taking each system in turn with the equations 


(us) Hrup 4-8, = 0, 
(u,) T-5u, tin, = 0, 


and eliminating (Us), (Uy), Up Uy we have the de- H m, V O 
terminant annexed for the case in which the lst | m, T 0 y 
factor of (11) and the 2nd of (12) are equated to 90 0 2958 s 0, 
zero. In this case, and also when the 2nd factor Wwe. ^ | 

| 


of (11) and the lst of (12) are chosen, trans- 
posing mi, M in the determinant, the eliminant is equivalent to 


V {Rr+ Ss TEHU (ri —9) —V) = 0, 
having regard to the values of mm, and m +m, from (2). 
When the 1st factor of both (11) and (12) is taken, the 2nd order P. D. 
equation produced by the elimination is 
Vt—R(rt—8) = 0, 
and when the 2nd factor of each is taken, the elimination produces 
Vr—T (rt —$) = 0. 


Hence the hypothesis of a lst integral of (1), of the form « = f (v), 
involves the satisfying one or other of the systems of two simultaneous equa- 
tions, (13) or (14), below: 


R (uz) + iy (uy) + Vu, = 0 j (13) R (tz) +m, (uy) + Vu, = 0 ? (14) 
m,(u,) + T (u,) -HYu, 2 02 i m, EDT o Vu, 20) 7 l 


Now multiply the 2nd equation of (13) by A and add it to the Ist. 
In the result, collect the coefficients of w,, ty, Up 4, Uz The Lagrangean 
system of auxiliary equations (3387) will then be found to be 

da dy dpt dq... dz _ du 


R+Am, = mQATO V AV Rp+tmg+à(Ta+tmp) [UN 
Eliminating A, equations (3) are produced. Treating equations (14) in 
the same way, equations (4) are produced. 
; 9 U 
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POISSON’S EQUATION. 
3441 P MSS. 


where P is a function of p, q, r, s, t, and homogeneous in v, s, 
t; Qis à function of v, y, z, and derivatives of 2, which does 
not become infinite when r£— 5s? vanishes, and n is positive. 

RurE.— Assume q = ¢ (p) and express s and t in terms of qp 
and v; thus, rt—s? vanishes, and the left side becomes a func- 
tion of p, q, and qp 

Solve for a lst integral in terms of p and q, and integrate 
again for the final solution. 


PROOR— — 8 =q, = Qopa = dori t= Qy = Pv don 
therefore rt—5!— 0. Also P is of the form (m, s, f)" — v" (1, q,, gi)". 
Hence the equation takes the form (1, qp, qh)" = 0. 


LAPLACE’S REDUCTION OF THE EQUATION. 
3449 Rr-- Ss-- Tt-- Pp+Qq4Ze NU 
where R, S, T, P, Q, Z, U are functions of œ Am y only. 
Let two integrals of Monge's equation (3428) 
Rdy? — Sde dy + Td = 0 
be eim y) cu M EDEN 
Assume &— o (uu ap 
3443 To change the variables in equation (1) to $ and s, 
we have 


PE lp = peo a ERE. Ny 5 
jV. E UNS tee ND NES FH? NR oF "aeos t Zo 3 (1701) 
ELI ee eru *£n E ANN I T RIS 

T y 


S — Koy = Bog be ey F Zante dy T Zen A JE a Py Mey: 
The transformed equation is of the form 
T» L (ppm v 
Kg, + Le, + Mz, +Nz= ] eee eee soe ete ooo ooo (2). 


where L, M, N, V are functions of č and n. This equation 
may be written in the form 


(da4 M) (d, +L) 2+ (N - LI - D) 2 = Vo, e 
Tf N—LM-—1, = 0 ree eee ee ee ee ee) (4), 


we shall have 


(+N)? =V with L =y, 
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and the solution by a double application of (3210) is obtained 
from 


"w^ e du), 
£m P a 6) ae [volta 


By symmetry, equation (1) is also ton if 
BE St BO eee (9) 


But if neither of these conditions is fonnd to hold, find z 

in terms of z' from (3). It will be of the form 
gom Az, 4- Bi +C, 
where A, D, C contain € and n. Substitute this for z in 
(d, 4-.L) z =z, and the result is of the form 
Seq tL’ det Wa, tN = y. 

The same conditions of integrability, if fulfilled for this equa- 
tion, will lead to a solution of (1), and, if not fulfilled, the 
transformation may be repeated until one of the equations, 
similar to (4) or (5), is satisfied. 


3444 Con, — The solution of the -— 
gy bee + bz, + abs = V 


is z = eum $ (&) Se gmt V (n) JE eeu un (| pet bs Vdn d£. 


3445 For the solution of equation (2), when L, M, V contain also z, see 
Prof. Tanner, Proc. Lond. Math. Soc., Vol. viii., p. 159. 


LAW OF RECIPROCITY. [ Boole, ch. xv. 


9446 Let a differential equation of the 1st order be 
P(X, y, z p, q) = 9. (L1). 
Let the result of interchanging w and p, y — q, "euni of 
changing z into pw+qy—z, "be 
$ (p, q, pv -qy—2, &, y) = 0............ (QQ) 3 
then, if z = 4 (x, y) be the solution of either (1) or (2), the 
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solution of the other will be obtained by eliminating č and n 
between the equations 


æ = dap (n), yoda ws), z= de+tny—w (È, n). 


3447 Ex—Let een eee Co ncquc 2 
be the two reciprocal equations. 


The integral of (2) is z= ay tay ( L), a Id (2). 
É, y have now to be eliminated between 


a=n-4 pf (2) (4), seüb 85.0. 


Each form assigned to f gives a particular integral of (1). If f i) 


l 
a 


the equations (8) become æ = n+b, y — £e, z= &n, 
and the elimination produces z = («—b)(y—a). 


3448 In an equation of the 2nd order, the reciprocal equa- 
tion is formed by making the changes in (3446), and, in 
addition, changing 


r into 


5» $ into 2: ~¢ Into S T 
ri—s i= Sa (uc 

then, if the 2nd integral of either equation be z = y (a, y), that 
of the other will be found by the same rule. 


3449 The above transformation makes any equation of the 
form $(p,q)r-d-wv(p,q)s-c-x(p,q)t-0 
dependent for solution upon one of the form 


x (2 y) TH Qo y) ste Qn, y) f — 0. 


9450  And,in the same way, an equation of the form 
Rr+Ss+Tt = V (rt—s’) 

is dependent for solution upon one of the form 
Rr+Ss+Tt = V. 

See De Morgan, Camb. Phil. Trans., Vol. VHI. 


SYMBOLIC METHODS. 


FUNDAMENTAL FORMULA. 
() denoting a function of 0, 


3470 (d, —m)^! Q = e" fe™ Qdo. 
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Proor.—The right is the value of y in the solution of d,y—my = Q by 
(9210). But this equation is expressed symbolically by (d,—m) y = Q (see 
1492), therefore y = (di— m) Q. 

Let «=e, therefore d, — «d, and vdi — dx. Hence 
(3470) may be written 


3471 (ed; — m) Q = a” o Qde. 


3472 Con.— (d,—m)" 0 — Ce. 
3473 or (vd, —m) 0 = Cx”. 


Let f'(m) denote a rational integral function of m; then, 
since d,e™ = ime", de" — ime”, &e., the operation d, is 


always replaced by the operation mX. Hence, in all cases, 


34:74 Fidye = "F (m). 

3475 F (d,) e"* Q = e" F (d,+m) Q. 

Formula (2161) 1s a particular case of this theorem. 

3476 e"? F(d,) Q = F (d,—m) e" Q. 
Also, by (3474-6), 

3477 Ore ec CI ren. 

3478 F (d,+-m) Q = e™ F (d,) e"* Q. 

3479 F (dj) Q — e-"* F (d,—m) e" Q. 
To the last six formule correspond 

3480 uds phar mt 

3481 F (ad,) à"Q = a"F (»d,--m) Q. 

3482 a”F (ed) Q = F (ed, —m) "Q. 

3483 Eee Eady. 

3484 Ja d E OE E ed) aQ. 

3485 F (vd) Q = x^"F (xd,—m)a"Q. 


If U = a+bæ+ ceget &c., then, by (8480), 
3486 F(ad,)U= F(0) a-- F(1) be+F (2) ex*-- &c. 
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3487 Fed, U= FU (0) a +F (1) be+F 2 (2) c+ ke. 
3488  F(rd; yd, 0,9...) Way”... = FOR, dnp... aay ee 


9489 Cune = d,(d,—1)(d,—2) ... (d,—n-- l)u, 

or, more sucemetly, writing D for da, 
D(D—1)..(D-—--1)« or Du (2452). 

3490 Otherwise une = ed, (ed,—1) ... (ed, — n+l) u. 


Proor.—As in (1770). Otherwise, by Induction, differentiating again, 
and remembering that a, = 2. 


Note.—In the symbolic solution of differential equations, 
we may either employ the operator «ed, directly, or the 
operator d, after substituting c for v, Formule (8480-5) or 
(5474-9) will be required accordingly. 

3491 1o (D) e*i"Q 
= e 6(DpD--nr) (Dn —1.») ... 9(D--)Q9 
= $(D) $(D—r) $(D—2») ... 81 D—(n—1) vj e"*Q. 
Proor.—By repeated application of (3175) or (3476). 


For ready reference, formule (1520, '21) are reprinted 
here. 


3492 Nl E AC dec 
3493 Seth, yk) = + fwy). 
Let Oy dye Ot n 


then, denoting d, by D, 
LET 


3494 f(D) ur = uf (D) e-Ew f (D) e 5/7 (D) e koe., 


where f(D) means that D is to be written for æ after differ- 
entiating f (æ). 


Proor.—Expand uv, D.w, D'.uv ... D'.uv by Leibnitz's theorem (1460); 
multiply the equations respectively by «a, @p à ... @,, and add the results. 


3495 wuf(D)e—f(D).uv—f' (D) uv + is^ D.u,v—&e. 
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Pnoor.— Expand uv, v», «vs, ... wv,, by theorem (1472), and proceed as 
in the last. 


OL. MÀ 


` sin sin 
3496 F (de) coat = P (—n? ie NS 
A more general theorem 1s 


3497 F (a?) (tin uu) = F (=m?) (i+ m 
where u and ~ have the meanings assigned below (3499), 
and i — 4/—1. 

Theorem.—Ilf $ and y denote any algebraic functions of æ 
and y, it may be shown, by (8474) and (3475), that 
3498 V (d. by) p2) = $(d,4-) wy). 


3499 Let «u, or, more definitely, u, = (æ, Ys Ryo 2 represent 
a homogeneous function of the n" degree in severable vari- 
ables, and let 


3500 7 = ed,tyd,+ed,+ &c. 
Then, by (3480), 
3501 vu = nu, mu-mu, Tu= pu, QC. 


3502 Hence F (0) u = F(n)u. 


REDUCTION OF F(m,) TO f(a). 


3503 Let u be any implicit function of the variables, and 
d m = ryt Tz, where m, operates only upon # as contained in 

, and z, only upon « as contained in wu, &c. after repetitions 
of the operation z. Then 


3504 Tu = TU, wu = (v-—l)mu, 
3506 Tiu = (m—r-rE1)... (mT—2)(7— 1) vu. 
Proor.— mu = (mT—mT,)"- mu, 


since 7, has here no subject to operate upon. 
2 
miu = (r—r,) ru = (x—1) ru, 
for, ru being of the 1st degree, 7, and 1 are equivalent as operators. In the 
next step, 7, and 2 are equivalent, and so on. 


Cor— When w is a homogeneous function, we have, by 
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(3501), «^u = nu, therefore m and mare equivalent operators 
upon wu. Hence (3506) may be written 

— — }* +) Emm = (v) 
3507 atu = (n—r+1)... (n—2)(n—1)nu — n^, u, 
which is Euler's theorem of homogeneous functions (1625), 
since in that theorem the operator is confined to v. 


3508 Asan illustration, let mu = (ed, yd) u = m", 

then mu = (dut 22y dry +y doy) Uy mu = (m+) ru = T Ut TU. 
Here maru = (ad,+yd,)(ad,t+ ydy) wu, 

the operation being confined to # and y in the second factor (3503), and there- 
fore producing (rd,+yd,)u merely. 

Hence mu = (ado, +2ayd,,t+y7%do,+2d,+yd,) u, which proves (8505). 


IE Dus ud e ..., a series of homogeneous functions 
of dimensions 0, 1, 2, ..., then, by (3502), 


3509 F(m)U= FO) 4- F (1) oth (2) 4 ..., 
3510 F^ (y)U- F-(0)u-F^(LDym-rF?(2)u.. 


3511 Ex. Lb: VU = mt amt d ttot... 
3512 a` TU = mta u Ha H... 


Ex. 2: If u have the meaning in (8499), 
3513 
F (s) e = F (0) 14F (n) wt F (92) 7; gt) 


in 3 Phe, 


and similarly for the inverse TT n (a 
Proor.—By (3502) applied to the expansion of the subject by (150). 


3514 C (n, m by sË Uds y Muy [ M - 
m Ng 
where ptatr+.. =m, and pl=1.2... p. 


Proor.—Equate coetlicients of a” in the expansion of 
(+a) U = (1a) (1+ a)" (14a)... U, 
reducing by (3490). 


3515 The aul PF halle NOn of site de ium 
VUE T ETE his 


u = F (dj) Q4-F7(d)0, by (1488-90). 
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3516 The solution of the equation (8238), viz., 
Ya 33-2 on a Ee 357] = Q QE (i. 


where Q is a function of v, is most readily obtained by the 
symbolic method. Thus m, Ms, ... M, being the roots of the 
auxiliary equation in (3239), and A, D, C ... N the numerators 
of the partial fractions into which (m” + aym"7! -- ... +44) ean 
be resolved, the complete primitive will be 


3517 . 
y = [A (d, =m) +B (d,—m;)^... -- N (d,—m,)^! j (Q4-0), 
where (dy, — my = Gr ea ue (5470) 


and the whole operation upon zero produces, by (3472), for 
the complementary term, 


351 8 C en + C, e*t - + C, ew, 
Proor.—Equation (1) may be written 
(dis t din e edna) = +n) y =Q, 
or (d, —m,) (d, —1) ... (d, — Ma) y = Q; 
. by (8515) y = {(d,— 7) (d,— 1g) ... (d,—m,)]"! (Q-- 0), 
which, by partial fractions, is converted into the formula above. 


If r of the roots a, m», ... are each = m, those roots give 
rise in (3517) to a single term of the form 


3519 (A+ Bd, + Cds, ... + Rd.) ael om Q. 
re 
Proor.—By (1918), the r roots equal to m will produce 
{ A’ (d, =m) "+B (d, —m) "** ... +B’ (d, —m)^' | Q, 
or (A+ Bd, + Cd, ... + Ed, ) (d. —m) Q. 
3590 But, by (9470), (d,—m)-?Q = (d, =m) e”? | e-"* Q dat 


= el { g^ Re pine E Qdx j da = e| eg "€ Qda, and so on. 
2x 


3521 Ex. (1): Yar —Yrx— ÖY — 9 = Q. 
Here m3 —m?—5m— 3 = (m-—3)(m-4- 1), 
and cl. "€——— 


(m—8)(m-1? 16(m—8) 16(n+1) 4(m41)” 
therefore — y = 4g (d, —3) !Q—4, (4 +1)  Q—$ (G1)? Q 
= 3€" | e^ Qdw -- age | e7* Qde — ge“ \\ e* Qda’. (3520) 


OI 
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3599 = Ex. (2): its, + daw Q, 


therefore w = (Gace ae 
Here (n? +07) 7) = (21a) 7! {(m—ia) — (m ia) ! E, 
therefore u = (2ia)1((d,—ia)! Q—(d,-- ia)! Q} 


= (2 pn ! fetan | g-iat Qd — x iaa Qda} (3470) 
== 9 SH ax | cos ae Q de —a^! eos ae) sin uz Q da, 


by the exponential values (766-7). 


3593 Cor. 1.—The solution of t, + «?u =Q is 
u = A cosae-4- D sin aa. 
3524 Cor. 2.—' The solution of u,,—@u= 0 is 
a= Aer = Be. 
Change a into ta in the fifth line of (8522), and put Q=0. 


3595 When Q is a function whose derivatives of the n® and 

higher orders vanish, proceed as in the following example. 
Ex. (8): to, HEU = (1+2), 

therefore u = (da +e) (1+2) + (deta) 0 

(a7 —a dio +a 5d,, — &c.) (1 +28 +2") + (d, ta) t0 

a^? (1+8) — 2a - A eos ae + B sin az, 

the last two terms by (3523). 


Heceptional Case of the Inverse Process. 
xc. Ex. (4): ta, FEU = COS nx, 
. u = (d,,+a") (eos ue +0) = } (da t) a (ei"* +e7"* +0) 
= } (e +e°*)(—n? +07) -'4+ Acosax+ D sinaw by (3474) and (3528) 
= cos ng (a? —4?)*! -- &c. 
Now, if n =a, the first term becomes infinite. In such cases proceed 
as follows :— 
Put A= 4'—(vé—4»)', and find the value of $99?4 — 999"? when 


EN en 
^-—a. By (1580) itis = a Thus the solution is 


9 Sin ax 


qj em m + A’ eos av+ D sin aa. 
2a 


The same result is obtained by making Q = cos aw in the solution of (3522), 
For another example, see (3559). 
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3527 Ex. (5): : You— Iya + 20y = ve 
therefore y = ((d,—4)(d,—5)]-! ae* + { (d,—4)(d,—5)} 710 
= e*f(d,—1)(d,—2)1- a? 4+ Ae" Bev. — (3475, 8517, 8472) 
Now (n—3m-4-2)! —4 (i- ey" 


2 
2 f ie sez 4c (mm ) TECUM } 
Hence the solution becomes 
y= tid. +2d,,+ &c.] a+ Ae*+ Be™ 
= E nous LA + of | + Ae*+ Be*. 


3528 rx. (6): (ih =n note, 
therefore «= (d,—a)-"e'* = e'* (d,)-"1 (3476) = e( «|o (2149) 
3599 rx. (7): (d, +a} y = sin ma, 
therefore y = (d.a)? sin me+ (d,+a)~?0 
= (d,—a)® (d,,—a?) ? sin me +e" (d,)** 0 [by (3478) with Q = 0] 
= (—m?—a*)~? (d,—aY sinme-Fe ^*(Av--D) (by 3496) 
= (mê +a)? ( n? sin me —2am cos ine + à? sin me) +e7 (Ae + D). 


REDUCTION OF AN INTEGRAL OF THE n™ ORDER. 
» il * f 3 
3530 | () - E Tad Qd — (n —1) (9 Qrdr 
NY WEL, 


+C (n, 2) 4*7? | Ordo ae (Qedr, 
e 


whae m=i = l2 aa 


Proor.—By (3489) d,,Q = e™ (d,—1--1)(d,—n--2) ... d,Q 
re d ,,Q = ((d,—n4- 1) (d, —n-4-2) ... d] e" Q 
= pie —154-1)*— (n — 1) (d,—n +2)! 
+0 (n, 2)(de—n +83) —&e.] eQ (8517) 
= fe^-9* (d) e — (n —1) e^79* (d) e+ &c.] Q. 
= ! 
Then replace e* by z. 


The equation 
3531 GA" Yms 2m ba" ae T &c. = A E Bx+ Ca?-- &o. = Q 
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may, by (3489), be transformed into 

fa (ed,) 9 +b (ed, ) + &e.} y — Q or F(ed,) y = Q. 
The solution is then obtained from 
3532 y = P (eh) Qua I (ad) 0. 

The value of the 1st part is given in (3487). 
3533 Ifa, B, y, &c. are the roots of (m) = 0, the second 
part gives rise to the arbitrary terms 

C, a^-F C,a? H+ &c. 

3534 If a root a is repeated r times, the corresponding 
terms are 


v“ f C, (log 4*7! 4- C; (log £)? +... + C, . 


Proor.—The partial fractions into which F'-" (ed,) 0 can be resolved, as 
in (3517), are of the type C (xd, —31)7! 0, m being a root of F (e) = 0. But 
(xd, —m) 0 = Ox” (3473), C being an arbitrary constant. i 

For a root m repeated r times, the typical fraction is C (zd, —m)^?, p 
being less than v. Now 

(zd, — m)? Cz" (log)?! = (d,—m)? Ce"? 0P-! = e"* (q,)» C9»-* (8475) = 0, 
therefore (zd,—m)-? 0 = Ca" (log v)”. 


The equation 
3535 Yn tby nwt &c. = f (e^, sin 0, cos 0) 


is reducible to the form of (3531) by # = e^; or, substituting 
from (768), it may be written 


F (do) y= = (A m gu. 
and the solution will take the form 
3536 y = XA, F^ (m)-- F^! (d,) 0, 


for the last term of which the forms in (3533-4) are to be 
substituted with w changed to e’. 


3537 Ex (1): a yap but 
ad, (vd, —1)(«d,—2) y = ax" + bz", 
"oy = (zd, (ed, —1)(ed,—2) ]* (ax + ba") + (2d, (2d, —1) (sd, —2)]! O 


(med bx” ; 
O ee 2 1006 
m (m—1) (m—?2) a n (n—1)(n—2) T E 


by (3180) and (3533). A result evident by direct integration. 


4 
Jf 


Eo: 
x 
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3538 Ex (2): yon + 9ay, y = (1—2). By (3490) 
fad, (2d, —1)-F92d, +1} y = (ad,+1)?y = 1422+ S^ + &e., 
essi ceps cu +) = (041)-7?+2 (141) 724824) 7284+ 
(8480) = [es : E Té&e.4- 1—1 ee 4 Ene cub log (1—2) + &c. 
DES d € 
3539  Ex.(3): y+ (4 —1) yp + (42? —22--2) y = 0. 
Let r = d,+2z. Then the equation may be written 
a(m—l)y=0, .. y = {r (r—1)} 710 = (r—1) > 0—r 0. 
Let (r—1)10 =u, s. (m—l)u =0, or us+(2z—1)u = 0, .. u = Ae”. 


3540 The solution of a P. D. equation of the type 
an”z+br'z+ &e. = utut &e., 


where 14, Ua &c. are homogeneous functions of the 1st, 2nd 
degrees, &c. in v, y, and Ae +yd, (8503), is analogous to 
(3531), and is obtained from that solution by substituting 
14, 4, &c. for Bx, Cx, &c.; and, for such terms as C^, an 
arbitrary homogeneous function of v and y of the same degree. 


3541 Solution of Fane =Q, 
where F (m) = "+A nr" '+A,7" An 
and Q = ur uH ud Ac., 


a series of homogeneous functions of c, Y, z, ... of the respec- 
tive dimensions 0, 1, 2, &c. 


Here ae (ay i= (a), 
3549 The value of the 1st term is given in (3510). For the 
general value of the last term (see Proof of 3533), let 
F(m)=0 have r roots =m; then 


3543 C(r—m)?0 = C fu (log »)"-!--v (log ey... 4940], 


where uw, v, ... w are arbitrary functions of the variables all of 
the degree m. 


3544 Con.— (mr—m)- =i) ET E )u^ 


that is, a single homogeneous function of the variables of the 
degree m (1620). 
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3545 Ex: E Zog + 2UYZ y FY 2s, — e (m2, HYZ) d3- az = Un Fw 


Un, Un being homogeneous functions of the m™ and nx” degrees. The equation 


may be written (ri am, +4) 2 = Uy s; 

or, by (8905), (7—a)(v—1)z = wu, + n 

therefore z = ((r—a)(x —1)]! (umt ur) +{(7—a)(r—1)} 10 
m Se + UFU, 


= (m—2a)(m — 1) b (n—a)(u—1) 


The first two terms by formula (3502); the last two terms are arbitrary 
funetions of the degrees a and 1 respectively, and result from formula (8543) 
by taking p —1 and m=a and 1. 


3546 To reduce a P. D. equation, when possible, to the 
symbolie form 


(Tse Ase ARES ee (D; 
where O = Md,+Nd,+&c., 
and Q, M, N, &c. are any functions of the independent 
variables. | 
Consider the case of two independent variables, 


(Md, 4- Nd,Y u = M?wu,,--3MNu,, +N? tts, 
T OLX, E IN M,) t+ (UN, + NN) w, ... (2). 
Here the form of II is obtainable from the right by con- 
sidering the terms involving the highest derivatives only, for 
these terms are algebraically equivalent to (Md, 4- .Nd,)*. 
The reduction being effected, and the equation being 
brought to the form of (1); then, if the auxiliary equation 


3547 m tAm ht Ao "|... digi 0 VLL 


have its roots «a, b, ... all unequal, the solution of (1) will be 
of the form 


3548 u = (I1—a)! Q4+ (I —05)7! Q4- Ge. ............(4). 
'l'he terms on the right involve the solution of a series of linear 
first order P. D. equations, the first of which is 

3549 Mu,+Nu,+ Ius aum Q, 


and the rest involve b, c, &c. 


If equal or imaginary roots occur in the auxiliary equation, 
we may proceed as in the following example. 
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3550 Er: 
(1 +27)? 4, Aey (1 +2") zry -- 40? y yt 9 (1 +27) zet 2y (2? —1) z, 3 - a^ = 0. 
Here II = (14-2?) d, —2xyd,, and the equation becomes (I1*-- a?) z= 0. 
Let the variables æ, y be now changed to é, y, so that II = d... Therefore, 


since II (£) — 1, HEC = Clr) Em ecu 


Therefore, by (3383), ao z ES a 
from which, by separating the variables and integrating, we obtain 


and, by (1436), E EA ed A I a E a t. 
Also, since M (7) = 9; = 0, (1-42?) n,—2zyy, = 0. 
Therefore de —_ dy _ dy 


1+2? —2Qey EN TV 
the solution of which is equation (1). Thus 
é=tan @ and wz ud 
The transformed equation is now (d,;+°) z= 0, 
and the solution, by (8523), is 
z = $ (n) cos a$ -- (n) sin a£, 


arbitrary functions of the variable, which is not explicitly involved, being 
substituted for the constants (9389). Therefore finally, 


z = $ (y +y) cos (a tan^' 2) +y (a*y +y) sin (a tan! a), 


MISCELLANEOUS EXAMPLES. 


3551 Wo, Uayt Hy, 0. 

Put d,,--d, a. Thus w-Fo*u = 0, the solution of which, by (3528), 
is u = $9 (y, z) cos aæ +4 (y, z) sin ac, 
arbitrary functions of y and z being put for the constants A and B. Expand 


the sine and cosine by (764-5); replace o? by its operative equivalent, and, 
in the expansion of sinag, put ay (y, z) = x (y, z); thus 


2 4 
u ġ (um Er (day + da.) $ (y, 2) + a (d, + ds.) 9 (y, 2) — &c. 


5 5 
Tex (y, 2)— 3 (dey + do.) x (9, 2) + z (doy + doz) x (y, 2) — &c. 
[See (3626) for another solution. 


3552 Us tH Uy fu, = vys. 
Here u = (d,-F dy +de) (wyz+0) 
= {d s—d o (dy +d.) +d -32 (d, d)! — ...) (yz +0): 
Operating upon gyz, we get . 
u = geya — ga (z +y) tra, 
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(ny 
E 


the rest vanishing. For symmetry, take ird of the sum of three such 
expressions; thus 


u = 4 GN (eh yz) 4 y ey yl yg et ca) eyz ye). 
Operating upon zero, we have, in the first place, d_,0 = ọ (yz) 
instead of a constant, therefore d_.,0 = «e$ (yz), &c. 
The result is 
(1—2 (d, -4,) + 40! (d, 4d; — ...) 9 (yz) = e809 (yz) = $ (y—a, 22) 
(3493) the complementary term. 


3553 Otherwise, putting d,4-d, — 9, we have, by (8478), 
(d, +D) ays = e-*9 d_,e* vyz = e~ 2D d afv (yx) (z+2)}, (9493) 
= emed {laye y! (y +2) 3e] 
= s (y—a@)(2—@) +30 (ytz—20) + $4, 
which agrees with the former solution. 


3554 au,+bu,+eu, = YZ. 
Substitute «= ai, y = bn, z = cà, and the equation becomes 
Ug HU, tug = abeëng, 
which is solved in (8552). 


The same methods furnish the solution of 


3555 anu, bu, + eu, = anys. 


3556 wr bys, = eyv at — s. 
Put 4 = Q 5102, 
"we = d0080.TU, .. w= Puy, . 2= asm e) 


3557 avu,+ byu,+cesu,—nu = 0. 
Put oasi, pags =i ra 


1 — 
SA qu, Hunu m 0, s. by (3544) «u = (a, y^, 2°)". 
3558 ‘The solution of any P. D. equation of the type 
F (34, uds, dE s x Attys? ... 
is, by (3488) and (3557), 


- A a Qm Jy ] 


= ¥ ———E aoo) 
F (ninya) a Pb uA, e, ..-) 


u 
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3559 Ex: au,--yu,—au = Q,, 
where Q, == xy)" (1620). 


Here u = (m—2a«)''Q,4- Ua. When a = m, this solution becomes inde- 
terminate. In that case, as In (3526), assume 


ps - V.— Qa DEDE eae JA V, 


m-—a i m—a 
Differentiate for a, by (1580), putting Qa first in the form 


Y gue T ap[ 8 l. 
n 
thus H = Qn (log v T log y) T V 


Similarly, the solution of 


3560 qu, yuy tzu mu = Q,, 
is u = 40, (log e+ log y+log z) + Vm 


3561 xu, Hyu, xu, = c. 


The solution, by (8560), is 
u = łe (log + log y+ log z) + Vy 


3562 %,—2az,,+@%, =0 or (d,—ad,)’s =Q. 

e = (dp—ad,)~20 = (d,—ad,)7 9 (y) ttt (3472) 
by putting ad, for m and $(y) for C. The second operation produces, by 
(3476), z= e% {xp (y) +h (y)} = ep (y bas) (gae). — (8492) 


3563 V5, AY By FUE HY = 0). 
This reduces to (ad, tr yd) (ad,—yd,) 2 = 0. 
Here r = ed,--yd, and m= 0 in (3544), 
0 
therefore g = (v, y) - Q a 
1 
the second term being obtained by substituting y^! — y', and so converting 
the second factor into (»d,--y'd,). The above may also be written 


c= F (£) +f (e), 


F and f being integral algebraic functions. 


3564 y, 0523, + 20b8,+20°b2, = 0. 
Putting y = ay, this equation is equivalent to 
(d, —d, +2ab) (d,+dy) 2 = 0; 
9 Y 
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putting z = logs’ and n = log y, this gives, by (3544), 
PE (e^, e?) ERU (e, e")? = ee (e a) TX (254) 
= e y (y bax) +f (y — a2), 


the functions being algebraic and integral. 


3565 ta, — Otay = P (a, y). 
u = (da= ada) 9 (a, y) (3515) 

= (2ud,)7 Í (4.—adj)—(d.adj-'] ġ (2,9) (3470) 

= (Doh) { geedy ] ean 9 (x, y) da — ety fers 9 (x, y) dæ \ (3470) 

z(29)! | { d (x, y+ax)—®, (v, y — ax) ! dy, 
since gy o (ey) = Corp spera ees 
Hero © 9) = [9 (0, yar) da +4 (y), 

9, (2, y) = [$ C gran) de x (y). 


3566 If $(», y) — 0, the solution therefore becomes 


u = ys (y+ av) +x, (y— ar) [Boole, ch. 16. 


For the solution in this case by Monge’s method, see 
(3433). 


3567 Zem US, = e”? COS NY. 
z = (d,—ad,)-le"* cos ny = ety e7** y e"* cog ny da (3470) 
= ety | e"? cosn (y—av) dv (34192), and this by Parts, or by (1999), is 
= ely orm i m cos n (y—aav) —ansinn (y —az) | (man) + e**v (y) 


f=" { m COS my —an sin ny } (m? + a?) +e (y+axr), by (3492). 


3568 Uk, = 0. 
z = (deadar) > 0 = eti (p), by (9172), 
$ (2) taking the place of the constant C. 
Therefore z = $ (v)-Faló. Hia putke (3102) 
Otherwise, to obtain z in powers of a, we have, putting b° = a7}, 
gae U zl — 0, 
à n 
ee i 1 (d, 4-bdd) (d, 4- bat) )-i Q = etta (1) +e" (t) (3518) ; 
then expand by (150). 


3569 Zax Xo, = COS mo COS my. 
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DT CONUM... ———ncss 


z = (da +da) cos ng eos my. 
Treating d,, and cosa as constants, we have, by (3526), putting də for @’, 
z = cos nz (dy,—5^)-! cos my +A cos as -F D sin az, or by (3496), 
= cos ng cos my (— m? —n*) 1+ 9 (y) cos (wd) + (y) sin (udo 
A and B becoming $ (y) and V (y). 


LL e MM 


3570 Bog Ze py - Soy FOS = COs (n$4-ny). 
Therefore — (z--ia)(r—ia)z = E (e "*"?4 Cid adim 
where r= d,+d,. Therefore, by (3510), with «=e, y= e*, 
( e (mé ea) e (m$ * 2) 


Lai — (nx)  d—(m-u) 


m 


je e) Cos en, 


or 


N 


cos (m +n) $ ph)-i@ (u$. gr yin 
a! — (m+n) us E 


3571 Pror. I.—To transform a linear differential equation 
of the form 


(abep er...) Upe t (4 +b ete'a’...) Uana t Se. = Q... (1) 
into the symbolical form 
AGO) ACD) eu Mf UD) CeCe Ep (2); 


where Q is a function of w, T a function of 0, y = e* and 
D = ly. 

Multiply the equation by æ”; then the 1st term on the left 
becomes, by (348%), 


(a-4-be* -- c8? 4- ...) D(D—1) ... (D—2 +1) u. 


This reduces, by the repeated application of formula (5476) 
with the notation of (2451), to 


3579 aD u--b (D—1)? e’ute (D—2)9? e” u+ &c. 


The other terms admit of similar reductions. 


3573 Conversely, to bring back an equation from the sym- 
bolic form (2) to the ordinary form (1), employ formula (3475) 
so as to transfer e” to the left of the operative symbol. 


3574 Ex: «(adus Tru ow) =e{D(D—-1)+7D+ olu 
= e? (D*--6D-4-5) u = œ (D+1)(D+5) u 
= (D—1)(D+3) eu (9476). 
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For the converse reduction, the steps must be retraced, employing (3475). 
See also example (3578). 


3575 Pror. II.—To solve the equation 
utag (D) eu4-a, (D) $ (D—1) e*u ... 
+a, (D) $ (D—1) ... $ (D—n-F1) u = U, 
where U is a function of 0. 
By (3491) 
4D ES pO regem cea nt 
Putting o" for this, the equation becomes 
(14-a,pd- ap)... Haro) u = U 
3576 Therefore 
w= (4 (1—qe) +42 (0.—0,9)7—. 4,(1—0,9)j U, 
where qis 4, ... q, are the roots of the equation 
q* 4-a,07 7! 4- a5 q" 7? ... +a, = 0, 
Cn 
(de =H) (Ir 02) ++ Ue = In) 
The solution will then be expressed by 
u = Å nt Aot FAnn 
where w, is given by the solution of the equation 


3577 u.— 9, (D) eu, = U. 


3578 Ex.: 
(0? + 58+ 625) un + (4a 4- 252? +802) u, + (2420 + 3627) u = 202%. 
Putting « = e, and transforming by (3489), 
(1+ 5e?+ Ge”) D (D—1) u+ (4--25e +36) Du + (2+20e +36) u = 206. 
The first term = D(D—1) u+ 5 (D—1)(D—2) e’u+6 (D—2)(D—3) e” u 
by applying (3476). The other terms similarly ; thus, after rearrangement, 
(D+1)(D+2)u+5(D+1} e*u 6D (D+1) eu = 20. 
Operating upon this with a 1)(D+2)}-', we get 


and pall = 


Otek 90e? " 
ó = =, by 
“T° D+2 a e ae Cae ri 
Dr (l+5p+6p)u=e", if p=(D+1)(D+2)"e; 
therefore u = {3 (14 3p)-!—2 (1--2p)* ee 3y —2z, 


a y — (143p) e and z= (149p)'e*. 
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Hence (1+3) y 2 e? or y+8(D+1)(D+2) ey = e"; 


therefore (D+2)y+3(D+1) ey = e (3+2), by (9474), 
or (D4- 2) y--3&6 (D4-2) y = 5, by (3475); 
that is, (w+ 32") y, +2 (1-F32) y = 52%. 

Similarly (a+ 2H) 2+2 (14-92) z = 5x. 


Solve these by (3210), and substitute in u = 3y —2:. 


3579 Pror. IIT.—To transform the equation 
utd(D)e®u=U into v+¢(D+n)e"v= V, 
put qe gp cwm r. 


Proor.—By (8474), because $ (D) e"*"* v = e" o (D+n) ev. 


3580  Pnor. IV.—To transform the equation 
uJd-$(D)e*u-U into v-Fy(D)e*v— V, 


— p $(D) — p $?0D) 
put Teagan and UE DE 


D) 9$9(D)$(D—71)9 (D—2r) ... 
SEO Dorem PU = 
S81 whore "(5 yO) Dry Dr) 

Proor.—Put u = f (D) v in the 1st equation, and e"f(D)v = f(D—r)e"v 
(3476). After operating with f^! (D) it becomes 

v-F$ (D) f(D—7) f! (D) ev = f^ (D)U, 

therefore e (D) f(D—r) f! (D) = 4 (D) by hypothesis; 
therefore f(D) = A en ep) f (D—2r), 


V (D) ~ v(D) y (D—7) 
and so în inf. Also U = f (D) V. 


3582 To make any elementary factor « (D) of (D) be- 
come, in the transformed equation, x (D nr), where r is an 
integer; take V (D) = «(Dd nr) x,(D). See example (3589). 


stora ue RU NM 
3583 To make any factor of $(D) of the form ee) 


disappear in the transformed equation, take ~(D) = x: (D), 
where x,(D), in each case, denotes the remaining factors of 
$(D). See example (3591). 
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3584 In the application of Proposition IV., differentia- 
tion or integration will be the last operation according as 


T. vus (3581) has its factors, after reduction, in the 
numerator or denominator, and therefore according as (D) 
is formed by algebraically diminishing or increasing the several 
factors of ¢(D). However, by first employing Proposition III., 
the given equation may frequently be so prepared that the 
final operation with Prop. IV. shall be differentiation. only. 
See example (1). 

sg further investigation, see Boole’s Diff. Eq., Ch. 17, and Supplement, 
w lS 


3585 To reduce an equation of the homogeneous class 
(3531) to a binomial equation of the same order of the form 
Inet dy — X. 
The general theory of such solutions is as follows. Let 
the given equation be 
meg (OFAN D Fa) PT ecu DEM 
is (s, ... dy being in descending order of magnitude. Putting 
uoc by Prop M: 
v+q [D (D—a,—4,) ... (D-a ap) ? e" v = e"... (B 
To transform these factors, regarded as $ (D), by Prop. IV. 
into V (D) = D(D—1)...(D—n-F-1), we convert D into D+rn 
(3582), r being an integer. 
Hence for the p™ factor we must have 
D+ra—ata, D—p-41, 
3586 and therefore mi~ w, — PA p= e 
If this relation holds for each of the constants a, ... q,, 
equation (1) is reducible to the form 
3587  y-gÍD(D—1)...(D—n--1)] y= Y ..... (4), 
which, by (9489), is equivalent to jy,,4-9y = Y,, = X. 
y being found in terms of æ from the last equation, and, 


v beine = eE y (3580), the solution will result from 
— ap (D—1)(D—2) ...(D—n4-1),. 
SUBOL Mace. (D—«a 4a)... (D—a + a,n) di 


while U and Y are connected by the same relation as « and y. 
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oc 
Qo 
OG 


3589  Ex.1: Given us +1827, +84eu,+ 96u + 32u = 0. 
Putting æ = e and employing (3489), this becomes 
(D (D—1)(D—2) +18D (D—1) + 84D+96} u-r3e*u = 0, 


or (D+8)(D+4)(D+3) w+38e"%u = 0, 
therefore w+3 {(D+8)(D+4)(D+38) he a = 0 ws eeeeeeeesvesee (1). 
Employing Prop. III., put qucd iE 
therefore (3476) v+3{D(D—4)(D— 5) CLE UN e Ges 
To transform this by Prop. IV. into 
y*931D(D—1)(D-2)j7 ety = 0 uus (3), 
we have 


$(D) - D (D—4)(D—5)(D—8)(D—7)(D—8) ... i 
v = (D—1)(D—2) y, ce be 6 CON) D8) yas cec: (4), 
and the solution is obtained by differentiation only, performed on the value 
of y as obtained by the solution of (2), that equation being equivalent to 
D (D—1)(D—2) y+ 3e"%y = 0, or, by (3489), y, +3y = 0. 
If, however, Prop. IV. were used to pass directly from (1) to (3), we 
should have 
p? $(D) _ D(D-1)(D—2)(D—8)(D—4)(D—5) .. 
(D) (D+8)(D+4)(D+8)(D+5)(D+1) D... 
E il 
— (D+8)(D+5)(D F4) CD 3) D 4-2) CD r 1)' 
and equation (4) would involve integrations of y as high as D^^y. 


3590 Nore—By the literal application of Rule IV., the right side of 

equation (3) ought to be V = ((D—1)(D—2)j)710; but no such term is 

required when the original and transformed equations are of the same order, 

for in such cases the arbitrary constants introduced by the operation upon 

zero disappear with the terms containing them in the final differentiation. 

The result is the same as if the operation upon zero had not been performed. 
In the following example, V has to be retained. 


Sole E a — a) ee 1 ee o Oe ee ee ny er EUER) 
Multiply by z, transform by (3489), and remove e” to the right of each 
function of D by (3476), thus 


(D+4)(D+3) s, — m 
u— PO JE ee TTE a00 00A) 
Transform this by Prop. IV. into 
D+3 2, 3), 
v— pa Umm V aenececceessetu e M) 
Exc Doo d. uc 9 
We have u= p D v = (D+4)(D+2) v, 


V2zi((DrA4)(D42))-10 = Ae7?--Be*^ (3518). 
The operation upon zero is required in this example (see 3590), because (3) 
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is of a lower order than (2); but only one term of the result need be retained, 
because only one additional constant is wanted. Hence (3) becomes 


(D+1) v—(D-F3) ev = (D+1) 4e” = — Ae”. 
Changing again to v, this equation becomes 
(a3—29) v, —4a?v +A = 0. 
The value of v obtained from this by (3210) will contain two arbitrary con- 
stants. The solution of (1) will then be given by 
u = (D+4)(D+2) v. 


3592 Ex.3: ua, — (n. 4-1) «^u —q^u = 0, [ Boole, p. 424. 
n being an integer. 

Multiplying by 4? and employing (3489), this becomes 

u—q' iD n)(D—n-—1)) e?u = 0. 
This is changed by Prop. III. into 
v—gq ÍD(D-—2n-—1))]e*vo — 0, with w=e™r, 
and this, by Prop. IV., into 
y~r {D(D-1)} ey =0 or y,—qy =O (8489). 

y being found from this by (3524), we then have 


u = OM Py y =o (D= My ea (ed, - Dy. 
But, by (8484), F (ad,—m) = a" F (ad,) 2, 
u zz a7" e (ad,) a). 0° (ad,) «7? ... a7 (ad,) a7" * 1 y, 
or um r+ (a*d,)" gom 


eto p mi o Lp) 


This may be evaluated by substituting z = «77. (See Educ. Times Reprint, 
Volexvit, p. v7.) 


3593 Ex 4: 1, — us, — 0, (n+l) u = 0. 
The solution is derived from that of Example (2), by putting q = ad,, 
and arbitrary functions of y after the exponentials instead of A and B; thus 


u= 2 (a*d,)" gn (ev o (y) J g ee np (y)} 
= a"! (a*d,)" à {6 (y tax) +y (ytax)}, by (3192). 
[ Boole, p. 425. 


3594 (1 4- aa?) tataru, u= 0. 


To solve this equation or its symbolical equivalent obtained 
by (9489), viz., 
«(D—2y-nm 4 o 
3595 u -+ -nD D tuu (0. 


Substitute ¢ = Ion s in the solution of tynu = 0, by (3528-4). 
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3596 Similarly, to solve the equation 
(a? -- a) lunt (224a) vw, nru = 0, 


or, the same in its symbolical form, 


3597 wp CN tes 0. 
Substitute ¢ = PEERS in the solution of uy + nu = 0. 


(3596) is obtainable from (3593) by changing 0 into —6. 


3598  Pfaff's equation, 
(a+ ba") tunt (e+e) au, (fF - ga") u= Q 


When Q — O0, the symbolical form becomes 
42 (D—n)(D—n—1) +e (D—n) +9 ge 
aD (D—1)-FcD-4- f 
If n be not = 2, substitute 20'— 40, and therefore 2d, = ndy. 
b (D-a) (D-a) s» 
3599 Thus ut Daa Do) Ue OW IPAE 
where a,, a, are the roots of the equation 
b (4na—n) (4na —n—1) +e (3qa —2) +9 = 0 asserere (9), 
and Ê, Bare the roots of 


a inf (1n —1)-Fc inB+f = 0. 


e aoa DI 


Four cases occur— 
3600  L—It a,—a, and j,—/, are odd integers, (2) can be reduced by 


TOR baa e 
Prop. IV. (8581) to the for HUM Un UMSO A eines URL n 
por E odo mapesq Goes 


and then resolved into two equations of the first order. 


= 05 


3601 IL—I¢ any one of the four quantities a; — f}, a, — Po a4 — f, a,—/3, 
is an even integer, (2) can be reduced by Prop. IV. to an equation of the 
first order. 


3602 imr 0, — 0, and a,-4- a,— f, — f, are both odd integers, then, by 
Props. III. and IV., (2) is reducible to (3595). 


3608 IV.—If a,— «, and a,4-a,— f, — 9, are both odd integers, (2) is 
reducible in like manner to (3597). [ Boole, p. 428. 


Notr.—The integers may be either positive or negativo, and when even 
may be zero. 


E ——————————————————MÓ—————— Áo x fQO(x. 


oZ 
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SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS 
BY SERIES. 


3604 Case I.—Solution of the linear differential equation 


A(D)u—f (D)e*u- 0 or f(d.) u—f, (ed,) vu = 0, 
in which f(D), f, (D) are polynomial expressions of the form 
ata D +a, D... +a, D" and f,(D) = (D—a)(D—b)(D—e).... 
3605 Let 9(D) — A (D) -fo(D), and let 
3606 (a) =14¢ (a+r) a7 +e (a+2r) ¢ (a+r) &" 

+o (a4-9r) ¢ (a--2r) $9 (a+r) æ” 4- &c. 
Then the solution will be 
3607 u = Aa" (a)+ Ba’ ® (b)+ Cx’ ® (c)+ &c. 
Pnoor.—Operating with fy’ (D) and writing p for 9 (D) e^, 
u—pu = f; (D)0O-Ae*-DBe^-F&e. (3518) 
Therefore, by (3515), u = (1—p)7! (Ae*?-F De? +...) 
= (l+p+p?+...) Ae? -- (1--p-F p? 3- ...) Be’? + ke. 


Now in each term substitute for pọ”. the value in (3491), and remove D by 
formula (3474). 


Case II.—Solution of 
3608 f(D)wu--f (D) eu4- (D) eu ... $f, (D) e^ u = ; 


where HD) = (D—a)(D—b)(D—c) ... 

Let ¥(a)=14+F, (a+1)e+ F, (a+2) e+ &e., 
where the coefficients F,(a+1) or v, F,(a+2) or v,, &c. are 
determined in succession by the formula 


3609 f(m) vn tA (m) tn-1. Ef (m) Uren = 0 and y= 
€) 


eee vee ted fo 


The solution will then be expressed by 
3610 u = Aat*¥ (a) + Ba" (b) + Cv’ Y (e) + &c. 
Proor.—F rom (1) 
i 41+, (Die EE tot (D) 60... d 
whoro $+ CD) = f. CD) +f (D). 
Hero f;(D)0 = {(D—a)(D—b) ...]-*0 = Ae"-- De... (3518); 
and (14$, (D)e... 9, (D) e") = 1+7 (QD) e F, QD) e+... 
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To determine F, F, &c., operate upon each side with {1+¢(D) e* - &oc.], 
and equate coefficients of powers of e; thus formula (2) is obtained. (3) 
now becomes 


mem bg ur ub up e O ELE in CDE 
Multiply out; apply (8474), and put œ for e. 


3611 Ex: Curs — (a +b—1) zu, 4- abu — geu = 0, 

or, by (3489), (D —a)(D—b) u—qe?u = 0. 

Hee — £(D)-(D-a)(D—8, f(D) =0, f(D) -—«. 
Therefore (2) becomes | (m—a) (m — b) Um = qva.» 

therefore F,, F;, &c. vanish, and F,(a) = 1, 


em qF, (a) a q 
PoR E orem T 
E eee tee T 


(a+4—a)(a+4—b) 4.2 (a4-4—b)(a--2—) 
ga? mn grat 

Q(at+b—2) 4.2 (a—b-4-4)(a— b--2) 
Similarly we find F,(b+2), F,(b4-2), &c., and thence ¥ (b); and, sub- 
stituting in (8610), we have 

Age = ii Al 2y0*3 T. 
2(a4-b—2) 4.2(a—b44)(a—b42) "" 

B qb? Boe 
2(b—a+2) 4.2(b—a+4)(b—a+2) 


3612 The solution is arrived at more quickly by formula (3607). We 


Therefore ¥ (a) = 1+ "P oo 


u= Agt+ 


+B + Tee 


have $9 (D) — Baan 


Ls E q 
a a) = 5 omy: apt ET ELEC Sm 


producing the same series by the value of ® (a). Similarly with e (b). 


3619 When f,(D) has r faetors each = D—a, the corres- 
ponding part of the value of u in equation (4) will produce 


3614 A,+A, log #+ 4; (log wv)... +4,- (log a)"; 
where the coefficients A, A,, ... are each of the form 
Cet Catt Coa"? ... 


3615 But if any one of the quantities P, (a+r) = 0 (3608), 
then C, = 0 also, 
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Proor.—f>)(D) now contains a term of the form 
e% (ctc ... -- c,0"7) = ev, say. 
The corresponding part of « in (4) is 
j 1+F, (D) e+... \ ey 
= [etd mr (Dt+a+l) +e? F (D+a+2)+...} v by (3475). 


Expand each function F by Taylor's theorem in powers of D, operate upon v, 
and arrange the result according to powers of 0. 


In practice, proceed as in the following example. 


:3616 Ex.: Llor HU tH ru = 0. 
Multiplying by x and changing by (3489), this becomes 
Du+geeu=0. Du=0 gives u = A+B, 
Substitute this value and operate with D, considering A and B as variables, 
and equate to zero the coefficients of tho powers of 0; thus 
D'A-gq6*A--9DBz0, D'B-4g'e*B 0. 
Then change D into m, and e”°A into a,-,, to obtain the relations 
Mant Fam- t 9mb,, — 05 nb, Fg! b, = 0, 
which determine the constants successively in terms of a, and b, (which are 
arbitrary) in the equation 


u = ata x Tr aqui t uui logo (bot buo tbtt.) 
which thus becomes the solution sought. [Boole, Diff. Eq., p. 489. 


SOLUTION BY DEFINITE INTEGRALS.* 


361"7  Laplaces method.—The solution of the equation 
2d EV ju 0 ORTOS 


is u= c(t uy TEE 700 


the limits being determined by 
yee oo 


ee c. 


Proor.—Assume u = e | e™*Tdt, and substitute in (1), putting ọ (dz) e% 
= 9 (t) e** (9174), thus 
EZ (t) Tuc | ey (t) Tat = 0. 


* This mothod of solution is merely indicated here, and the reader is referred to Boolo's 
Diff. Eq., Ch. xviii., for a complete investigation. 
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Integrating the first term by parts, this becomes 
eso T= e [oc T} -4 T] ai o... (4), 


an equation which is satisfied by equating each term to zero. The second 
term thus produces a value of 7' by integration by (8209), and this value 
substituted in the first term, and in the value of u, gives the results (3) 
and (2). 


3618 Ex. (1): Oe Oe pu psc eee n 
Here ¢(d,) = dyg—q’, Y (dz) = ad,, 9 (t) = P—q’, Y (t) =at. Hence 
(2) and (3) become 
gu of ett (@—g*)? ^ di; ett (P —g?):— 0; 


a being positive, the limits are /— Eg, and, putting t= qc0s0, we find 


jS C | ereesint 900 v MS: 


0 


3619 The solution in series by (3608) is as follows. Equations (1) and 
(2) of that article are in this case 


D(D-4ta—1)u—qg'e^, — 0 and m(m-ra—l)v,—q tn- = 0. 
Thus, a in (3608) =0, and b=1—a. Therefore (3610) becomes 
4 


= Bue QM 
P Ajit E ENEE ác] 


+B ile. give] -— (6). 
Tol NE i 


Both series are convergent by (239 ii.). 


The results deduced by Boole are these— 


3620 (5) is equivalent to the particular integral represented by the first 
series of (6). 


3621 A second particular integral, by assuming u = e7?*», is found to 
be, when 2—a is positive, 


T 
LS al Cou a A NEP aa e 


0 
3622 When a lies between 0 and 2, the complete integral is 


o, e sinoa04 C, | eft 08 ginl-20dÓ ........, (8). 
0 0 


* Tho method by definite integrals is elucidated by Boole chiefly in tho solution of this 
important equation. 
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i 


3623 But, if a=1, the solution becomes 
u = [e {A+B log (æ sin? 0) \ GO accent (9). 
0 


8624 If a does not lie between 0 and 2, then, if a be negative, put 
a =a —2n, and replace the first term of (8) by 


C, (ed, +a —1) (ed, +a —8) ... (ad, +a —2n+1) "tae? gin?-1 0... (10), 
E 0 
the transformation being effected by (3580). 


3625 And ifa be positive and 79, put u = e^o = "v. This con- 
verts a into 2—a, a negative quantity, and the case is reduced to the last 
one. 


3696 Ex. (2).—To solve by this method the P. D. equation 


ler lage to. = OLEI 
Witten A La ye 
Eliminating # and y, (1) becomes 
flor, Tus, = Sese BRE 


Now the solution of this equation is number (9) of Example (1), if we 
change z into r, q into id,, and A and D into arbitrary functions of z. We 
thus obtain 


u = aa (o0) e$ 0) log (r sin? 0) } dU esce Eh 


Sco (3551) for another solution. 


3627 Ifv be the potential of an attracting mass at an external point, 
and if u = F (z) when r= 0; then, since logr = oo, P(z) must vanish; 


therefore F(2) = ls (2) dO = 49 (e). 


[U 


Hence (4) reduces to u = L (r f z-- ir cos 0 \ dé. 
T Jo 


Parseval’s Theorem. 
3628 If, for all values of w, 
A+DBu+Cw+... = (X) 
and A’ + But+ Cut SHV) usse NS 
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then 
AA'+ BB+... = zi [$9 9 (6994-4 (79) $ (79 | a0. 


Proor.—Form the product of equations (1), and in it put u = c? and e^? 
separately, and add the results. Multiply by d0, integrate from 0 to 7, and 
divide by 27. 


P. D. EQUATIONS WITH MORE THAN TWO 
INDEPENDENT VARIABLES. 


3629 By means of Fourier’s theorem (2742), the solution 
of the equation 
to, — h? (us, F s, + tta) = O 


may be deduced by a general method in the form 


T= ata) S e (4+ BR) A (a, b, e) da dbdedàdp dv, 


the limits of each integration being — œ to c» , and the func- 
tion 4 being arbitrary and different in the two terms arising 
from the operator (1+ d). 


Boole, Ch. xviii, and more fully in Cauchy's Exercice d Analyse Mathé- 
matique, Tom. L, pp. 53 et 178. 


3630  Poisson's solution of the same equation in the form of 
a double integral is 
u= (1+ ap [^ sin £j (e+htsingsinn, y -- hsin£cosg, z+ ht cos?) dédn 
o Jo 
with the same latitude in the interpretation of y. 
[Gregory's Examples, p. 504. 


DIFFERENTIAL RESOLVENTS OF ALGEBRAIC 
EQUATIONS. 


3631 Tuxerorem I. (Boole). If 44, Yz... Yan are the n roots 
of the equation 
y”—ay"™ +1 = 0 ote erases nee 04280689996 Gs 


and if the m power of any one of these roots be represented 


544 DIFFERENTIAL EQUATIONS. 


by u, and if a = æ, then w as a function of 0 satisfies the 
differential equation 


M -— (n-1) 
u- (2 D+ 4-1) (2-2-1) Eu zzi 
n 


n n n 


and the complete integral of the same will be 
u= Ciy + C242 + T Cy.. 


3632 ‘Cor. L—I£ m — —1 and if n be >2, the differential 
equation 


cR (n—1) 
Diez) liL GL D— 1 -1) eu -—0 


n\n n 
has for its general integral 
SO E UM 
Y Y ... Ya-1 being any n—1 roots of (1). 
** [f 0 be changed into —06, and therefore D into —D, the 
above results are modified as follows :— 
3633 “Cor. IT.— The differential equation 


u—(D—1)” (E : D— EP (2 + me etu = 0 


n n n 
has for its complete integral 
u = Cy ry... Cs 
Yis Y2 ... Ya being the roots of the equation 
EN meque)... CU 


3634 “Cor. IIT.—The differential equation 
n—1 (n-1)9 -1 
u—n(D—2)^-? [= D+ I) ] eu = 0, 


supposing »>2 has for its complete integral 


u = Cyt + Gyr. OG ayz La 
Yis Yo Yn. being any $—1 roots of (2). 


DIFFERENTIAL RESOLVENTS. 


(bite 
or 


* Theorem IT. (Harley).— 
3635 ‘The differential equation 


n-—r mo aeo, SPEC 2 ve 
a" (xd, ) Pu — (= æd, + —— ) — ad, ——— 1) a^u 
n n an n 
= 
is satisfied by the m™ power of any root of the equation 
y'—ay"*-ra = 0, 


w being considered as a function of v. 


3636 “ Cor.—The differential equation 


py, MESO: 
nr NL 
n” (= æd, — = (wd,) (v) u 
r E 


(2) 
(m m : 
=i) (Lou —— ) torpet) 
? ? 


is satisfied by the m™ power of any root of the equation 
y'— ny +(n—1) ve = 0." 
[ Boole, Diff. Bq., Sup. 191—199. 


3637 See also Boole, Phil. Trans., 1864; Harley, Proc. of the Lit. and 
Phil. Soc. of Manchester, Vol. 11.5 Rawson, Proc. of the Loud. Math. Koc., 
Vol. 9. 
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CAPCULU SSON FINE 
DIFFERENCES 


——(o—— 


INTRODUCTION. 


3701 In this branch of pure mathematics a function ¢ (v) 
is denoted by w,, and o(v+h) consequently by ?s,,;. The 
increment /, is commonly unity. If Av denotes the increment 
h,and Aw, the consequent increase in the value of w,, we have 


3702 Au, = Unt As Uy. 


3403 When A» diminishes without limit, the value of 


A Uy Urta ™ lly; du, 
or ————— 18 — 
A Av dx 


v 
3704 The repetition of the operation A is indicated as 
follows: 

AA = An At S= Âa condom 


— 


3705 Ex.: Let = qu 


qom 1 SD d 5 

ra a E NDS 
hv x 79) 
No i 2 D E e eur 


FORMULA FOR FIRST AND »'" DIFFERENCES. 


If u, = ua? tba" pea" &o., 
3706 S'u, = an (n—1) ... (n—r-F1) at" pea - &e., 
3707 Ay =en (n— l) 3-2.1. 
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3708 Hence the ath difference of a rational integral func- 
tion of the nth degree is constant. 


3709 So also Nae 2 8 a, 
3710 Notation. 


Factorial terms are denoted as follows :— 


Maui ++ M, = Neal 


1 , 
3711 T —-— 
Wy Uva dex [LP ET ` 


3712 Thus «#(#—1)... @—-m+1)=e™, 


li " m 
3713 Crane NEED ) 


Hence |m, m!, and m™ are equivalent symbols. 


3714 According to (2452), x” would here be denoted by a^". The 
suffix, however, being omitted, it may be understood that the common differ- 
ence of the factors is : always E 


3715 A09 — mæ”), NUS) — m™ pe " AM p™ = rm. 
audien. Aa — (0 since Ac = 0 if ¢ = constant, 


3718 Ae” = = mg”), Arp ™) = (—m)9 ve", 


3720 IN) = (rai — uU... Asi) ee D 
AuC = (u, — uas) ut m-1) 
3722 Ex.: 


A (ae -- b)? = am (agx +b)” P, A (ax 4-0) 7? z — am (az 4 b) 77. 


3724 Alogu, = log Lots i A log ui") = log Met, 


Uy Ue—m+1 
3726 Ad = (a— 1) a. A'a”? = (u" —1)"a"*. 
, sin fan aam n ae dum) ) 
3728 A eus (aw+b) = (2 sill sy p SLE vto+ s 
Pnoor.— Asin (ag+b) = sin (ag +a 4 5) —sin (az 4- b) 


= 2 ain 5 sin (ao+b+ str), 
a+r 
2 


That is, A is equivalent to adding 


to the angle and multiplying the 


. . a 
sine by 2sin —. 


2 
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3729 Conversely, the same formula holds if the sign of n 
be changed throughout. 


EXPANSION BY FACTORIALS. 
3730 If A"$4(0) denote the value of A*¢(z) when #=0, 


then ¢ (2) = $(0)--A (0) e+ EO rot FEW mp be, 


3731 If Av=h instead of unity, the same expansion holds 
good if for A”¢ (0) we write (A"9 (2) 4- À*),.,; that is, making 
@v= Q0 after reduction. 


Proor.—Assume ọ (g) = a,-a2-r ago? rav? 4- &e. 
Compute A$ (v), A*$ (a), &c., and put » — O0 to determine ay, a, z &c. 


GENERATING FUNCTIONS. 


3732 If w,¢” be the general term in the expansion of ¢(¢), 
then ¢(t) is called the generating function of u, or ¢(t) = Gu,. 


Ex.: (1—t) > = @(@4+1), for #+1 is the coefficient of é* in the 
expansion. 


ES ioe Cue. By 


: = 
Pnoor.— Gu, = Gu, —Gu,, &c. 


3134 Gu, = (7 140. » Garu - (7 —1J $c. 


THE OPERATIONS F, A, AND d,. 
3735 E denotes the operation of increasing v by unity, 
Bu, Sa, =u t ae = GEA ae 


The symbols E and A both follow the laws of distribution, 
commutation, and repetition (1488-90). 


3736 k=14A=e™ or ec?.* 


Proor.— Baty = thy yy = Up +H dut, iduu, du, + &c. 


Il 
2.3 
= (1 +d +id+ 4 dzat EC.) ty = e"? tgs 
By (1520), Ax being unity. 


* The letter d is reserved as a symbol of differentiation only, and tho suffix attached to 
it indicates the independent variable. Seo (1487). 
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3737 Hence A—ce?—1 and D=log E. 
3739 Consistently with (8735) W~ denotes the diminishing 
æ by unity; thus JU a E a 


or i Stores. 


Uz+n 0n terms of uy and successive differences. 
3740 Usin = Uy tnAu,+C (n, 2) Au, +C (n, 3) Au, + &c. 


Proor.—(i.) By induction, or (ii) by generating functions, or (ii) by 
the symbolic law: 


i zm E l | i 
(85 Gu, (1) {1+ (4-1) i 9 (4). 
Expand by the Binomial theorem, and apply (3794). 
(ii.) uo rong Ae 


Apply the laws in (3735) by expanding the binomial and distributing the 
operation npon Ug. 
Conversely to express A"w, in terms of w,, Usti 1,49, &c. 
3741 Anu, = Ugg an ue C (n, 2) Untn—2 aes (—1)* Ure 
Pnoor.— A"u, = (E—1)"u, (9796). 
Expand, aud apply (3735) as before. Putting «= 0, we also have 
3742 A’, Eum iar C, ste Goo (=D Uy. 


3743 A" a^ = (w--n)"—n(v-4-n—1)" 

+C (n, 2) (w+n—2)"—&e. 
3744 A" 0" = »"—n (n—1)*-- C n 2)(n —2)” 

— € (n, 3) (n —3)"-F- &c. 

3745 Ex.: By (3717) A"0* 2n! Hence a proof of theorem (285) is 
obtained. 
3146 AM. = (EE'—1)" US Urs 
where E operates only upon t, and Æ only upon r,. 


PROOF. Au,v,-— Urr Vari — Ur Ve = ÉEu,.E'v,—u,v, = (EE —1)u,v,. 


Applications of (8746). 
9/47 Ex. (1): Auw, = (1P (1—EE)" usv 
Expand the binomial, and operate upon the subjects 4, v,; thus 


3748 A” 4,0, == (—1)* { Uz Ve — Mz Vex, + O (n, 2) Ur+20s+2— KC. j ; 
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3749 Ex. (2): To expand a’ sine by successive differences of sin v. 
Sa eine — i E(14-A)—1 H "a* sina = { A+EN "a sin g 

= { A? + nA" HA’ + O (n, 2) A" E! A? + &c. } a sing 

= A" a*.sin e nA! 71 a?*! A sin a+ C (n, 2) A? a*** A? sina + &c. 

=al | (@—1)" sine +n(a—1)""'aA sing + C (n, 2?) (a—1)""* e? A* sing + &c. \ ; 

by (3797 7), while A” sina is known from (3728). 


3750 Ex. (3): To expand A” u,v, in differences of u, and v, alone: put 
=1+44, F= 1+4 in (8746), thus 


A"u,v, = (A FA AA)! u,v,, 
which must be expanded. 


Au, in differential coefficients of uy. 
3751 A'u,— dit, Ad; Adu, re. 


Pnoor.— Ay, = (e — 1)! u, (3787). 


Expand by (150) and (125) as if d, were a quantitative symbol. Sce also 
(3761). 


- in successive differences of u. 
3752 Del = {log (1+A4)}"u. 


da? 


The expansion by (155) and (125) will present a series of 
ascending differences of u. 


Proor.— e*=1+A, «. de=log(1+A). 


3759 Ex: If n=1, a = Aw uc EE Mn 3 tae. 


If C be a constant, 
3754 $(D)C—$(A)C—4(0€ and $(E)€ —4(1)€, 


Since every term of 9 (D), or of $ (A) C, operating npon C, produces 0; 
and every term of ọ (/7) operating upon C produces C. 


HERSCHEL'S THEOREM. 
3757  4()e (0) e 
3758 = à (1)--$ (E) 0.t-- 5 (E) 0. Eie. 


INTERPOLATION. 551 
Pnoor.—Let 9$ (e) = 4,4- Ae... det 
= Ae gute cp Et AT. EAE 
212 
= (E) ét = e(E) (140.4 OT tke. He 
and ¢(E)1=4¢(1) by (8756). 


A THEOREM CONJUGATE TO MACLAURIN’S (1507). 
3759  $()-—9(0D)e^ 


3760 = $(0)-- 4 (4) 0.1-- 4 (4) OA, + he. 
Pnoor.— o ()) = e (log e) = $ (log E) e? (3757) 
— q (D) et (3738) = 9 (D) {1+0.t+ us 
sd 9(D)1- 9(0) (8754). 


n being a positive integer, 
3761 
oe du 4 A” 01 Gly Ar (yt? d? 
de ^ 1.2... (AF1) dae" ^ 1.2... (9-2) da^? 
Proor.—By (8758), putting 9 (e^) = (ef—1)", 
(e. —1) = (E-1)"0.t4+ (E10... ie = Ato AO A + e. 
Put t= d,, and employ (8736) and (3737). 


——— SS 


INTERPOLATION. 


Approximate value of u, in terms of n particular egui- 
distant values. 
3762 If u, is an integral algebraic function of the degree 
n—1, A"u, vanishes, and therefore by making «=0, and 
writing æ for n in (3740), 


3763 uu, = Uy tvAuy+ C. Au, Soa Can- Ay 


This is formula (265). The given values are wy, Auo, A’ug, 
&c., corresponding to a, b, c, ... 


3764 For an application of the formula to the problem of interpolation, 
see (267), in which example « = 1°54 and u, = log 72:54. 
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3765 When the term to be interpolated is one of a set of 
equidistant terms, employ (3741). A"«,-—0, as in (8762) ; 
therefore 


3766 U,—n ied C, Ua- — Ce g lng ... = = p y= 0. 


3707 Ex: From sin 0, sin 30^, sin 45°, and sin 60°, to deduce the value 
of sine 15°. 


The formula gives sin 0—4 sin 15°+6 sin 80°—4 sin 45° + sin 60° = 0, 
or —4sin15°+3—2/24+3V/3=0, 
from which sin 15? = 1 (6 — 4/2 + v3) ='2594. 
The true value is 2588; the error ‘0006. 


LAGRANGE'S INTERPOLATION FORMULA. 
3768 Let a,b,c, ... k be n values of æ, not equidistant, for 
which the values of wv, are known; then generally 
3769 
_. (w—b)(w—ce)... (vk) (w—a)(v—ce) ... (vk) 
uuu c MN. RR NE 
(a—b)(a—c) ... (« —k) (b—«)(b—e) ... (b—K) 
(r—a)(r—b)(w—e)... 
os Qe (k—«)(k—b)(k—c)... 
Proor.—Assume t, = A (g —b)(—ce) ... (e— t) 
+ B(a—a)(a—c) ... (&—k) +C (e —a)(e—b) (e~d) ... (v—F)+&ce., 


and determine A, D, C, &e. by making æ = a, b, c, &c., in turn. 


If the values of a,b o k are 0, 1, 2; or — 15 IU 
reduces to 
A æ (ex— l)... (e—n+2) 
3770 un. = a (hae 
T lice ex (v—n+3)(r—n+1) 


aid 1.1-299 eee (n —2) 


d (»—1) ... (»—n-4-4)(o— 4-2) (^—n 4-1) 
t= so Th (OR LG ae eer 


—&c., or 
2.1.1.2.3... (n—3) E 
3771 
Y Y 
f. ur l — Co Tu Un - lys -&e.L. 
(n —1)! 


v—An-4-l Fa v—ruts 


MECHANICAL QUADRATURE. DOS 


MECHANICAL QUADRATURE. 


The area of a curve whose —' is y—u, in terms of 
n+l equidistant ordinates t, ti, ... u,, 18 approximately 


3772 nu+ w apt Hen) oe 


n axt Ilx? Atu 
+ mde d MES 


ZI -ii 5 Aru 
ce pan ama CD js 


n^ 15» 2, 225nm', 274i — n= u 
«(s Lo ul ur c NE n 


n 
Pnoor.— The area is = sae. Take the value of w, in terms of 


T 0 
Ug Uy sss Uy» from (3763) and integrate. 


3773 When n=2, (ude = trs 


ed e 
33 AD 
3774 n-93, | TE = (uu, 4 -9u, 4- ;), 
au n= (a de = ERUERA 


e 0 45 


(" nike E= i pene HuHu tH’ (mtu; )--6uj 
eI) 

In the last for 8 which is due to in r. Weddle, the co- 
efficient of A'u is taken as 45; instead of ls, its true value. 
These results are obtained from (3772) by substituting for 
each A its value from (5742). 


COTES'S AND GAUSS’S FORMULA. 


3777 These give the area of the curve directly in terms of 
fixed abscisse. 
They are obtained by integrating Lagrange’s value of ~, 
(8769-71), and are fully discussed in articles (299 5-7). 
4 B 
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LAPLACE’ S FORMULA. 


u. 


Pn 
u ; 
3778 | uide = Bp PS E 


2 
-1 (Au, — Any) + ! (Au, — A*i) — & 
12 n 0 24. n 0 C., 
the coefficients being those in the expansion of 
t flog (1+4)} > 


A 
1:00F.— TURA e tenes E i ir 3 
PROOF We T aaa: by (3736), 
E A NEN EID 
=d ibt s UE Jy; + &e. } wa 


Hence, putting Ur = Wy 
H 2 bj 
Ute, Avy , Au 
| iut m NOSE CUT —23 — &oc., 


0 2 12 24 
2 mtu An aes 
[into Ust T + 94 &c., 


and so on; then add together the 7 equations. 


3779 Formula (3778) contains Aw,, A’u,, &c., which cannot 
De Owna] rom Vyp Wi ee Ugo 

The following formula does not involve differences higher 
than O l 


» 


2 
3780 | uda Sputt wt T 
a 0 a p 


— E (Au, — A) — - (Au, 1— Au) — &e. 


TA inte e M 
log (1+4) log(1— ^ E-!) 
and put L-!w, = w,., (3739) after expansion, and proceed as before. 


Proor.—In the proof of (3778), change 


SUMMATION OF SERIES. 


3781 Definition: Xu, = Uat Uait Uag ua. 
3782 Theorem: Su, = AMC, 
where C is constant for all the assigned values of æ. 


SUMMATION OF SERIES. D 


Proor.— Let ¢(#) be such that Aọ (x) =u, then $(rx)-—A^wu, 
therefore ta = $ (a4-1)—9 (a). Write thus, and add together the values of 
Was Wari) e. Uz-1- Therefore, by (3781), Zu, = $ (»)—9(a) = A7w,—9(«), 
and $ (e) is constant with respect to g. 


Taken between the limits «=a, «=b—1, we have the 


notation, 
w= 6-1 

3783 Zu, or Btw, = Fu, — Bu, = A,A. 
v= 


Functions integrable in finite terms : 


m S oU» " 
3784 Class I. ur JE 
, amc (ax+ b)+” 3 
3785 Z(av--5)" = TERI ie 
ro : By (8718), 


- Slee) — 
3786 Class II. A m a Eun) * and notation (3711). 


; ES y awto ag 
M 2 Ga) any 


Formule (3785) and (3786) are equivalent to the rules 
(269) and (271). They are the direct results of theorem 
(3782). | 


3788 yp [By (3726). 


Class III —IJf u, be a rational integral function, 


3789 X. Wy = fæ C. A+ Cas A+ Doo i Uy. 
Proor.—By (3735) and (38736), 
Wat tasi e TUasa-1 = CER TUR ses 34m (ig, m 


= the expansion above. 


o d, = due 
Hi A 


3790 The formula has been given at (266) and an example of its appli- 
cation. The series there summed is 14-5 4- 15 4-35 4-70 4-126 + to 100 terms. 
The function u, which gives rise to these terms is found by (3765) to be 


t, = (2 +102 + 35a? + 508 4 24) + 24. 
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3791 Tf this function be presented as w,, and Xa, be required, we 
first find u= 1, m= 5, t= 15, &c. ; then the differences Arm, A’, ... Atu, = 
1,4,6,4, 1, and then, by (3789), the required sum, as in the example re- 
ferred to. 


3792 For another example, let Zia? = 142°... +n° be required. 
Here Av = 827+8a+1, Ax? = bst, Aw = 6, 
therefore AGS aA" 6. CATONE G ee le 


4? may now be expressed in factorials, and the summation may then be 
effected by (3784). First, by (3730), 


a? = w+ 3e (z—1) +g (2—1)(2—2) ; 
therefore, by (3784), mu = D (n+1)? (3789), 
wn s n(ntl) , 3 (a+) n(n—1) , (n+1)n(n—1)(n—2) _ n’ (n4-1y 
a a to e a e E 


3793 Otherwise, by (3789), taking a=0, we have 
i, =e, — 0, Au = lad, UON ESO 
Therefore 
um L0 (n—1) " On (n—1)(n—2) uU 6n (n —1)(n—2)(n—3) E n? (n —1y 
2 1.278 1.2.3.4 4 ? 


; : nla? 
therefore, changing n into n+1, Xyu, = GED, 


3794 Class IV.—When the general term of a series is a 
rational fraction of the form 


A+ Ba+Cr+ 


where u, = ax+), 
Wette cos Wert 


and the degree of the numerator is not higher than «+m—2; 
resolve the numerator into 


/ / d j 
A! -D'u, + O T tita ect; 


by (730). The fraction then separates into a series of frac- 


tions with constant numerators which can be summed by 
(9787). 


3795 If the factors «,... U4, are not consecutive, introduce 
the missing ones in the denominator and numerator, and then 
resolve the fraction as in the foregoing rule. 


3796 Ex.: To sum the series E + 55 + jl + to n terms. 


SUMMATION OF SERIHS. OD 


1 = (n+1)(n+ 2) 
n(n+838) n(n+1i)(n+2)(n+3) 
mor DATE 1 Es 4 
n(n+1)(n+2)(+3)  (n+2)(n+3) (n+1)(a+2)(n+3) 
2 


The n™ term is 


= 


E n (n 1)(n-42)(n4-3) 
The sum of n terms is, therefore, by the rule (271), 


1 1 JUS 2 MP 2 
> M n 1 9 m EGON u siters 3 (nt1)(n+2)(n43) 
a ae 9n? ei 
~ 18 3 (n4+1)(n4+2)(n48) 
If the form in (3787) is used, the total constant part C is determined finally 
by making n = 0, which gives C ue 
3797 Theorem. | f(E)a*$ (x) = af (aE) $ (v), 


f being an algebraic function. 
Proor.—Let a — e", then the left 


=f (E) etg (2) =S (e?) età (2). (8736) = eti (^9) g (u) (3475) 
= a*f (aF) 9 (a). 


Class V.—If (wx) be a rational integral function, 


3798 
zarg) = Joe - LE ade) + ct e) e]. 
The upper xo is under um to be z— 1, and a constant is to 
be added, (3781-2). 
Proor.— Za*$ (x) = A^la*o (æ) = (E—1)^!a*9 (£) = a? (ais 1) '¢ (2) 
(8797) =a" fa (1+4)—1} 9 (2) = Im (+2) O. 


Then expand the binomial. 


Zar (x) in cius derivatives of $ L^ 


3799 Z«'$(« "A ied 2 d (v)--&c. , 
where p (ey = - (12 Wa y 0". 
C1 =|] 
Proor.—By (8757), Y (e?) = 4 (E) e? ; therefore (see last proof) 
a*(aE—1)6(«) (putting E—eP) = a* (aE—1)-' e^? ẹ (x) 
can DE Nee. 
23 {140.D+ D +e. ? p0). 


(x 


-ul 
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3800 Ex.: To sum the series 2.14+4.8+8.27+16.64+4 to n terms. 
Me require 2*3? + 3 ITT = 272° 27 (g — DAs 9*2, — 2 A9) 
= 9284 9* [8 —9 (Ba? 32-1) 1 4(62 6) — 8.0] 
= 2» [28— 64? 184—926]. 


3801 If A^"w, be known for all integral values of n, and if 
v, be rational and integral, 
Zu, = aT , DLL — ay, AO, T Su, A’v,-3— &c. 


Proor. u,v, = (FE’—1)7! u,v, = (AW +A)" u,v, (8746) and (3796). 
Expand the binomial operator, observing (3738). 


3802 


"up, = WY, —NAU, D yy FC, ,Afu 2", 2 — KC. 


Pnoor. wt, = (MAE) uv, as in (8801), 
= A” van (A-H) e,Au,-r Cn, (AE) vu, ess 
produeing the above by (3735) and (3782). 
Observe that, in (8801) and (3802), two forms are obtainable in each ease 
by expanding the binomial operator from either end of the series. 


3803 Ex.: To sum the series sin a+ 9? sin 2a+ 3° sin 3a + to æ terms. 
The sum is = 2’ sinaz+ Xx’ sin az. Taking w, = sin ac and v, = 2?, we 
know A~” sin ag, by (3729); therefore (3801) gives 


Xa? sin aw = (2 sin 3a)-! sin f ae—} (a +7) | a 


— (2 sin ła)~’° sin f av— (a+r) ! (22 —3) +(2 sin 1a) ?sin { az—3 (atz) j Vo. 


APPROXIMATE SUMMATION. 


3820 The most useful formula is the me 


dae, B, dw, 
E o8 . don D 2x 7m Tad da? rg 


_ Nea wes due 1 au. 1 dx, 
3 c «OES TT We 700 do) C 80230 du 
1 Üu, l Pu” 


— 1209600 da? T 37900160 dae 


Pnoor.— Su, = (e"—1)^ w, Expand by (1539) with D in the place 
of a. 
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Ex. 1: The value of Sz? at (2939) is given at once by the formula. 


3821 Ex 2: To sum the series 1+ i T E "E 2 approximately, 
1 3 1 = 1 or d — 4 m — M5 
PECES a cios "roga 9E 

Put az 10 to in the constant; thus 

E l g 
EE sm 3 eB = C-4log 10 + — dT -- T é&c., 
from which C = :577215, and the required sum is 
TX 1 
3822 Ex.3: llic p 
Ig 1 = 1 £ = -ih 9B, 
zo ze Da Da t gg 
a l 1 1 1 3 5 
Soe - 
To A Am —12*13 99 * i3 


The convergent part of this series, NE of the first five terms, is an 
approximation to the sum of all the terms. 


3823 A much nearer approximation is obtained in this and analogous 
cases by starting with the summation formula at a more advanced term. 


ener 
Eg.: Ec a 
m5 oo ae 
mil 5p earn 
3] » 
2035 , 1 Hep l acce re 


— 1728 ' 50 ' 950 ' 9500 187500 


The converging part now consists of a far greater number of terms than before, 
and the convergence at first is much more rapid. 


3824 Ex. 4: The series for log I (z-- 1) at (2773) ean be obtained by 
the above formula when v is an integer. For, in that case, 


log I' (z-- 1) = logl+log2+logs ...-logsz log v+ 5 log v, 


and (3820) gives the expansion in question, the constant being determined 
by making æ infinite. 


3825 Formula (8820) may also be used to find | ide by the 


process of summation, and thus answers the purpose of 
Laplace’s formula (3778). 
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Eru, in a series of derivatives of u, 
3896 Lemma.— 
i —11! (ef —1)-" = (—1)"7'(d,--n —1)(d;-n —2) 
(dl) 1e'— dA]. 
Proor.—Put v, for n—1!(e'—1)^". Then 


Une. = — (ditn) v, = (did n)(d;-n—1) v, 4. 
X'u, may now be developed. 


3827 Ex—To develope Z^w,, (Boole, p. 97) 
9 (e! —1)-* = (CUN {ef—1} > 
= (dy,+8d,+2) fi- — — HAt AGP HY. ke. j 
with =O, and 
2 3 2 
Apa = ("Baen + (2r +2)! = 5 — = + = +(24,+34,-1) 
s { (42) 41) 4a 3 C) dpa? 24, f. 


Therefore, a t into d,, we get 


"NES all | ee Lai, CO 
su, = |||». dæ usde + | ude 3 "is 345) d &c. 


3828 u, in a series of derivatives of u,- 


Let « cosec”# = 1— Cy? + Cy'— Ae., p 
= Da: p 1+C, (=) + C (2 +&e. u 


[ Loole, p. 98. 


3829 , 
b 0) —$(1) + $@)—&e. = 3 1-345 -&e (9). 


By this formula, a series of the given type may often be trans- 
formed into one much more convergent. 


Ol 


the expansion of which is pr series on the right. 


Proor.—The left = ate = E : iat 


3830 Ex.—To sum 1— " * E — 4 + ke. Summing the first six terms, 


it becomes DUM MEL LL Taking ¢(0) = (0+7), 
D 7 8 
1 a ee 1 2 2.3 7 
T th: ra o i795 remo bo 


The sum after six terms converges rapidly by this for Ms and more rapidly 
than if the formula had been applied to the series from its commencement. 


PLANE COORDINATE GEOMETRY. 


SYSTEMS OF COORDINATES. 


CARTESIAN COORDINATES. 


4001 In this system (Fig. 1)* the position of a point P’ in a 
plane is determined by its distances from two fixed straight 
lines OX, OY, called axes of coordinates. These distances 
are measured parallel to the axes. They are the abscissa M 
or ON denoted by a, and the ordinate PN denoted by y. The 
axes may be rectangular or oblique. The abscissa æ is 
reckoned positive or negative according to the position of P 
to the right or left of the y axis, and the ordinate y is positive 
or negative according as P lies above or below the æ axis 
conformably to the rules (607, '8). 

4009 These coordinates are called rectangular or oblique 


aecording as the axes of reference are or are not at right 
angles. 


POLAR COORDINATES. 


4003 The polar coordinates of I’ (Fig. 1) are r, the radius 
vector, and 0, the inclination of r to OX, the initial line, 
measured as in Plane Trigonometry (609). 


4004 To change rectangular into polar coordinates, employ 
the equations «œ= r cos 6, jy — rsin 6. 


4005 To change polar into rectangular coordinates, employ 


m V vt 4- y, = an: (4) 


* See the end of the volume. 
4 Q 
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TRILINEAR COORDINATES. 


4006 The trilinear coordinates of a point P (Fig. 2) are 
a, D, y, its perpendicular distances from three fixed lines which 
form the triangle of reference, ABC, hereafter called the trigon. 
These coordinates are always connected by the relation 

4007 da+bB-+cy = =, 

4008 or asin 4+8sin B+ysin € = constant, 

where à, b, c are the sides of the trigon, and X is twice its 
area. 


4009 If v», y are the Cartesian coordinates of the point 
apy, the equations connecting them with the trilinear 
coordinates are, by (409-4), 

a = & eos a+ y sin a— p, 

B = «eos +y sin 8— p», 

y = æ Cos y+ y sin y— ps 
4010 Here « has two significations. On the left, it is the 
length of the perpendicular from the point in question upon 
the side AP of the trigon. On the right, it is the inclination 
of that perpendicular to the v axis of Cartesian coordinates. 
Similarly B and y. 


4011 The angles a, f, y are connected with the angles 
A, D, C by the equations 

y—B=7-A, a—y=a7—Bb, a—B=7+UC, 
only two of which are independent. 
4012 p. p» ps are the perpendiculars from the origin upon 


the sides of the triangle ALC. 


AREAL COORDINATES, 
If A, B, C (Fig. 2) be the trigon as before, the areal co- 
ordinates «', B, y of the point P are 


p. 0 PBC Dum. B xm PCA PN Y _ PA B 
4013 o= Aee O a ee 7 a 
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The equation connecting the coordinates 1s now 


4014 a +p 4- y =I. 


4015 To convert any homogeneous trilinear equation into 
the corresponding areal equation. 


4016 Substitute aa= Xa’, b8—z8, y= Ey. 


Also any relation between the coefficients /, m, n in the 
equation of a right line in trilinears will be adapted to areals 
by substituting la, mb, w for l, m, n. Similarly for a, b, c, 
f, g, h, in the general equation of a conie (4656), substitute 
vasa eC DC gom eab. 


In either the trilinear or areal systems, a point is deter- 
mined if the ratios only of the coordinates are known. 

Thus UMEN Ep then, with trilinear co- 
ordinates, 


m 
P+Q+TR 


PX : 
OEC S MAS D E 
4017 a PFR and, with areal, a 


TANGENTIAL COORDINATES. 


4019 In this system the position of a straight line is deter- 
mined by coordinates, and the position of a point by an 
equation. If la+mPB+wy — 0 be the trilinear equation of a 
straight line MDI (Fig. 3); then, making a, f, y constant, 
and l, m, » variable, the equation becomes the tangential 
equation of the point O (a, B, y); whilst l, «i, n are the co- 
ordinates of some right line passing through that point. 

Let A, u, v (Fig. 3) be the perpendiculars from 4, D, C 
upon HDF, and let pi, ps, ps be the perpendiculars from A, 5, 
C upon the opposite sides of the trigon; then, by (4624), we 
have 


4020 Ry =e Rp = mp, Rv = np; 
where R =,/ (P +i? +? —2mn cos A —2nl cos B—2lin cos C). 
Hence the equation of the point O becomes 


4021 . . 
Nc c se 27 qam Sm , sin A, sin 6 0, 
Pi P Ps pi P» P: 


where p, = OA, 0, — Z BOC, &c., and 2A LOC = pp, sin 0. 
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Formula (4021) shows that, when the perpendiculars A, u, v 
are taken for the coordinates of the line, the coefficients be- 
come the areal coordinates of the point referred to the same 
trigon. 


4023 Any homogeneous equation in l, m, » as tangential 
coordinates is expressed in terms of A, p, v by substituting for 
] A m p 
mM, n, —, —, — 
Ma Mo Ps 
4024 An equation in 3, u, v of a degree higher than the first 
represents a curve such that A, u, v are always the perpen- 
dieulars upon the tangent. The curve must therefore be the 
envelope of the line (A, pu, v). 


respectively. By (4090). 


TWO-POINT INTERCEPT COORDINATES. 


Let X= AD, p= DE (Fig. 4) be variable distances from 
two fixed points A, P measured along two fixed parallel lines, 
then 


4025 aX-- 0p. -- c — 0 


is the equation of a fixed point O through which the hne DE 
always passes. This may easily be proved directly, but we 
shall show that it is a particular case of the system of three- 
point tangential coordinates. 


Let one of the vertices (C) of the trigon in that system be at infinity 
(Fig. 3). Then equation (4022) becomes 
BM GU OE n o 
i Pe 
For v : p, = sin COE always. Divide by sin COE; then A -- sin COE = AD, 
&c., and the equation becomes 


mu eos sin prs 
p» 
The only variables are AD and AE. Calling these \ and p, the equation 


may be written a^ -- bu 4- c = 0, 
the form taken by aA+bu+e’v =0 when » =oo and c vanishes. 


ONE-POINT INTERCEPT COORDINATES. 


4096 Let «, be the Cartesian coordinates of the point O 
(Fig. 5); and let the reciprocals of the intercepts on the axes 
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EL 
AUS d 


of any line DOE passing through O be ë = p 


Then, by (4053), 
4027 a€+bn = 1 


is the equation of the point O, the variables being £, x. 


This is a case of the system of three-point tangential coordinates in which 
two of the vertices (D, C) of the trigon are at infinity. Equation (4022 


now becomes SUDO, +sin BOD sin 0, 4- sin COE sin 0, = 0, 
Pi 
sinô, , sinO, , sinO, _ 


P AD NUS > 
which is of the form aé+bn = 1. 


or 


TANGENTIAL RECTANGULAR COORDINATES. 


4028 This name has been given to the system last described 
when the two fixed lines are at right angles (Fig. 6). 

The coordinates £, n, which are defined as the reciprocals 
of the intercepts of the line they determine, have now also the 
following values. 


4029 Let v, y be the rectangular coordinates of the pole of 
the line in question with respect to a circle whose centre is 
the origin and whose radius is 5; then 


me ny Y 
= and = 


since 7.0 — y. ON =k; for W, N are the poles of y = 0, 


p= 0, 


4030 The equation of a point P on NM whose rectangular 
coordinates are OR =a, OS = b, is 


a&f+byn = 1, by (4053), 
this equation being satisfied by the coordinates of all lines 
passing through that point. 


4031 Im all these systems an equation of a higher degree 
in č, n represents a curve the coordinates of whose tangents 
satisfy the equation. 


ANALY TIENA C CONICS 


IN 


OAR TESIT ANC COORDINATE 


LENGTHS AND AREAS. 


Coordinates of the point dividing in the ratio n:n’ the 
right line which joins the two points vy, æy’. 


4039 c= na’ pn æ _ ny $n’ uy duy 
npn ' nn 
Proor.— (Fig. 7.) E=a+. ie = = a —- = —v). Similarly for y. 
; — wta’ y+ 
4033 If n=w’, E eset. 


4034 Length of the line joining the points xy, ey’ 
= v (ran yy. 
The same with oblique axes 
4035 ^ (r— F+ yy YH? (ee) (Y=) cose. 


Proor.—By (Fig. 7), Euc. I. 47, and (702). 


Area A of a triangle in terms of the coordinates of its 
angular points 4j, Va Yz» Ts Yz- 


4086 A=} fa ya aug F tays tie F 433a — 23A] - 


Pnoor.—(Vig.8.) By considering the three trapezoids formed by 9, Ya Ys 
and the sides of the triangle, we have 


Á m$ Eg) n) +s (Yat Js) (uy —2) —3 stu) (4^5—2,). 
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mx 


Area of the triangle contained by the x axis and the lines 
y= RAS j| — "Wat + Co, (4052) 


4037 A= 2 CES md 2D, (A, B,—A,B,) 


Proor.—(Fig. 9.) Area = }(c,—¢,) p, and p is found from 


(4056) 


pm,—pm, = ĉ&— ct, The sign of the area is not regarded. 


Cor.—Area of the triangle contained by the lines 
(Tet Ee tm Y = M+ Co, y mU Cus 
4038 AA f G 4e (6-6) ae a, , 


m—=m, m =m; o myn, 
E fe (my— ms) +e, (m; — m) +6 (m — m: jr. 

4039 2 (m; —m3)(n,—ms)(m;— m) 
a (B,C,— D.C.) t 
= RN 
4041 - Square of Determinant (A, BC) 

2 (A,D,— A.D) (A.B, — A;B,)(A,;B,— A,B) 

Proor—(Fig.10) ABO AEF&CDE—BED. Employ (1037). 


4040 


Area of Polygon of n sides. 
First in terms of the coordinates of the angular points 
VA Wis Wy Yas ett P 
4049 2A= (iy — tY) + (93/5 — tY) "redd "Ea ei) 
= as ya) s Qa 1) E ees Qn ma) 
Secondly, when the equations to the sides are given, as in 
(4037). | 
9 9 
e—€ €, — C3)" e,— 0) 
4M3  24-(5-9 (Gay S 
MyM,  m,— m; m, — m; 
4044 Also three values similar to (4039, '40, 41). 
Proor.—By (4967), adding the component triangles. 


4047 Each expression for the area of a triangle or polygon 
will be adapted to oblique axes by multiplying by sin w. 
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TRANSFORMATION OF COORDINATES. 


4048 To transform the origin to the point Ak. 
Puit a Fh, yoy +k. 


To transform to rectangular axes inclined at an angle 0 
to the original axes. 


4049 Put 
x = a^ cos8 —y' sinb, y= y cos6+a’ sinb. (Fig. 11.) 


Proor.—Consider a’ as cos $ and y’ as sing. Then « = cos (ġ +0) and 
y = sin (p +0) (627, '9). 


Generally (Fig. 12), let w be the angle between the original 
axes; and let the new axes of æ and y make angles a and f 
respectively with the old axis of @. 


4050 Put wsinw = 2’ sin (o—a)+y' sin (o— B) 
and y sin o =a sina-d-y' sin f. 

Proor.—(Fig. 12.) The coordinates of P referred to the old axes being 
OC = e, PC = y, and referred to the new axes, OM = a’, PM = y', we have, 
by projecting OCP and OMP at right angles first to CP and then to OC, 

CD=MF—-ME, PN=ML+PK, 
which are equivalent to the above equations. 


To change Rectangular coordinates into Polar, h& being 
the pole O, a the inclination of the initial line to the v axis 
(Fig. 13), and wy the point P. 


4051 Put w= h+r cos (0+a), y= k+r sin (6+a). 


THE RIGHT LINE. 


EQUATIONS OF THE RIGHT LINE. 
4052 a ET ose soc cool |). 


4053 un Di E eese. 
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4054 mos S Ge veio). 


4055 ES eC =) E. ese el), 


Pnoor.—(Fig. 14.) Let AB be the line. Take any point P upon it, 
coordinates ON — v, PN — y. Then, in (1); m=tan@, where 0 — BAX, 
the inclination to the X axis; therefore me = — OC, and cis the intercept 
OB. In (2), a, b are the intercepts O4, OB. In (3), p = OS, the per- 
pendicular from O upon the line; a= z AOS. 

p= OR+LP = g cosa, y sina. 


(4) is the general equation. 


4056 m= anf — 4 =—1=—eota, 


: A B 
4060 sii é = —S Se COS 0 = = —. 
V A?-L D? J A?-- D? 
Li) T t 


/1--m* SAL BR 


Oblique Aves. 


Equations (4052, 753, 755) hold for oblique axes, but 
(4054) must be written 


4065 æ cos a+y cos B = p. (Fig. 14) 


i A sin c 
4066 tang "sine _ Asie | 
6 l+meoswo <Acosw—Bh 


w being the angle between the axes. 


Pnoor.— From m = sin 0 +sin (v —0). 


4068 p= c sin o = C sinw 
/1-+2mcosotm VET RAR cos o 


Proor.-—From p -csin(e—0) and (+ ph 


The equations of two lines being given in 2 forms (4052) 
or (4055), the angle, $, between them is given by 


m—n J... AB —A'B 
D te oe 0° eH 


Proor.—(Fig. 15) tang = tan (8—0). Expand by (632). 
4 Dn 


570 CARTESIAN ANALYTICAL CONIOS. 


To oblique axes : 


= eee 
4072 tan ¢ = 1+(m+m’') cos ot mm 


Proor.—As in the last, employing (4066). 


Equation of a line passing through gy’: 


4073 y—y —m(v—a), (Fig. 8) 
4074 or y—me = y — ma, 
4075 or Aæ+ By = Aa + By’. 


Proor.—From Figure (13), m being = tan 0. 


Condition of parallelism of two lines : 
4076 m= m, or AB = A'B. 


Hence the equations differ by a constant. 


Condition of perpendicularity : 
4078 min —-—1 or AA'--DBD = 0. (4070) 
The same to oblique axes : 
4080 1+(m-+m’) eos o mm' = 0. (4072) 
4081 or AA --BD' = (AD'--A'B) cos o, 


4082 or m = ltmeoso 
i -d- cos w 


A line passing through the points a, Yi, 2Y : 


Y —1 14 — y: 
4083 ERG RU 
aliaa Vy Vs 
Proor.— (1g. 16.) By the similar right-angled triangles PCA, ADB. 
o 5 —— di 
4084 Or y = omo ifo Cath 
Ud, 


4085 or — (w—a,)(y—y.) = (=r) (yn). 


Proor.—This equation represents a straight line because it is of the first 
degree; and the coordinates of cach of the given points satisfy the equation. 
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A line passing through x and perpendicular to a given 
line (m): 


4086 y-y = — L (ea?) (4073, ’78) 
4087 or Bx— Ay = Bu'— Ay. 


The two lines passing through gy’ and making an angle 
B (= tan™!m,) with a given line (m): 


L4 
y—1 m,—m, mm, 
4088 Mo M and wm (4073, '70) 
L—v J+mym, 1— mm, 


A line passing through hi and dividing the line which 
joins ay, and ey, in the ratio 1 : n : 


dem BN real) arab) uS 
4089 e—h m (ey—h)-E n; (Mh) pre 


Coordinates of the point of intersection of two lines: 


nS C,— C5 = B,C,— B-C; 
AUS a m,—m,  Á,D,—A,D, 


4099 u= CM — CM ——Ó A,C,— A.C, 


(4116) 


. Length of the perpendicular from a point ay upon a 
given line 
4094 = a eos a--y' sin a— p. 


Pnoor.—Let AB (Fig. 14) be the line, and Q the point «’y’. Then, by 
(4054), # cos «-4- y' sin a = OT, the perpendicular from O upon a parallel line 
through Q, and p = OS. 


Otherwise, the same perpendicular 


4095 — áx ERBy tC (4060, '61, '94) 


The same with oblique axes 


4096 — (Aa By T. C) sino 


UP B: —24A B cose)’ 
obtained in a similar way from (4065-69). 
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Condition of three lines intersecting in one point : 
4097 ems — em; + emn, — ems + em, — ems = O. 


The area in 1009 must vanish. 


4098  Otherwise.—If certain values of the constants l, m, n 
make the expression 


L( Aye B,y4- €) +m (Age By +C) + n (Age 4- Byt C) 
vanish identically, the three lines indicated intersect in one 
point. 


Proor.—By (4099), for then values of # and y which make (1) and (2) 
vanish also make (3) vanish. 


A line passing through the point of intersection of the 
lines Av+By+C=0 and A'e-E D'y 4- C — 0 is 
4099 Ax+By+ € = k(A'v-4- B'y4- €), 
4100 or /(Aa+ By-r- C) —m (A' «4 - By+C) — 0, 
k, 1, and m being any constants. 
A101 Rurr.—1f the equation of a right line contains a third 


variable k in the fivst degree, the line always passes through a 
fired. point. 


PRoor.— For the values of æ and y, which satisfy simultaneously the given 
equations, also satisfy (4099), whatever k may be. See (1604). 


4109 If in the equation of a line Av+Dy+C = 0, the co- 
efficients A, B, O involve a’, y, the coordinates of a point 
which moves along a fixed right line, then the first line passes 
through some fixed point. 


Proor.—By means of the equation of the fixed line, y’ may be eliminated, 
and 2’ then remains a third variable in the first degree (4101). 


4103 To find the point in which the line Ax 4- Dy 4- C inter- 
sects the line joining the points ay, ài; substitute 
Av+By+C for n, and Aa’+By'+C for n' in (1032). 


Proor.—By (4095), since the segments interecpted are in the ratio of the 
perpendiculars from zy, æy’ upon the line Az 4 Dy 3 C. 
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Equations of the line with /, m for direction-ratios, Ak a 
fixed point on the line, and 7 the distance of the variable 
point ay from Ak. 


4104 E wah _ y—k 

l m’ 
Ao there) f= Uim e uut (Oblique) 
4106 or [= cos, m = sin l. (Rectangular) 


Polar Equation of a Straight Line. 
4107 r eos (0—a) = p. 


(Fig. 17.) Here p is the perpendicular to the line from the 
pole O, and a is the inclination of p to the initial line OA. 


When the line passes through the pole, the equation is 
4108 0 — constant. 


A line passing through the two points 7,0,, 10. 
4109 rr, sin (06—6,) 4- ri; sin (0, — 0) -- v, sin (6, — 0) = 0. 
Pnoor.—(Fig. 18.) APOA+AOB—POB =0. Then by (707). 


EQUATIONS OF TWO OR MORE RIGHT LINES. 
The homogeneous equation of the n™ degree, 
4110 — a pe yt pee"? sss pun = 0, 


represents n right lines, real or imaginary, passing through 
the origin. 
For it is resolvable into n factors of the form (v —ay), by (405). 


For the case of two right lines represented by the general equation of the 
second degree, see (4169). 


Equation of two right lines through the origin : 


4111 av’+2hay+by = 0. 
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If be the angle between the lines, 
h?—ab) 2sinw y (I? —ab) 
tang = v UE etna ee 
4112 Rue a+b p. «4-5 — 2h cosc ' 
according as the axes are rectangular or oblique. 


Proor.—Assume (y—in,7)(y—m,v) = 0, and apply (4088). 


Equation of the bisectors of the angle $ : 
4113 ha?— (a — b) ey — hip? = 0. 
Proor.—Let y = ux be a bisector (u = tan V) ; then, since 24 = 6,+8,, 

2u m+m, _ 2h by (4111); and p= y 


er T , m 
1—w 1l—mgm, a—b 2 
The roots of this equation are always real. 


GENERAL METHODS. 


APPLICABLE TO ALL EQUATIONS OF PLANE CURVES. 
4114 Let F(»,y) = 0...... Gi.) and f(ev, y) 0... (1.) 


be the equations of two curves of any degree. 


4115 To find the intercepts on the æ and y axes. 

Put y=0 in (1), then x becomes the intercept on the x axis. 
Similarly, put x = 0 for the intercept on the y axis. 

4116 ‘To find the points of intersection of (i.) and (ii.). 

Solve as simultaneous equations. | Each pair of values of x 
and y so obtained gives a point of intersection. Imaginary 
values give an imaginary point. 

4117 To determine equation (i.) so that the line may pass 
through certain fixed points, 2,5, 2315, Ke. 

Substitute xyyy, Xsyo, Jc. for xy suecessively, so forming 
as many equations as there are points. From these equations 
the constants in (1.) must be determined in terms Of Xyyy, X yo 
Sic. 

4118 The number of arbitrary points cannot exceed the 
number of constants in the equation. 
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4119 Condition that (i.) and àii.) may touch. 

At a point of contact two or more points of intersection 
must coincide, and therefore the equation for x or y, obtained as 
im (4116), must have two or more equal roots for each point of 
contact. The contact is said to be of the second order when 
there are three coincident points; of the third order when 
there are four, and so on. 


4120 To find the equation of the tangent at a point a’y’ on 
the curve f (v, y) = 0. 


Form the equation to the secant through two adjacent points 

Xiy, Xays (4083), and determine the limiting value of omm 

i e 

when the points coincide by means of the equations £(x,, y1) = 0, 
E 


4191 Otherwise E dy 


3L, by (5101). 


4122 For the equation of the normal, change m of the 
tangent into - (4086). 
v 


4193 To express the equation of the tangent, or normal, in 
terms of m and the constants of the curve. 

From the equation of the tangent or normal, the equation to 
the curve, and the equation furnished by the value of m, eliminate 
x' y’, the coordinates of the point of contact of the tangent. 


THEORY OF POLES AND POLARS. 


4124 Let F(a’, y’, 2, y) =0 represent the equation to the 
tangent of a curve at the point «'y'. 

Then F(a, y, a, y) = 0, the equation obtained by inter- 
changing the constants a’, y' with the variables v, y, represents 
the polar of any fixed point «'y' not on the curve. 


Let oy, %4; (Fig. 19) be points A, B on the curve, and let the tangents 
at those points intersect in a’y’. Consider the equations 
F (2r yny) =0...0), F(zysmy)m0..(9), Fay, ey) —0...(3). 
Here (1), (2) are the tangents, and (3) is some straight line or curve 
according to the dimensions of z and y. Also (3) passes through the points 
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of contact 2,7, Yz and may therefore be called the curve of contact; or, if a 
right line, the chord of contact of tangents drawn from 2’, y', i.e., the polar. 


4125 Hence the coordinates of the points of contact of 
tangents from an external point z'y' will be determined by 
solving (3) and the equation of the curve simultaneously. 


4126 Again, let «^y (Figs. 20 and 21) be any point P not on the curve. 
Then, from the equations 


F, y, æy) =0... (4), F(@,y, % Ys) = 0... (5), F (2,9, ty Ys) = 0... (6), 
we see that (4) is some straight line; that, if ayy, and ay, are any two points 
upon it, (5) and (6) are the curves of contact of tangents from those points ; 
and that these curves of contact pass through the point a^. 


4127 Ifthe points 2,75, ey, are taken at A, D, where (4) intersects the 
curve, (5) and (6) then become curves touching the given curve at A and D, 
and passing through a^. We may call these lines the curve tangents 
from gy’. 


4128 Lastly, let a^y' in (9) be a point within the given curve (Fig. 22), 
then the equations 

Fay, vy) —0...(7), F(2sgs2,9) —0...(8, F(z,yo2 y) —0... (9) 
show that (7) is the loeus of a point, the curve tangents from which have 
their chord of contact always passing through a fixed point. When ay is 
without the curve, as in Fig. (19), the same definition applies to every part 
of the loeus (9) from which tangents can be drawn. 


4129 If the given curve be of a degree higher than the 
second, the line of contact of the tangents from a point is a 
curve, and the line of contact of the curve tangents from a 
point is a straight line (Figs. 19 and 20). A similar converse 
relation 1s exhibited in Figures (21) and (22). 


If the curve be of the second degree, equations (3) and 
(4) become identical he line of contact or the polar is 
always in this case a straight line, and so is the locus (7). 

Figures (19) and (20) now become identical, as also (21) 
and (22). 


4130 The polar of the point of intersection of two right 
lines with regard to a conic passes through their poles. 


Pnoor.—As in (4124). Let (1) and (2) be the two lines, (*,), (#92) 
their poles, and y’ their point of intersection. 
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4131 To find the ratio in which the line joining two given 
points ay, «y is cut by the curve f(x, y) = 0. 

Substitute for x and y, the supposed coordinates of the 
point of intersection, the values 


nv næ ny-rny 
npn ’ n-ca C 
and determine the ratio n:n’ from the resulting equation. 


The real roots of this equation correspond to the real points of 
intersection. 


by (4082) 


4132 To form the equation of all the tangents that can be 
drawn to the curve from a point ay’. 

Express the condition for equal roots of the equation in 
(4131), and consider ay a variable point. 


4133 To form the equation of the lines drawn from v'y' to 
all the points of intersection of two curves. 

Substitute na 4-m'v, ny'+n'y for x and y in both curves, 
and eliminate the ratio n: 1’. 

Proor.—Take any other point ey on the line through a’y’ and a point of 


intersection. The ratio &: w' (4181) is the same for each curve, and there- 
fore may be eliminated. 


4134 ‘To find the length, r = AP or AP’ (Fig. 23), of the 
segment intercepted between the point A or ay’ and the curve 
f (@ y) = 0 on a straight line drawn from A at an inclination 
0 to the X axis. That is, to form the polar equation with 
a'y' for the pole and the initial line parallel to the æ axis. 
Substitute for x and y, the assumed coordinates of the point 
of intersection, the values x = ON or ON', y=PN or PN, 


that is, x=w'+r cos 8, y =y +r sin 6, 


and determine v from the resulting equation. That is, put 
a= Q 4n (4051). 

The real values of r are the distances of the points of inter- 
section from vy. 


4135 When an equation has been obtained for determining 
a the length of a line, important results may frequently be 
arrived at by applying theorem (406) respecting the sum and 
product of the roots. : 


AB 
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THE CIRCLE. 


Equation with the centre for origin. 


4136 ety = Y. (Fig. 24.) 
Equations of the tangent at the point P or v'y'. 

4137 y—y = — ^ (rm. (4120) 

4138 av tyy = r. 


Also, by (4124), the polar of æ'y', any point not on the curve. 


t 


4139 y= me-+r /1+m; m= — ra (4193) 
4140 v cosa+y sina = rt, i 


a being the inclination to the æ axis of the radius to the point 
p. $ 
Qs 


Equation of the circle with a, b for the coordinates of the 


centre Q. (Fig. 24.) 
4141 (e —a)-- (y —by = v. 

Tangent at æ'y', or Polar, 
4142 (v—a)(a’—a)+ (y —b)(y' —b) = 7”, (4138) 


4143 or (*—«) cosa+(y—b) sina =r, 


a being the inclination of the radius to the point z'y'. 


General equation of the circle : 
4144 +y +2eue+2fy+e= 0. 
4145 Centre (—g, —f). Radius \/(g’+f?—e). 
Proor.—By equating coefficients with (4141). 
Equation of the circle with oblique axes: (Fig. 25.) 
4146 (w—a)’+(y—b)?+2 (e—a)(y—b) cosa = v, — (702) 


4147 or a?-F2«y cos e4- y! — 2 (a+b cos v) vw 
—2 (b--« cos e) y 
+¢+2ab eos e 4-0? =>. 
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General Equation. 


4148 very cosot+y’+2ev+2fyte = 0. 


The coordinates of the centre are 


CoS w— g œ COS O— 
4149 a =e pao A 
sin? w SUME 
. 2-9 " 2 a 3i 
4150 Radius V AE — fie cosotf’—e sinoj 


sin o 


Pnoor.—By equating coefficients with (4147). 


Polar Equation. 
4151 7? --P—2» cos (0 —2a) = c, (Fig. 26) 
4159 or v'—2/eosarcos0—2l sina r sin 0--P—(0 = 0. 


Pnoor.— By (702), the coordinates of P being r and 0. 


General form of the polar equation :— 


4153 r'--2gr cos 8-4-2fr sin 6+¢ = 0. 
4154 tma=t [X FEf. 


Pnoor.—BDy equating coefficients with (4152). 


4156 Equation of the circle passing through the three 
points £i, 253», dla. 
(2?4-39) |: ys 1| — C9 | s Y E GR Ls ys 1| — aty) v y L 
s Yo l ssl aw 1 vy, 1 | 
e Ys 1 Ie y li quet V2 y;l | 
Proor.—Eliminate g, f, aud c from (4144) by (4117). 


Equation of the chord joining a4, Yz, two points on the 
arde v +y =: 


4157 rater) ty ny) = enger (4083, 4136) 
4158 or x cos} (0,4-0,) 4- y sin $ (0, 4-0.) = r cos $ (0, —6,), 


where POOS O = fhe reimo, = UNNESC- 
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en 


4159  Norr.—The coordinates c, y of a point on the circle # +7? = 7" may 
often be expressed advantageously in this way in terms of 0, a single variable. 


4160 Let SS (»—ay-rF(y—by—v —( 


be any circle (Fig. 27). Then, if ey be a point P outside the 
circle, S becomes the square of the tangent from P. If ay be 
a point, P' within the circle, S becomes minus the square of 
the ordinate drawn through P' at right angles to the radius 
through P'. 


CO-AXAL CIRCLES. 
(See also 984 and 1021.) 


4161 If S=e+y+2ee +2fy +e = 0, 
S= a?-- y^ -2g'a-r2f y-- c = 0 
be two circles, the equation to the radical axis is 
S—S'= 0. 


If «=0 be taken for the radical axis, the equation to any 
circle (radius v) of the system of coaxal circles (1021) is 


4169  a-ry-—2kv-9 —0 and k’— = e, 


+ in Figure (1), — in Figure (2). Here è= IR a constant, 
and k= IO a variable. 


4164 The polar of a’y’ for any circle of the system passes 
through the intersection of 


ve tyy 9 —0 and eqs = 0. 


Pnoor.—lts equation is ex +yy'—k (+e) 3C = 0 (4121). Then by 
(4099). 


4165 When £=8, then k= ID = ID'. D and D' are 
Poncelet's limiting points. 


4166 The polar of D with respect to any of the circles 
passes through D', and vice versi, by (4164). 


4167 ‘Tangents from any point on the radical axis to all 
circles of the system are equal (4160, '61). 
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4168 The radical axes of three circles, S,, Sa, Ss, meet in a 
point called their radical centre. 


4169 The reciprocals with respect to the origin D or D’ of 
the system of co-axal circles are all confocal conies (4558). 


The equation of the circle, centre Q, cutting the system of 
circles orthogonally is, putting IQ = h, 


4170 a? py —2hy—8 = 0. (1230, 1236) 
This circle passes through D and D’. 


The common tangents to the two circles 
(e—a)y+(y—bP =? and (e—a + (yb =r”. 
(See also 1037.) 
The equation for a in (4143) is 


4171 (a—a’) cos a+ (b—b') sin a+r F r = 0. 
Proor.—Assume (4143) in a, b, r, a, and also in a’, b’, 7’, a’ as coinciding 


lines. Then tana = tana’; therefore a’ =a or v-Fa. Take the difference 
of the two equations. 


The chords of contact are 
4172 (a—a)(w—a)-+ (6-6 )(y—b) +7 (rg v) = 0, 
4173 (a—a)(e—a)+(b—b')(y—b)+r (rr) = 0, 
with — for exterior tangents, + for transverse. 
PRoor.—For these are straight lines, and they pass through the points of 


contact of each pair of tangents respectively, by (4171). 


The centres of similitude O, Q are the intersections of the 
external and transverse tangents respectively. 


4174 Coordinates of O, a Or- or 


—r r—r 


41'75 Coordinates of Q, SUED ag. 
r+r r+r 


Proor.—By equating coefficients in (4172) and (4142), the polar of O 
or Q. 


4176 The six centres of similitude of three circles lie on 
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four straight lines called axes of similitude. Sec the figure 
of (1046). 

Proor.—The coordinates of the three centres of the forms (4174, ’75) 
will in each case satisfy equation (4083). 


4177 The equation of the external axis of similitude is, in 
determinant notation (554), 
(libs) &— (1r,a5) y + (740,05) = 0. 

Proor.—By forming the equation of the right line passing through two 
of the centres of similitude whose coordinates are as in (4174). 
4178 The remaining three axes are found by changing in 
turn the signs Of. a: Mo, tea tan Ma 
4179 If one of the circles touches the other two, one axis of 
similitude passes through the points of contact. 


4180 The angle 0, at which the circle F (e, y) = 0, radius 
r (Fig. 29), intersects the cirele whose centre is hk, and 
radius J? is given by the equation 
R?—2Rr cos 0 = F (h, k). 
Proor: 0= OQP, R'—2Rrcos 0+7 = PP +r = F (h, k) +7, 
(702) and (4160). 


4181 Cor. 1.—TIf the circles are given by the equations 
etyt+2q'a+2f'yte = 0, erty 2ge+2fyte = 0, 


the equation for cos0 becomes, since h=—g, k= —f, 
2R»' cos 6 = 2ee"4+ 2ff' —e—c6. (4145) 


4182 Cor. 2.—The condition that the two circles may cut 


orthogonally is 
Dog! + 2/f' —e— c 2 0. 


4183 Cor. 3.—By solving three such equations, we can 
find the circle cutting three given circles orthogonally (4186). 


4184 Cor. 4.—The condition that four | e g f 


l 
circles may have a common orthogonal | e gf ] 
circle is the determinant equation "m £1 = 0. 
B RU qu 
€; Ss fs 1 
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4185 Cor. 5.—If the circle 2?4-j? 4- 272 4-2 Py +0 = 0 cuts 
three other circles at the same angle 0, we have, by (4081), 
three equations to determine G, F, C. The resulting deter- 
minant equation may be written 


vty —x —y 1 0 —x —y | 
e DNE DES R BO cn E 

2 2R cos 6 E zr 
Ce Z2 fl is m g fl 
Cs veo X fepe er me di 


4186 The first determinant, put — 0, is the orthogonal 
circle (4183), and the second, expanded, is the axis of 
similitude. 


4187 The locus of the centre of a circle cutting three given 
circles at equal angles is a perpendicular from their radical 
centre on any of the four axes of similitude. 


Proor.—By eliminating R and cos a between three equations, like (4180). 


4188 Each of these four perpendiculars contains the centres 
of two circles touching the three given circles. 


PRoor.—Consider a = 0 or 180°, in (4180). 


To draw the eight circles which touch three given circles, 
see (946) and (1049). 


4189 The equation of the fourth degree of two of the 
touching circles is 
23 / 8, 2: 31 / S, E 124/58, = 0, 


where 23 signifies the length of the common tangent of the 
second and third circles, &e. 


Proor.—By first showing that, if four circles are all touched by another 
circle, the relation 


4190 12.344 14.23 £31.24 = 0 


will subsist, and then supposing the fourth circle to reduce to a point. 


THE PARABOLA. 


4200 Der.—A conie is the locus of a point which moves in 
one plane so that its distance from a fixed point S, the focus, 
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is in a constant ratio (e) to its distance from a fixed right line 
XM (the directriz). 

When e = unity, the curve isa parabola. (See also p. 248, 
et seq.) 


Equation of the Parabola with origin of coordinates at the 
vertex A. 


4201 y= tav. 
ere v= AS, ¢ =, 
Ek, 


Proor.—Geometrically, at (1229). 
Analytically, from 
PS = y?+(e—a) = PM’? = (+ a’. 


The equations with the 
origin at S and X respectively 
are 
4202 y = 4a (»--a), 

y? = 4a (w—a). (4048) 


Equations of the bu aboy: 


4204 y—y—— F (e — (4120) 
4205 Vy = 5 A y 
a 2a , 
4206 y= mr +—, m=—,. (4123) 
m mE 


4207 (420-4) is also the polar of any point a'y, by (4124). 


Its intercepts are —z' and y. 
e 


Equations of the normal at xy : 


, 


4208 y-y = a; (4122 
4209 y &--2ay — (y'a! --2ujf) = 0. 


4210 y = mao —2am— an. (4123) 
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Equation of the parabola Q 
with a diameter and tangent for 


axes of coordinates. j 
4211 yf = da'e, pm 


where T - 
2049 a — a cosee h= SP; \ 
eS a LUE QS 
Proor.— Geometrically, at (1239). Otherwise, let Q= = VQ be equal 
roots of opposite signs of the quadratic (4221), V being the point T 
therefore y! or 1! = (y?—4az’) cose 0 = 4a cosec’ 0.2, 
since y^ = 4a x abscissa of P. 


4213 Equations (4204-10) hold good for these axes, with a’ 
written for a in each. 
For the polar equation of the parabola, see (4336). 


4214 Quadratic for n, : n, the ratio of the segments into 
which the line joining two given points aij, @2i/, is divided by 
the parabola 7’—4ax = 0, 


n? (y —4a2;) --2n,n; {pys—2Za (e) ] +N U das E 


Equation of a pair of tangents from any point «'y' : 
4915 (y?—4aa)(y? —4av) = {yy —2a (w+a')}* = 0. 
The condition for equal roots in (4214). 


Quadraties for the coordinates of the points of contact of 
tangents from z'y' : 


4216 aa? — (y* —2ax) x —ax? = 0. 
4217 yY —2yy'+4ax' = 0. 
Proor.—Solve simultaneously the equations of the curve and the polar 
(4205) and (4125). 
Coordinates of the point of intersection of tangents at 7,4 
and 2,9; : 
4918 eae ya DTH 
2 
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Quadratic for m of the tangent from o/y' : 
4220 ma! — my +a = 0. (4206) 


4221 General polar equation of the parabola, or quadratic 
for r, the segment intercepted between a point, z'y', and the 
curve on a line drawn from that point at an inclination 0 to 
the æ axis (4134), 


r’ sin*0--2r (y' sin 0—2a cos 0) -- y^ —4ax' = 0. 
Quadraties for the coordinates of the points of intersection 
of the line Ax+By+C and the parabola y’? = 4a: (4116) 
4222 A*a? —2 (2*a— AC) «4- C? — 0. 
4223 Ay+4Bay+4Ca = 0. 


Length of intercepted chord, 
4224 44/ 1 (B'a — A Ca) ( A*-- B?) | -+ A’. (403.4) 


Equation of the secant through 2,7, #2, two points on 
the parabola : 


4225 y (ity) = yy 4a, (4083) 
4996 or y (m, 4-m;) = 2a 4-2mqma. 


4227 The subtangent NT = 2». Fig. of (4201) 
4228 The subnormal NG = 2a. 
Pnoor.—Put y —0 in (4205) and (4208). 


4229 The tangent PT? = 4a (a+). 
4930 The normal PG= ta (a+e). 


The perpendicular p from the focus upon the tangent at æy : 


4231 p= Va(ata) = ad. (4212), (4095) 
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The part of the normal intercepted by the curve is equal to 
2i 
4233 do diari NE (4221), (4135) 


m? — sim? cos? 


4934 The minimum normal = 60/3 and m= 4/2. 


Length of a chord through the focus 


4235 = ae = 4a’. (4212) 


sin? O 


Coordinates of its extremities, with the focus for origin : 


_ _ 2a cos 0 _ _ 2a sin 0 
4231 4— osi FI’ y ~~ cos GEL 


Coordinates of its centre: 


4239 pues ege y = 2a cot b. 


sin? @ 


THE ELLIPSE AND HYPERBOLA. 
(See also p. 233, et seq.) 


4950 Referring to the definition (4200) ; when e is less than 
unity, the conie is an ellipse; when greater than unity, an 
hyperbola. 


Equation of the ellipse with the origin of coordinates at X 
mA io =p.: 


4251 y (v—py = ev. 
Proor.—By the definition in (4200). 


Abscissa of vertices : (Supply A’ in the following figure.) 


r4 p a LI z 
4252 XA = E? XA' = iy (4115) 
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4254 Focal distances of vertices : 


SA= TA SA' = (4251) 
4256 SL=l=ep=a(l—e’)= E: (4251) 
ws y, 2p 

49060 B= æ (1—e) ; eo a = 
4262 CX =P. =-. 

1—e e 
4264 CA 

1—e 
4266 Cs = n = ae. (4252) 


4968 If b=atana, then e = seca in the hyperbola. 


Equation with the origin at A: 


2 


4269 gm : (2«v—a?) EN. 


2 
4270 y — F larta) Hyp. 
Proor.—By (4200), y*--(z—84)! = & (a+ AX), &e. 
Equations with the origin at the centre C : 


4271 TN : e—a) = U (e—a). (4269) 


doy 
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4273 CRA. 
a 


Proor.—By (4200), y*+ (»-- OS)! = e (@+CX)’, &e. 


(4271) 


4975 Dur.—QCN is the eccentric angle, $, of the point P. 
t and y in terms of the eccentric angle : 

4216 x=acos¢,  y-bsin$. (Ell) 

4918 æ = a sec $, y=btanġ. (Hyp.) 


Five forms of the equation of the tangent or polar of the 
point z'y': 


4280 y—y = — a (w—2x’). (4120) 
4981. — "TU aL 

4282 y = ma A a m? Os. (4123) 
4283 DERE GU — 1. (El) (4276) 
4284 aaa = A —1. (Hyp.) (4278) 
4285 æ cos y+y sin y = v æ cosy tb sin? y, 


y being the inclination of p. (4054) & (4372) 
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Five forms of the equation of the normal at æ'y': 


9 
4986 — y—y = SE (v—a). (4192) 


bv 


2 2 
4287 T — 7 = di—b, o he—ky — atb, 


where h and i; are the intercepts of the tangent. 


2—9?) 
4989 y= me— E (4123) 
i yY pom? 
4290 ax sec $—by cosec d = @— b. (4276) 
4991 mae—yy = (V hny). (4352) 
where z,y, is the extremity of the conjugate diameter. 
Intercepts of the tangent or polar on the axes: 
a? p 
4292 = Wa (4115), (4281) 
eb y 
Intercepts of the normal : (4287) 
2 2 
4994 On the e axis, 2 mi v or ea 


2 p? 2 


4296 On they axis, — f my o — yy. 


Focal distances 7, 7 of a point æy on the curve: 
4298 (aex) in Ell. 
4299 (ew dz a) in Hyp. 

Pnoor.—From 7 = (ae + o) 4-y*, and (4272). 


Perpendiculars from the foci upon the tangent : 


4300 p=b al P ‘=p y Z. (4095, 4282) 
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4302 ~. (p.559) sinSPT = È= =2, T CUGb) 
: 


4306 b= mp. (4300) 


4307 — PT = LL sr, [PES k^ (4292) 
4309  PG- ^ Vr a, PH aE Vr =O. a 
Right Line and Ellipse. 


Quadratic for the ratio n:n in which the line joining 
two given points 2%4;, 2j, is cut by the ellipse (4131). 
4310 
ti (8 +5 Ye = 1) +2! deem E eh -1) +(4 +3 Unc ie 0. 


n? Tis N 


Equation of the two tangents drawn from gy’: 


en (P -)8p-)-(: 


Proor.—By the condition for equal roots of (4310). 
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Quadratic for abscissee of points of contact of the tangent 
iom gy : 


4312 a?(D*x?-- ey") —200 va tat (P— y”) = 0. (4282, 4125) 


Quadratic for m of the tangent from ay: 
4313 m (a?— a?) — 2may 43^ — V = 0. (4282) 


General polar equation of the ellipse, or quadratie for r, 
the segment intercepted between the point 2’y’ and the curve 
on the right line drawn from that point at an inclination 0 to 
the major axis and # axis of coordinates. 


4314 (a? sin?9+-6? cos?) »? 
+2r (a*y' sin 0-- Ua cosh) + (ay? Hee —ab’) = 0. 


4315 Length of intercepted chord = difference of roots. 
4316 Distance to middle point of chord = half sum of roots. 


4317 Rectangle under segments = products of roots. 


Cor.—If two chords be drawn to a conic at two constant 
inclinations to the major axis, the ratio of the rectangles under 
their segments is invariable. 

For, if «y’ be their point of intersection, the ratio in ques- 
tion becomes a?sin*0-FU* cos’6 : a? sin*0 -- U^ cos’0’, which is 
constant if 0 and 6’ are constant. 


Locus of centres of parallel chords : 
4318 ay sin 0--0*v cos 0 = 0. (4314) 
Quadratic for abscissx of points of intersection of the line 
Agv+Dy+C=0 and the ellipse b’+@y?—a@l? = 0. — (4116) 
4319 (Aw Bb’) #42ACert+ Ce Bel? = 0. 


_ — ACe? +t Baby A*a?-- 70 — C? 
4320 m LFB d 


4321 For the ordinates transpose A, B and a, b. 
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Length of intercepted chord : 


4399 Su E e. (4034) 


Hence the condition that the line may touch the ellipse is 
4323 Aa 24 pu = œ. 


The chord through two points %41, 9yj, 18 
H t ? p v T 
4394 a va) 47 (mty) — = TE ae +1; 
or, denoting the points by their eccentric angles a, D, the 
chord joining af is 


4325 = Z cos 5 EE ES sin ndi = eos Gu, 


The coordinates of the pole of the chord or intersection of 
tangents at 24, 4j, (or aß as above). 
4396 a Cues an) _ , 008 a (a FB) 
Yı y BYCY © Cos 2 5 (a—B) 


b (xı — a) sin 4 (a+ 8) 
4 — PYTA E UU a 
329 y= bay VyYy— Vl cos (a—B) 


The following relations also subsist 


d ^ ^ a’sinasinB QU cos a cos B 
4332 Per+tay e— av pj — 
_ b (sin ar sin B). a (cos a-]-cos B) 
m 2y 2v 


** which are of use in finding the locus of (a, y) when a, B are 


connected by some fixed equation.” 
(Wolstenholme’s Problems, p. 116.) 


4 G 
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4334 Ifa, f, y, 8 are the eccentric angles of the feet of the 
four normals drawn to an ellipse from a point ay, then 


a-4- B-4-y--9 = 3m or ör. 


Pnoor.— Equation (4290) gives the following biquadratie in z = tan $$, 
by +2 (ae +a — V) 242 (ax — a? +’) 2— by = 0. 
Let a,b,c, d be the roots. Eliminate d from ab -- ac-F &c. = 0 and abcd — —1 


(406). Thus ab+be+ca = a + E -+ EL from which, since a = tan a, 
"o @ 


&c., we get sin (f - y) 4- sin (y - a) 4- &in (a - 8) — 0; 
and, since 1—(ab+act &c.) +abed = 0, 

tani (a 4-8. y 4-0) =o, S. a+8B+y+ò = 3r or ör. 
Heus e. . c O o M 
4335 The points on the curve where it is met by the 
normals drawn from a fixed point 2’y’ are determined by the 
intersections of the curve and the hyperbola 


au'y—b’y'x = ery. (4287) 


POLAR EQUATIONS OF THE CONIC. 
The focus S being the pole (Fig. of 4201), the equation of 
any conic is 
4336 r (14-e cos 6) = l, 
0 being measured from 4, the nearest vertex. 
For the parabola, put e = 1. 


PRoor.— 
r— SP; 0=ASP; 1=SL; r=e(SX+S8N) (4200) — lcercos 0. 


" 


The secant through two points, P, P, on the curve, whose 
angular coordinates are a+ and a— (9 (Fig. 28), is 


4337 Y le cos 0-- sec f cos (a—6)} =l. 


Proor.—Let ASQ = a, PSQ = P'SQ =B. 

Analytically. Take (4109) for tbe equation of PP”. Eliminate r, and r, 
by (4336), and substitute 2a for 0,--0, and 26 for 0,—0,. 

Geometrically. Let PP’ cut the directrix in Z; then QSZ is a right angle, 
by (1166). Take € any point in PI”; SC =r; ASQ —0. Draw CD, CE, 
CF, OG parallel to SL, SP, SQ, SX, and DH parallel to XL. Then 

l= SL = SH+IIL. 
SL CH SSP SL HL-— Hb 
II = 2 = eee ea E E 
SH Sone) = er us nl SX Ome ce 
+ HL = 0E = r sin CSF sce f = r cos (a—0) sec f, 
*, l= er cos Ê +r sec P cos (a—0). 
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The equation of the tangent at the point « is, conse- 
quently, 


4338 r fe eos 0+cos (a—6)} = l. 
A Focal Chord. 
2l 
— ee 4996 
4339 Length mim ITI (4336) 


Coordinates of the extremities, the centre O being the 
origin : 
. &(ed-cos 0) _ lsin68 
4340 t= dxecosÓó IT IEecosh 


4342 The lines joining the extremities of two focal chords 
meet in the directrix. [By (4337) 


Polar equation with vertex for pole : 


4343 1? (1 — & cos? 0) = 21 cos 6. (4200) 
Polar equation with the centre for pole : 

4344 1? (a? sin? 0-- 0? cos? 0) = ab, 

4345 or v A/ (1 —6 cos? 8) = b. 


Proor.—By (4273). Otherwise, by (4914), with we — y' — 0. 


CONJUGATE DIAMETERS. 


Equation of the ellipse referred to conjugate diameters for 
coordinate axes: 


596 OARTESIAN ANALYTICAL CONICS. 


where 
4347 a= ab? a a? 
T «sin! atl cosa a! sin? 8--U cos? B 


Here a/— CD, bV = CP, ais the angle DOR, and R the angle 
POR, 
Pnoor.—Apply (4050) to the equation (4273), putting e = s and 


tana tang —— 5. by (4351). 


a?’ 
When a'—', a-- f = v, and equation (4346) becomes 
4349 ety — a? zl (+0). 


Let the coordinates of D be a’, y’, and those of P v, y; the 
equation of the diameter CP conjugate to CD is 


4350 > LU 10; 
4351 tana tang or mm =— E (4318) 


ay in terms of ay’, &c. 


4352 w= TU quem 2 mo aI 
4354 De T. Jp eS :: ve Hyp 
Pnoor.—Solve (4350) with (4273). 

4356 qM cr pM (4974, 4352) 
4358 VE e Uem | y +y = b. E. (4352) 
4360 =r S, y^—y =b. Hyp. (4354) 
4362 €+ = a?’ +b”. Ell. (4358) 
4363 e—b = a”—b”. Hyp. (4360) 
4364 a”? = Pp er. (4271, '61) 


4365 b? = -rr. (4298) 
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a —— 


The perpendicular from the centre upon the tangent at 
vy is given by 


4366 2 EO (4281, 4064) 


The area of the parallelogram PODL (Fig. of 4307) is 
4367 pa = ab = d'V sino, 
where p = PF, a/ = CD, V = CP, w = 4 POD. 
Proor.—From (4366), and (4352), and a? — a^ +y”. 


Other values of p°: 


2? 2p? 
4369 p=- = r (4362) 


4371 p= a? sin? 0+0? cos? 0. 

Proor.—From (4344, '67), putting r — a. 
4372 p? = a? cos? y D? sin? y, (4371) 
y being the inclination of p. 


4373 p= a? (1—e'sin?y). (4372, 4260) 


Equations to the tangents at P and P', the coordinates of 
D being x’, y: 


4374 ay —yu' =+ab (4078) = y 


DETERMINATION OF VARIOUS ANGLES. 


4915 ped = = Fig. p. 595. (4356) 


272 
4377 tan PCD = — Ay (4070, 4352-3) 


where c= 4/(a?—U?) = CS. 
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2 


where 0 = PST. [See figure on page 588. 


(4070, 4956, 4336) 


If y be the inclination of the tangent to the # axis, 


4380 tan y — END = e cos0 (4280) 
a’y sin 0 
Pnoor: ~=6+SPT. Then by (631) and (4379). 
2 
4389 tan SPS' — NEC (659, 4378) 
b*-—ey 
2 op 
4383 tan APA' — — 2 , tan CPG = £27, 
ae’y b 


If OP, OP’ are tangents to an ellipse, 
CO'—q? —p 
0S.O0S' 
Proor.—By figure and construction of (1180), POP’= MOS’. Therefore 


OSS =e WOU EPIO di & 
208. OS’ 208.08 


4385 cos POP' — 


eos POP’ = C. 


If a’, y’ are the coordinates of O, 


4986 tan POP = 2 US Ey) 
a? Ey — a? — p 


Proor.—By (4311), taking terms of the second degree for the two parallel 
lines through the origin and tang from (4112). 


It is worthy of remark that the substitutions (4276-8) 
may also be usefully employed when the axes of reference are 
conjugate diameters: though, in that case, the geometrical 
signification of $ no longer exists. 
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THE HYPERBOLA 
REFERRED TO THE ASYMPTOTES. 


4387 ey = $E). 
Proor.—By (4273) and (4050). Here æ = CK, y= PK. 


Equations of the tangent at P, (#’, y). 


4388 v pe) = ee eee (4120) 
4389 y = ma Vm (+8). (4123) 
4390 it cubes e 

a 


4391 Intercepts on the axes C1 — 2a’, CL = 2y. 


THE RECTANGULAR HYPERBOLA. 


4392 Here a=b, e—4/2; and the equation with the 
ordinary axes is 


4393 vy = a’. (4273) 
4394 Tangent ava —yy = a. (4281) 
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Equation with the asymptotes for axes: 
4395 239 = a. (4387) 
4396 Tangent xy Truy = at. (4388) 


THE GENERAL EQUATION. 


The general equation of the second degree is 
4400 aa? +-2hay + bi? -- 292 +2fy +e = O, 
4401 or aa?-Fby*4- c3 2fyzt 9922 -2hvy = 0, with 2 — 1. 
The equation will be denoted by u or $(z, y) = 0. 


THE ELLIPSE AND HYPERBOLA. 


When the general equation (4400), taken to rectangular 
axes of coordinates, represents a central conic, the coordinates 
of the centre, O' (Fig. 30), are 


hf—bg G sh—af F 

/— 5 /— 2 4 

44 c= = -= 1 T Lm —. (4665 

02 m= C9 Seah a 
Proor.—By changing the origin to the point #’y’ and equating the new 


g and f each to zero (4048). 
For the case in which ab = h’, see (4430). 


4404. The transformed equation is a? +2hry+by +c = 0, 
4405 where c' = aa?-F2ha^y +by?+2gv'+2fy +e. 


4406 = ga’ 4 fy + ce. 
4407 - abc--2firh — af? —bg? — ch? -^ (4466) 


ab —h? 


T'he inclination 0 of the principal axis of the conic to the 
t axis 1s given by 
2h 


4408 ILI mme 


di 


Proor.—(Fig. 30.) By turning the axes in (4404) through the angle 6 
(4049) and equating the new h to zero. 
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The transformed equation now becomes 


4409 de+tby+e = 0, 

4410 in which «œ = 4 {a+b} / iF (a —5) | , 

4411 V =} dab vV AIP- E (a— y], 

a’ and b’ are found from the two equations 

4412 a+b = a+b, wh’ = ab—h?. — [Seo (4418). 


The semi-axes and eo are 
4414 = muy ee ES y" and e= y (1-7) (4273) (4261) 


For the coordinates of the foci, see (5008). 


4416 Norz.—lf 0 be the acute angle determined by equation 
(4408), we have to choose between 0 and dem for the inclina- 


tion in question, since tan 20 is also equal to tan (20 4- a). 


Rurz.*— Por the ellipse, the inclination of the major axis 
to the x agis of coordinates will be the acute angle 0 or O0+47, 
according as h and cœ have the same or different signs. For the 
hyperbola, read * different or the same.” 


Proor.—Let the transformed equation (4409) be written in terms of the 
semi-axes p, q; thus q'a!--p'y? = pg’, representing an ellipse. Now turn 
the axes back again through the angle —0, and we get 


(g* cog? 0 +p’ sin? 0) à? — (p — g) sin 20 zy + (4? sin? 04- p! cos’ 0) y? = pq’. 
Comparing this with the identical equation (4404), aa?-F2hay 4- by? = — e, 


we have (p—4)sin90——9h, p =—č; 
sin 20 = ae pa Hence 0is < — 
pocos 2 


when / and c' have the same sign, p being >q, A similar investigation 
applies to the hyperbola by changing the sign of g*. 


* This rule and the demonstration of it are due to Mr. George Heppel, M.A., of 
Hammersmith. 
4 H 
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INVARIANTS OF THE CONIC. 


441" Transformation of the origin of coordinates alone 
does not alter the values of a, h, or b, whether the axes be 
rectangular or oblique. "This is seen in (4404). 


When the axes are rectangular, turning each through an 
angle 0 does not affect the values of 


4418 ab—h*, a+b, g+f%, or c. 


When the axes are oblique (inclination w), transformation 
in any manner does not affect the values of tlie expressions 


4499 ab —h* A a+b— 2h cosw 


sin? w sin” w 


These theorems may be proved by actual transformation by the formulæ 
in (4048-50). For other methods and additional invariants of the conic, see 
(4951). 


4494 If the axes of coordinates are oblique, equation (4400) 
is transformed to the centre in the same way, and equations 
(4402-6) still hold good. If the final equation referred to axes 
coinciding with those of the conic be 


4425 aa? 4- b y?-- c — 0, 


and 0 the inclination of the new axis of » to the old one, we 
shall have c' unaltered, 


4496 TONO 2h sin w—a sin 2o 
2h eos o — a cos 2w— b 
4427 


» TITO Oy 7E a+tb— ie! (s 


2 sin? w 2 sin? w 
where Q = @+0?+2ab cos 2e 4- 4h (a+b) cos w+4h’. 


Proor.— (4404) is now transformed by the substitutions in (4050), 
putting f = 6+90°, and equating the new h to zero to determine tan 20. 
a and /' are most readily found from the invariants in (4422). Thus, putting 
the new h = 0 and the new w = 90°, 


a4- b —29h cos w ab — h? 
atea and ab = acum mE 
siu? w sin? w 


a TU = 


equations which determine a’ and b’. 
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The eccentricity of the general conic (4400) is given by 
the equation 
4499 e — (at+b—2h cose)’ _ 4 


]—e "  (ab—Hh)sue 


Proor.—By (4415), and the invariants in (4422). 


THE PARABOLA. 


4430 When ab—h? = 0, the general equation (4400) repre- 
sents a parabola. 

For 2’, y’ in (4402) then become infinite and the curve has 
no centre, or the centre may be considered to recede to 
infinity. 

Turn the-axes of coordinates at once through an angle 0 
(4049), and in the transformed equation let the new coeffi- 
cients be a’, 2h’, V, 29’, 9f', c. Equate h’ to zero; this gives 
(4408) again, tan 20 — c. 
mined by this equation, we can decide whether 0 or 6+47 is 
the angle between the s axis and the axis of the parabola by 
the following rule. 


4431  Rurr.— The inclination of the avis of the parabola to 
the x axis of coordinates will be the acute angle 0 if h has the 
opposite sign to that of a or b, and 0+ }m if it has the same 
sign. l 


If 0 be the acute angle deter- 


Proor.—-Since ab—k? = 0, a and b have the same sign. Let that sign 
be positive, changing signs throughout if it is not. Then, for a point at 
infinity on the curve, # and y will take the same sign when the inclination is 
the acute angle 6, and opposite signs when it is +37. But, since 
ax’ + by? = +œ, we must have 2hay = —o, the terms of the first degree 
vanishing in comparison. Hence the sign of h determines the angle as stated 
in the rule. 


0 b D a 
4432 sin 6 = TENA cos 6 = lA 


Proor.—From the value of tan 20 above, 0 being the acute angle obtained, 
and from 7? = ab. 


4434 Also a —0 and V = a+b. 


For a'b’ = ab—1? =0, and we ensure that a’ and not 0’ vanishes by 
(4431). Also a’+b’ = a+b (4412). 
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4496 g = cos +f sing = Seth 


J (a+b) ' 
; f —o,/b 
4438 t’ = f cos 0— e sin 0 fegt 
5i J (a+b) 
4440 But if h has the same sign as a and b, change 0 into 
0-3. (4431) 
Pnoor.—By (4418, 4432-3). 
The coordinates of the vertex are 
Tnn yn f 


Obtained by changing the origin to the point z^y' and equating to zero 
the coefficient of y and the absolute term. The coefficient of æ then gives 
the latus rectum of the parabola; viz.: 


2o" 0 A a fA 
EROS om . . 4437 
4443 TU b / (a4- b e^ 


METHOD WITHOUT TRANSFORMATION OF THE AXES. 
4445 Let the general equation (4400) be solved as a quad- 
ratic in y. The result may be exhibited in either of the forms 


4446 y = ax+ßB +v p (è —2pa-T q), 


4447 y — av Bd N p {(@—p)}+ (4 —)}, 
4448 y = axv+ b +v u (x—y)(e— 8), 

T > h w _ l’—ab 
4449 where uim mf B=-*, P a 


4459 PX Mesum or a (1642) piesa or A 


T apeir Tat —m n 


(ab — hy uo 
4456 y and d= p E A/(p'—4). 
4458 Hero y — az4- Q is the equation to the diameter DD 


gasa qp = Pte eei) Da 
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(Fig. 31), y and è are the abscissw of D and D’, its extremities, 
the tangents at those points being parallel to the y axis. The 
surd = PN = P'N when «= OM. The axes may be rect- 
angular or oblique. 


When ab — h? = 0, equation (4446) becomes 
4459 yz on-+ B+ 1 VI We, 
4460 where p =bg—hf, q' —f—be. 
4462 In this case, i is the abscissa of the extremity of 


the diameter whose equation is y = av--. and the curve has 
infinite branches. 


RULES FOR THE ANALYSIS OF THE GENERAL EQUATION. 


First examine the value of ab—h?, and, if this is not zero, 
calculate the numerical value of c' (4407), and proceed as in 
(4400) et seq. If ab—h? is zero, find the values of p and q 
(4459). The following ave the cases that arise. 


4464 ab—H? positive—Locus an ellipse. 
p I 


Particular Cases. 
4465 A= 0—Locus the point y’. 
See (4402). For, by (4404), the conjugate axes vanish. 
4466 bA positive—No locus. 
By (4447-54), since q—p” is then positive. 
4464 h- 0 and a= b—Locus a circle. 
By (4144). In other cases proceed as in (4400-14). 


4468 ab—k negative—Locus an hyperbola. 


Particular Cases. 
4469 A=0—Locus two right lines intersecting in the 
point ry. 
By (4447), since gy—p’ then vanishes. In this case solve as in (4447). 
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4440 bA negative—Locus the conjugate hyperbola. 
4471 a+b = 0—Locus the rectangular hyperbola. 
By (4414), since a’ = —b’. 


4479 a=b=0—Locus an hyperbola, with its asymptotes 
parallel to the coor pu: axes. The coordinates of the centre 


are now -4 and 2 by (4402). "Transfer the origin to 
l 

the centre, and the equation becomes 

4473 ay = SEL 


In other cases proceed as in (4400-14). 


4474 ab—h? = 0—Locus a parabola. 
Particular Cases. 
4475 p = 0—Locus two parallel right lines. By (4459). 


4476 p =g = 0—Locus two coinciding right lines. 
By (4459). 


4477 p =0 and g negative—No locus. 
By (4459). In other cases proceed as in (4430-43). 


Esx. 1.: 93? —92y +y?’ 9x —y —1 = 0. 
Here the values of a, h, b, g, f, c are respectively 2, —1, 1, r4 — 1, —], 
Dent — 2 472 
=h =l 6 = 2 — abet ?fgh—af'—bg—ch 9. (4400) 
C ab — h’ 4 


The loeus is therefore an ellipse, none of the exceptions (4465-7) occurring 
here, The coordinates of the centre, by (4402), are 


oe hf—bg _ E I gh—af | 1 


abd mum 2° 


Hence the equation transformed to the centre is 
Qa? Pay yt E E 


Turning the axes of coordinates through an angle 0 so that tan 20 — —2 
(4408), we find the new a and b from 


a'+b=3,  a-1; (4412) 
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therefore a =} (3— V5), V =4(34+ 7/5), 
and the final equation becomes 2 (3— V5) à? +2 (3+ ./5) y? = 9. 


The inclination of the major axis to the original v axis of coordinates is 
the acute angle 4 tan™’ (—2), by the rule in (4416). 


Ex. (2): 1227+ 602y + 75y’—12e —8y —6 = 0. 
The values of a, h, b, g, f, c are respectively 12, 30, 75, —6, —4, —6, 
ab—h =0; p =bg—hf = —330; == fe. (4460) 
Since p’ does not vanish (4475-7), the locus is a parabola. Proceeding, 
therefore, by (4430-43), we have 
Qh 20 : 5 
= —— Z= — — ; = n = 432 
tan 20 ge o]! sin 0 Tap cos a5 (4432) 
By the rule (4431), we must take 0+47 for the angle, instead of 6. There- 
—g/btfJ/a _ 22 
V (a+b) /29’ 
—fb—gva.. 32 
~v (a+b) /929' 


fore g = —g sin 0 +f cos 0 = 


f’ = —f sin 0—g cos 0 = 
and b' = a+b = 87 (4435). 


Consequently the aa equation is 


64 


874° + —2- art vl 799! ^ —6 z 0. 
The coordinates of the vertex are computed by (4441), and the final 
equation with the vertex for origin is y* = =a d. 
Ex. (3): a! + 6ay+9y?+5e+1ldy+6 = 0. i 
The values of a, h, b, g, f, c are respectively 1, 3, 9, 5, 5, 6, 


ab—h'—0 and p =bg—hf= 0, 
therefore, by (4475-7), if there is a locus at all, it consists of two parallel or 
coinciding lines. Solving the equation therefore as a quadratic in y, we 


obtain it in the form (#+3y+2)(#+3y+3) = 0, 
the equation of two parallel right lines. 


The equation of the tangent or polar of «’y’ is 


4478 uwwetuyytu,s=0 or u,a’+u,y+u.s =0; 
(4401, 1405) obtained by (4120) in the form 


4419 (aa thy’ +g) et(ha’+by +f) yt+ege'+fy+e= 
4480 or (av+hy+g) a^ - (hv -by-- f£) y¥tgatfyte=0 
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4481 or 
ave th (ey +x y) +byy' +g (e+e) +f(y+y) +e = 0. 


When the curve passes through the origin, the tangent at 
the origin is 


4482 gutfy = 0. (4479) 
And the normal at the same point is 
4483 fe gy zu. 
2 27 


4484  Intercepts of the curve on the axes, m : 

4486 Length of normal intercepted between the origin and 
the chord 

= 2, 4483-4 

a+b ( ) 


Right Line and Conic with the general Equation. 


4487 Quadratic for n : n’, the ratio in which the line joining 
ay, wy’ is cut by the curve. 

Let the equation of the curve (4400) be denoted by 
$(v,y) — 0, and the equation of the tangent (4479) by 
V (2, y, à, y) — 0; then the quadratic required will be found, 
by the method of (4131), to be 


n° (4, y) +2nn'p (v, y, a^, y) + n° (a, y) = 0. 


The equation of the tangents from y’ is 
4488 $ (^, y) ele y) = db Gans s YS 
Proor.—By the condition for equal roots in (4487). 
Cor.—The equation of two tangents through the origin is 
4489 DBa?—2Hwvy4- Cy? = 0. (4665) 
The equation of the asymptotes of u (4400) is 
4490 au? + 2hu,u, +o, = 0. 
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The equation of the equi-conjugates of the conic 
az? +2hay+by = 1 is 


4491 (a--b)(uv*--2hvy 4- by?) = 2 (ab—l’) (a? +y’). 
Proor.—When the conic is a2? 4- by? = 1, the similar equation is 
(a+b) (az by?) = 2ab (+y) or (az’—by’) = 0, 


given by the intersections of the conic and a circle. Transformation of the 
axes then produces the above by the invariants in (4418). 


4492 When the coordinate axes are oblique, the equation 
becomes 


(a—b) (aa? — by?) + 2: (he + by) (h—a cos w) + 2y (ax +hy) (h—b cos Oo) = 0) 


General polar equation : 
4493 (acos 0+ 2h sin 6 cos 0-- b sin? 0) ^ 
+2 (2 cos --f'sin 6) r+e = 0. 


Polar equation with (v, y) for the pole: (4134) 
4494 (a cos? 0--2h sin 0 cos 0-- sin’ 0) 1° 
4-2 {(avthytg) eos 0+ (by+he+f) sin 0] r+ F (oy) = 0. 


Equation of the line through a^^ parallel to the conjugate 
diameter : 


4495  (v—a)(a +hy 2) (y—y) (ha! 4- by +f) = 0. 


Pnoor.— By the condition for equal roots of opposite signs (4494). 


Equation of the conie with the origin at the extremity of 
the major axis, L being the latus rectum. 


4496 y= Lvx—(13—6)2. (4269, '59) 
Equation when the point ab is the focus and 


Ave+ By+C=0 the directrix: 


4497  VÍ(v—ay4p(y—by] =e A 


AL E E 00,4093) 
J/ {A+B} l 
41 
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INTERCEPT EQUATION OF A CONIC. 


The equation of a conie passing through four points whose 
intercepts on oblique axes of coordinates are s, s and f, ET. 


4498 25 play D -e(L-4 z)- (++ ipn ze 


$ $ t 


Equation of a conie touching oblique axes in the points 
whose intercepts are s and ż: 


2 2 
4499 LT ence MCN 5 = 0, 

$ Ü s t 
4500 or (= + = —1) trey zs) 

Comparing with the general equation (4400), we have 
à ¢ ae 
LEO ee a ee 
B i st c 


Perpendicular p from «y, any point on the curve, to the 
chord of contact : 


" vs Pvy sin’ o i 
p = t Ery sino (4096, 4500) 
4505 ] SHEP —2st eos o 


Equation of the tangent at æy’: 


4507 2 (=+ Lis 1) (I4 = — )+e (xy +y) = 0. 


S t $ 


4508 The equation of the director-circle is 


(1 -F iste) (à? -F y + 2ey cos w) —h (x+y cos e) —k (y +a cos w) - hk cos w = 0. 


The parabola with the same coordinate axes as in (4409) : 


4509 (f4£-1))-f9 o yt. y i 


$ 


Proor.—From (1500), putting L= — 1 (4474), and therefore v = — =. 
$ 
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Equation of the tangent at 2’, y’: 


Soe ae ee UE 4509 
SE Jen) V =” - 
n _ ast EN JE 4193 
4511 o y = me-+ HW m = - (4123) 
Equation of the normal at xy’: 
s?t — ms? | sa" | 
ce gun Pre ue = 4122 
4512 y=mer+ E m V 1j (4122) 


4513 Normal through the origin w/s=y Mt. 


The equations of two diameters are, with any axes, 


S t 


Proor.—Diameter through Of, 
the fignre of (4211). 


yt Ž by the property OR = RQ, in 
a 


Coordinates of the focus : 


SIS s 
nrc ee 
4916 S+F+2st eos w Y SHEH 2st cos o ( 


Equation of the directrix : 
4518  x(s+t cosw)+y (t+s cos w) = st cos o. 


Pnoor.—Expand (4509), and form the equation of the polar of the focus 
by (4479) and (4516). 


When the axes are also rectangular, the latus rectum 


4519 L= DOT (4095, 4516-8) 
S DEI 


4590 Locus of the centre of the conic which touches the 
axes at the points s0, Ot : 


tv = sy. (4500, 4402) 


4521 To make the conic pass through a point ey’; substi- 
tute ay’ in (4500), and determine v. 
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SIMILAR CONICS. 


4599 Derinition.—If two radii, drawn from two fixed 
points, maintain a constant ratio and a constant mutual 
inclination, they will describe similar curves. 


4523 If the proportional radii be always parallel, the curves 
are also similarly situated. 


If there be two conics (1) and (2), with equations of the 
form (4400), then— 


The condition of their being similar and similarly 
situated is 


a h b 
4524 Y^y7qy 


Pnoor.—By (4404), changing to polar coordinates, r : 7” = constant. 


The condition of similarity only is 


(a+b — («rwy | a 
4525 i W—ab ~ h?—ab’’ ae 


or, with oblique axes, 


4526 (a+b—2h cose) _ EN USt +/—2h’ eos o) 


4499-— 
h?—ab Wa eS ( » 


CIRCLE OF CURVATURE. 


CONTACT OF CONICS. 


45247 Dsr.—When two points of intersection of two curves 
coincide on a common tangent, the curves have a contact of 
the first order; when three such points coincide, a contact of 
the second order; and so on. To osculate, is to have a con- 
tact higher d the first. 


4598 The two conics (Fig. 92) whose equations are 
aa? + Shay eda ei 0... ceto D 
af - 2d py diay? Og e — Ouanne 9, 
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touch the y axis at the origin, O, by (4482). Eliminate the 
third terms from (1) and (2), and we obtain æ = 0, the line 
through two coincident points, and 

4599 (ab’—w’b) w+2 (hb’—Wb) y—2 (be — le) = 9, 


the equation to LM, the line passing through the two remain- 
ing points of intersection of (1) and (2). (4099) 


Again, eliminate the last terms from (1) and (2), and we 
obtain 


4530 (ag’—a'g) a? +2 (h —h’'g) y+ (bg —b'eg) y = 0, 
the equation of the two lines OL, OM. [By (4111) and (4099) 
4531 If the points L, M coincide, the conics have contact 


of the first order. The condition for this is that (4530) must 
have equal roots; therefore 


4532 (ag —a'g)(bg' — bg) = (ha^ hg). 


4533 If the conics (1) and (2) are to osculate, M must 
coincide with O. Therefore, in (4529), bg = by. 

If in (4532) bg’ = b’g, the conics have a contact of the 
third order. 


CIRCLE OF CURVATURE. 
(See also 1254 et seq.) 


The radius of curvature at the origin for the conic 
a+ 2hey+ by t+ 29v = 0, 


the axes of coordinates including an angle w, is 


4534 see 


b sino 


Proor.—The circle touching the curve at the origin is 
a? -- 923 cosw+y?—2re sin w = 0, 
by (4148), and the geometry of the figure, 2rsinw being the intercept on 
the a axis. The condition of osculating (4533) gives the value of p. 
p is positive when the convexity of the curve is towards the y axis. 


Radius of curvature for a central conic at the extremity 
P of a semi-diameter a’, the conjugate being V’, 
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4535 LL. x (4367) 


) . 
«sino p p ab 


Proor.—Take the equation and figure of (4346) (a = CP). Transform 
to parallel axes through P. Then by (4534). 


The same in terms of x, y, the coordinates of the point P. 


_ (bta?-Eaty?)s 
4539 TECH DE 
Proor.—By (5138), or from (4538) and the value of 5 at (4365). 


'l'he eoordinates of the centre of curvature O for P, the 
point æy, are 


9 9 2,9 
4540 Pel ES where &-«-—P. 
a 
(Tie om C2 ISTE PH Vr 
Proor.—(Fig. 33. From ÜP ee ee and OP 5 "Pc 


with the values of p, PG, and PG’ at (4535) and (4309). 


Radius of curvature for the parabola. 


Taking the diameter and tangent through the point for 
axes, 


EL SF SS SS SS Sa Fig. of 4201 
4542 sn@” sin’'@ SY (ie l 
By (4534), and equation (4211). 


Coordinates of the centre of curvature at wy (rectangular 
axes): 


4545 é = 8x21, =——/Z. 


Pnoor.—From y—3:0-2gy:PG and p= 2acosec?0, PG = 2a cosec 0 
and y = 2a cot 6. 


The evolute of a central conic (Fig. 33) : 
4541 (ax): + (by)s = (a* —&)5, 
4548 or (Wa? +0y?—c'P4270 ay = 0, 


where e = a?—i?, 
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Proor.—Substitute for æ, in the cquation of the conic (4273) their 
values in terms of & ; from (4540). Otherwise as in (4958), or by the 
method of (5157). 

The curve has cusps at L, H, M, and K. 


The evolute of the parabola : 
yy (v—2aNV 
ud s(a =l 3 ^ 
Proor.—As in (4548), from the equations (4201) and (4545). 


CONFOCAL CONICS. 


2 
? 


2 2 42 2 
4550 m ore 


a? 


are confocal conics, if 
e—a’ = bb” 
m: 3 
or the sign of b” may be changed. 
For the confocal of the general conic, see (5007). 


4551 Confocal conics intersect, if at all, at right angles. 


Pnoor.—If u, w' are the two conics in (4550), changing the sign of b” to 
make the second conic an hyperbola, w—w’=0 will be satisfied at their point 
of intersection; and (by a—a?=b’+b”") this proves the tangents at that 
point to be at right angles (4078, 4280). 

Otherwise geometrically by (1168). 


4552  Tangents from a point P on one conic to a confocal 
conie make equal angles with the tangent at P. [Proof at (1291) 


4553 The locus of the pole of the line Aw+2By+C with 
respect to a series of confocal conics in which @—l? = À, is 
the right line perpendicular to the given one, 


BC»—ACy-- ABA = 0. 


Proor.—The pole of the line for any of the conics being «y; Aa? = — Ux 
and BL? = —Cy (4292); also ’—v? — X. Eliminate a? and P. 


4554 Cor.—If the given line touch one of the conics, the 
locus is the normal at the point of contact. 
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a o a a a a IIaaaaaaauluaalauaaaaasasasaauautluusluluauastluiÅÂiaaaeooosl5l 


4555 Graves "Theorem. — The two tangents drawn to an 
ellipse from a point on a confocal ellipse together exceed. the 
intereepted arc by a constant quantity. 

Proor.—(Fig. 182.) Let P, P’ be consecutive points on the confocal from 
which the tangents are drawn. Let fall the perpendiculars PN, P"N'. From 


(1291), it follows that < PEN = P'PN', and therefore FN = PN’. The 
increment in the sum of the tangents in passing from P to P' is 


RR —QQ + P'N—PN' = RI’—QQ. 
But this is also the increment in the arc QR, which proves the theorem. 


4556 If the tangents are drawn from a confocal hyperbola, 
as in (Fig. 133), the difference of the tangents PQ, PR is 
equal to the difference of the arcs OF tok 


The proof is quite similar to the foregoing. 


4557 At the intersection of two confocal conics, the centre 
of curvature of cither is the pole of its tangent with respect 
to the other. 


zo y : ao o i 
Proor—iihike = ar a 1 (i.) and uia 1 Gi.) for confocal conics, 
" 2 2 


9 72 gu 
: ; ; wa bib 
At the point of intersection, «^ = —7- and y^z ——7- (where ¢ = a’—0’); 
a e 


2 2 


by &—a^ = b’+b”. The coordinates of the centre of curvature of a’y’ in 
9. Fe 13 
- (4540-1). The polar of this point with 


Ce w A 
dd 
P, 


pum 
2 + a = ]. Substitute the values of 2", y^; and 


ea 
we sce, by the values of a’, y’, that this is also the tangent of (1.) at P. 


(G) meg = 


respect to (1.) will be 


4558 <A system of coaxal circles (4161), reciprocated with 
respect to one of the limiting points D or J/, becomes a 
system of confocal conics. 


Proor.—The origin D is one common focus of the reciprocal conics, by 
(4844). The polar of D with respect to any of the circles is the same line, 
by (4166). D and its polar (both fixed) reciprocate (4858) into the line at 
infinity and its polar, which is the centre of the conic. The centre and one 
focus being the same for all, the conics are confocal. 


ANALYTICAL CONICS 


IN 


TRTETNEAR COORDINATES: 


m + 


THE RIGHT LINE. 


For a description of this system of coordinates, see (4006). 
The square of the distance between two points aBy, a'Q'y' is, 
with the notation of (4008), 


4601 
WE fa (B—B)(y—y) +b (yy) (aa) +t (a—2) (8—8)]. 


4602 


= UE fa cos A (a—a)’+b cos B (8— B teos (y—y')"}. 


Proor.—Let P, Q be the points. By drawing the coordinates (^y, B’y’, 
it is easily seen, by (702), that 
PQ —((8B—B'y-rF(iy—y y *2(B—^)(y —y) cos A] cosec? A......(1). 
Now, by (4007), a(a—a’) - b (B—[/) - c(y—y) = 9, 
from which 6 (8—9') = —a(a—a' )(B—) —e(8—8)(y — y), 
and a similar expression for c(y — y). Substitute these values of the square 
terms in (1), reducing by (702). 


Coordinates of the point which divides the straight line 
joining the points ay, a’B’y’ in the ratio l: m 


lama Ig-pmB ly+my By (4032 
4603 [--m ’ lm ’ "ren n 


ABC being the triangle of reference, and a = 0, B — 0, 
y = 0 the equations of its sides, the equation of a line passing 
through the intersection of the lines a = 0, B = 0 is 


4604 la-~-mB=0 or a—k8-—0. 
$ K 
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Proor.—For this is the locus of a point whose coordinates a, / are in the 
constant ratio m : | or k (4099). 

When I and m have the same sign, the line divides the external angle C 
of the triangle ABC; when of opposite sign, the internal angle C. 


The general equation of a straight line is 
4605 la+mB+ ny = 0, 
and it may be referred to as the line (/, m, n). 


Pnoor: la+mp = 0 is any line through the point C, and (la4- mf) t ny 
= 0 is any liue through the intersection of the former line and the line y = 0 
(4004), and therefore any line whatever according to the values of the arbi- 
trary constants l, m, n. 


The same straight line in Cartesian coordinates is 


4606 (l cosa+m eos B4-n cos y) e 
+(lsina+m sin B+n sin y) y— (Ip, + mp: +np:) = 0. 


Proor.—By substituting the values of a, 5, y at (4009). 


Or, if the equations of the sides of ABC are given in the 
form A,r+ By+C, = 0, &e., the line becomes 
4607 (lA +m A,4- n A5) v+(1B\+mB,+nB;) y 
HC mC 4- nC, = 0. 


Proor.—By (4095), the denominators like V (A1 -- Bi) being included in 


the constants l, m, n. 


4608 If «=0, v=0, w — 0 are the general equations of 
the lines a, B, y, then it is obvious that lu+mv = 0 is, like 
(4604), a line passing through the intersection of w and v, and 
lu+mo+nw = 0 represents any straight line whatever. 


To make an equation such as « — p (a constant) homo- 
geneous in a, f, y; multiply by the equation X = aa 4- b 4- Cy 
(4007), thus 


(ap — X) a-F bp 4-cpy = 0, 


which is of the same form as (1605). 
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4610 The point of intersection of the lines 
la+mBtny=O0 and la+imB+n'y = 0 


is determined by the ratios 


= ee Oe ee ean (4017). 


mn =m n nl-—mnl lm —lm 
The values of a, B, y are therefore 
X (mn’— mn) > (nl'—u'l) > (lm' —l'm) 
ae) DX Dor 
where D = a (mn —m/n)J-b (nl —»1D) +0 (lm — Um). 


Proor.— By (4017), or by solving the three equations 
aa 4-66 4 cy = E, la 4- m 4 - ny = 0, l'a 4-m/D-r wy = 0. 


The equation 
4619 aatbB+ry=0 or asin A--Bsin B+y sin € — 0 
represents a straight line at infinity. 


Pnoor.— The coordinates of its intersection with any other line 
la 4- mf) --wy = 0 are infinite by (4611). 


4613 Norm: aathhP+ey=%, a quantity not zero. The equation 
aa+63+cy — 0 is therefore in itself impossible, and so is a line infinitely 
distant. The two conceptions are, however, together consistent; the one 
involves the other. And if, in the equation la--mf wy = 0, the ratios 
0:3 :» approach the values a : b: c, the line it represents recedes to an 
unlimited distance from the trigon. 


4614 The equation corresponding to (4612) in Cartesian coordinates is 
Oz J-0y -- C — 0, the intereepts on the axes being both infinite. Cartesian 
coordinates may therefore be regarded as trilinear with the æ and y axes for 
two sides of the trigon and the other side at an infinite distance. 


T a e ——Ó—— 


4615 The condition that three points | « f| yi 


a Piyi, esos, asy, may lie on the same |a, B, y,|— O0. 
straight lineis the determinant equation, | a, 8, " 


Proor.—For it is the eliminant of the three simultaneous equations, 


la, +mf,+ny, = 0, la, + mf), t wy; la,4- mf), ny; = 0. (583) 
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4616 Cor.—The above is also the equation of a straight line 
passing through two of the fixed points if the third point be 
considered variable. 


4617 Similarly, the condition that the three following 
straight lines may pass through the same point, is the deter- 
minant equation on the right, 


LatmB+ny = 0 MEL t 
Latm,B+ny = 0 Lom, n |70 
latm,B+ ny = 0, L Tnt, Som 


4618 The condition of parallelism of the two straight lines 


l a4-m 84- n y = 0, l m n 
Va+n'B+n'y = 0, LU me w0, 
is the determinant equation a b r 


Proor.—By taking the line at infinity (4612) for the third line in (4617). 


4619 Otherwise the equations of two parallel lines differ by 
a constant (4076). Thus 


lat+mB+ny+k (aa+bB+ry) = 0 (4007) 
or (I4- kà) at+(m+hb) B+(n+kt) y = 0 


represents any line parallel to la+m+ny = 0 by varying 
the value of k. 


The condition of perpendicularity of the two lines in 
(4618) is 
4620 ll'+-mm’+nn'—(mn'+ n'n) eos A— (nl +l) cos B 
— (Im 4 lm) cos C = 0, 
4691 or /'(I—m cos C—n cos B) +m’ (n —n cos A —l cos C) 


+n’ (n—l cos B—m cos A) = 0. 


Proor.—Transform the two equations into Cartesians, by (4606), and 
apply the test AA’+ BB’ — 0 (4078), remembering that 


cos (8— y) = — cos l, &c. (1011). 
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When the second line is AB or y = 0, the condition is 


4622 n = m cos A +l cos B. 


It also appears, by (4676), that (4620) 1s the condition that 
the two lines may be conjugate with respect to the conic 
whose tangential equation is 


4693 JP-En?-r i? — 2iin cos A —2nl cos B—2lm cos C = 0. 


The length of the perpendicular from a point a'f^y' to the 
line la+mB+iny = 0: 
NBDE pe M o 
JAP +m?+-n?—2mn cos A — 2nl cos B—2lm cos C; 


Proor.—By (4095) the perpendicular is equal to the form in (4606), with 
a', y’ in the place of a, y, divided by the square root of sum of squares of 
coefficients of g andy. The numerator = la’+mP’+ny’. The denominator 
reduces by eos (B—y) = —cosA, &c. 


4695 Equation of the same perpendicular : 


a a I—mcosC—n cos D 
B B m—neosA—lcosC | — 0. 
y y n—leosB—mcosA 


Proor. — This is the eliminant of the three conditional equations 
La-4- MB-4 Ny = 0, La’+Mp’+ Ny’ = 0, and equation (4621). 


4626 Equation of a line drawn through «''y' parallel to the 
line (J, m, n): 
a a [m—bn 
B B ansell |50. 
Y y bl—am 
Pnoor.— It is the eliminant of the three conditional equations 
la4- m +ny = 0, la’ +m’ +ny’ = 0, and the equation at (4618). 


4627 The tangent of the angle between the lines (l, m, n) 
and (V, m’, n’) is 
(mn'—m'n) sin A + (nl — n'l) sin B+ (Im —Üm) sin C 
Wm 4- nw — (mri 4-m/n) eos A — (n+ n'l) cosB— (Im 4- Um) cosC 


Proor.—By (4071) applied to the transformed equations of the lines, 
(4606), observing (4007). 
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EQUATIONS OF PARTICULAR LINES axb COORDINATE RATIOS 
OF PARTICULAR POINTS IN THE TRIGON. 


4698 Biscctors of the angles A, D, C : 
B—y-0, y-a=0,  a—B-0. 
4629 Centre of inscribed circle (or in-centre)* 1 : 1: 1. 


The coordinates are obtained from their mutual ratios by the formula 


(4017). 
4630 Bisectors of the angles 4, «— D, r—C: 
B—y= 0, y+a = 0, a+ß — 0. 
Centre of the escribed circle which touches the side a (or 


a ez-circle) —]:1:1. 


4631  Bisectors of sides drawn through opposite vertices : 
B sin B= y sin C, ysin C —asinA, — asin A = Bsin B. 
4632 Point of intersection (or mass-centre) : 

cosec A : cosec B : cosec C. 


PRoor.— Assume mf?—oy = 0, by (4604), as the form of the equation of 
a line through A, and determine the ratio m : n from the value of y : B 
when a = 0. 
The coordinates of the point of intersection may be found by (4610), or 
thus : 
a : f) = sin B : sin A = cosecA : cosec D, 
B: y = sin C : sin B = cosec D : cosec C, 


therefore a: B: y = cosec Å : cosec D : cosec C. 


4633  Perpendieulars to sides drawn through opposite 
vertices : 


BcosB — ycosC, ycosC=acosA, | acos A = Beos B. 
4634 Orthocentre: secA: sec D : sec C. 


* This nomenclature is suggested by Professor Hudson, who proposes the following :— 
“ In-circle, circum-circle, a ex-circle ... mid-circle for inscribed circle, circumscribed circle, 
circle escribed to the side a, and nine-point circle; also in-centre, circum-centre, a es- 
centre, ... mid-centre, for the centres of these circles; and in-radius, circum-radius, a ex- 
radius, ... mid-radius, for their radii; central linc, for tho line on which the circum-centre, 
mid-centre, ortho-centre, and mass-centre lie; and central length for the distance between 
the circum-centre and the ortho-centre.” 
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If the Cartesian coordinates of A, D, C be ayy, yo; alfa, 
the coordinates of the centre of the inscribed circle are 


4635 = aam bas ers y= ayy d by. Cy 
a+b+e atb+e 
Proor.—By (4032). Find the coordinates of D where the bisector of 


the angle A cuts BC in the ratio b : c (VI. 3), and then the coordinates of 4 
where the bisector of B cuts AD in the ratio b+c: a. 


4636 For the coordinates of the centre of the a ex-circle, 
change the sign of a in the above values of # and y. 


4637 The coordinates of the mass-centre are 
g = 3 (vrtat as), y = 3 (h+ yd Y). 


4638 The coordinates of the orthocentre are obtained from 
the equations of the perpendiculars from aj», 24/3, VIZ., 


(a, —43) ed (YY) Y = V (9) HY (Yr — Ys) 
(a5 —25) et (NY) Y= V Qs) ys Qn — Yo). 


Perpendicular bisector of the side AB: 
4639 a sin A — B sin B +y sin (A— B) = 0, 
4640 or «cos A—f cos B— s sin(A— B) = 0, 
4641 or 


asin B sn C b sin C sin A m 
(a+ L| cos A— (B+ E) eos B = 0. 


4642 Centre of circumscribed circle (or cireum-centre) : 


cos A : eos D : cos. 


Pnoor.— A line through the intersection of y and asin A—{ sin B (4631) 
is of the form a sin A— B sin B +uy = 0, and, by (4622), 
n = —siu B cos d t sin d eos B = sin(A—B). 
Otherwise, by (4633) and (4619), 
a cos A— p cos B+k = 0 


is any line perpendicular to 4B; and the constant k is found by giving a: 6 
the value which it has at the centre of 4B. 
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4643 Centre of the nine-point circle (or mid-centre) : 
cos (B—C) : cos (C—A) : cos(A—B). 


Proor.—By (955) the coordinates are the arithmetic means of the corres- 
ponding coordinates of the orthocentre and circum-centre. Therefore, by 


(4034, 42) and (4017), 
a= 


k { Secr č "i eost | 
sinA sec.1 +sinB secB+sinO secC — sini cos. 4- sin D eos D -- sinC cosC ) ' 


which reduces to cos (B — C) x constant. 


4644 Ex. 1.—In any triangle ABC (Fig. of 955), the mass-centre I2, the 
orthocentre O, and the eireum-centre Q lie on the same straight line;* for tho 
coordinates of these points given at (4632, '84, 42), substituted in (4615), 
give for the value of the determinant 

cosec A (sec B cos C— cos B sec C) + &c., 
which vanishes. 


Similarly, by the coordinates in (4643), it may be shown that the mid- 
centre N lies on the same line. 


Equation of the central line: 


Ex. 2.—To find the line drawn through the orthocentre and mass- 
centre of ABC. The coordinates of these points are given at (4632, '34). 
Substituting in the determinant (4616) and reducing, the equation becomes 


a sin 24 sin (B— C) +£ sin 2B sin (C— A) +y sin 2C sin (A—P) — 0. 
Ex. 3.—Similarly, from (4629, '42), the line drawn through the centres 
of the inscribed and circumscribed circles is 
a (cos B—cos C) + (cos C—cos A) +y (cos A—cos B) = 0. 


Ex. 4.—A parallel to AB drawn through €: 
asin A +6 sin B= 0. 


For this is a line through af, by (4604), and the equation differs only by a 
constant from y = 0, for it may be written 


(a sin A+/ sin D 4- y sin C) —y sin C = 0. 


Ex. 5.—A perpendicular to BC drawn through C is 
«cos C350. — 
For a perpendicular is B cos B—y cos O = 0 (4633)... eese (Oe 


and a line through C is of the form la +m = 0. Hence, by (4619), the 
constant k (a sin 4-FjJ sin B+ysin C) must be added to (1) so as to elimi- 
nate y. Thus 

D sin C cos B +a sin A eos C +f sin B cos O = 0, 


B sin (B+C) 4a sin 4 cos C — 0 or fj-Fa cos = Q. 


* The centralline. See note to (4629), 
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ANHARMONIC RATIO. 


For the definition, see (1052). 


4648 The three ratios of that article are the values of the 
ratio k: k’ in the three following pencils of four lines respec- 
tively— 


a=0, «a—kB—0, 8-0, a4/48-0.. (i) (Fig. 34), 
a= 0, BO ath [8 = 0, a+th’B = 0...(n.) (Fig. 36). 


4649 The anharmonic ratio (i.) becomes harmonie when 
=k. Hence the lines a4- F9, a—kP form a harmonie pencil 
with the lines a, f, the first dividing the external and the 
second the internal angle between a and f) (Fig. 37). 


4650 Similarly, the anharmonic ratio of four hnnes whose 
equations are 


a—pu, B = a— u B ems a— uu; B =), a —y, B = 0, 


is the fraction Qu He) Q1) 
(m~ Ha) (n5— ms) 


Proor.—Let OL be the line a = 0, and 
On, Be. 

Uy —4, = difference of perpendiculars from 
A and B upon OL, divided by p. 

Similarly, u,—j,, &c. These differences 
are proportional to the segments AD, CD, 
AD, BC, and p is a common divisor. 


4651 Homographic pencils of lines are those which have the 
same anharmonic ratio. Thus the two pencils 


a—ju, a—mpD, 4-158, anp, 
and a — up, a’ — up, a’ — p, a — up’, 


are homographic pencils. 
4L 
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THE COMPLETE QUADRILATERAL. 


4652  Dzr.—Any four right lines together with the three, 
called diagonals, which join the points of intersection, make a 
figure called a complete quadrilateral. 


4653 Let O be any point in the plane of the trigon ABC 
Draw AOa, BOL, COc, and complete the figure. The equa- 
tions of the different lines may be written as under, with the 
aid of proposition (4604), the ratios 1: m:n being arbitrary 
and dependent upon the position of O. 


! 


p 


Ax 


Aa, mB—ny = 0, AP, mB+ny = 0, 

Bb, ny —la = 0, BQ, ny tla = 0, 

Ce, la —mB= 0, CR, la +mB= 0; 
be, mB+ny —la = 0, OP, mB+ny —2la = 0, 
ca, ny tla —mB = 0, OQ, ry tla —2mB = 0, 
ab, la +mB—ny = 0, OR, la +mB—2ny = 0, 


PQR, la+mB-+ny = 0. 


Proor.—Aa, Bb, Cc are concurrent by addition. be is concurrent with 
Bb and P, and with Cc and y, by (4604). AP and OP are each. concurrent 
with bc anda. PQ is concurrent with each pair of lines bc and a, ca and 
P, ab aud y. Similarly for the rest. 


4654 Every pencil e four lines in the above figure (supply- 
ing AP, BQ, Cit) is a harmonic pencil. 


Proor.—By the test in (4649), the alternate pairs of equations being the 
sum and difference of the other two in every case. 

Otherwise by projection. Let PQS be the quadrilateral, with diagonals 
RP, QS meeting in C. (Supply the lines AC, PC in the figure.) Taking the 
plane of projection parallel to OAL, the figure projects into the parallelogram 
pars; the points 4, B pass to infinity, and therefore the lines A0, BC become 
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a 


lines harmonically divided by the sides of the parallelogram, the centre, 
and the points at infinity. 


4655 Theorem (974) may be proved by taking a, /?, y for the lines BC, 
CA, AB, and l'a4- mf iy, lad m/B my, lutmp+n'y for be, ca, ab, the last 
form being deduced from the preceding by the concurrence of Aa, Bb, and Ce. 


THE GENERAL EQUATION OF A CONIC. 


The general equation of the second degree is 


4656 aa? +bB’+ ey? -- 2fBy+2eyat 2haB = 0. 
This equation will be denoted by 49(«, B, y) =9 or «= 0. 


Equation of the tangent or polar: 
4654 w,aTugpB-ru,y-—90 or uatu,B+uy = 0, 
the two forms being equivalent and the notation being that of 
(1405). The first equation written in full is 
4659 
(av +hB' +ey) a+ (ha -- 08 +fy) B-- (ga --fB - Fey) y = 9. 
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Proor.— By the methods in (4120). Otherwise by (4678); let ay 
be on the curve; then ¢(a, P, y) = 0. Next let the point where the line cuts 
the curve move up to aBy. Then the line becomes a tangent and the 
ratio n : n’ vanishes; the condition for this gives equation (4658). 

Cor.—The polars of the vertices of the triangle of refer- 
ence are 


4660 «aathB+ey=0, ha+bB+/y — 9, gatfB+cy = 0. 
4661 The condition that u may break up into two linear 
factors representing two right lines is, by (4469), A — 0, 
where 


4662 A = abe+2feh—af?—by’ —ch. (4454) 


4663 The general tangential equation a h 
of the conic (4656) expresses the condi- | A 
tion that the line Aa 4-4 +vy may touch 
the curve and is the determinant equation 
annexed. The same written in full is 


4664 (be —f?) X4 (ca —g?) w+ (ab — I) v? 
+2 (gh —af) uv 4-2 (hf —bg) vA+2 ( fir — ch) Ap = 0, 

4665 or AX-rF Dy-4- C --2Fpv4-2GvA 4-2 HX = 0; 
writing, as in (1642), 

A = be—f”, B = ca— g’, C = ab—h, 

F = gh—af, CT H= cle 
The tangential equation will be denoted by « (A, u, v) = 0 or 
U = 0, to correspond with (4656). 


Proor.— The determinant is the eliminant of ihe equation of the line 
Aa -F jd 4 vy = 0, and the three equations obtained by equating À, u, v to the 
coeflicients of a, B, y in (4659). 

Otherwise—Assume Aa-r pr vy = 0 for the tangent. Substitute the 
value of the ratio f : y obtained from it in the equation of the curve, and 
express the condition for equal roots (4119). 


> TS 


4666 Conversely,if the lineAateB | A H G a 
+vy has the coefficients A, p, v. Con- H B F B 
nected by the equation of the second | q F C y 
degree U = 0 (4664), then the enve- | | B 

lope of the line is the conie in the y 
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determinant form annexed corresponding to (4663), or in full 
4667 | (BC—F)e--(CA—G) B+(AB—IP)y 
+2 (GH—AF) By--2 (HLF— DG) ya4-2(FG— CH) aß = 0. 


4668 or A(ao? 4-02? -- cy? --2f8y 4-22ya-4- 2haB) = 0. 

Proor.—Eliminate v from U = 0 and the given line. The result is of 
the form D\?+2RAu+ Mj) = 0, and therefore the envelope is LM = ew lie 
(4792). This produces equation (4667). The coefficients are the first 
minors of the reciprocal determinant of A (1643), and therefore, by (585), 
are equal to aA, bA, &e. 


4669 ‘The condition that U may consist of two linear factors 
is, as in (4661), D = 0, where 

4670 D= ABC+2FGH—AF—B@-—CIP =A. (1643) 
In this case U becomes the equation of two points, since the 


line Aa+pB-+vy must pass through one or other of two fixed 
points. See (4913). 


4671 The coordinates of the pole of Aa+pB+vy are as 
Ad+ Apt Gv : HX4- But Fv : GX+ Fut Cv, 
4672 or DD SIL. 


Proor.—By (4659) we have the equations in the 
margin, the solution of which gives the ratios of « : B : y. 


aa 4- ho + gy m M 
har bp +y = kp 
ga tf Bd cy = kv. 


4673 x mi5lEz yx 


eee, ene, RU Cheese A 
Hence the tangential equation of the pole of Na+ B 4- vy, 

ie., the condition that A«--4g-Fvy may pass through the 
pole; or, in other words, that the two lines may be mutually 
conjugate, 18 
4674 AUytpe.Uv+tvU, =0 or NU Fy Ust U, = 0, 
the two forms being equivalent, and each 
4676 = AXN + Bu + Cov 

HE (pv! ep’) + G (vN -p/0) + (tN e). 


The coordinates of the centre ag, Bos y, are in the ratios 
4677 Aa--Hb-- Gt : Ha+ Bb4- Ft : Ga-4- Fb-F Ce, 


where à, D, t are the sides of the trigon. 
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ae e amaaa I I aaa aaaea 


Proor.—By (4671), since the centre is the pole of the line at infinity 
aa+bp+ey = 0 (4612). 


The quadratic for the ratio n: »' of the segments into 
which the line joining two given points afy, a’B’y’ is divided 
by the conie is, with the notation of (4656-7), 

4678 
$ (a, B, y) ^2 (pa +48 +o) n te (a, B, y) ^ = 0. 
Pnoor.—By the method of (4131). 


The equation of the pair of tangents at the points where y 
meets the general conie « (4656), is 


4679 aust 2hu,ug-- bu; = 0. 


Proor.—The point «’B’, where y meets the curve, is found from 
aa? + 9ha' fl 4- b? = 0 [y = 0 in (4656)]. The tangent at such a point is 
we T ua = 0 (4658). Eliminate a’, P. 


The equation of a pair of tangents from «a'B^y' is 
4680 — $(«B'y)4(«By) = (pa + $,8 +O) 


Proor.—By the condition for equal roots of (4678). 
By actual expansion the equation becomes 
(D? + C? —2 Dy) a? + (Cd! - Ay? - 2G ya) B? + (AP? + Be — 2Ha) y^ 
+2 (— Ay + Hya + Ga — Fa?) py’ 
4681 +2 (HBy —Byat Fafp — GJ?) y'a 
+2 (GBy + Fya — Ca — H^) ap’ = 0. 
In which either a’, 3’, y’ or a, 3, y may be the variables, for the forms are 
convertible. 


Otherwise the equation of the two tangents is 


4682 P (8,/—B'y, ya —y'a, aB' —«a B) = 0. (4665) 


Proor.—By substitnting By'—p'y, &e. for A, p, v in (4664), the condition 
that the line joining «'p'y' to any point «y on cither tangent (see 4616) 
should touch the conic is fulfilled. The expansion produces the preceding 
equation (4681). 


The equation of the asymptotes 1s 


4683 $ (a, B. y) = $ (a, B y) lec QUE 


where «ay, Bos y, are the coordinates of the centre. 
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Otherwise the equation, in a form homogeneous in 
a, D, y: 15 


4684  (da,4-BB,-- ty) $ (a, B, y) = k (a+b + ty)....... (2), 


where à, b, t are the sides of the trigon. 

And, finally, if the tangential equation (466-4) be denoted 
by ® (à, u, v) = 0, the equation of the asymptotes may be 
presented in the form 


4685 (a,b,c) ¢ (a, B, y) = (aat bB Hey A ......... (3). 


Pnoor.—(i.) The asymptotes are identical with a pair of tangents from 
the centre; therefore, put ag, Bos y, for a’, P’, y in (4680) ; thus 
$ (a, B, y) $ (as Bo, Yo) = I (aa +hB+ cy)? = PS? eee. (4), 
since the polar becomes the line at infinity. 
Now, multiplying the three equations in (4672) by a, D, y respectively, 
and adding, we obtain ¢ (a, D, y) = k (Xa-- ufB - vy), and therefore 
P o Pa oes) aspice eene (5), 
since the line at infinity (4612) is the pole of the centre. 
From (4) and (5), by eliminating A, equation (1) is produced; and by 
dividing (4) by (5), we get equation (2). 
Again, taking the values of a, f, y from (4673), we have 
AatpB+vy _ (A, p, v) aa, tUB + cys _ (a, b, c) 
k NE SU k mm 
By the last equation, (2) is converted into (3). See also (4966). 


and therefore 


Cor.—Since the centre (aos Bos Yo) 18 on the asymptotes, 
we have 


4686 o (ao, Bo: Yo) = A+ (a, b, Oe 


4687 The semi-axes of the general conic (4656) are the 
values of r obtained from the quadratic 


(«+ as 08 A, h, "e d 
aa 


(0+ bs cem f, b 
h, if (c. cos 5 : |= 0, 
2, Hm 10A 
d, b, f, 


where a, b, t are the sides of the trigon, and 


s = abeA+ 9 (abr). 
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Proor.—The centre being a, y,, put a—a, = e, B— C =Y, YTV = 7. 
apy being a point on the conic, and r the radius to it from the centre, we 
have, by (4602), 


9 a f ¢ 
q 


(xa cos A+ yh cos D Ez eos C)... eese (1). 


v2 
-— 


Also (4656), — (@B, y) = $ (ute, Big nr) = 0. 
Expand and write 1, m, n for aa, hy -- gys haotbPotfYo gest fs cvs. 
The terms in æ, y, z become 
le 4p ug 4 nz = I=) PEG = R= E= 0 (4007)...... E o. 
and we obtain ¢ (2, y, 2) = —9 (ay By Yo) = VA+® (a, b, c) (4686) ...... (3). 
The maximum and minimum values of 7° and therefore of 
a'à cos A+ yb cos B+ zt COS C. Leu sees (4) 


are required, subject to the equations (2) and (2). By the method of unde- 
termined multipliers (1862), the quadratie above is found.—Ferrers's Tril. 
Coord., Ch. 4, Art. 18. : 


Mesa Teea a conic = ae 
{® (a,b, r)}? 


Pnoor.—1f the roots of the quadratic (4687) are -Erj!, +72”, the area 
will be «77, The coefficient of r^* reduces by trigonometry to — X’, and 
the absolute term is —®(a,,¢). Hence the product of the roots is found. 


4689 The conic will be an ellipse, hyperbola, or parabola, 
according as ®(a,b,r) (4664) is positive, negative, or zero. 

Proor.—The squares of the semi-axes have opposite signs in the hyper- 
bola. Therefore the product of the roots of the quadratic (4687) must for 
an hyperbola be negative, and therefore ® negative in (4688). 


$ (a, f,c) = 0 makes the curve touch the line at infinity (4664), a pro- 
perty which distinguishes the parabola. 


The condition that the general conic (4656) may be a 
rectangular hyperbola is 


4690 «atb+te= 2f cos A+2e cos B+2h cos C. 
Proor.—Let the asymptotes be 


la dn uy = 0, l'a pa! uy = 0. 


Forming the product, equating coefficients with (4685), and denoting 
9 (a, b, c) by $, we get the proportions ; 


W 2 mnm č 00 nw _ mn Emu 
a$—a4X — bp—lA — có—cA 2 ( fo — tc) 
LONE. | b +- Um 


= 9(gp—cad)  2(hg—abAY 
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We may therefore substitute these denominators in (4620) for the condition 
of perpendicularity of the asymptotes. The result reduces to the equation 
above, by (837). 


For another method, see (5002). 


4691 The general conic (4656) will become a circle when 
the following relation exists between the coefficients : 


b sin? +e sin? B — 2f sinB sinC 
=e sin? A +a sin*C —2g sinC sinA 
= a sin? B-F-5 sin? A — 2h sin A sin B. 


Proor.— Equate coefficients of the equation of the conic (4656) with 
those of the circle in (4751). 


4692 The equation of the pair of lines drawn from a point 
a’B’y’ to the points of intersection of the conic p and the line 
L=)a+pB+vy = 0 is, writing L/ for \q’+pP'+vy’, with the 
notation of (4656-7), 


Lo (a, B, y) — 2LL/($,« + 6.8 + 9, y) + Le (aio yere 
Proor.—By the method of (4133). 


4693 The Director-Circle of the conic, that is, the locus 
of intersection of tangents at right angles, is, in Cartesians, 


C (a? 4-37) —2Gea—2Fy+A+B = 0. 


Proor.—Let the equation of a tangent through æy be 
mé—n + (y—mg) = 0. 


Therefore in the tangential equation (4665) pnt A= m, p = —1, v =y — ma, 
and apply the condition, Product of roots of quadratic in m = —1 (4078). 


The equation of the same circle in trilinears is 


4694 (B+0+2F cos A) a! -(C4- A 4-2G cos B) £F (A-- D 4-21 cos C) y* 
+2 (A eos A — H cos B — G cos C— F) By 
+2(—H cos A+B cos B— F cos C — G) ya 
--9 (—G cos A—F cos B+ 0 cos C— H) aß = 0; 


or, in the form of (4751), 
4695 R 
(aa 4-58 -F cy) (Pt 620094 at de.) E PEO (ay tya caf). 
4M 
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Proor.—The equation of a pair of tangents (4681) through a point «By 
in trilinears, when the tangents are at right angles, represents the limiting 
case of a rectangular hyperbola. Therefore the equation referred to must 
have the coefficients of a”, B°, &e. connected by the relation in (4690), 
which thus becomes the equation of the locus of the point «y; i.e., the 
director-circle. 


4696 When the general conic is a parabola, O — 0 in (4693) 
and 6 (a, b, c) = 0 in (4695), by (4430) and (4689), and these 
equations then represent the directrix. 


PARTICULAR CONICS. 


4697 A conic circumscribing the quadrilateral, the equa- 
tions of whose sides are a=0, G=0, y — 0, 6=0, — (Nu 
ay = k 8. 


Proor.—This is a curve of the second degree, and it passes through the 
points where a meets 8 and ò, and also where y meets 9 and ò. 


4698 The circumscribing circle is ay = 4-88; + or —, as 
the origin of coordinates lies without or within the quadri- 
lateral. 


Proor.—Transform (4697) into Cartesians (4009) ; equate coeflicients of 
v and y and put the coefficients of wy equal to zero. 


4699 A conie having a and y for tangents and f9 for the 
chord of contact : (Fig. 89) 


qus m. 
Proor.—Make ò coincide with 5 in (4698). 


4700 <A conic having two common chords a and f with a 


given conic 8: (Fig. 40) 
S = ko. 

4701 A conic having a common chord of contact a with a 

given conic 5$: (Fig. 41) 
S — hoe. 


4702  Con.—If RPQ be drawn always parallel to a given 
ng PN o E FO by (317) 
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4703 A conic having a common tangent T at a point gy’ 
and a common chord with the conic S: (Fig. 42) 


S = T (lv--my-- nz). 
4704 A conic osculating S at the point «’y’ where T touches 
at one extremity of the common chord / (a—a’)+m (y—y’): 
| ig. 43) 


S = T (le+my—le’— my’). 


4705 A conic having common tangents T, T’ at common 


points with the conic S: (Fig. 44) 
SS kTT. 

4706 A conic having four coincident points with the conic 

S at the point where 7' touches: (Fig. 45) 
S= kT. 


4707 The conics S+Z? = 0, S+tIP=0, S4-N? = 0, 


(Fig 46) having respectively L, M, N for common chords of 
contact with the conie S, will have the six chords of inter- 
section 


LESE 0 M+N= 0, NEL=D, 
passing three and three through the same points. 


Proor.—From (S4-M?)—(S--N?) = (M 4- N) (2I— N), &c. 


By supposing one or more of the conics to become right lines, various theorems 
may be obtained. 


4709 The diagonals of the inscribed and circumscribed 
quadrilaterals of a conic all pass through the same point and 
form a harmonie pencil. 


Proor.—(Fig. 47.) By (4707), or by taking LM = I? and KDW = E^ 
for the equations of the conic by (4784). 


4710 If three conics have a chord common to all, the other 
three chords common to pairs pass through the same point. 


Proor.—(Fig. 48.) Take S, S4- LM, S-- LN for the conics, L being the 
chord common to all; then M, N, M— N are the other common chords. 
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4711 The hyperbola vy = (0v-F0y43- p) 


is of the form (4699), and has for a chord of contact at infinity 
0x 4- 0j 4- p = 0, x,y being the tangents from the centre. 


47129 The parabola y? = (0«-F0y--p)« 
has the tangent at infinity 0x+0y+p = 0. 


4713 So the general equation of a parabola may be put in 
the form of (4699). Thus 


(av-+ By - (2g0+2fy+e)(Ow-+0y+1) = 0. 
Here az4-fjy is the chord of contact, that is, a diameter; 29a --9fy -- c is 


the finite tangent at its extremity, and 0xJ-0y-Fl the tangent at the other 
extremity, supposed at infinity. 


4714 The general conic may be written 
(aa? + 2hayt by’) + (29v 4- 2fi 4- e) (0: --0y +1) = 0. 
For this is of the form «ay-Fk(90, ò being at infinity. 


4715 The conics S and S—k(0vr+0y+1) 
have double contact at infinity, and are similar. 
4716 The parabolas S and S—E 
have a contact of the third order at infinity. 
Pnoor.—For S and S— (0x -- Oy +k)? have the line at infinity for a chord 


of contact; and, by (4712), this chord of contact is also a tangent to both 
curves. 


4717 All circles are said to pass through the same two 
imaginary points at infinity (see 4918) and through two real 
or imaginary finite points. 


Proor.—The general equation of the circle (4144) may be written 
(w+ iy) (w—iy) + (2gu+2fy+e) (O24 0y+1) = 0; 
and this is of the form (4697). Here the lines «+7y intersect 0#+0y+1 
in two imaginary points which have been called the circular points at infinity, 


and 2ga+2fy+e in two finite points P, Q; and these points are all situated 
on the locus 2? -- y? 4-292 +2fy +0 = 0. 


4718 Concentric circles touch in four imaginary points at 
infinity. 
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Proor.— The centre being the origin, equation (4136) may be written 
(x +iy)(e—iy) = (Ox+0y+7)*, which, by (4699), shows that the lines « + ty 
have each double contact with the (supplementary) curve at infinity, and the 
variation of r does not affect this result. Compare (4711). 


4719 The equation of any conic may be put in the form 
vty’ = ey’. 


Here e —0, y= 0 are two sides of the trigon intersecting at 
right angles in the focus; y — 0, the third side, is the directrix, 
and e is the eccentricity. 


The conic becomes a circle when e = 0 and y = œ , so that 
ey — 7, the radius, (4718). 


4790 ‘Two imaginary tangents drawn through the focus 
are, by (4699), 
(v-+ty)(w—ty) = 0. 


These tangents are identical with the lines drawn through 
the two circular points at infinity (see 4717). Hence, if two 
tangents be drawn to the conic from each of the circular 
points at infinity, they will intersect in two imaginary points, 
and also in two real points which are the foci of the conic. 

All confocal conics, therefore, have four imaginary com- 
mon tangents, and two opposite vertices of the quadrilateral 
formed by the tangents are the foci of the conics. 


4791 If the axes are oblique, this universal form of the 
equation of the conic becomes 
v+2ry cos oti? = ey. 


The two imaginary tangents through the focus must now 
be written 


fety (cos o--i sin v)] {v+y (cos o—i sin e)] = 0. 


4729 Any two lines including an angle 0 form, with the 
lines drawn from the two circular points at infinity to their 


point of intersection, a pencil of which the anharmonic ratio 
is ef 0-99, 


Proor.—Take the two lines for sides D, y of the trigon. The equation 
of the other pair of lines to the circular points will be obtained by elimin- 
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ating a between the equations of the line at infinity and the circum-circle, 


viz, Peers onl Loe E Go (4738) 
a y 

The result is B +2hy cos 0 -- y? — 0; 

or, in factors, (B or ey) (B Hey) = 0. 


The anharmonic ratio of the pencil formed by the four lines f, P+ y, 
y; B+e-*y is, by (4648, i.), 
eee : e^ i? = — i — et (728), 
4793  Con.—If 0 — iz, the lines are at right angles, and the 
four lines form a harmonic pencil. [Ferrer? Tril. Coords., Ch. VIII. 


THE CIRCUMSCRIBING CONIC OF THE TRIGON. 


4494 The equation of this conic (Fig. 49) is 
l m n 
[By+mya+noB=0 or —+ —+—=0 
a B y 
Proor.—The equation is of the second degree, and it is satisfied by 
a=0, B=0 simultaneously. It therefore passes through the point aß. 
Similarly through y and ya. 


The tangents at A, D, and C are 
m n nt m 
eee | ee 0) = IL 
4726 B + 7 2 Tees n B 
Proor.—By writing (4724) in the form 
myat (ly tna) = 0, 
ly+na = 0 is scen, by (4697), to be the tangent at ay; for the intersections 


ofa and y, with the curve, now coincide, and 6 (now ly+nu) passes through 
the two coineident points. 


4429 The tangent, or polar, of the point a’p’y’ is, by (4659), 
(my +n) a+ (natty) B+ (I8 3 ma’) y = 0. 


4130 The tangents at A, B, C (Fig. 49) mect the opposite 
sides respectively in P, Q, J on the right line 


E ES B HI E By (4604). 


De 


4731 The line 7 m passes through (D), the intersection 
l s 
of the tangents at A and D. 
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4739 The diameter through the intersection of the tan- 
gents at A and D is 


naa—nb B+ (/a — ib) y = 0. 


Proor.—The coordinates of the point of intersection are |: m : —n, by 
(4726-7), and the coordinates of the centre of AD are 6:a:0. The 
diameter passes through these points, and its equation is given by (4616). 


47383 The coordinates of the centre of the conic are as 
L (—la--mb-E ar) : i (la—mb 4 nr) : n (la+ b —nt). 


Proor.—By (4610), the point being the intersection of two diameters 
like (4782). Otherwise, by (4677). 


4734. The secant through (a,R,y,), (a;f,y,), any two points 
on the conic, and the tangent at the first point are respectively, 


la mB , ny la mB , ny 
ILLIC L—L-—0 and —4+44+4=0. 
AQ, T B. B; x Yy: ai M Bi P Yı 


Proor.—The first is a right line, and it is satisfied by a=%, &e., and 
also by a==a,, &c., by (4725). The second eqnation is what the first be- 
comes when a= ap &c. For the tangential equation, see (4893). 


4735 The conic is a parabola when 
Pat mee —2mnbe—2rlea—2lmab = 0, 
4736 or J (la) + / (nb) + / (nt) = 0. 


Proor.—Substitute the coordinates of the centre (4733) in aa +6) + cy — 0, 
the equation of the line at infinity (4612). 

Otherwise, the conie must touch the line at infinity; therefore put a, [c 
for A, u, v in (4893). 


4794 The conic is a rectangular hyperbola when 
Leos A+ m cos B+n cos C = 0, 
and in this case it passes through the orthocentre of the 
triangle. 
Proor.—By (4690), and the coordinates of the orthocentre (4631). 


SE 


THE CIRCUMSCRIBING CIRCLE OF THE TRIGON. 
4738 By sin A+ ya sin BoB sin € = 0, 


sind sinB , sind 
= (), 
a B * y 


or 
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Proor.—The values of the ratios l : m : n, in (4724), may be found geo- 
metrically from the equations of the tangents (4726-8). 
For the coordinates of the centre, see (4642). 


THE INSCRIBED CONIC OF THE TRIGON. 
4739 Pæt mhp yry —2mn By —2nlya—2ZlmaB = 0. 
4740 or o/ (la) -+4/(mB) + o/(ny) = 0. 


Proor.—(Fig. 50.) The first equation may be written 
ny (iy —2la —2mf) + (la —m(2) = 0. 
By (4699) this represents a conie of which the lines y and wy—21la —m are 


the tangents at F and f, and la—a( the chord of contact. Similarly, it may 
be written so as to shew that a and p touch the conie. 


474] The three pairs of tangents at J’, f, &c., are 
2mB+2ny—la 2Qnyt2la—mB) — 2la--2m8—ny 
and a j and £ and y 


and they have their three points of intersection P, Q, R on 
the right hne la+mP+ 14. By (4604). 


4749 The coordinates of the centre of the conic are as 
nOb+me: l£4-nà : ma+ lb. 


Proor.—By putting a and f = zero alternately in (4739), we find, for 
the coordinates of the points of contact, 


2An 2An 
t D Em — t E = 9 
an nb +me’ oadal i na t lc ' 
therefore the equation of the diameter through C bisecting DE is, by (4603), 
a B 


nf 4-nc a letna 
Similarly the diameter bisecting DF is Ti = Mm m 
Therefore the point of intersection, or centre, is defined by the ratios given 
above. 
Otherwise, by (4677), and the values in (4665), writing for a, b, c, f, g, h 
the coefficients in (4739). 


4743 The secant through a,3,y,, «y, any two points on 
the curvo. 


a/l (V Biy +v Bays) +B m (V ya + V yza,) 
+yvn (Vab: +V aß) = 0. 
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Proor.—Put a,/3,y, for aBy, and shew that the expression vanishes by 
(4740). 


4444 The tangent at the point a ßıyı : 


ay t+ Bye try =0. 


Pnoor.—Put a, = a, &c., in (4743), and divide by 2 V (a, f1). 


4745 The equation of the polar must be obtained from 
(4739) by means of (4659). 


4746 The conic is à da when 
m 
Lm T = 
Proor.—Similar to that of m^ 


THE INSCRIBED CIRCLE OF THE TRIGON. 
Y 
4747 a? cos! E + B? cos! LE y! cost , 


B C C A A B 
NE OS pe 2A y) PA Sim 
2By cos Ic eR) BUSES BUR, aß cos 3 995 


4748 or cos 4 V/a--cos 5. v/B-Feos $ n 0. 
4449 The a-escribed circle: (4629) 
cos V —a- sin P VB+sin t VY 


Proor.—At the point of contact where y = 0, we have, in (4740), geo- 
metrically, r being the radius of the circle, 
(2m = 6 >a =F cot £ sind r cob sin B = + co? LA : cos! 3D; 


+ for the inscribed; — for the escribed circle and +—B instead of B. 
4'750 P tangent at e ', by (4744), is 


Um +eos S. 2 =); 


B 
n 2B 


The polar is obtained as in (4745). 


GENERAL EQUATION OF THE CIRCLE. 


4751 (lat+mB-+ny) (a sin A -- B sin B+y sin €) 
+k (By sin A+ya sin B+aB sin C) = 0. 
4 N 
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Proor.—The second term is the circumscribing circle (4738), and the 
first is linear by (4609) ; therefore the whole represents a circle. By varying 
k, a system of circles is obtained whose radical axis (4161) is the line 
la+m/3+ny, the circumscribing circle being one of the system. 


4752 If l’a+m’B+n7’y be the radical axis of a second system 
of circles represented by a similar equation, the radical axis 
of any two circles of the two systems defined by k and E 


will be 
k (la+mB+ny)—k (l'a - m B-E ^y) = 0. 
Proor.—By eliminating the term 
Py sin A + ya sin B 4- af) sin C. 


4753 To find the coefficient of +4? in the circle when 
only the trilinear equation is given. 

hurr.— Make a, B, y the coordinates of a point from which 
the length of the tangent is known, and. divide by the square of 
that length; or, if the point be within the circle, substitute 
“half the shortest chord through the point” for “the tangent.” 


Proor.—If S = 0 be the equation of the circle, and m the required co- 
efficient ; then, for a point not on the curve, S +m = square of tangent or 
semi-chord, by (4160). 


THE NINE-POINT CIRCLE. 


4754 æ sin2A+ Pf’ sin 2B+y’ sin2€ 
—2 (By sinA+yasin B+a8 sin C) = 0. 
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Proor.—The equation represents a circle because it may be expressed in 
the form 
(a cos A +£ cos B+ y cos C) (a sm A-F sin B+y sin C)] 
— 9 (By sin A+ ya sin B -F af sin C) = 0. 
See Proof of (4751). Now, when a — 0, the equation becomes 
(B sin B—y sin C)( cos B— y cos C) = 0, 
which shews, by (4631, ’3), that the circle bisects BC and passes through D, 
the foot of the perpendicular from A. 


4754a The equation of the nine-point circle in Cartesian 
coordinates, with the side BC and perpendicular on it from A 
for v and y axes respectively, 1s 


+y — R sin (B— C0) «—R cos (B—C)y = 0, 


where Fè is the radius of the circum-circle. 


THE TRIPLICATE-RATIO CIRCLE. 


47546 *Let the point S (Fig. 165) be chosen, so that its 
trilinear coordinates are proportional to the sides of the trigon. 
Draw lines through S parallel to the sides, then the circle.in 
question passes through the six points of intersection, and the 
intercepted chords are in the triplicate-ratio of the sides. 

[The following abbreviations are used, a, b, c, and not a, b, c, being in 
this article written for the sides of the trigon ABC. | 

K= æ+; ASB SV(VC+ 0C+00?); AzADC; 

p= x ; w=ZBFD=DE'F’, &.; 0=DFD' =DE'D’, &e. 


PE ume Cee 2M grecs Eee: 
NU m m ccce c (1), 


BF ^c y EI 
therefore BF. BF’ = BD.BD’, therefore F, F’, D, D' are concyclic. 


If AS, BS, CS produced meet the opposite sides in l, m, n, 
Bio sn BoE ae MR a OE 


"An — bsinAOn bB b 


* The theorems of (1 to 36) are for the most part due to Mr. R. Tucker, M.A. 
The original articles will be found in The Quarterly Journal of Pure and Applied Mathematies, 
Vol. xix., No. 76, and Vol. xx., Nos. 77 and 78. 

Other and similar investigations have been made by MM. Lemoine and Taylor and 
Prof. Neuberg, Mathesis, 1881, 1882, 1884. 
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; 2cA ac o 9 ca? 
F=BD= i = es mm ] ERI Fes 5 
S B ZU OO UU (1) Similarly BF rà &c. ... (3) 


sind co a 


I- a aa 
DD = DP SE mm S S 4e sese (A). 
BD pU DS arm) EG NN . (5). 
FD = /(DD'-- BF?—2BD.BF cos B) = x, by (2) and (5)......(6). 


Hence DEF and D'E'F" are triangles similar to ABC, and they are equal 
to each other because ESF = E'SF = E'SF', &c. (Hue. I. 37.) 


DP’ = /(BD'+ BF^—2DD.DF cos B) =% uiu (7). 
X 


Hence DF’ = FE’ = ED’. 


^T Le ^— b (è +a) 
Dra pp M E) goo d 


_ BFL FD BD _ tett _K 
coso = DIET STR 6&0) cese (9). 
2 9 
divum Jie P5) = ES VITRE LOD 
2 
cos 0 = cos (A—w), &e. = wees Atte n (11). 


AFE'+BDF'+0ED = a +e. = pA DEF, by (6) ... (12). 


Or, geometrically, by Euclid I. 37. 


Radius of T. R.circle, p= uR, by (6) (R = cireum-radius)...... (13). 
The trilinear equation of the T. R. circle is 


abc (+F 4 y?) = e (aa 4- b[B -F c'y)* +e Ry + yat caf ...... (14), 
or (P40) e T (ea) P (EE) y — { (a? 4-07) (à? +0") + Ve a 


+| CHAH) 29 | (+a) (e+) 4c aft? | E NY 


ab `` 
Obtained by substituting the trilinear coordinates of D, E, F, through 
which points the circle passes, in (4751), to determine the ratios li min 
and k. The coordinates of D are 
o, 2 (a? +0?) sinC ac? sin B 
i K : AM 
Similarly those of 77 and F. 
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THE SEVEN-POINT CIRCLE.* 


4754c Let lines be drawn through A, D, C (Fig. 165) 
parallel to the sides of the triangles DEF, D'E'P', as in the 
figure, intersecting each other in P, P', L, M, N. Let Q be 
the circum-centre; then the seven points P, P’, D, M, N, Q, S 
all lie on the circumference of a circle concentric with the 
T. R. circle. (16) 


The proof depends on Euclid III. 21, and the similar triangles DEF, 
DET. 


The radius p' of the seven-point circle is 


RA o X EM sin 2w ee 
Dee / CK? — 8X7) l-3tame "Uns (18), 
obtained from p? = P+ SD'—9pSD cos (B—TDD’). 
, 8 

Expand and substitute cos TDD’ = E" = QE by (3) and (5), 
2 2. 32 9 B OY 
sin TDD’ = cos 0 (11), eos. = a sin B = A P Saale 

2ca ac 2be 


3p+p' = B, by (17) and (13); = ee by (17) and (9) ... M 
p w . 


The trilinear equation of the seven-point circle is 
abe (+ [P -- y?) = By rU ya 4 Cap .......cccseeees (21), 
or af»y 4- bya 4 ca = E (bca 4- ca) 4- ab) (aa 4- bB 4- ey) ......... (22). 


If the coordinates of P are a,, Bi Yy and those of P' aj, B; yi; then 
aa = sym ten E E UE 
The equation of STQ is, by (4615), 
tanc Puit esu sin CB) E (24). 
And the equation of PP’ is 
(at bet) + 2 (dab) + X (eit?) m 0 sss (25). 


The point S has been called the Symmedian point of the 
triangle. lt has also this property. The line joining the mid- 


* This cirele was discovered by M. H. Brocard, and has been called ‘The Brocard Circle,” 
the points Z’, Z” being called the Brocard points. 
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point of any side to the mid-point of the perpendicular on that 
side passes through S. 


Pnoor.—Let X, Y, Z (Fig. 166) be the feet of the perpendiculars ; x, y, z 
the mid-points of the same, and X’, Y’, Z’ the mid-points of the sides. Now 
the trilinear coordinates of X', S, and æ in order are proportional to 


EC b This determinant vanishes; 
a, b, c therefore the three points are on 
1, cos C, cos B the same right line, by (4615). 


That the three lines X'z, Y'y, Z’z are concurrent appears at once by (970), 
since OX = 2Yx, &c. 


The Symmedian point may also be defined as the intersec- 
tion of the three lines drawn from A, D, C to the corresponding 
vertices of the triangle formed by tangents to the circum- 
circle at A, D, C. 

Let Ba, CB, Ay be taken = CX, AY, BZ respectively. 
Then Aa, BB, Cy meet in a point Z, by (976), and this point 
by similarity of figure is the Symmedian point of the triangle 
formed by lines through A, D, C parallel to the sides BC, 
CARAS. 

If the sides of X'Y'Z' be bisected, similar reasoning shews 
that c, the Symmedian point of the triangle X'Y'Z', hes 
on SX. 

It can also be shewn that, if A’B’O" be any triangle having 
its sides parallel to those of APC and its vertices on SA, SB, 
SO, the sides of the two triangles intersect in six points on a 
circle whose centre lies midway between the circum-centres 
of the same triangles. When A'D'C' shrinks to the point S, 
the circle becomes the T. R. circle. 


A more general theorem respecting the triangle and circle 
is the following— 
Take ABC any triangle, and let DD'EE'FF" be the points in order, in 
which any circle cuts the sides. 
Let B= pe Ch = gg ah | PEE v 
CD = pb, ell NEN — 7 a 
From BD.BD' = BF.BF’, &c., Euclid IIL 35, we can write three equations 
which are satisfied by the values 
JOE n J= p = ab PEG 00... E (87), 
and from these equations it appears that 
DF=cc; DF’ = ca, &c, where e = /(PN—tK4+)) ...... (28), 
so that DEF and D/ E' F' ave both similar to ABC. 
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Alko IDP = qvemethenctore DP = FH = ED a... eee ed). 
From sin BFD = ee we can obtain 
oO 
tK—2 
t BFD = cote = Seanad hoe E : 
co D z cote = + TE (30) 
The radius of the circle = p Re scs UD 


and the coordinates of its centre are 
qc f cos A+ Hideto . Similarly 6 and y...... (32). 
The equation of the circle is 
aBy+byat+caZ = t (aa+bB+cy) { abe (1 — ta?) + &c. } e (33), 
or — fabe(e (1—1a*) +f" (1—0) +°(1— tc’) | 
= aBy Í (1— 9) (1—t6) + Pf | + &e........ (34). 
When = 0, c = | and the circle is the cireumecirele 25-2 (35). 


When tK=1, c= A= E and the circle is the T. R. circle ...... (36). 


CONIC AND SELF-CONJUGATE TRIANGLE. 


When the sides of the trigon are the polars of the opposite 
vertices, the general equation of the conic takes the form 


4755 Po? -oEmg—wy' = 0. 
Proor.— (Fig. 51.) The equation may be written in any one of the 
three ways, 


Pa? = (ny o mf)(vy —mf), ni? = (ny la) (my — la), 
vy? = (la 4- mf) (la —imp). 

Hence, by (4699), a or BO is the chord of contact of the tangents 
ny 4-mD (AQ, AS) drawn from A, and f is the chord of contact of the 
tangents ny + la (BR, BP) drawn from D. Hence a, 8 are the polars of A, B 
respectively; and therefore y or AB is the polar of C (4130). Also y may 
be considered to be the chord of contact of the imaginary tangents la-Eémj2 
drawn from C. 


4756 If the points of intersection of a and B with the conie 
be joined, the equations of the sides of the quadrilateral so 
formed are 
QR, la+mB+ny = 0, SP, la+mB—ny = 0, 
PQ, —la+mB+ny = 0, RS, la—mB-+ny = 0. 
Hence QR, SP and PQ, RS intersect on the line y in A’ 
ame. 
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4757 Each pencil of four lines in the diagram is a harmonic 
pencil, by the test in (4649). 


4758 The triangle A'D'C is also self-conjugate with regard 
to the conic. 


Proor.—The equations of its sides CB’, CA’, A'D' are 
la—m3 =0, latm6B=0, y=0. 
Denote these by a’, B, y, and put a, B in (4755) in terms of a’, B'. The 
equation referred to A’B’C thus becomes a^ + 9^ — 24^? = 0, which is of the 
same form as (4755). 


4759 It is clear that the triangles AQS and DPI, formed 


by a pair of tangents and the chord of contact in each case, 
are also self-conjugate. 


4760 ‘Taking A'D'C for the trigon, and denoting the sides 
by a, B, y, the equations of the sides RS, PQ, QR, SP of the 
quadrilateral become respectively 


ny tla = 0, mB+ny — 0. 


Ex.—As an example of (4611), we may find the coordinates of P from 
the equations 
aa+ bB+ ey X a = Elm- (amn + bnl+clm) 
O0+mB—ny =0 > from which t = Imn (amn + bnl + elm) 
—la+ 0 +ny=0 f y = Enl (amn +bnl+clm). 
To obtain the coordinates of Q, R, and S, change the signs of m, n, and ! 
respectively. 


ON LINES PASSING THROUGH IMAGINARY POINTS. 


4761 Lemma I.—The right line passing through two con- 
o p o =) 

jugate imaginary points is real, and is identical with the line 

passing through the points obtained by substituting unity for 


v/ —1 in the given coordinates. 


Proor .—Let (a + ia’, b+ ib) be one of the imaginary points, and therefore 
(a—ia’, b—ib’) the conjugate point. The equation of the line passing through 
them is, by (4083) and reducing, Vev—a’y+a'b—ab’ = 0, which is real. 

But this is also the line obtained by taking for the coordinates of the 
points (a+a’, b+b’) and (a—a’, b—0’). 

Lexma II.—If P, S and Q, R are two pairs of conjugate 
Imaginary points, ihe lines PS and QF are real, as has just 
been shown, and, therefore, also Tes point of intersection is 
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real The other pairs of lines PQ, RS and Ph, QS are 
imaginary. But the points of intersection of each pair are 
real, and are identical with the points which are obtained by 


substituting unity for 4/—1 in the given coordinates, and 
drawing the six lines accordingly. 


Proor.—Let the coordinates of the four points be as under— 
Bess atta’, b+ib’, Oe atid, BiR’, 
On a—ia, b—ib', Iie Eo u—i«, D-—i. 
The equations of PR and QS, by (4083), are L-+iM and L—iM, where 
L —(b—jg) s—(a—a) ytaP—ab +a'p’—all’, 
M = (bV 6’) » — (a^ —a') y+ Babaj t ab. 
Now the lines L-EiM — 0 intersect in the same real point as the lines 
L+M=0, because the values L=0, M — 0 satisfy both equations 


simultaneously. Hence, to determine this point, we have only to take 7 as 
unity in the given coordinates. 


Lemma LIL—If P, S are real points, and Q, F a pair of 
conjugate imaginary points, the lines PS and QR are both 
real, by Lemma I., and consequently their point of intersec- 
tion is real. The remaining pairs of lines PQ, RS and PR, QS 
and their points of intersection are all imaginary. But the 
line joining these two imaginary points of intersection is real, 
and is identical with the line obtained by substituting unity 
for V —1 in the given coordinates and drawing the six lines 
accordingly. 


Proor.—-Let the coordinates of the four points be as under— 


HE LY Qu. atia’, B+if’, 
SIME. Yas eee a—ia’, p-—ip. 


Since the coordinates of R are obtained from those of Q by merely changing 
the sign of i, the equations of the four imaginary lines will take the forms 


PO yp us SO... Cap. 


Now let the coordinates of the point of intersection of PQ and SE be 
L+iM, L’+iM’, then will L—iM, L’—iM’ be the coordinates of the intersec- 
tion of PR and SQ, for the equations of this pair of lines are got from those 
of PQ and SR by merely changing the sign of i. The points of intersection 
are therefore conjugate imaginary points, and the line joining them is real, 
by Lemma I. Also, since that line is obtained by writing 1 for 2 in the co- 
ordinates of those points, it will also be obtained by writing 1 for v in the 
original coordinates of Q and R and constructing the figure as before. 


4 0 
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4469 To find a common pole and polar of two given conics : 

(i) If the conics intersect in four real points P, Q, R, 5, 
construct the complete quadrilateral (4652). Then A'B'C 
(Fig. 51) is a self-conjugate triangle for each conic, by 
(4758), and therefore each vertex and the opposite side form 
a common pole and polar to the conics. 


(ii.) If the conics do not intersect at all in real points, the 
triangle A'D'O is still real, by Lemma II. (4761), and can be 
constructed in the manner shown. 

(iii.) If two of the points (P, S) are real, and two (Q, F) 
imaginary, then, by Lemma IIL., the vertex A’ and the side 
D'Ü are real, and may be constructed, and they form a common 
pole and polar of the given conics. 


Returning to the triangle of reference ABC, 
4763 Let la=nycos¢, mB=nysing; then the chord 
joining two points $;, $ 18 

la cos 4 ($i -- 2) 4- m sin $ (¢,+¢:) = ny cos $ ($— 43), 
and therefore the tangent at the point $' is 
4164 la cos $' -- mf sin ¢’ = ny. 
47165 Putting P? = L, n? = M, n? =—N, the conie (4755) 


becomes 
Log MEENA ED NU 


4766 The tangent or polar of a'B'y' is 


Laa MBB + Nyy =0".....0 2.00. ee 
4767 Hence the pole of \a+pB+vy = 0 
: À p v : 
1S E "MP x) 000000000000000000000000 (3). 
4768 The tangential equation is 
A? p y^ = 
I Gu Wm Lr 


and this is the condition that the conie (1) may be touched 
by the four lines 


Xa. B dz vy e 0. 
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4769 In like manner, 
Lo +} MB? -- Ny? = O.o (5) 


is the condition that (1) may pass through the four points 


(a, +8, Xy). 


4740 The locus of the pole of the line Aa+n8-+vy with 
respect to such ss " 


B 2 vy” 
za ponet = 0. 
Proor.—By (3), if (a, B, y) be the A ee ee rn): 
à Sr L a 
the equation of condition. 


4741 The locus of the pole of the line /a--mB-- ny, with 
respect to the conics which touch the four lines Aa d: a8 vy 
2a 
is ha ER EC em 
l n 
Proor.—By (3), if (a, B, y) be the pole, a = - DE ER 
(4), the equation of condition. s 
4749 The locus of the centre of the conic is given in each 
case (4770, '1) by taking the line at infinity 


asin A+ sin B+y sin C 
for the fixed line, since its pole 1s the centre. 


4773 Thus the locus of the centre of the conic passing 
through the four points («+ 8 3- y) is 


a” Sut BT oe sinl _ 9. 


th 


a 


4744 The coordinates of the centre of the conic (1) are 
Lo | MB Ny 
nn ae 
Proor.—Let the conic cut the side a in the points (08,y,), (08,y,). The 
right line from A bisecting the chord will pass through the centre of the 
conic, and its equation will be B: y = ,-- B, : yty Now £,+f, is the 
sum of the roots of the quadratic i in B obtained by eliminating y and a from 
the equations La*-4- M[? -- Ny? — 0, a — 0, and aa 68-Fey — X. Similarly 


for y, +y, eliminate « and f. The equation of the diameter through A being 
found, those through B and C are symmetrical with it. 


given by 
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4'775 The condition that the conic (1) may be a parabola is 
ae Lnd 
—+—+—_ = 0. 
L uw 
Proor.—This is, by (4), the condition of touching the line at infinity 
wat b, -- cy = 0. 


4776 The condition that (1) may be a rectangular hyperbola 
is L+M+N= 0, and in this case the curve passes through 
the centres of the inscribed and escribed circles of the trigon. 


Proor.—By (4690), (a, b, c are now L, M, N). (1) is now satisfied by 
a = +p = +y, the four centres in question. 


4/1 Circle referred to a self-conjugate triangle : 


o! sin 24 + 8? sin 2B 4-y' sin 2C = 0. 


Proor.—The line joining A to the centre is Nn = ay (4774). Therefore 
Mo_oON " w^ j^ 
ET larit ry (4622). 
BEND rcal the condition of perpendicularity to a by (4622). Similarly 
N L 


CONES ONSE therefore (1) takes the form above. 


IMPORTANT THEOREMS. 


CARNOT'S THEOREM. 


4778 1f A, D, O (Fig. 52) are the angles of a triangle, and 
if the opposite sides intersect a conic in the pairs of points 
gu ld) Be © AUS 
Ac. Ac’. Ba. Ba’. Cb. Cl’ = Ab. AV. Be. Be’. Ca. Ca. 
Proor.—Let a, D, y be the semi-diameters parallel to BC, CA, AB; then, 


by (4317), Ab. AV : Ac : Ac’ = 9 : y. Compound this with two similar 
ratios. 


4749  Con.—1f the conic touches the sides in a, b, e, then 


Ad. Ba. Ce? AU. Be. Ca’. 
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4780 The reciprocal of Carnots theorem is: If A, D, C 
(Fig. 52) are the sides of a triangle, and if pairs of tangents 
from the opposite angles are a, a’; b, 0; c, c; then 


sin (Ac) sin (Ac) sin (Ba) siu (Ba’) sin (Cb) sin (C^) 
= sin (Ab) sin (AU) sin (Be) sin (Bc) sin (Ca) sin (Ca^), 
where (Ac) signifies the angle between the lines 4 and c. 


Proor.—Reciprocating the former figure with respect to any origin O, 
let A, B, C (&.e., RQ, QP, PE) be the polars of the vertices A, B, C. Then, 
by (4130), Q, R will be the poles of AB, AC; and b, 0’ , the polars of the 
points b, b’, will intersect in Tè and touch the reciprocal conie. Similarly, c, c 

will desees in Q. A, b’ are perpendicular to OA, Ob’, and therefore 
Z Ab’ = Z AOb’, and so of the rest. 


PASCAL’S THEOREM. 


4781 The opposite sides of a hexagon inscribed to a conic 
meet in three points on the same right line. 


Proor.—(Fig. 53.) Let a, D, y, y’, p, a’ be the consecutive sides of the 
hexagon, and let u be the diagonal j joining the points aa and yy'. The 
equation of the conic is either ay—kpu — 0 or a'y'—Kk''u = 0, and, since 
these expressions vanish for all points on the curve, we must have ay— kBu 
= ay'—k'w for any values of the coordinates. Therefore ay—a’y’ 
E (BKB). Therefore the lines a, a^ and also y, y meet on the line 
kB—k’B’; and p, 3’ evidently meet on that line. 

Otherwise, by projecting a hexagon inseribed in a circle with its opposite 
sides parallel upon any plane not parallel to that of the circle. The line at 
infinity, in which the pairs of parallel sides meet, becomes a line in which 
the corresponding sides of a hexagon inscribed in a conic meet at a finite 
distance (1075 et seq.). 


4789 With the same vertices there are sixty different 
hexagons inscribable in any conie, and therefore sixty dif- 
ferent Pascal lines corresponding to any six points on a conic. 

Proor.—Half the number of ways of taking in order five vertices D, C, 


D, E, F after A is the number of different hexagons that can be drawn, and 
the demonstration in (4781) applies equally to all. 


BRIANCHON'S THEOREM. 


4783 The three diagonals of a hexagon circumscribed to a 
conic pass through the same point (Fig. 54). 
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Pnoor.—Let the three conics S--I?, S+, S-- N?, in (4707), become 
three pairs of right lines, then the three lines L—M, M—N, N—L become 
the diagonals of a circumscribing hexagon. 

Pascal’s and Brianchon’s theorems may be obtained, the one from the 
other, by reciprocation (4840). 


THE CONIC REFERRED TO TWO TANGENTS AND 
THE CHORD OF CONTACT. 


Let L=0, M=0, E —0 (Fig. 55) be the sides of the 
trigon; L, M being tangents and Ji the chord of contact. 
4784 The equation of the conic is LM = RI. (4699) 
4785 The lines AP, DP, and CP are respectively 

LSR pR = M, p’ L = M. [By (4604). 

Since the point P on the curve is determined by the value 

of u, it is convenient to call it the point u. 


4788 The points » and —,» (P and Q) are both on the line 
WL = M drawn through C. 


4789 The secant through the points p, p (P, P") is 
pp L— (p--p) RHM = 0. 


Proor. — Write it u (u/L— ER) —(u'E— M), and, by (4604), it passes 
through the point p’. Similarly throngh u. Otherwise, determine the co- 
ordinates of the intersection of uL —Ji and u I6 — M, and of u/L—E and 
p R—M by (4610), and the equation of the secant by (4616). 


4790 Con.—The tangents at the points u and —» (P, Q) 
are therefore 

wo 24 4- M = 0. 
4791 These tangents intersect on A. [ Proof by subtraction. 


4799  Theorem.—]lf the equation of a right line contains an 
indeterminate & in the second degree, it may be written as 
above, and the line must therefore touch the conic LM = £P. 


4793 The polar of the point (//, M', I?) is 
LM'—2RRWK -4-L'M = 0. 
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Proor.—For p+p’ and uu’, in (4789), put the values of the sum and 
product of the roots of u*L' —2u E +W = 0 (4790). 


4794 Similarly the polar of the point of intersection of 
a.L — R and bR— M is 


ab L —2a R 4- M = 0. 


4795 The line CH joining the vertex C to the intersection 
of two tangents at u and w, or at —& and — yw, is 


pp L— M = 0. 


Otherwise, if two tangents meet on any line a.L— M, drawn 
through C, the product of their p’s is equal to a. 


Pnoor.— Eliminate F from the equations of the two tangents (4790). 


4796 The chords PQ’, P'Q and the hne CE all intersect in 
the same point on Jt. 


Proor.—The equations of PQ’, P'Q are, by (4789), 
pe DH (yu — u^) R—M = 0, 
and, by addition and subtraction, we obtain uu'/L—. M = 0 (4795), ov 15 — 0. 


4797 The lines ui L-4- M (CD) and E intersect on the chord 
PF’ which joins the points u, w; or—The extremities of any 
chord passing through the intersection of a.L 4- M and Ji have 
the product of their ws equal to a. 


4798 The chord joining the points p tan p, u cot $ touches a 
conic having the same tangents L, M and chord of contact Jt. 


Proor.—The equation of the chord is, by (4789), 
wL—pR (tang+cot¢)+M= 0, 
and this touches the conic LM sin? 29 = K? at the point p, by (4792). 


4'799 The tangents at the points 4 tan $, „cote intersect 
on the conic LM = E? sin? 29. 


Proor.—Write the equations of the two tangents, by (4790), and then 
eliminate p. 


4800 Ex. 1.—To find the locus of the vertex of a triangle circumscribing 
a fixed conic and having its other vertices on two fixed right lines. 

Take LM = K? for the conic (Fig. 56), aL-4- M, bL+M for the lines CD, 
CE. Let one tangent, DE, touch at the point u; then, by (4795), the others, 
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PD, PE, will touch at the points 2, 2, and therefore, by (4790), their 
equations will be able: 


2) 2 2 
Sb eM, ai R4-M. 
jp 


Eliminate p, and the m of P is found P be (ay LM = 4abh’. 
[Salmon, Art. 272. 


4801 Ex. 2.—To find the envelope of the base of a triangle inscribed in 
a conic, and whose sides pass through fixed points P, Q. 

(Fig.57.) Take the line through P, Q for k; LM— R for the conic; aL— M, 
bL-— M for the lines joining P and Q to the vertex C. Let the sides thr ough P 
and Q meet in the point p on the conic; then, by (4797), the other extremi- 


ties will be at the points ~- and -= and therefore, by (4789), the 


equation of the base will þe R) pli pe M —0. By (4792), this 
line always touches the conie 4ab LM = (a+b)? IP. [ Ibid. 


4809 Ex. 3.—To inscribe a triangle in a conic so that its sides may pass 
through three fixed points. (See also 4823.) 

We have to make the base abL+ (a+b) pit pu *M (4801) pass through 
a third fixed point. Let this point be given by cL = R, «R= M. Elimi- 
nating L, M, R, we get ab+ (a+b) uc-- u?cd = 0, and since, at the point p, 
Mi = R, IUS = M, that point must be on the line abL+ (a+ b) cE-F cd M. 
The inter NOM of this liue with the conie give two solutions by two posi- 
tions of the vertex. [ Lbid. 


RELATED CONICS. 


4803 <A conic having double contact with the conies S and 
S' (Fig. 58) is 

p E? —2y (S-4- S?) 4- = 0, 
where E, F are common chords of S and ©’, so that 
S—S' = EF. 


Pnoor.—The equation may be written in either of the ways 
(pE--PFyz4uS or (uE—F) = 4uS’, 


showing that uE + F are the chords of contact AB, CD. There arc three 
such systems, since there are three pairs of common chords. 


4804 Cor. 1.—A conic touching four given lines A, P, C, D, 
the diagonals being lV, P (Fig. 59): 


wh — 2p (AC+ BD) 3 F = 
Here S=AC and S = VSD, tworpairs of mehoelines: 
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Otherwise, if L, M, N be the diagonals and LMN the 
sides, the conie becomes 


4805 pL —p (L+ N?) - M? = 0. 


For this always touches 
(D -M* — N?* —ADPM? or (L-M-o-N)(OI-N—LD)(N-L— M) (G-M—N). 
[ Salmon, Art. 287.] 


4806 Cor. 2.—A conic having double contact with two 
circles C, C' is 
p —2y (C-- C) 3-(C— C) = 0. 
4807 The chords of contact become 
p+C—-C=0 and p—C+C= 0. 
4808 The equation may also be written 
JC4ASJ/C=J/b, 


which signifies that the sum or difference of the tangents 
drawn from any point on the conic to the circles is constant. 


ANHARMONIC PENCILS OF CONICS. 


4809 ‘The anharmonic ratio of the pencil drawn from any 
point on a conic through four fixed points upon it 1s constant. 


Proor.— Let the vertices of the quadrilateral in Fig. (88) be denoted by 
A, B, C, D, and let P be the fifth point. Multiplying the equation of the 
conic (4697) by the constants AB, CD, BC, DA, we have 
AB.CD _ ABa.ODy _ PA.PB sin APB.PC.PD sin CPD 
BO.DA BOB.DAS  PB.PC sin FPO PD PAsin DPA 
_ sin APB.sin CPD 
~ sin BPC.sin DPA’ 


k 


Compare (1056). 
4810 If the fifth point be taken for origin in the system 
(4784, Fig. 55), and if the four lines through it be 
L—pR, L—p,kHh, L—pgh, L—pk, 
4 P 
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the anharmonic ratio of the pencil is, by (4650), 


= (p;— p») (ps — bs) 
(pa — pa) (o — Bs) 


4811 Cor. 1.—If four lines through any point, taken for 
the vertex LM, meet the conic in the points py, py, M3s ju, the 
anharmonic ratio of these points, with any fifth point on the 
conic, 18 equal to that of the points —Hi Has Hs, — Ho in 
which the same lines again meet the conic. 


4812 Cor. 2.—The reciprocal theorem is—If from four 
points upon any right line four tangents be drawn to a conie, 
the anharmonic ratio of the points of section with any fifth 
tangent is equal to the corresponding ratio for the other four 
tangents from the same points. 


4813 The anharmonic ratio of the segments of any tangent 

to a conic made by four fixed tangents 1s constant. 
Proor.—Let p, py) Pos Mas By (Fig. 60) be the points of contact. The 

anharmonic ratio of the segments is the same as that of the pencil of four 


lines from LM to the points of section; that is, of upu,L— M, up,L— M, 
upsL— M, pp,L — M, a pencil homographic (4651) with that in (4810). 


4814 If P, Pare the polars of a point with respect to the 
conics S, S', then P-- EP" will be the polar of the same point 
with respect to the conic S +b. 


4815 Hence the polar of a given point with regard to a 
conic passing through four given points (the intersections of 
S and S’) always passes through a fixed point, by (4101). 

If Q, Q' are the polars a another point with rte. to 
the same conics, Q+/(' is the polar with respect to S+/8’ 


4816 Hence the polars of two points with regard to a 
system of conics through four points form two homogr aphic 
pencils (4651). 


4817 The locus of intersections of corresponding lines of 
two homographie pencils having fixed vertices (Fig. 61) isa 
conic passing through the vertices ; and, conversely, if the 
conic be given, the pencils will be homographic. 


Proor.—For eliminating k from P -- kI'z 0, Q-- kQK', weget PPQ'— PQ. 
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4818  Con.—The locus of the pole of the line joining the two 
points in (4816) is a conic. 


Proor.—For the pole is the intersection of P+kP’ and Q+kQ’. 


4819 The right lines joining corresponding points AA’, &c. 
(Fig. 62) of two homographie systems of points lying on two 
right lines, envelope a conic. 

Proor.—This is the reciprocal theorem to (4817); or it follows from 
(4818). 


4820 If two conics have double contact (Fig. 63), the an- 
harmonie ratio of the points of contact A, D, C, D of any 
four tangents to the inner conie is the samo as that; of each 
set of four points (a, b, c, d) or (œ, b’, c, d’) in which the 
tangents meet the other conic. 

Proor.—By (4798). The pws for the points on the latter conic will be 


equal to the u's of the points of contact multiplied by tan $ for one set, and 
by cot for the other, and therefore the ratio (4810) will be unaltered. 


4821 Conversely, if three chords of a conic aa’, bb’, cc’ be 


fixed, and a fourth dd’ moves so that, {abed} = {a'l'e'd’}, then 
dd’ envelopes a conic having double contact with the given 
one. | 


For theorems on a right line cut in involution by a conic, see (4824-8). 


CONSTRUCTION OF CONICS. 


THEOREMS AND PROBLEMS. 


4899 Ifa polygon inscribed to a conic (Fig. 64) has all its 
sides but one passing through fixed points A, D, ... Y, the 
remaining side az will envelope a conic having double contaet 
with the given one. 


Led 


Proor.—Let a,b, ...2 be the vertices of the polygon, and a, a’, a”, a’ 
four successive positions of a. Then, by (4811), 


(o a, a, yy = { b, e Dic b" = &c. = (z, es ae z" } ; 
Therefore, by (4821), the side az envelopes a conic, &c. 
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4823  Ponoelet's construction for inscribing in a conic a 
polygon having its n sides passing through n given points. 


Inscribe three polygons, cach of n+1 sides, so that n of 
each may pass through the fixed points, and let the remaining 
sides be a/z/, az", a/"z", denoted in figure (65) by AD, CF, EB. 
Let MLN, the line joining the intersections of opposite sides of 
the hexagon ABCDEF (4781), meet the conic in K; then K 
will be a vertew of the required polygon. 


PRooF.— { D.KACE | = | 4. KDFB : cach pencil passing through 
K, P, N, L; therefore the anharmonic ratio | KACE | = { KDFB} for any 


vertex on the conic, by (4809) ; i.e., = aaa |=, R En 
be the remaining side of a fourth polygon inscribed like the others, we have 
by (4811), as in (4822), Co = [esu | . Hence K is the point 
where a and z coincide. 


4894 Lemma.—A system of conics passing through four 
fixed points meets any transversal in a system of points in 
involution (1066). 


Proor.—Let u, w be two conics passing through the four points ; then 
u+ku’ will be any other. Take the transversal for æ axis, and put y = 0 in 
each conie, and let their equations thus become az*+2gr+ce=0 and 
a/a25--29's-rc— 0. These determine the points where the transversal 
meets u and w'. It wil then meet w+hku’ in two points given by 
aa? 4-992 J- c4- k (a'e +2g'w +c) — 0, and these points are in involution with 
the former, by (1065). 

Geometrically (Fig. 66), 


{ a. AdbA' } = {c.AdbA’} (4809), 
therefore { AODA' } = f AB'O'A' } = { A'C'B'A }, therefore by (1069). 


4825 Cor. 1.—One of the conics of the system resolves 
itself into the two diagonals ac, bd. Hence the points B, D’, 
C, C' are in involution with D, D', where the transversal cuts 
the diagonals. 


4826 Cor. 2.—A transversal meets a conic and two tan- 
gents in four points in involution, so as to meet the chord of 
contact in one of the foci of the system. 

For, in (Fig. 66), if b coincides with c, and a with d, the 
transversal meets the tangents in C, C', while D, D', D, D’, all 
coincide in F (Fig. 67), one of the foci on the chord of 
contact. 
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4827 The reciprocal theorem to (4824) 1s— Pairs of tangents 
from any point to a system of conies touching four fixed lines, 
form a system in involution (4850). 


4828 The condition that Av--uy-4-vz may be cut in involu- 
tion by three conies is the vanishing of the determinant 


ur mI OMEN 

(by b, €» 2f, 29» 2 Jis 

a = 4 _ | 4s Ue CD MED OT 
; i AEA 0 0 0 v H 
MES Du oT SaS 
0 0 r Hu N 0 


where A,, Hı, B, belong to the first conic and have the values 
in (4988). 

Proor.—The quadratic 4,2? + 2.Hay + D, i? = 0, obtained in (4987), deter- 
mines the pair of points of intersection with the first conic. The similar 
equation for the third conic will have A, = 4,+AA,, &c., if the points are 
all in involution (1065). The third equation is therefore derived from the 
other two; therefore the determinant vanishes, by (583). 

By expanding and dividing by »?^, the second determinant above of the 
sixth order is obtained. 


Newton's Method of Generating a Conic. 


4829 Two constant angles «Pb, aQb (Fig. 68) move about 
fixed vertices P, Q. If a moves on a fixed right line, b de- 
scribes a conic which passes through P and Q. 


Pnoor.— Taking four positions of a, we have (see 1054), 
{Povu} = {P.aa’a’a’” — J Q.aa'a"a""] = fQ AMA . 
Therefore, by (4817), the locus of b is a conic. 


Maclaurin’s Method of Generating a Conic. 


4830 The vertex V of a triangle (Fig. 69), whose sides pass 
through fixed points A, B, C, and whose base angles move on 
fixed lines Oa, Ob, describes a conic passing through A and P. 


Proor.—The pencils of lines through A and P in the. figure are both 
homographie with the pencil through C, and are therefore homographic with 
each other. Therefore the locus of V is a conie, by (4817). - 


t» 


p 
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Otherwise, let a, B, y be the sides of ABC; la+ mp tny, Va+m'B+n'y 
the fixed lines Oa, Ob; and a = uf the moving base ab. 
Then the equations of the sides will be 
(Iu+m) B ny =0, (Up+tm)atn'py = 0. 
Eliminate p; then Imap = (mB+ny)(Vatn’y), the conie in question, by 
(4697). 


4831 Given five points, to find geometrically any number of 
points on the circumscribing conic, and to find the centre. 

Let A, B, C, D, E (Fig. 70) be the five points. Draw any 
line through A meeting CD in P. Draw PQ through the inter- 
section of AB and DE meeting BC in Q; then QE will meet 
PA in F, a sivth point on the curve, as is evident from Pascal’s 
theorem (4781). 

To find the centre, choose AP in the above construction 
parallel to CD, and find two diameters, as in (1252). 


4832 To find the points of contact of a conic with five right 
lines. 

Let ABCDE (Fig. 71) be the pentagon. Join D to the 
intersection of AC and BE. This line will pass through the 
point of contact of AB, and so on. 


Proor.—By (4783), supposing two sides of the hexagon to become one 
straight line. 


4833 To describe a conic, given four points upon it and a 
tangent. 

Let a,a’, b, b' (exterior letters in Pig. 52) be the four 
points. Then, if AB is a tangent, c, c' coincide, and Carnots 
theorem (4778) gives the ratio Ae: Be’. Then by (4831). 
Since there are two values of this ratio, + (Ac: Be), two 
conics may be drawn as required. 


4834. To describe a conic, given four tangents and a point. 

Let a,a’, b, b (interior letters in Tig. 52) be the four 
tangents. Then, if Q be the given point on the curve, the lines 
e, c must coincide in direction, and (4780) gives the ratio 
'sin* (Ac) : sin? (Be), by which the direction of a fifth tangent 
through Q is determined. Then by (4832). The two values 
+ (sin Ac: sin Do) furnish two solutions. 

Otherwise by (4804), determining p by the coordinates of 
the given point, 
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4835 To describe a conic, given three points and two 
tangents. 

Let A, A’, A" be the points (Fig. 67, supplying obvious 
letters). Let the two tangents meet AA! in the points C, C. 
Find F, F’, the foci of the system AA’, CC’ in involution (1066) 
determining the centre by (985). Similarly, find G, G', the 
foci of a system on the line AA”. Then, by (4826), the chord 
of contact of the tangents may be any of the lines FG, FG’, 
WG, FG. There are accordingly four solutions, and the 
construction of (4831) determines the conic. 


4836 To describe a conic, given two points and three 
tangents. 

Let AB, BC, CA (Fig. 167) be the tangents, and P, P' the 
points. Draw a transversal through PP’ meeting the three 
tangents in Q, Q', Q”. Find F, a focus of the system PP", QQ’ 
in involution (1066, 985); G a focus for PP’, QQ”, and H for 
PP’, QQQ". Construct a triangle with its sides passing through 
F, G, H, and with its vertices L, M, N on BC, CA, AB, 
by the method of (4823), which is equally applicable to a recti- 
lineal figure as to a conic. L, M, N will be the points of 
contact. The reason for the construction is contained in 
(4826). There will, in general, be four solutions. 


If the conic be a parabola, the foregoing constructions 
can be adapted by considering one tangent at infinity always 
to be given. 


4837 To drawaparabola through four given points a, a’, b, b’. 

This is problem 4833 with the tangent at infinity. 

In figure (52), suppose cc’ to coincide and AP to remove to infinity so as 
to become the tangent at c, the opposite vertex at infinity of a parabola, and 
therefore to be perpendicular to the axis. Cc then becomes a diameter of 
the parabola, and Carnot’s theorem (4778) shows that 

Ca.Ca’ _ Ac Da! _ sin’ ACe 

Cisco 6A) Bee min BCE 
since the points C, a, a’, b, b’ are all on the axis of the parabola relatively to 
the infinite distance of AcB. This result, however, 1s at once obtained from 
equation (4221), Cu.Ca’ : Cb. Cb/ being the ratio of the products of the roots 
of two similar quadratics. Thus a diameter of the parabola can be drawn 
through € by the known ratio of the sines of ACc and BCe. 

Next, describe a circle round three of the given points a, a’, b. By the 
property (1263) and the known direction of the axis, the other point in 
which the circle cuts the parabola can be found. l 

Five points being known, we can, by Pascal’s theorem, as in (4831), 
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obtain two parallel chords, and then find P, the extremity of their diameter, 
by the proportion, square of ordinate oc abscissa ESIE 

Lastly, draw the diameter and tangent at P, and then, by equality of 
angles (1224), draw a line from P which passes through the focus. Dy 
obtaining in the same way another pair of parallel chords, a second line 
through the focus is found, thus determining its position. 


4838 To draw a parabola when four tangents are given. 


This is effected by the construction of (4832, Fig. 71). Let AB, BO, AE, 
ED be the four tangents, and CD the tangent at infinity. Then any line 
drawn to C will be parallel to BC, and any line to D will be parallel to ED. 


4839 To draw a parabola, given three points and one 
tangent. 


This is effected by the construction of (4835, Fig. 67). Let bO” be the 
tangent at œ ; then the centre of involution O must be at C, so that 
CC. OC’ — 0.0 = CA.CA' = CF’, determining F. F’, another point on 
the chord of contact, being found by joining AA” or A'A”, FF" will be the 
diameter through a, since the other point of contact b is at infinity. 


ee eee 


4840 To draw a parabola, given one point and three 
tangents. 


This is the case of (4834), in which one of the given tangents b’ is at 
infinity. R must therefore be at infinity, and QR, PR and the tangent b, 
since they all join 7? to finite points, must be parallel. The ratio found 
determines another tangent, and the case is reduced to that of (4838). 


484] To draw a parabola, given two points and two 
tangents. 


This is problem (4836). Suppose 4C in that construction to be the 
tangent at infinity. F, C, H will be determined as in (4830) by mean 
proportionals. The chords LM, NM will become parallel, since M is at 
infinity; and we have to draw LN and the parallel lines from Land N to 
pass through J’, G, II in their new positions, so that the vertices L, N may 
lic on BC and AD. 

Otherwise by (4509), the intercepts s and ¢ can readily be found from the 
two equations furnished by the given points. 


4842 To describe a conic touching three right hnes and 
touching a given conic twice. 

Let AD, CF, EB (Fig. 65) be the three lines as they eut 
the given conic. Join AB, AF, BC, BE, and determine K by 
the Pascal line MLN. K will be one poiut of contact of the 
two conics, by (4822) and the proof in (4823), since AD, CF, 
EB, aud the tangent at K ave four positions of the “ remaining 
side” in that proposition. The problem is thus reduced. to 
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(4934), since four tangents and K the point of contact of one of 
them are now known. 


4843 To describe a conic touching each of two given conics 
twice, and passing through a given point or touching a given 
line. 


Proceed by (4803), determining u by the last condition. 


To describe a conic touching the conics S+’, 8 + M?, 
S+N? (4707) and touching S twice. [Salmon, Art. 387. 


a sm 


THE METHOD OF RECIPROCAL POLARS. 


Der.—The polar reciprocal of a curve is the envelope of 
the polars of all the points on the curve, or it is the locus of 
the poles of all tangents to the curve, taken in each case 
with respect to an arbitrary fixed origin and circle of recipro- 
cation. 


4844 Thus, in figure (72), to the points P, Q, it on one 
curve correspond the tangents qr, rp, and chord of contact pq 
on the reciprocal curve; and to the points p, q, © correspond 
the tangents QR, RP, and chord PQ. 

The angle between the tangents at P and Q is evidently 
equal to the angle pOq, since Op, Oq, Or are respectively per- 
pendicular to QR, RP, PQ. 


4845 Turorem.—The distance of a point from a line is to its 
distance from the origin as the distance of the pole of the line 
from the polar of the point is to its distance from the origin. 


Proor.—(Fig. 73.) Take O for origin and centre of auxiliary circle, PT 
the polar of e, pt the polar of C, CP perpendicular on polar of c, cp perpen- 
dicular on polar of C. Then 

= O0C.0: = 0c.08 j Therefore, by subtraction, OO.mt = Oc. MT, 
and 00.0m = Oc. OM) ' or OC .cp — Occo Ds 
that is, OIP CO 33 gw 3 00) Q. E. D. 


Cor.—By making CP constant, we see that the reciprocal 
of a circle is a conic having its focus at the origin and its 
directrix the polar of the circle's centre. 

4 Q 
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GENERAL RULES FOR RECIPROCATING. 
4846 A point becomes the polar of the point, and a right line 
becomes the pole of the line.* 
4847 A line through a fixed point becomes a point on a fixed 
line. 
4848 The intersection of two lines becomes the line which 
joins their poles. 
4849 Lines passing through a fixed point become the same 
number of points on a fixed line, the polar of the point. 
4850 A right line intersecting a curve in n points becomes n 
tangents to the reciprocal curve passing through a fixed point. 
4851 Two lines intersecting on a eurve become two points 
whose joining line touches the reciprocal curve. 
4852 Two tangents and the chord of contact become two 
points on the reciprocal curve and the intersection of the tan- 
gents at those points. 
4853 A pole and polar of any curve become respectively a 
polar and pole of the reciprocal curve; and a point of contact and 
tangent become respectively a tangent and its point of contact. 
4854 The locus of a point becomes the envelope of a line. 
4855 An inscribed figure becomes a circumscribed figure. 
4856 Four points connected by sim lines or a quadrangle 
become four lines intersecting in six points or a quadrilateral. 
4857 The angle between two lines ts equal to the angle sub- 
tended at the origin by the corresponding points. (4844) 
4858 The origin becomes a line at infinity, the polar of the 
origin. 
4859 Two lines through the origin become two points at 
infinity ou the polar of the origin. 
4860 Two tangents through the origin to a curve become two 
points at infinity on the reciprocal curve. 
4861 The points of contact of such tangents become asymptotes 
of the reciprocal curve. 
4862 The «ugle between the same tangents is equal to the 
angle between the asymptotes. (4857) 


_ * That is, with respect to the circle of reciprocation, and so throughout with the excep- 
tion of (4858). 
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4863 According as the tangents from the origin to a conic are 
real or imaginary, the reciprocal curve is an hyperbola or 
ellipse. 


4864 If the origin be taken on the conic, the reciprocal curve 
is a parabola. 
For, by (4860, ’1), the asymptotes are parallel and at infinity. 


4865 A trilinear equation is converted by reciprocation into 
a tangential equation. 


Thus ay = kßòð is a conic passing through four of the intersections of 
the lines a, D, y, 6. Reciprocating, we get a tangential equation of the same 
form AC =kBD, and this is a conic touching four of the lines which join 
the points whose tangential equations are 4 = 0, D —0, C=0, D=0. 


See (4907). 


4866 The equation of the reciprocal of the conic ay J- be 
=a’ with the same origin and axes is 
ata -Epy = kt, 

where /; is the radius of the auxiliary circle whose centre is 
the centre of the conic. 

Pnoor.—Let p be the perpendicular on the tangent, 0 its inclination ; 
then ktr? = p! = a cos? 0 +b’ sin? 0 (4732). 
4867 The same when the origin of reciprocation is the 
point «y, 

(a 4 - yy +R)? = CPB y’. 
Pnoor: A! = p= v/a!cos'0--b? sin? 0— (a' cos 0 +y’ sin 0). 


4868 The reciprocal curve of the general conie (4656), the 
auxiliary circle being #+7? = or #@+y+2=0 in tri- 
linears, will be symmetrically 


AE + By? COT 2F8CE2GU 2 H£ = 0, 
replacing č by — ££. 

Proor.— Let £y be a point on the reciprocal curve, then the polar of én, 
namely, a£-Eyy — k’ = 0, must touch, the conie, by (4853). Therefore, by 
(4665), we must substitute & y, — k? for A, u, v in the tangential equation 
AX + &. = 0. 

4869 From the reciprocal of a curve with respect to the 
origin of coordinates, to deduce the reciprocal with respect to 
an origin «y’, substitute in the given reciprocal equation 

kx ku 


for. and 


er CERTUS TU — M. for y. 
va tyy tk ve tyy tk S 
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Pnoor.—Let P be the perpendicular from the origin on ihe tangent and 
PR = k. The perpendicular from z'y' is P—«' cos — y' sin 0, 


2 2 
E = Tw cos 0 — 3 sin 0, a BOSE, 
Seer COs 0 = au T 
it pm ecd 


TANGENTIAL COORDINATES. 


4870 By employing these coordinates, theorems which are 
merely the reciprocals of those already deduced in trilinears 
may be proved independently. See (4019) for a description 
of this system. 


The following proposition serves to transform by recipro- 
cation the whole system of trilinear coordinates of points and 
equations of right lines and curves, into tangential eoordinates 
of right lines and equations of points and curves. 


THEOREM OF TRANSFORMATION. 


4871 Given the trilinear equation of a conie (4656), the 
tangential equation of the reciprocal conic in terms of À, p, v, 
the perpendiculars from three fixed points A’, D’, C' upon the 
tangent (Fig. 74) will be as follows, O being the origin of 
reciprocation and OA’, OL’, OC = p, q, v:— 
o bp’ 2fpv , 29yÀ | 2hr 

4872 dr a TH 8 MEDI 
qp rp pq 

Pnoor.—Let a —0, 8=0, y=0 be the sides of the original trigon ABC. 
The poles of these lines will be A’, D', C', the vertices of the trigon for the 
reciprocal curve. Let RS be the polar of a point P on the given conic; 
a, D, y the perpendiculars from P upon BC, CA, AB; i.e. the trilinear co- 
ordinates of P. Let A, p, v be the per pendieulars from A’, D’, C’ upon RS; 


i.e., the Mc coordinates of the pólar of P referred to a T ue Then, 


by (48: _ n D MEM B BON 
y ( 5 2m D OP OB” OF OC’ 


of a, fj, y in (4656) and divide by OL”. 


4873 The angular relation between the trigons ABC and 
AB is 


BOC —«—4, COB =n P AOB =a C. 


r 


Substitute these values 
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4874 If ABC be self-conjugate with regard to the circle of 
reciprocation, it will coincide with A’L’C’. 


4875 Now let O be the circum-centre (4699) of A’B’C’ 
(Fig. 74), then it will be the in-centre of ABO, and, by (4873), 


24'—mT—4, 2D'—m-—DB, 2C = aq—C. 


Also p = q = r in (4872), which becomes ¢ (A, u, v) = 0, so 
that the conic and its reciprocal are represented by the same 
equation. Consequently any relation in trilinear coordinates 
has its interpretation m tangential coordinates. We have 
then the following rule :— 


4876  Rurg.—'o convert any expression in trilinears into 
tangentials, consider the origin of the former as the in-centre of 
the trigon, change a, B, y into A, p, v, and interpret the result 
by the rules for reciprocating (4846-65). If the angles of the 
original trigon are involved, change these by (4875) into the 
angles of the reciprocal trigon, of which the origin will now be 
the circum-centre. 


4877 Referring trilinears and tangentials to the same trigon 
ABC, the equation of a point, as shown in (4021), becomes 


A+ DE Ty=0; 
Pr Pz Ps 
4878 or, by multiplying by 72, 
BOO\+COAp+ AO By = 0. (Fig. 3) 
The equation of a point can generally be obtained directly 
from the figure by means of this formula. 


EQUATIONS IN TANGENTIAL COORDINATES, 


For direct demonstrations of the following theorems, the reader may 
consult Ferrers’ Trilinear Coordinates, Chap. VU. 


4879 The point dividing AP in the ratio a: 6, that is, the 
intersection with the internal or external bisector of C, 1s 


8A +bhp = 0. Centre of AB A+p= 0. 
The point O in (4878) is now on the side AB. 
4881 Mass-centre, Atpty=0. [For BOC=COA=AOD. 
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4889 In-centre, aA--bp.-4- t» = 0. [a By (4878), for 


EUN COA _ AOB 
4883 aex- pons = em = (). E ae 


4884  Cireum-centre A sin 24 +p sin 2B+4vsin 2C = 0. 


Proor.—For BOO = 4R? sin 2A, &c. in (4378). Otherwise.—By recipro- 
cation (4876), a sin A 4- sin D +y sin C = 0 is the line at infinity referred 
to the trigon ABC; therefore 


A sin A+ p sin B+» sin C = 0 
is the equation of the pole of that line referred to A'D'C'; that is, 
Asin 24' +u sin 2D' 4- v sin 20, by (4875). 


4885 Foot of perpendicular from C upon AB, 
à tan A +p tan B = 0. 
4886 Orthocentre À tan A +p tan B+» tan C = 0. 


4887 Inscribed conic of ABC, [Proof below. 
Lypv+ Mn+ NÀy = 0. 
4888 Point of contact with AB, 
Md+Lp = 0. 


4889 In-circle (4629), 

(S—a) p+ (8—h) vrA+(S—l) àp = 0. 
4890 Point of contact with AB, ($—b) \+(s—a) & = 0. 
4891 aex-circle, (S—b) u+ (S— f) »À —Sp» = 0. 


Proor.—Since the coordinates of AB of the trigon are 0, 0, v, the equa- 
tion of the inscribed conic must be satisfied when any two of the coordinates 
A, p,» vanish, therefore it must be of the form (4887). Otherwise by 
reciprocating (4794). 

If the circle touches AB in D (Fig. 3), à : —p = AD: BD = 8—a:é—b 
(Fig. of 709), which proves (4890). 

(4888) is the equation of the point of contact, because the line (0, 0, v) 
passes through it and also touches the conic (4887). 

(4889) 1s ; the in-circle by (4887) and (4890) and what precedes. 


4899 Cireumscribed conic, [By (4876) applied to (4739, 40). 
LXM w+ NS —2H Nay —2N Ly —2L MAp = 0, (4740) 
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4893 or J (LX) +v My / Nv = 0. 
4894 Tangent at 4, Mp = Nv. 


4895 Circum-circle 
UL bp? rt? — bpr — 20°? — 2099, —0; 
4896 or aytb yatt yr — 0. 


Proor.—By (4876) applied to (4747, '8), and by cos E E723 


4897 Relation between the coordinates of any right line: 
a? AHA) (p—v) (wd) +E (»— X) (v—4) = EP 
4898 Coordinates of the line at infinity: 
Ap 


Proor.—The trilinear coordinates of the origin and centre of the re- 
ciprocal conic are a= f = y, (4876). It is also self-evident. 


4899 The point A+me+ny — 0 will be at infinity when 
[+m+n = 0. 


Proor.—By (4876), for the line la+mB+ny =0 will pass through the 
origin «— 8 — y when l+mtn=0. 


4900 A curve will be touched by the line at infinity when 
the sum of the coefficients vanishes. 


Pnoor.—By (4876), for this is the condition that the origin in trilinears, 
a = p = y shall be on the curve. 


4901 The equation of the centre of the conic ¢ (A, m, v) 18 
Prt pate = 0, 
4902 or (wth+g) A+ (htt f) wt (gf 0) v — 0. 


Proor.—The coordinates of the in-centre of ABC (4876) are a/z f'— y, 
therefore the polar of this point with regard to the conic ¢ (a, B, y) is 
Gat oath, = O0 (4658). This point and polar reciprocate into a polar and 
point, of which the former, being the reciprocal of the in-centre, or origin, is 
the line at infinity, and therefore the latter is the centre of 9 (A, u, v), while 
its equation is as stated. 
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4903 The equation of the two points in which the line 
(A, u', v) cuts the conic is 


$ (V, u^, v) $ Qs p v) = (BaN Fup Her’). (4680) 


4904 ‘The coordinates of the asymptotes are found from the 


equations 
$0.4, v) 20 and d$ E46 — 0. 


Proor.—These are the conditions that the line (A, p, v) should touch the 
curve and also pass through the centre (4901). 


4905 The equation of the two circular points at infinity is 
a? (A—p)(X—v) +b? (a —9) (a 3) 3-8 (6 —3)(v—) = 0. 


Proor.—Put A’= u= v’ in (4903) to make the line at infinity, and for 
the conic take the in-circle (4889). 


4906 The general equation of a circle is 
a? A-HA) +? (a —») (p —N) $2 (vM) (v—) 
= (A+ mp ny... ... (CD 
where /A-Eqmg--nv = 0 is the equation of the centre. 


Proor.—The general equation of a conic in trilinears may, by (4601), be 
put in the form 


a (B—B,)Cy — 79) +8 (y — Yo) (4 —«) F6 (a=) (B—fy) = (la +mp +ny), 
where lau+mp+ny = 0 is the directrix, and a, y. the focus. Now let the 
focus be the in-centre of the trigon, and therefore a, = Bo = y, = 4287! (709). 
By this relation and àa-4-f--cy = E, the equation is expressed as 

a(8—a)(a—B)(a—y)+ &c. = (l'a +m b ny, 
or (a—p)(a— y) cos? 444 &c. = (Vatm P t uy. 
Reciprocating by (4876), this becomes 

(A—p)(A—yv) siu? d+ &c. = (A+ mp n»), 

the constant factor introduced on the right being involved in J, m, n; and 
sin A” = cos 14, by (4875). And we know that this is a circle by (4845 
Cor.), and that the directrix of the conic reciprocates into the centre of the 
circle, 

Otherwise.—The left side of (1) represents the two cirenlar points at 
infinity (4905), and, if for the right we take the equation of a point, the 
whole represents a conic, as in (4909), of the form AC = D?. In this case, 
A, C, the points of contact of tangents from D, being the circular points, the 
conie must be a circle with B = 0 for its centre. 
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Abridged Notation. 
4907 tes 4—0, B=0, C=0, D=0 (Fig. 75) be the 


tangential equations of the four points of a quadrangle, where 
AzaA-dbudev, BSadrA+byu+tev, and so on. Then 
the equation of the inscribed conic will be AC = EBD. 
Proor.—The equation is of the second degree in A, p, v; therefore the 
line (A, p, v) touches a conic. The coordinates of one line that touches this 


eonie are determined by the equations A=0, B=0. That is, the line 
joining the two points A, B touches the conic, and so of the rest. 


4908 If the points D, D coincide (Fig. 76), the equation 
becomes AC = kB?; and A=0, C=O are the points of 
contact of tangents from the point b= Q. 


4909 Referring the conic to the trigon ABC (Fig. 78), and 
taking AC = k? for its equation, let a tangent ef be drawn, 
and let Ae : eB=k:m. The equations of the points e and 
f will be 

mA-J- EB = 9, mk BD -- C = 0. 


Proor.—The first equation corresponds to (4879). For the equation of f, 
eliminate A from mA+kB=0 and AC = EP. 


4910 Let e, h (Fig. 77) be two points on AP whose equa- 
tions are aA -- 5b — 0, m'A-- kB — 0. The equation of the 
point p, in which tangents from e and h intersect, is 


mw A+ (mtm) kB+C = 0. 


Pnoor.— The equation may be put in the form 

(mA -F kB)(m'A-- KD) = 0, 
because &*7?— AC if the line touches the conic. The equation being of the first 
degree in A, D, C, must represent some point. That is, the relation between 
A, u, v involved in it makes the straight line \a+m/3+vy pass through a 
certain point. But the equation is satisfied when miA+/B = 0, a relation 
which makes the straight line pass through e. Hence a tangent through e 
passes through a certain fixed point. Similarly, by m’A+kB = 0, another 
tangent passes through h and the same fixed point. 


4911 Cor.—Let m =m, then the equation of the point of 
contact of the tangent joining the points ma+hB and mkB+C 
(4909) (e and f, Fig. 78) will be 


n? A --2mk B+C = 0. 


4912 Ifin Fig. (78) the trilinear coordinates of the points 
4 R 
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A, D, O are tu i 21s Yes Yor s. Uso Yas 2%, the coordinates of the 
point of contact p of the tangent defined by m will be 


mên + 2mnkay+es, myt 2mkeya+ ys Mz + 2mliz +2, 


and the tangent at p divides the two fixed tangents in the 
ratios b: m and mk :1, by (4909). 


4913 Nors.—tThe equation U or ® (A, p, v) = 0 (4665) expresses the 
condition that Aa+p8+vy shall touch a certain conic. When U is about 
to break up into two factors, the minor axis of the conic diminishes (Fig. 79). 
Every tangent that can now be drawn to the conic passes very nearly 
through one end or other of the major axis. Ultimately, when the minor 
axis vanishes, the condition of the line touching the conic becomes the con- 
dition of its passing through one or other of two fixed points 4, B. In this 
case, U consists of two factors, which, put equal to zero, are the equations 
of those points. The conic has become a straight line, and this line is 
touched at every point by a single tangent. 


4914 If U and U' (Fig. 80) be two conics in tangential 
coordinates, + U’ is then a conic having for a tangent 
every tangent common to U and U'; and kU+ABP is a conic 
having in common with U the two pairs of tangents drawn 
from the points A, P. 

The conic U'in this case merges into the line AB, or, 
more strictly, the two points A, B, as explained in (4913). 


4915 If either LU+U’ or kU-- AD breaks up into two 
factors, it represents two points which are the opposite ver- 
tices of the quadrilateral formed by the four tangents. | 


ON THE INTERSECTION OF TWO CONICS. 


INTRODUCTORY THEOREM. 


Geometrical meaning of 4/(—1).* 


4916 In a system of rectangular or oblique plane coordinates, let the 
operator v —1l prefixed to an ordinate y denote the turning of the ordinate 
about its foot as a centre through a right angle in a plane perpendicular to 
the plane of ay. The repetition of this operation will turn the ordinate 


* [Tho fiction of imaginary lines and points is not ineradicablo from Geometry. The 
theory of Quaternions removes all imaginariness from the symbol /—1, and,as it appears 
that a partial application of that theory presents tho subject of Projection in a much clearer 
light, | have here introduced the notion of the multiplication of vectors at right angles to 
each other. ] 
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throngh another right angle in the same plane so as to bring it again into 
the plane of zy. The double operation has converted y into —y. But the two 
operations are indicated algebraically by // —1.// —1.y or (VW —1)!y 2 —y, 
which justifies the definition. 

It may be remarked, in passing, that any operation which, being per- 
formed twice in suecession upon a quantity, changes its sign, offers a con- 
sistent interpretation of the multiplier ysl 


491'7 With this additional operator, borrowed from the Theory of 
Quaternions, equations of plane curves may be made to represent more 
extended loci than formerly. Consider the equation a?-Fj^— a”. For values 
of æ < a, we have y = +Va’—2’, and a circle is traced ont. For values of 
$70, we may write y = +i v g’—a, where 1=/—1. The ordinate 
/x*—a? is turned through a right angle by the vector 7, and this part of the 
locus is consequently an equilateral hyperbola having a common axis with 
the circle and a common parameter, but having its plane at right angles to 
that of the circle. Since the foot of each ordinate remains unaltered in posi- 
tion, we may, for convenience, leave the operation indicated by ? unperformed 
and draw the hyperbola in the original plane. In such a case, the circle may 
be called the principal, and the hyperbola the supplementary, curve, after 
Poncelet. When the coordinate axes are rectangular, the supplementary 
curve is not altered in any other respect than in that of position by the 
transformation of all its ordinates through a right angle; but, if the coordi- 
nate axes are oblique, there is likewise a change of figure precisely the same 
as that which would be produced by setting each ordinate at right angles to 
its abscissa in the vy plane. 

In the diagrams, the supplementary curve will be shown by a dotted line, 
and the unperformed operation indicated by 7 must always be borne in mind. 
For, on acconnt of it, there can be no geometrical relations between the 
principal and supplementary curves excepting those which arise from the 
possession of one common axis of coordinates. This law is in agreement 
with the algebraic one which applies to the real and imaginary parts of the 
equation z^—(iy)? = d. When y vanishes, œ = a in both curves. 

If either the ellipse 5a?-- ay? = a'b’? or the hyperbola bPe— ay’ = ab? 
be taken for the principal curve, the other will be the supplementary curve. 

It is evident that, by taking different conjugate diameters for coordinate 
axes, the same conic will have corresponding different supplementary curves. 
The phrase, “supplementary conic on the diameter DD," for example, will 
refer to that diameter which forms the common axis of the principal and 
supplementary conic in question. 


4918 Let us now take the circle 2?+y? =a? and the right line æ = b. 
When b is >a, the line intersects the supplementary right hyperbola in two 
points whose ordinates are +i /l?—a*, By increasing b without limit, we 
get a pair of, so-called, imaginary points at infinity. These lie on the 
asymptotes of the hyperbola, and the equation of the asymptotes is 
(æ 4-1) (e—iy) = 0. 

We can now give a geometrical interpretation to the statements in (4720). 
The two lines drawn from the focus of the conie bra = ab” to the 
“circular points at infinity " make angles of 45° with the major axis, and 
they touch the conic in its supplementary hyperbola b*a’*—a’ (iy) = aU. 
An independent proof of this is as follows. 
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Draw a tangent from S (Fig. 81) to the supplementary hyperbola, and 
let x, y be the coordinates of the point of contact P. Then 


apud au) = — and ge V (zx —a?) = E 
CS V (à —w) " A/ (ad — 0?» 
by the value of v. Also 
2 — E 
SN =2— "ER 5 a ee 
E &—O0S8 (a3 5) a —b Jai —b) 


Therefore y= SN, therefore SP makes an angle of 45° with CN. 


The following results are required in the theory of projec- 
tion, and are illustrated in figures (82) to (86). Two ellipses 
are taken in each case for principal curves, and the supple- 
mentary hyperbolas are shown by dotted lines. As the planes 
of the prineipal and supplementary curves are really at right 
angles, the intersections of the solid lines with the dotted are 
only apparent. The intersections of the solid lines are real 
points, while the intersections of the dotted lines represent 
the imaginary points. 


4919 ‘Two conics may intersect— 
(i.) in four real points (Fig. 82) ; 
(i1.) im two real and two imaginary points (Fig. 83) ; 
(ii.) in four imaginary points (Fig. 84). 


[When the two hyperbolas in figures (83) and (84) are similar and 
similarly situated, two of their points of intersection recede to infinity (Figs. 
85 and 86). Hence, and by taking the dotted lines for principal, aud the 
solid for supplementary, curves, we also have the cases | 


(iv.) in two real finite points and two imaginary points at 

infinity ; 
(v.) in two imaginary finite points and two imaginary 

points at infinity ; 

(vi.) in two imaginary finite points and two real points at 
infinity ; | 

(vii) în two real finite points and two veal points at 
infinity. 
4920 Given two conics not intersecting, or intersecting in 


but two points, to draw the two supplementary curves which 
have a common chord of intersection conjugate to the 
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diameters upon which they are described, or in other words, 
to find the imaginary common chord of the conics. 


Poncelet has shewn by geometrical reasoning (Propriétés des Projectives, 
p. 31) that such a chord must exist. The following is a method of deter- 
mining its position— 

Let (oaii — 0 and y g e O — O............ Gy) 
be the equations of the conics C, C” (Fig. 89), the coordinate axes being 
rectangular. Suppose PQ to be the common chord sought. Then the 
diameters AB, A’B’ conjugate to PQ bisect it in D, and the supplementary 
curves on those diameters intersect in the points P, Q. Now, let the coor- 
dinate axes be turned through an angle 0, so that the y axis may become 
parallel to PQ, and therefore also to the tangents at A, B, A, B’. This is 
accomplished by substituting for w and y, in equations (i.), the values 

acosO—ysiné and 9ycos0-rosin0. 
Let the transformed equations be denoted by (A450 FGH (zy1) — 0 and 
(ABO E’ WH Geyl} = 0, in which the coefficients are all functions of 6, 
excepting c, which is unaltered. Solving each of these equations as a quad- 
ratic in y, the solutions take the forms 

y = agz+B +v u (e’—2pet+q), ysaetP+ vu (@— 2p wF g^)... (31.), 
with the values of a, 6, u, p, q given in (4449-53), if for small letters we 
substitute capitals. Thus, a, P, u, p, q are obtained in terms of 0 and the 
original coefficients a, h, b, f, g, ^. 

Now, the coordinates of D being ë = ON, n = DN, we have q = a£ 
ande [ied therefore AOSE ereccouP E ME UEUUE (iii.). 
The surd in equations (ii) represents the ordinate of the conic conjugate 
to the diameter AB or A'D’. For values of æ in the diagram 2 OM and 
< OR, the factor “—1 appears in this surd, indicating an ordinate of the 


supplementary curve on AB or A'B’. Hence, equating the values of the 
common ordiuate PD, we have 


moore ppp c Ne) 
Eliminating £ between equations (iii) and (iv.), we obtain an equation for 


determining 0; which angle being found, we can at once draw the diameters 
Allis dep 
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4921 Prosrem.—Qiven any conic and a right line in its 
plane and any plane of projection, to find a vertex of projec- 
tion such that the line may pass to infinity while the conic 18 
projected into a hyperbola or ellipse according as the right 
line does or does not intersect the given conic; and at the 
same time to give any assigned proportion and direction to 
the axes of the projected conic. 
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Analysis.—Let HOKD be the given conic, and BB the right line, in 
Fig. (87) not intersecting, and in Fig. (88) intersecting the conie. Draw 
HK the diameter of the conic conjugate to BB. Suppose O to be the 
required vertex of projection. Draw any plane FOGD parallel to OBB, 
intersecting the given conic in CD and the line HK in F, and draw the 
plane OHK cutting the former plane in E, F, G and the line BB in A; and 
let the curve FOGD be the conical projection of HCKD on the plane parallel 
to OBB. 


By similar triangles, 
T MD E a a, RD EDS 


Wn = fa "oR ux U mEOEK a QE 
Let a, P be the semi-diameters of the given conic parallel to HK and CD; 


CP. _ 6 | OF? _ @.HA.AK 
HF.FK "n ans EF.FG OVE Donononcndonboos 


Now, since parallel sections of the cone are similar, if the plane of HCKD 
moves parallel to itself, the ratio on the right remains constant; therefore, by 
(1193), the section ZCGK is an ellipse in Fig. (87) and an hyperbola in 
Fig. (88). Let a, b be the semi-diameters of this ellipse or hyperbola 
parallel to EG and CD, that is, to OA and BL; then, by (2), 

Tuc Bs CERE Ale 


^q QA CS Dd? CX ue atures TOC ( ) 
But A HA.AK = AB’, where AB in Fig. (88) is the ordinate at A of the 
ca 


then 


given conic, but in Fig. (87) the ordinate of the conic supplementary to the 
given one on the diameter conjugate to BB. Therefore 


Hence AO, AB are parallel and proportional to a and b. And, since AB 
is given in magnitude and direction, we have two constants at our disposal, 
namely, the ratio of the semi-conjugate diameters a and b and the angle 
between them, or, which is the same thing, the eccentricity and the direction 
of the axes of the ellipse or hyperbola on the plane of projection. 


4999 The construction will be as follows :— 


Determine the point A as the intersection of BB with the 
diameter HK conjugate to it. Choose any plane of projection, 
and in a plane through BB, parallel to it, measure AO of the 
length given by equation (3) or (4), making the angle BAO 
equal to the required angle between a and b. O will be the 
vertex of projection, and any plane LMN parallel to OBB will 
serve for the plane of projection. 


4923 Cor. L—If AO = AP, the projected curve in Fig. (88) 
will in every case be a right hyperbola. 
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4994 Cor. 2.—If BAO is a right angle, the axes of the pro- 
jected ellipse or hyperbola are parallel and proportional to 
AO and AB. Hence, in this ease, the eccentricity of the 
hyperbola will be e = OB: OA. 


4925 Cor. 3.—If AO=AB and BAO = a right angle, 
the ellipse becomes a circle and the right hyperbola in Cor. 1 
has its axes parallel to AO and AD. 


4926 To project a conic so that a given point in its plane 
may become the centre of the projected curve. 

Take for the line BB the polar of the given point, and con- 
struct as in (4922). For, if P be the given point, and BB its 
polar (Fig. 87 or 88), p the projection of P will have its polar 
at infinity, and will therefore be the centre of the projected 
ellipse or hyperbola, according as P is within or without the 
original conic. 


4927 To project two intersecting conics into two similar 
and similarly situated hyperbolas of given eccentricity. 


Take the common chord of the conics for the line BB (fig. 
88), and project each conic as in (4922), employing the same 
vertex and plane of projection. Then, since the point A and 
the lines AB and AO are the same for each projection, corres- 
ponding conjugate diameters of the hyperbolas ave parallel and 
proportional to AO and AB; therefore, Sc. 


4928 To project two non-intersecting conics into similar 
and similarly situated ellipses of given eccentricity. 


Take the common chord of a certain two of the supple- 
mentary curves of the conics (4920), in other words, the 
imaginary common chord of the conics, for the line BB, and 
proceed as in (4927). 


4929 To project two conics having a common chord of 
contact into two concentric, similar and similarly situated 
hyperbolas. 


Take the common chord for the line BB, and construct as iu 
(4922). The common pole of the conics projects into a common 
centre and the common tangents into common asynptotes. 


680 TRILINEAR ANALYTICAL CONICS. 


4930 To project any two conics into concentric conics. 


Find the common pole and polar of the given conies by 
(4762), and take the common polar for the line BB in the 
construction of (4922). The common pole projects into a 
common centre. 


4931 Ex. 1. — Given two conics having double contaet with each other, 
any chord of one which touches the other is cut harmonically at the point of 
contact and where it meets the common chord of contact of the conics. 
[Salmon’s Conic Sections, Art. 354. 
Let AB be the common chord of contact, PQ the other chord touching 
the inner conic at C and mecting AB produced in D. By (4929), project 
ALB, and therefore the point D, to infinity. The conics become similar and 
similarly situated hyperbolas, and € becomes the middle point of PQ (1189). 
Tbe theorem is therefore true in this case. Hence, by a converse projection, 
the more general theorem is inferred. 


4932 Ex. 2—Given four points on a conic, the locus of the pole of any 
fixed line is a conic passing through the fourth harmonic to the point in 
which this line meets each side of the given quadrilateral. [Tbid., Art. 354. 


Let the fixed line meet a side AB of the quadrilateral in D, and let 
ACDD be in harmonie ratio. Project the fixed line, and therefore the point 
D, to infinity. C becomes the middle point of AB (1055), and the pole of 
the fixed line becomes the centre of the projected conic. Now, it is known 
that the locus of the centre is a conie passing through the middle points of 
the sides of the quadrilateral. Hence, projecting back again, the more 
general theorent is inferred. 


4933 Ex. 3.— 1f a variable ellipse be described touching two given 
ellipses, while the supplementary hyperbolas of all three have a common 
chord AD conjugate to the diameters upon which they are deseribed ; the 
locus of the pole of AB with respect to the variable ellipse is an hyperbola 
whose supplementary ellipse touches the four lines 04, CB, CA, O' D, where 
C, C' are the poles of AP with respect to the fixed ellipses. 

(Salmon, Art. 355.) 


Proor.—Project AL to infinity and the three ellipses into cireles. The 
poles P, C, C' become the centres p, c, c’ of the cireles. The locus of p is a 
hyperbola whose foci are e, c’. But the lines Ac, Dc now touch the supple- 
mentary ellipse of this hyperbola (4918). Therefore, projecting back again, 
we get AC, BC touching the supplementary ellipse of the conie which is the 
locus of P. Similarly, LC’, BC’ touch the same ellipse. 


4934 Any two lines at right angles project into lines which 
cut harmonically the line joining the two fixed points which 
are the projections of the circular points at infinity. 


Proor.—This follows from (4728). 
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4935 The converse of the above proposition (4931), which is the theorem 
in Art. 356 of Salmon, is not universally true in any real sense. If the lines 
drawn through a given point to the two circular points at infinity form a 
harmonic pencil with two other lines through that point, the latter two are 
not necessarily at right angles, as the theorem assumes. 

The following éxample from the same article is an illustration of this— 

Ex.—Any chord BB (Fig. 88) of a conic HCKD is cut harmonically by 
any line PK AH through P, the pole of the chord, and the tangent at K. 

The ellipse BKB here projects into a right hyperbola; B, B project to 
infinity. The harmonic pencil formed by PK and the tangent at K, KE and 
KB projects into a harmonic pencil formed by pk and the tangent at k, kb 
and kb, where b, b are the circular points at infinity: but pk is not at right 
angles to the tangent at /: of the right hyperbola. The harmonic ratio of the 
latter pencil can, however, be independently demonstrated, and that of the 
former can then be inferred. (Note that k is G in figure 88.) 

If we may suppose the ellipse to project into an imaginary circle having 
points at infinity, the imaginary radius of that circle may be supposed to be 
at right angles to the imaginary tangent. The right hyperbola, however, is 
the real projection which takes the place of the circle in this and all similar 
instances; and it is only in the case of principal axes that the radius is at 
right angles to the tangent. 


ŘE RN RN 
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4936 Let u m (abcfghXmyzy, w m(aVefgXeyz) 
be two conies as in (4401) with the notation of (1620). 


The three values of k, for which ku +u’ = 0 represents two 
right lines, are the roots of the cubic equation 


4937 AP+0+0'k-+ 4’ = 0, 

4938 where A=abe+2foh—af?—be—ch’, 

4939 | Oz Ad’ + Bb 4+- Cc +2 Ff -2Gg' -2HN', 

and Abe; F=gh—af, &c. (4665) 


For the values of A’ and ©’ interchange « with a’, b with or 
&c. 


Proor.—The discriminant of ku-4-w', which | kata’, kh+h’, kg-g' 
must vanish (4661), is evidently the determi- | h+k, kb +0’, kft+f’ 
nant here written, and it is equivalent to the kgotg’, AE +S’, ke +o" | 
cubic in question. 


4940 A e and A are invariants of the conie ku-ru. 
D NB D 
4s 
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That is, if the axes of coordinates be transformed in any 

; Er. ; cs 
manner, the ratios of the four coefficients in (4937) are 
unaltered. 


Proor.—The transformation is effected by a linear substitution, as in 
(1794). Let u, u’ thus become v,v'. Then kw-w' becomes kv4v', and 
i is unaltered. If the equation kw +u’ = 0 represents two right lines, it will . 
continue to do so after transformation; but the condition for this is the 
vanishing of the cubic in 5; and k being constant, the ratios of the coeffi- 
cients must be unalterable. 


4941 The equation of the six lines which join the four 
points of intersection of the conics u and w' is 


Au? — Ou uO uw — A = 0. 
Proor.—Eliminate X from (4937) by ku+w = 0. 
4942 The condition that the conics « and w’ may touch is 
(00' —9. A? = 4 (O?—3AO’)(O°—3A’O), 
4943 or 440?--4A'0?--27 A"? — 18A A'609'— 9*9", 


Proor.—Two of the four points in (3941) must coincide. Hence two out 
of the three pairs of lines must coincide. The cubic (4937) must therefore 
have two equal roots. Let a, a, be the roots; then the condition is the 
result of eliminating a and p from the equations 


A Qa+f)=—0, A(a’?+2ah)= 0’, AwB=—A’ (406). 


4944 The expression (4943) is the last term of the equation 
whose roots are the squares of the differences of the roots of 
the cubic in X, and when it is positive, the cubic in X has two 
imaginary roots; when it is negative, three real roots; and 
when it vanishes, two equal roots. 

Proor.—By (543) or (579). The last term of f(e) in (543) is now 
= 271 (a) F (6), « P being the roots of 3Az?+202+0’=0. When this 
term is positive, f(e) has a real negative root (409), and therefore F (w) has 
then two imaginary roots; for, if (a—b)? = —c, a—b = ic, and a and b are 
both imaginary. When the last term of f (æ) is negative, all the roots of 
f(x) aré positive, and therefore the roots of F (x) are all real. 


INVARIANTS OF PARTICULAR CONICS. 
4945 When u = aœ + by +e and w = typte, 
A — abe, O= be+eatab, O' =at+b+e, ^= l. 
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4946 When u = (abcfghXeyz) and w — ay 442, 
O=A+B+C, OW=atb+e A'—1. 


4947 When u =a?+y’—7" and w = (x—ay-4-(y—8)y-—s, 
Ale»; A =f, 
O=e@+B—-2r—-s, O zg-L8gs)-—2s. 
4948 The cubic for & reduces to 
(k+1) [sI?-- (i? — à k} = 0. 


4949 When 
u = Petey eb and w = (e—a) 4 (yB, 
A= ab, O = et {epee}, 
O = PRHE ebar Ee, Y I M. 
4950 When u =P—4me and w —(v—ay--(y—py-—s:, 
A=—4m’, O =—4m (a+m), O = g—4ma—»r', A'— —wv. 


4951 When u= (abefghYXoyz)? and w = @ + 2æy eos w +4’, 
A, &=0, O= c(a+b)—f — e° +2 (fe— ch) cos o, 
©’ = c sin" o. 


Hence the following are invariants of the general conic, 
the inclination of the coordinate axes being w. 


n ubet fehu bLA O, 


e sin? o C) 


Ag, O eC ee S (gy 


e sin? w O 
4954 ab—h° (3) ER a+b—2h cos o (4) 
sin? 9 @aecce E] sin? m EE oem eee ° 


For these are what (1) and (2) become when the axes are 
transformed so as to remove f and g. 
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If the origin be unaltered, c is invariable, and transforma- 
tion of the axes will then leave invariable 


2feh —af* — bo? "Eo?—2f cos o 
agoe o SEUTU U EID E oS 
SIM @ Sn eo 


as appears by subtracting (3) from (1) and (2) from (4). 


4958 Ex. (i.)— To find the evolute of the conie Pepay? 
= ab’. See also (4547). 


Proor.—Denote the conic by «, and by w’ the hyperbola cy + 05y'2 — axy 
(4335), which intersects w in the feet of the normals drawn from «’y’, Two of 
these normals must always coincide if z'y' is to be on the evolute. wand u’ 
must therefore touch. We have 


A =b, O0, C= vt (tby eit), X--—9a 68». 
Substitute in (4942), and the equation of the evolute is found to be 
(aa? + by? — 6*3 + 97a? l9 vh = 0. 


4959 Ex. (ü)—Similarly the evolute of the parabola is 
obtained from 
u=y—dme, w = 2ay+2 (Qm—2’) y—Amy’, 
A=—4m’*, 020, 0'—-—4(2m—z) A’ = 4my, 
producing the equation 27my? = 4(x—92m). See also (4549). 


4960 Ex. (iii.)—The locus of the centre of a circle of radius 
ft, touching the conie. Pæ +a? —at, is called a parallel to 
the conic. Its equation is 


Tec! —2Rte | e (a? +B*) + (a? — 20°) a? + (242 —V9) y} 
+h! f c (a! +4 + b*) — 2e (at — ab +30) a? + 2c? (3a — ab + 15) y? 
+ (a!— ba b? + 605) at + (6a! — 6a b? + 0) y+ (Gat — 104b? + 60^) yt 

+R? | — 2a (a? V?) +20 (329 — aD? 95) à? — 98 (a) — a? 4-305) y? 

= (6at— 10a??? 4 6b") (Dx! ae a^y*) dz (4a9 — bab? — Ga?! + 409) wy? 

+2 (a — 20) ba +2 (L — 2a”) ay —9 (ai — a +309) aty? 

—2 (Ba 4 V) A 
+ (Ba? + a? — aL)? 1 (»—c)'- yl f (e+e) +y} = 0, 


Pnoor.—1f the curves in (1949) be made to touch, aj will be a point on 
the curve parallel to wat a distance r. Therefore put the values of A, O, or 
and A’ in equation (4942). [ Salmon, p. 325. 
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4961 When w of (4936) represents two right lines, A’ 
vanishes, and 


4969 0’=0 is the condition that the two lines should 
intersect on u; 


^4963 ©=0 is the condition that the two lines should be 
conjugate with regard to u. 


Proor.—Transform «w =0 into 2xy = 0, so that the axes æ, y are the 
right lines. This will not affect the invariants (4940). We now have, by 
(4937), ALMOST 
c = 0 makes u pass through the origin æy; fg — ch makes g and y conjugate. 
For in (4671), if Az-F uj-Fv becomes y — 0, then A = v = 0, and the pole 
is given by H: B:F. But ezza-—O at the pole, therefore M= 
fg—ch = 0. 


4964 The condition that either of the lines in w’ should 
touch w is, by (4943), 


Q!—4A0 or AB=O, 
with the above values of © and ©’. 


4965 The equation of the two tangents to w, when Ag+ py +v 
is the chord of contact, is, with the notation of (4665), 


uP (A, p, v) = (Aw+py+vs) 4. 

Proor.—The conie of double contact with u, kw-Jd- (Xv uy-Fv)* (4699), 
must now become two right lines. In (4937) A'— 0 and O'— 0, therefore 
k5-FO 20. ButO- (A, mv). Hence eliminate X. 

4966 Cor.—Taking the line at infinity av+by+¢z, we obtain 
the equation of the asymptotes (4685). 


The invariant 9 of the conie kutu vanishes— 


4967 (i) Whenever an inscribed triangle of w' is self-con- 
jugate to u. 


4968 (ii.) Whenever a circumscribed triangle of w is self- 
conjugate to w. 


4969 ©’ vanishes under similar conditions, transposing u 
and w’ in (1.) and (ii.) 


Proor.—(i.) u becomes az’+ by? +02 (4765), and f=g=h=0. There- 
fore © in (4937) vanishes if a =b’=c’=0; ie, if w is of the form 
f'ya-- g'zz A key (4724). 
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i.) In this case, f =g — A =0 and O vanishes M be = f’, &e., t.e., if 
the line » = 0 touches u, &c. 


4970 If u, v be two conics, and if O? = 4A6’, any triangle 
inscribed in w’ will cireumseribe «u, and conversely. 
Pnoor.—Let u =a? +y?+2?—2Qyz—2z2e—2ry and wu’ = 2fyz -2gze + hay, 
both referred to the same triangle, (4739) and (4724). Then 
A=-4, O=4(ftgth), O'=—(ftgth, A= Yuh; 
therefore 6? = 4A0’, a relation independent of the axes of reference (4940). 


4971 Ex. (i.)—The locus of the centre of a circle of radius 7, circum- 

scribing a triangle which circumscribes the conic b's? +a? = ab’, is 
(+y —a?—UV Dy A f be ray —a is (a + 72] =O: 

from 6? = 4A0’ and the values in (4949). 

4972 kx. (ii.)—The distance between the centres of the inscribed and 


circumscribed circles of a triangle is thus found, by employing the values of 
0, 9’, and A in (4947), to be D = Wi Sep » as in (936). 


4973 The tangential equation of the four points of intersec- 
tion of the two conics u = 0, «w — 0 is 


V en ER PUR 
with the meanings 
4974 U=(ABCFGH YApyvy ; (4664) 
U'z(A'D'CF'G'H'XXyuvy. 
4976 V = (ABC ROH’ Lape. 


4977 Azbe—f?, &.; A’=b'c’—f"?, &e., 

as in (4665), and | 

4978 A"-be-rUüc—2ff', F’= gk glh—af'—qwf, 
4979 " zzea +ca—2¢¢", G Ehf +N f—be' —lg, 
4980 C€C"-au/-rab-—2hN, IH" — fo +f'g—eh’—ch. 


Proor.—The tangential equation is the condition that A«--u--»y may 
pass through one of the four points of intersection of u and uw’. The tan- 
gential equation of the conic u+ kw’ is obtained by putting a+ ka’ for a, &e. 
in U (4665), and is U+AV+i?U’ =0. The tangential equation of the 
envelope of the system is V? = 4UU' (4911). This is the condition that the 
line (A, p, v) may pass through the consecutive intersections of the conics 
obtained by varying k. But these conics always intersect in the same four 
points, The above is therefore the tangential equation of the four points, 
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4981 The equation of the four common tangents of two 
conics u, w is 
F? = 4AA, 


where F = (a"b"c"f" eh X ahy Y, 
A a" = BC--B'C—9FF', &e., 


f'GH'XGH-—AF'—A'F, &c., 
as in (4978-81). 

Proor.—This is the reciprocal of the last theorem. U+kU’ is a conic 
touching the four common tangents of the conics U and U’. The trilinear 
equation formed from this will, by (4667), be wA+hF+iu’A’ =0. The 
envelope of this system of conics is the equation above, which must therefore 
represent the four common tangents. 


The curve F passes through the points of contact of u and w' with the 
locus represented by (4981). 


4982 Hence the eight points of contact of the two conies 
with their common tangents lie on the curve F. 


4983 The reciprocal theorem from equation (4973) is— 
The eight tangents at the intersections of the conics envelope 
the conie V. 


4984 F = -0 is the locus of a point from which the tangents 
to the two given conics u, ? form a harmonic pencil. 


Proor. — Putting y — 0 in (4681), we get a quadratic of the form 
a« +2huß +b = 0, which determines the two points in which the line y is 
cut by tangents from a’, p’, y'. Let the similar quadratic for the second conic 
be a'a^ --2h'a8 +b E = 0. Then, by (1064), ab’+a’b = 2hh’ is the condition 
that the four points may be in harmonic relation. This equation will be 
found to produce F = 0. 


4985 ‘The actual values of «, h, b, suppressing the accents 
on a’, [95 y: are 
CB’+ By —2FBy, GBy+ Fya—CaB— Hy’, 
Ay + Ca? — 2Gya ; 
and similarly for a’, k, b’, with A’ written for A, &c. 
4986 Ifthe anharmonic ratio of the pencil of four tangents 
be given, the locus of the vertex will be F? = kuw. If the 


given ratio be infinity or zero, the locus becomes the four 
common tangents in (4981). 
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4987 V —0 is the envelope of a conie every tangent of 
which is eut harmonically by the two conics u, wv’; ie., the 
equation is the condition that Aa +uB+vy should be cut har- 
monically by the two conics. 

Proor.— Eliminate y between the line (A, p, v), and the conics « and w’ 
separately, and let Ae’ +2 Hap + Dj? = 0 and 4'a?-F 21H 'af 4- Df? = 0 stand 


for the resulting equations. Then, by (1064), AB’+A’B = 9H H' produces 
the equation V = 0, which, by (4606), is the envelope of a conic. 


4988 The actual values of A, H, D are respectively 
dv eM —29vÀ, hv —gpv—fvr+eodp, cw +bv—2 fpr; 
and similarly for A’, H', D', with a’ for a, &c. 


4989  B"—A4AA'u is a covariant (1629) of the conics u, w. 


For the four common tangents are independent of the axes of reference. 


4990 U=0 and V=0 (4973) are both contravariants 
(1814) of u and w. 


Pnoor.—For U = 0 is the condition that Aa + u8 4-»'y = 0 shall touch the 
conie u; and V = 0 is the condition that the same line shall be cut har- 
monically by « and w 55 and if all the equations be transformed by a recipro- 
cal substitution (1513, '14), the right line and the conditions remain 
unaltered. 


499] Any conic covariant with «u and « can be expressed in 
terms of «u, w, and F; and the tangential equation ean be 
expressed in terms of U, U' and V. 


4999 Ex. (1).— The polar reciprocal of u with respect to «w 
is Ow = EF. 


Proor.—Referring «, v' to their common self-conjugate triangle, 
u = ax by tee, wma yr, 
F =a (b+c) 8^ tb (cca) y -c(o4 0) z. 
The polar of £, n, Z with respect to w' is £r-Fgy-FZz, and the condition that 
this may touch w is be + can?’ tabi? = 0 (4664), or, which is the same 
thing, (be +ca tab) (e t+y -E Z2) =F or Ou’ = F (4945). 


4993 Ex. (2).—The enveloping conie V in (4987) may also 
be written 


Ou'+Ou = F. 
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Pnoor.—With the same assumptions as in Ex. (1), V in (4973) becoines 
(b4- c) N-F (cca) gt (a+b)? 2 90. The trilinear equation is, therefore, 
by (4667), 

(c+a)(a+b) à (a. D) (b--o) y+ (6c) (ea) z =, 
or (bc -- ca -- ab) (à? y? 4 2) o (a-- b e) lat bi? +c) = F. 


4994 Ex. (3).— The condition that F may become two right 
lines is AA’ (O0' —AA') = 0. 


Exon Hetermuectodx (I he on US dy PSG cou 
A’= B’= 0-1; therefore, in (4981), a” = B+C =a (b+c), &c. Hence 
the discriminant A of F = abe (b+c) (c - a) (a +b), 


or abc { (atb+c)(betea+ab)—abe | = the above, by (4945). 


4995 To reduce the two conics u, wu’ to the forms 
rt yt pz = 0, ar +BY Hy? = 0. 
By (4945), a, B, y will be the roots of the cubic 
Al OR HOA = O c ae Ob 


and a?, 7’, 2 will be found in terms of 7, vw’ and F, by solving 
the three equations a+ j^ +2? = 1, ax? J- Bi +y? = w and (by 


4094), a (9 4- y) a? +B (yta) i o y (a 4- B) pu MEM (2). 


4996 Ex. (1) : Given a? y?+2y+2e+3 — 0; 27+ 2y?+4y+2e+6 = 0; 
to be reduced as above. To compute the invariants, we take 
a o o F g kh 
=1 1 3 1 1 O inthe first equation. 

and =l Le G a l Oi the second: l 
therefore A Wo O IE È Jal 
=2 2 1 —1 —1 1 m the first equation. 

5 2—2 —?2 2 in the second. 


and = 


Therefore (4938, '0) A21, 0 = 6, o'— l1, A'— 6. The roots of equa- 
tion (1) are now 1, 2, 3. Therefore (2) becomes 5X" +8Y°+92 =F. 
Computing F also by (4981) with the above values of A, B, &c., we get the 
three equations as under, introducing z for the sake of symmetry, 

X*+ Y+ B= att yt 8924 Qyzt+ ze, 

N?4+2Y°+3Z7 = a? +2y?+ 62+ 4yzt+ 2za, 

5X’ 8Y? 97? = 5a? + By? + 222+ 16yz + 1022, 

The solution gives X — 2-1, Y=y+1, Z=1, and the equations in the 
forms required are (7 +1)?+(y+1)?+1=0, (@ +1)? +2 (y+1)?+3=0. 


4997 Ex. (2).—To find the envelope of the base of a triangle inscribed 
in a conic w’ so that two of its sides touch «. 


4v 
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Let u zy +2? —Pys—922—929y —2hkay, 
and a = 2fys+2gzat 9hey, 
x and y being the sides touched by u. Then u+ ku’ will be a conic touched 
by the third side z. By finding the invariants, it appears that O'—44A0' 
= 4AA’k, whence k is determined, and the envelope becomes 
(0*—440^) w + 4AA’u = 0. 
Compare (4970). 


4998 The tangential equation of the two circular points at 
infinity (4717) is 
V+ py? = 0. 
Proor.—This is the condition that Ax +y+¥ should pass through either 
of those points, since æ iy = c is the general form of such a line. 


4999 U=0 being the tangential equation of a conic, the 
discriminant of kU+ U’ is 
ARH AGI -- A'Ok 4- A”, 


Proor.—The discriminant of kU+U” is identical in form with (4937), 
but the capitals and small letters must be interchanged. Let then the dis- 


criminant be AP--OR-FO'k--A'— 0. We have 
A = A? (4670), © = (BO— F?) A' + &c. = A’aA+ &c. (4668) = Ao’. 
Similarly ©’ = 4'9, A’ = A”. 


5000 If O6, ©’ be the invariants of any conic U and the pair 
of circular points A?+ p (4998); then © = 0 makes the conic 
a parabola, and O'— 0 makes it an equilateral hyperbola. 
Proor.—The discriminant of kU+X +p’ is PA? +h (a+b) A+adb—h’. 
For, as above, A= A*; 0 = A'aA-- B'bA = (a+b) A since 4’ = B'— 1, 
C &.=0; 8 = (A'B'—H')0-—O0--ab—M; and A’=0. The rest fol- 
lows from the conditions (4471) and (4474). 
5001 The tangential equation of the circular points is, in 
trilinear notation (see the note at 5030), 


V+ ptr —2gv cos A — 2r) eos B—2dp cos C. 


Proor: +)? = 0, in Cartesians, shows that the perpendicular let fall 
from any point whatever upon any line passing through one of the points is 
infinite. Therefore, by (4624). 


5002 The conditions in (4689) and (4690), which make the 
general conie a parabola or equilateral hyperbola, may be 
obtained by forming © and ©’ for the conie and equation 
(5001) and applying (5000). 
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5003 If 0?—40, the conic passes through one of the 
circular points. 


5004 When w' in (4984) reduces to A?°+p, that is, to the 
circular points at infinity, F' becomes the locus of intersec- 
tion of tangents to w at right angles, and produces the equa- 
tions of the director-circle (4693) and (4694). 


5005 The tangential equation of a conic confocal with U is 
kU+N+4+p = 0; 


5006 And if the left side, by varying 4, be resolved into 
two factors, it becomes the equation of the foci of the system. 


Proor.—Since M + p? represents the two circular points at infinity (4998), 
kU+N+p? = 0, by (4914), is the tangential eqnation of a conic touched by 
the four imaginary tangents of U from those points. But these tangents 
intersect in two pairs in the foci of U (4720); and, for the same reason, in 
the foci of kKU+)?+ 2, which must therefore have the same foci. 

If kU +N +p? consists of two factors, it represents two points which, by 
(4913), are the intersections of the pairs of tangents just named, and are 
therefore the foci. 


5007 The general Cartesian equation of a conie confocal 
with u = 0 (4656) is 
RAutk (C (+y) 9G.» —2FyJ- A-- Bj zu 


Proor.—(5005) must be transformed. Written in full, by (4664), it 
becomes (kA-Fl) X*-F(kB-r1) pw? +kCv’. Hence, by (4667), the trilinear 
equation will be 

[(ED-E1) kO—ET?] a? + &c, = K (BO— F?) + kCa? + ke. 
= kadad + kla? + &c., (4668) 


and so on, finally writing g, y, 1 for a, p, y. 


TO FIND THE FOCI OF THE GENERAL CONIC (4656). 
(First Method.) 


5008 Substitute in kU +)?+ 2 either root of its diseriminant 
kA? +k (a+b) A+ab—h? = 0 (5000), and it becomes re- 
solvable into two factors (Axi-d-uyi-Fv)(Axs-Fuysd v). The 
foci are xy, and Xyz, real for one value of k aud imaginary 
for the other. 


Proor.—By (5006) the two factors represent the two foci, consequently 
the coordinates of the foci are the coefficients of A, p, v in those factors. 
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(Second Method.) 
5009 Let xy be a focus; then, by (4720), the equation of an 
cn tangent through that point is (E—x)4-1(n—y) = 0 
r E+in—(x+iy) — 0. Therefore substitute, in the tangential 
dM (4665), the coefficients AK=1, p=1, v=- (xr 
and equate real and imaginary parts to zero. The resulting 
equations for finding x and y are, with the notation of (4665), 


5010 2(C»—G) = A [a—b-- / (4 (a—0)j ]. 
5011 2(Cy—Fy-—A [b—a+,/ | 4? 4- (a—)*] |. 


5019 If the conic is a parabola, C — 0, and the coordinates 
of the focus are given by 

(F?-- G) v = FH4t-(A—B)G 

(P+ ) = dr — B) F. 


5013 Ex, — To find the foci of 2g°+2æy +2y°+2 = 0. By the first 
method, we have 


at, DEDE EET | from which A — —2. The quad- 
= 2, o a a lL l ratie for k is 
sudes A, 2 CC, 1E 0 " IA? -EAKA 43 = (2k—3)(2k —1) = 0, 
=0, =l, 5, 1,-28, 0 therefore k = 3 or 
Taking $, kKU+X +p’ = 2 (—pu aea M 4j = 
or 2X3 —12»A — pu? 4-9»? + ur = O. 
Solving for A, this is thrown into the factors 
[9c 4,/2—8 (2+ /2) v] [243-8 /2—8 (2— V2) v \ 
Therefore the coordinates of the foci, after rationalizing the fractions, are 
TA a 9 9o 
UM WE 42 ERE 
5 B 9 3 


to o= 


0, 


5014 Otherwise, by the second method, 1 eua" (5010, '1) become, in 
this instance, (Su4-2) = +2, (3y—1)' = +2, the solution of which pro- 
duces the same values of æ and y. 


5015 When the axes are oblique, the coordinates x, y of a 
focus are found from the equations 
(€ (x+y cos o) — F cose — Gj*-1A (V —4J 3-24 — 1) 
(Cy—F) sin! o = 1A (V [I—4J —2a-4 1), 


where Land J are the invariants (4955) and (4954) respec- 
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tively. The equations may be solved for x’ =x+ycosw and 
y =ysing, which are the rectangular coordinates of the focus 
with the same origin and x axis. 

Proor.—Following the method of (5009), the imaginary tangent through 
the focus is, by (4721), é—24-(n—y)(cosw+isinw). The two equations 
obtained from the tangential equation are, writing Aa for BC—JF”, &c. 
(4668), 

AXO— Y? = —A (a+b—2h cos w—2a sin? w), XY = A (hsinw—a sinw cos w) ; 
where X = C(a+ycosw)—Fcosw—G and Y= (Cy— F) sin w. 


5016 Jf the equation of the conic to oblique aves be 
aa? +2herytby+te = 0, 


the equations for determining the foci reduce to 


y (x+y cosw)  wx(ytrcoso) | € 
«coso—h ^ beosa—h ^ ab—h* 


5017 The condition that the line Az4-uy4-vz may touch the 
conic u-4-(A'a-F uy A-v'zy is 
U+ $ (uy — u'v, vM — Wd, AJ —Xp) = 0. (4656, 49306, '74) 
5018 or (A 4 - U^) U — IT, (4938) 
where 2II =N U, +p U, 4 -» U,. (4674) 
Proor.—Put «--A? for a, &c. in U of (4664). "The second form follows 


from the first through the identity 
Ad (pv — u'v, &c.) = UU' — Tr. 


5019 Otherwise, let P'zu,zdu,yduw,z, the polar of 


a’, y’, # (4659), then the condition that P’ may touch u+ P” 
becomes, in terms of the coordinates of the poles, 


5090 (14-w^) v' = dv" F6 y" toz". (See 4657). 


Pnoor.—If we put tx, ty, Uz, from (4659), for A, p, v in U to obtain the 
condition of touching, the result is Aw’; and similar substitutions made in 
II give A (9,2 4- &c.), therefore (5018) becomes (1-Fu")w = (gpa + &c.). 


5091 The condition that the conies 
u.4- (Me 4- uy A-v/z)?, uH gH yH”) 
may touch each other is 
(A+ U^(A4- U^) = (A x: Hy. (4938-74) 
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Proor.— Make one of the common chords 
(Me uy 4- v/z) AL (A a+ py + v"z) 


touch either conic by substituting A' + A” forA, &e. in (5018). The result 
is (A+ U0’)(U’4201+0”) = (U’£ II)’, which reduces to the form above. 


5022 The condition, in terms of the coordinates of the poles 
of the two lines, is found from the last, as in (5019), and is 


CHWL”) = {14 Gea” thry" e] 


5023 The Jacobian, J, of three conics v, v, w, is the locus 
of a point whose polars with respect to the conics all meet in 
a point. Its equation is 


Qephytert, Gethytges, aec+thsytye 32 
hewt+tbhytf z, Inathyths, hsetbytf z | = 0. 
KetTfhytas, gsetfhytes guudfsydes 


Proor.—The equation is the eliminant of the equations of the three 
polars passing through a point £n, viz., usé - un Fu; — 0, v +v +o% — 0, 
wltwytws=0. See (4657) and (1600). 


5024 The equation of à [@ By By ya aß 
conic passing through five | q? g° yi Biy: yos as B, 
points a9, y,, aR, &c. 18 2 gi 2 B B 

the determinant equation y 2 s rye Yt M | _ gp 
annexed; and the equation | %: B; ys Boys Yas 0B. 

of a conic touching five | e; Bi y, B.y, yuo, 4,8, 

right lines Aj vi, Aspyr, &c. Dac c o "2 0 
iste ome um form, A, u, v 3 Bs Ys Pays Ysas ass 
taking the place of a, B, y. 


Proor.—The determinant is the eliminant of six equations of the type 
(4656) in the one case and (4665) in the other. By (583). 


5025 If three conics have a common self-conjugate triangle, 
their Jacobian is three right lines. 

Proor.—The Jacobian of ag’ +b y* +e, av? + byy? +42", gx? + bs y? + 42 
is, by (5023), «yz = 0. 

For the condition that three conics may have a common point, sce 


Salmon’s Conics, bth edit., Art. 389a, and Proc: Loud. Math, Soc., Vol. 1v., 
p. 404, J. J. Walker, M.A, 
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5026 A system of two conics has four covariant forms 
u, w, F, J, connected by the equation 
J? = F°—F? (Ou —O'u) + F (A’Ow + AO'w”) 
Euv (O00: 23AA) - AA — A'AP 
+A (2A0' 0’) + Au?u (24/0 — 0”). 
Proor.—Form the Jacobian of u, w’, and F. This will be the equation of 
the sides of the common self-conjugate triangle (4992, 5025). Compare the 
result with that obtained by the method of (4995). 
5027 By parity of reasoning, there are four contravariant 
forms U, U' V, I where T is the tangential equivalent of J, 
and represents the vertices of the self-conjugate triangle. Its 
square is expressed in terms of U, U', V and the invariants 
precisely as J? is expressed in (5026). 


5028 ‘The locus of the centre of a conic which always 
touches four given lines is a right line. 
Proor.—Let U —0, U’ =0 be the tangential equations of two fixed 


conics, each touching the four lines; then, by (4914), U+kU’ = 0 is another 
conic also touching the four lines. The coordinates of its centre will be 
CEN and Tae by (4402). The point is thus seen, by (4032), to lie 
on the line joining the centres of the two fixed conics and to divide that line 
in the ratio kC’: C. 


5029 To find the locus of the focus of a conic touching four 
given lines. 


In the equations (5010, ’1) for determining the coordinates of the focus, 
write A+kA’ for A, &c., and eliminate k. The result in general is a cubic 
curve. If 3, X' be parabolas, 2+/2’ is a parabola having three tangents in 
common with J and 3’. If C= C’=0 the locus becomes a circle. If the 
conics be concentric, they touch four sides of a parallelogram, and the locus 
is a rectangular hyperbola. 


Note on Tangential Coordinates. 


5030 It must be borne in mind that a tangential equation in trilinear 
notation (that is, when the variables are the coefficients of a, D, y in the 
tangent line la+mB+ny) will not agree with the eqnation of the same locus 
expressed in the tangential coordinates A, u, v of (4019). Thus, to convert 
equation (5001), which, for distinctness, will now be written 
P4+m?+n?—2mn cos A—2nl cos B—2lm cos C = 0 


into tangential coordinates, we must substitute, by (4023), aA, bu, cv for 
l,m,n. The equation then becomes 

WPA? + bu? + cy! —26c cos Aur —2ca cos By —2ab cos CAp = 0. 
Put 26¢cos A = P+ e—a, &c., and the result is the equation as presented 
in (4905). 


Corrigenda.—In (4678) and (4692) erase the coefficient 2; and in (4680) and (4903) supply 
the factor 4 on the left of the equation. 
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TANGENT AND NORMAL. 


5100 Let P (Fig.90) be a point on the curve AP; PT, PN, 
PG, the tangent, ordinate, and normal intercepted by the z 
axis of coordinates. See definitions in (1160). Let Z PTX 


= dy d . 1 — dy. ; -— dv 
9101 íany-— 7. by (1403); siny = di cos) — s 
5104 Sub-tangent NT = yv,, Sub-normal NG = yy,. 
5106 PT =yV/04+e), PT -«ev(-cry 


5108 PG —yvV(ü-cry) PG =aeV(1+2%). 


Let OP=yr (Fig. 91), w=r", AOP=9, OPT-—9$; 
Arc AP =s. Then, by infinitesimals, 


dé 


ds’ 


5113 — (de + (dy)? = (dS), se = VA +È). 


5110 sin$-r 


5114 Ro aerth a (1768) 


r, cos — r sin 9 


5115 Lntercepts of Normal OG = poe CG = As (Fig. 90) 
dev dy 
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Prone: OG = Tsin OPG _ vCcOS$ _ 


dy 


Pe 
sin PQN sinNPT  « de 


5116 s= seH, s, =o). 


Proor.—By 70, = sing and tan ọ = r9, (5110). 


EQUATIONS OF THE TANGENT AND NORMAL. 


The equation of the curve being y =f (e) or u = ¢ (x, y) 
= 0, the equation of the tangent at ay is 


N cee, | 
5118 imu zs ce (£—4), (4190) 
5119 or £y,—» = LY Ys 
5190 or £u, - qu, = vu, FH jyu,. (1708) 


5191 If ọ(z,y) = vrt tn-1+.. +0 where v, is a homogeneous function 
of æ and y of the nx degree, the constant part forming the right member of 
equation (5120) takes the value 

—9v,.1—2v, 9 — ... — (n— 1) v — n. 


By Euler's theorem (1621) and $ (x, y) = 0. 


The equation of the normal at «jj is 


dx 
— = — yl 4122 
5122 n-Yy d SSO) (4122) 
5123 or Ev, +n Ud 
5194 or £u, — qu, = LU, — Yl. (1708) 


POLAR EQUATIONS OF THE TANGENT AND NORMAL. 


Let r, 0 be the coordinates of P (Fig. 91), and R, © those 
of S, any point on the tangent at P; godi let u 7: U = JE; 
+ = 0—0; the polar equation of the tangent at P will be 


5125 R= 


9 


Oe 
d, (v sin 7)’ 
The polar equation of the normal is 
5197 R= o or U-ucosr —w0,sinr. 
9 


Peo Oo uo 
R ^ OS smOPS sinp 
(5112). Similarly for the normal. 

AU 


U = ucosT--u, sin T. 


Proor.—From , and from tan $ = rô, 
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Let OY z p be the perpendicular from the pole upon the 
tangent, then 


5199 p= r sing = (4-85: (5112) 
CY e—Y — LP, 4-49, 4064 & 5119, '90 
RE V) VOR a 


OS, drawn at right angles to r to meet the tangent, is 
called the polar sub-tangent. 


5133 Polar sub-tangent = 7?6,. (5112) 


RADIUS OF CURVATURE AND EVOLUTE. 


Let £,» be the centre of curvature for a point ay on the 
curve, and p the radius of curvature; then 


5134 Ca Form ui c (Dy. 
5135 =E a = 


Proor.— (2) and (3) are obtained from (1) by differentiating for æ, con- 
sidering £, » constants. 


The following are different values of p : 


= (1+)? RN 0 (MF) č 
5137 e Yox MN 206,,0.0,— Por Py — Pry Pe 


5139. -Cna 00 1 
Jot Mole Mas sf, 
1 av Ys 
5141 — ————A-l-—d4 
V (G5 tY) J/»s cos 
2a) 232 213 
514 — SUP) MEER D 
4 Pp 2b arr Ë (Uta) 
5146 = s, = pHi, = oF 


Proors.—For (5137), eliminate z—£ and y— between equations (1), 
(2), and (3). 
(9138) is obtained from the preceding value by substituting for y, and 
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AME. rm i 


y», the values (1708, 9). The equation of the curve is here supposed to be 
of the form $ (v, y) = 0. 

For (5139) ; change the variable to 5. For (5140); make f = s. 

For (5141-3); let PQ — QR = ds (Fig. 92) be equal consecutive elements 
of the eurve. Draw the normals at P, Q, R, and the tangents at P and Q to 
meet the normals at Q and Rin T and S. Then, if PN be drawn parallel 
and equal to QS, the point N will ultimately fall on the normal QO. Now 
the difference of the projections of PT and PN upon OX is equal to the pro- 
jection of TN. Projection of PT = dsz,; that of PN or QS = ds (£+ v, dis) 
(1500); therefore the difference = dsa,ds = TN cos a. But TN : ds = 
ds : p, therefore px,, = cosa. Similarly py», = sin a. 

For (5144) ; change (5137) to r and 6, by (1768, '9). 


(5145) is obtained from p = vr, = — E and (5129) ; or change (5144) 
u 


from r to u by r= wu"). 


(5146.) In Fig. (93), PQ =p, PP’ = ds, and PQP' = dẹ. 


(5147.) In Fig. (93), let PQ, P'Q be consecutive normals; PT, P'T' 
consecutive tangents; OT, OT’, ON, ON’ perpendiculars from the origin 
upon the tangents and normals. Then, putting p for OT qp EE 
PT = ON, and dij for Z TPT’ = PQP’, &c., we have 


dp dq " 

— ex IL d —N = INE ia 
dp QN TUR EN Q = pt+QN = ptpy 
(5148.) dp=rcosgdy and cos¢ =r,. Eliminate cos o. 


9] = 


5149 Der.—The evolute of a curve is the locus of its centre 
of curvature. Regarding the evolute as the principal curve, 
the original curve is called its ‘volute. 


5150 The normal of any curve is a tangent to its evolute. 


Proor.—By differentiating equation (5135) on the hypothesis that £ and 
ņ are variables dependent upon e, and combining the result with (9), we 
obtain ele = — 

In (Fig. 94), the normal at P of the curve AP touches the evolute at Q. 
Otherwise the evolute is the envelope of the normals of the given curve. 


If zy and £y are the points P, Q, we have the relations 


= —= d d d 
5151 i= d£4- "dn = dp, 3 = e, 
P P £— v9 9-1 P 
Proor.—Take Qn - dé and ns = dn, then Qs = dp. The projection of 
Qn, ns gives dp in (5151) and proportion gives (5152). 


5153 The evolute and involute are connected by the for- 
mule below, in which :^, p, s’ in the evolute correspond to 
r, p, $ in the involute. 


5154 ps = constant; p-r-—p; r? = + p -—2pp. 


700 THEORY OF PLANE CURVES. 


Proor.—From Fig. (94), dp = +ds’, &c., s being the arc RQ measured 
from a fixed point R. Hence, if a string is wrapped upon a given curve, the 
free end describes an involute of thc curve. (3155, '6) from Fig. (93). 


515"7 To obtain the equation of the evolute; eliminate æ and 
y from equations (5135, '6) and the equation of the curve. 


5158 To obtain the polar equation of the evolute ; eliminate 
r and p from (5156) and (5157) and the given equation of the 
curve y = I"(p). 


5159  Ex.—To find the evolute of the catenary y = E (e* + e *). Here 


EA 


Ya = } (e° —e °) = KOT Yar = l (e* ce *) = 7, so that equations 
c zc € 
(9135, '6) become 
2 
(#8) t-n À o and 1495 yE. 


From these we find y =>) qu ione pe Substituting in the 
c 
equation of the curve, we obtain the required equation in 3 and 7. 


INVERSE PROBLEM AND INTRINSIC EQUATION. 


An inverse question occurs when the are is a given func- 
tion of the abscissa, say s = $ (v) ; the equation of the curve 
in rectangular coordinates will then be 


5160 y — v (si—1) de. [From (5113). 


5161 The intrinsic equation of a curve 18 an equation inde- 
pendent of coordinate axes. Let y = $(e) be the ordinary 
equation, taking for origin a point O on the curve (Fig. 95), 
and the tangent at O for » axis. Let s = arc OP, and y the 
inclination of the tangent at P; then the intrinsic equation of 
the curve is 


5162 s = f sec yay dy; 


where a, is found from tan y = 4'(«). 
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To obtain the Cartesian equation from the intrinsic equa- 
tion : 


5163 Let s = F (4) be the intrinsic equation. Eliminate y 
between this and the equations 


æ = f cos yds, y = | sin yds. 


5165 The intrinsic equation of the evolute obtained from 
the intrinsic equation of the curve, s = F (4), is 


—— -+s = l, a constant. (5154) 


5166 The intrinsic equation of the involute obtained from 
s = F (4), the equation of the curve, is 


s = Ji F (4)} dy. 
For d4 is the same for both curves (Fig. 94), y only differing 
by 47, and s =Jpdy. 


ASYMPTOTES. 


5167 Der.—aAn asymptote of a curve is a straight line or 
curve which the former continually approaches but never 
reaches. (Vide 1185). 


GENERAL RULES FOR RECTILINEAR ASYMPTOTES. 


5168 Rote l.—Ascertain if y, has a limiting value when 
x-o. If it has, find the intercept on the x or y awis, that 
is, X—yxX, or y —xy, (5104). 

There will be an asymptote parallel to the y axis when y, às 
infinite, and the x intercept finite, or one parallel to the x axis 
when y, ts zero and the y intercept finite. 


5169 Rove Il.—When the equation of the curve consists of 
homogeneous functions of x and y, of the m™, n*^, Sc. degrees, 
so that it may be written 


ene (2 een (2) 8e. = 0 eee 0); 
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put ux 4- Q for y and expand (n+ B) &c., by (1500). Divide 


(1) by x", and make x infinite; then $ (p) — 0 determines p. 
Newt, put this value of u in (1), divide by x"-!, and make x 


infinite; thus Be’ (u)-M- x (n) =O determines B. Should the 
last equation be ica minate, then 


Bo” (u) Bx (H) +4 (4) = 0 
gives two values [^ B, and so on. 
When n is «m—1, 8. —0, and when n is >m—1, B= 


5170 Rote IITI.—7f ¢ (x, y) = 0 be a rational integral equa- 
tion, to discover asymptotes parallel to the axes, equate to zero 
the coefficients of the highest powers of x and y, if those co- 
eficients contain y or x respectively. 

To find other asymptotes—Substitute px+P for y $n the 
original equation, and. arrange according to powers y Xa 
find p, equate to zero the coefficient of the highest power of x. 
To find B, equate to zero the coefficient of the next power of x, 
ov, if that equation be indeterminate, take the next coefficient in 
order, and so on. 


5171 RoursIV.—If the polar equation of the curve be r =f (8) 
and if r —oo makes the polar subtangent 1*0, — c, a finite quan- 
tity, there is an asymptote whose equation is r cos (0—4a) =c; 
where a £ $r = f~ (o) = the value of 0 of the curve when r is 
infinite. 


5179 Asymptotic curves.—-In these the difference of corres- 
ponding ordinates continually diminishes as v increases. 


As an example, the curves y = $ (æ) and y = $ (x) + © are asymptotic. 
v 
5173 Ex 1—To find the asymptotes of the curve 


(a Sw) (2? P= Me aae "OD. 
The coefficient of 4°, a+3x = 0, gives an asymptote I ro Nur y axis. 
Putting y = x+, (1) becomes 


(a 4-92) (a? + pa? +upe +E) 46 = 0 . m d» 


The coefficient of zë, 3(1-3-4?) —4 = 0 gives p= x A m this 
value of u in (2), the coefficient of z? becomes —- T. 4; and this, equated 
2m m 


3/3 Hence the equations of two more asymptotes 
are 3y./3 = xk (32 — 9a). 


to zero, gives B = F -= 
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Ex. 2.— To find an asymptote of the curve rcos@ = acos20. Here 


E ag _ a? cos 20 
dr a cos?20 sin 0—2a sin 20 cos 0 
When r= œ, 0 = lv, and 70, — —a. Hence the equation of the asymp- 


tote is v cos 0 = —a. 


SINGULARITIES OF CURVES. 


5174  Concavity and Convexity.—A curve is reckoned convex 
or concave towards the axis of æ according as yy,, is positive 
or negative. 


POINTS OF INFLEXION. 
5175 A point of inflexion (Fig. 96) exists where the tangent 


has a limiting position, and therefore where y, takes a maxi- 
mum or minimum value. 


5176 Hence y», must vanish and change sign, as in (1832). 


5177 Or, more generally, an even number of consecutive 
derivatives of y = $ (v) must vanish, and the curve will pass 
from positive to negative, or from negative to positive, with 
respect to the axis of v, according as the next derivative is 
negative or positive. [See (1833). 


MULTIPLE POINTS. 


5178 A multiple point, known also as a node or crunode, 
exists when y, has more than one value, as at B (Fig. 98). If 

¢ (x, y) =9 be the curve, $, and $, must both vanish, by 
(1713. bcr (1704), two values of y, determining a 
double point, will be given by the quadratic 


doy 20 Vat Pas 0. D). 


5179 If pass $,, Pry also vanish; then, by (1705), three 
values of y,, determining a triple point, will be obtained from 


the cubic 
P57 Yet BQ ry Y H SPy2rYot 45. = 0 0900000060900 (2). 
5180 Generally, when all the derivatives of $ of an order 
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less than » vanish, the equation for determining y, (put = z) 


may be written 
(2d, tH dy)? $ (4 y) = 0. 
Proor.—Let ab be the multiple point. Then, by (1512), 
$ (a+, b+k) => (ud, kd)" 9 (e, y) 
+ terms of higher order which vanish when À and k are small. 


And Z Du dy in the limit. 


py da: 


CUSPS. 


5181 When two branches of a curve have a common tan- 
gent at a point, but do not pass through the point, they form 
a cusp, termed also a spinode or stationary point. 


5182 In the first species, or ceratoid cusp (Fig. 100), the 
two values of 7,, have opposite signs. 


5183 In the second species, or ramphoid cusp (Fig. 101), 
they have the same sign. 


CONJUGATE POINTS. 


5184 A conjugate point, or aenode, is an isolated point whose 
coordinates satisfy the equation of the curve. A necessary 
condition for the existence of a conjugate point is that 9, and 
$, must both vanish. 

Proor.—For the tangent at such a point may have any direction, there- 
fore T is indeterminate (1713). 


y 


5185 There are four species of the triple point according as 
it is formed by the union of 
(i.) three crunodes, as in (Fig. 102); 

(1.) two crunodes and a cusp, as in (Fig. 103) ; 

(iii.) a crunode and two cusps, as in (Fig. 104) ; 

(iv.) when only one real tangent exists at the point. 
5186 Ex.— The equation 4? = (ew—a)(v—b)(e—c)* when 
a<b<e represents a curve, such as that drawn in (Fig. 97). 


* Salmon’s Higher Plane Curves, Arts. 39, 40. 
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When b =c the curve takes the form in (Fig. 98). But 
if, instead, 6 =a, the oval shrinks into a point A (Fig. 99). 
If a = b =c the point A becomes a cusp, as in (Fig. 100). 


A geometrical method of investigating singular points. 


5187 Describe an elementary circle of radius r round the 
point æ, y on the curve ¢ (v, y) = 0, intersecting the curve in 
the point ath, yt+h. Let h = r cos0, k= rsin0. Expand 
¢ (ath, ytk) — 0 by (1512), and put ¢,=Ksiny, $, = 
K cos y. We thus obtain 


K sgin(y4-0) 4- 5 (s. cos? 0 + 2¢,., sin 0 cos0 + pzy sin’ 0) + x zu 


R being put for the rest of the expansion — — cueun (1); 

According as the quadratic in tan 0, 

Por +262, tan 0 4- py tan? 0 = 0, 
has real, equal, or imaginary roots; t.e., according as 
$1,— 4». 4s, 18 positive, zero, or negative, ay will be a crunode, 
a cusp, or an acnode. By examining the sign of R, the 
species of cusp and character of the curvature may be deter- 
mined. 

Figures (105) and (106), according as R and ¢» have 
opposite or like signs, show the nature of a crunode; and 
figures (107) and (108) show a cusp. 

Proor.—At an ordinary point the circle cuts the curve at the two points 


given by 0 — —y, 0— «—y. But, if ¢, and 9, both vanish, there is a 
singular point. Writing A, D, C for pz, $y, $x, equation (1) now becomes 


POPE tans A} + 2h = | 
C cos 0 Í tan 0+ Ü tan 6+ C Sr m O (2). 
(i.) If P» AC, this may be put in the form 
2h 


C cos? 0 (tan 0 — tan a) (tan 0 — tan 8) + poc 0, 


and the points of intersection with the circle are given by 0 — a, p,T-a, 


and r+. (Figs. 105 and 106.) 
(ii.) When B? = AC, we may write equation (1) 
C cos’ 0 (tan 0 —tan a)? + x: ex 


If R and C have opposite signs, there is a cusp with a for the inclination of 
the tangent (Fig. 107). So also, if R and C have the same sign, the inclina- 
tion and direction being +a (Fig. 108). The cusps exist in this case 
because Te changes its sign when v is added to 6, K being a homogeneous 
function of the third degree in sin@ and cos. 

(iii.) I£ B*« AC, there are no real points of intersection, and therefore zy 
is an acnode. 

4x 
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CONTACT OF CURVES. 


5188 A contact of the a order exists between two curves 
when 2 successive derivatives, j,, ... Yue OY Tg, +++ Tne, COLIC = 
pond. The curves cross at the point if n be even. No curve 
can pass between them which has a contact of a lower order 
with either. 


Ex.—The curve y = $ (æ) has a contact of the n™ order, at the point 
where «=a, with the curve y = ¢@(a)+(a—a) 9 (a) t ... + Go 223 9" (a). 


5189 Cor.—If the curve y =f (æ) has n -— they 
may be determined so that the curve shall have a contact of 
the (1 — 1)^ order with y = 4 (v). 

A contact of the first order between two curves implies a 
common tangent, and a contact of the second order a common 
radius of curvature. 


Conic of closest contact with a given curve. 
5190 Lemma—In a central conic (Fig. of 1195), 


l 
fn PG EDI 
3 ds 
Proor.—Putting PCT=0, OPTz9, CP=r, OD = R, we have, by 
(1211), Pb = a +O, ee 77, == S aaa a) 
Also dusmno-ub by (1194), o fr 6, — ab, by CQ Cur 
T E ca ME SYN — TOE Je y : | s 
Now tanCPG = —cot$ = : (NB) = 78, ap? by (i.) and (ii.). 
m l dp _ R 
But = s = = ian CPG. 
u T (4538), m b tan CPG 


5191 To find the conie having a contact of the fourth order 
with a given curve at a given point ja 

If O | be the conie's "centr e, the radius T= OP, and the 
angle v between r and the normal are found from the equations 


"E cos» č 1 dv 


3 ds m ip A 


and these determine the conic. 
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Proor.—In Fig. 93, let O be the centre of the conic and P the point of 
contact. The five disposable constants of the general equation of a conic 
will be determined by the following five data: two coordinates of O, a com- 
mon point P, a common tangent at P, aud the same radius of curvature PQ. 

Since v = POS d0 = POP, di = TOT, and ds = PP, we have, in 
passing from P to P', dv = POT —POT = dij —d0. Now vd0 = ds cosv, 


cosy _ di—dv l d» 


therefore m = —— —; aud tan» has been found in the 
8 


lemma. 


The squares of the semi-axes of the same conic are the 
roots of the equation 


(9-- 0? —3acf a? — 9c? (184-20? —3ac) (9 4-  —3ac) «-4- 729a* 
E 
a, b, c being written for p, Pss ps. The eccentricity is found 


9(e?—2)  (18-F20)?—3acy 


Ou je See 


Also the equation of the conic referred to the tangent and 
normal at the point is 


Av? +2Bay+ Cy’ = 2y, 


where A = — B — de = | Ps P2s 
I Jp' p 9p 9 


Ed. Times, Math. Reprint, Vol. XX1., p. 87, where the demonstrations by 
Prof. Wolstenholme will be found. 


ENVELOPES. 


5192 An envelope of a curve is the locus of the ultimate 
intersections of the different curves of the same species, got 
by varying continuously a parameter of the curve; and the 
envelope touches all the intersecting curves so obtained. 


5193 Rurg.—/f F(x, y, a) — 0 bea curve having the para- 
meter a, the envelope is the curve obtained by eliminating a 
between the equations 


Tare) gg ands ad, Pur Dr 
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Proor.—Let a change toa+h. The coordinates of the point of intersec- 
tion of F (æ, y, à) 2 0 and F(a, y,a+h) — 0 satisfy the equation 


F(wy,ath)]-F(mym) 9 je, dF( $59 09, (1404) 
h c NUT l 


5194 If F(a,y, a,b, ¢, ...) 220 be the equation of a curve 
having n parameters a,b,c,... connected by n—1 equations, 
then, by varying the parameters, a series of intersecting 
curves may be obtained. The envelope of these curves will 
be found by differentiating all the equations with respect to 
a, b, c, &c., and eliminating da, db, ... and a, b, ... 


5195 Ex.—In (2) of (5135), we have the equation of the normal of a 
curve at a given point zy; & n being the variable coordinates, and z, y the 
parameters connected by the equation of the curve F (æ, y) — 0. By differ- 
entiating for v and y, (5186) is found, and the elimination as directed in 
(5157) produces the equation of the evolute which, by (5194), is the envelope 
of the curve. 


INTEGRALS OF CURVES AND AREAS. 


FORMULA FOR THE LENGTH OF AN ARC $. 


5196 s= |ds = (Vat) de = (VIF — cus 


5900 = fv (a?-- y?) dt zi (1?4-17) dé (5116) 
= 2g em v dy 
5201 = {vo 0.--1) dr = ep) (5111) 


5203  Legendre's formula, s = p. pdy. 


5204 ‘The whole contour of a closed curve = | pdy. 
0 
Proor.—In figure (93), let P, P’ be an element ds of the curve; PT, PT" 
tangents, and OT, OT" the perpendiculars upon them from the origin; OT= p, 
PT=q. Then ds+ P'T’—PT = TL, ie, ds+dq=pdp; therefore s+q 
= [pdj. But qdy = —dp; therefore s = Pet pdy. Also, in integrating 
all round the curve, P"I" — PT taken for every point vanishes in the summa- 


2m 
tion, or E, = 0. Therefore E = Í pdy. 
0 
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FORMULA FOR PLANE AREAS. 


5205 If y—94(») be the equation of a curve, the area 
bounded by the curve, two ordinates (=a, v- 0), and the v 
axis, is, as in (1902), 


7 (o (x) dæ. 


5206 With polar coordinates the area included between two 
radii (0 — a, 0 — (3) and the curve is 


B 
A zat =} | pas N lume 
a Jv (=p) 
Proor.—From figure (91) and the elemental area OPP’. 


5209 The area bounded by two circles of radii a, b, and the 
two curves 0 = 4$ (r), 0 = 4 (r) (Fig. 109). 


A ale dr dé = E {y (v) —9 (»)] dr. 


Here r is0)—90)1 dr is the elemental area between the 
dotted circumferences. 


5211 The area bounded by two radii of curvature, the curve, 
and its evolute (Fig. 110). 


ie spas EX (pas. 


Proor.—From figure (93) and the elemental area QPP’. 


INVERSE CURVES. 


The following results may be added to those given in Arts. (1000-15). 


5212 Let *,* be corresponding radii of a curve and its 
inverse, so that v7’ = k?; s,s’ corresponding ares, and 4, 4' 
the angles between the radius and tangents, then 


ds r — 
diy and $24. 


Proor.—Let PQ be the element of arc ds, P'Q' the element ds’, and O 
the origin. 

Then OP.OP’ = 0Q.0Q’, therefore OPQ, OQ'P' are similar triangles ; 
therefore PQ : P'Q' :: OP : OQ’ =r: r; also 2OPQ = OQ'P. 
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5214 If p, p’ be the radii of curvature, 
po f 
—  -— — 2 sino. 
P " p 


Pnoor.—From p —rsin$, p = r sing, we have 


, [o P 
pred D therefore v Lg c — e OG) 
2 : he 
Also r=5, therefore í =— Pa A (ii.). 
Now p or A (5148), therefore = = E A a = 2r — Ža by (i) and Gii). 
Therefore pt = = 2 sin ¢. 
Pop rv 


5215 To find the equation of the inverse of a curve in 
rectangular coordinates, substitute 


a ‘and skiy 
e+ y! an y 
for e and y in the equation of the given curve. 
5216 The inverse of the algebraic curve 
Un F Un- Fun- F... FU S = 0, 
where t, is a homogeneous function of the n!^ degree, will be 
Ku, tee Mw, V (a? Py?) 4-079, s (PHA... 
scu (7-4 9)" = 0. 
5217 The inverse of the conie u, +u, +u = 0 is 
kutku (a? +y’) uy (4? +y)? = 0. 
5218 If the origin be on the curve, this equation becomes 
kutu (P+) = 0. 


5219 The angle will also be unaltered in any curve, 
7 = f (0), if the inversion be effected by putting 
r— kr" and @6=n6, 
Proor.— 


inno — 7 0 DNI == 7 Oe = pte ag Ol kr’"6, = r0, = tan. 
n 


ŮŮŮŮŮŮŘŮŮŮŮŮŮŮŘŮŮŮ —R——»—»———— 
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PEDAL CURVES. 


5220 ‘The locus of the foot of the perpendicular from the 
origin upon the tangent is called a pedal curve. "The pedal of 
the pedal curve is called the second pedal, and so on. Re- 
versing the order, the envelope of the right lines drawn from 
each point of a curve at right angles to the radius vector is 
called the first negative pedal, and so on. 


5991 The pedal and the reciprocal polar are inverse curves 
(1000, 4844.) 


AREA OF A PEDAL CURVE. 


5999 Let C, P, Q be the respective areas of a closed curve, 
the pedal of the curve, and the pedal of the evolute; then 


» 


(Poa) se JE LE + say, 2p — c+] rdw. 


Proor.—With figure (93) and the notation of (5204), we have, by (5206), 
Pzijpd, Q= i fq@dp; therefore P+Q=} J (+e) dp = 1 | ey. 
Also, taking two consecutive positions of the triangle OPT = A, we get 
OPT—OP’T’ = 6A = 60+6Q—6éP. Therefore, integrating all round, 


[aa o= ner. 
A 


5225  Steiner's Theorem.—If P be the area of the pedal of a 
closed curve when the pole is the origin, and P'the area of 
the pedal when the pole is the point zy, 


P'—P = iv (a -ry)-—-av—by, 
where dom N cos@d@ and b= N sin 0d0 ; 
0 0 


0 being the inclination of p. 


Proor.—(Fig.111.) Let LM be a tangent, 5 the point xy, perpendiculars 
OM=pand SE z p. Draw SN perpendicular to OM, and let ON = pi; 


then P’ =} [ora = | (p-p) dí = i [im iie [eray 
= P+ z os- P (a cos 8+y sin 0) d0, by (4094), and d0 = dy. 
0 


And i fz dw = twice the area of the circle whose diameter is OS. 
0 


CIS THEORY OF PLANE CURVES. 


5226 Cor. 1.—If P’ be given, the locus of vy is a circle 
whose equation is (5225), and the centre of this circle is the 


same for all values of P’, the coordinates of the centre being 


2 and b 
T T 


5227 Cor. 2.—Let Q be the fixed centre referred to, and 
let QS — c. Let P" be the area of the pedal whose origin is 


Q; then P' — p" = imc, 


For a and b must vanish in (5225) when the origin is at the 
centre Q, and a?+y7? then = œ. 


5998 Cor. 3.—Hence P” is the minimum value of P’.* 


ROULETTES. 


5229 Der. Roulette is the locus of a point rigidly con- 
nected with a curve which rolls upon a fixed right line or 
curve. 


AREA OF A ROULETTE. 


5230 When a closed curve rolls upon a right line, the area 
generated in one revolution by the normal to the roulette at 
the generating point is twice the area of the pedal of the 
rolling curve with respect to the generating point. 


Proor.—(Fig. 112.) Let P be the point of contact of the rolling curve 
and fixed straight line, Q the point which generates the roulette. Let E be 
a consecutive point, and when Æ comes into contact with the straight line, 
let P'Q' be the position of RQ. Then PQ is a normal to the roulette at Q, 
and P is the instantancous centre of rotation. Draw QN, QS perpendiculars 
on the tangents at P and R. The elemental area POQ P’, included between 
the two normals QP, Q'P', is ultimately equal to PQR+QRQ’. But POR 
= dC, an clement of the area of the curve swept over by the radius vector 
QP or r round the pole Q; and QRQ = $dy; therefore, whole area of 


2v 
roulette = C+4 | rdp = 2P, by (5224). 


5231 Hence, by (5228), there is one point in any closed 
curve for which the area of the corresponding roulette is a 


* For a discussion of the pedal curves of an ellipso by the Editor of the Educ. Times and 
others, sce Reprint, Vol. 1., p. 23; Vol. xvr., p. 77; Vol. xvir., p. 92; and Vol. xx., p. 106. 
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minimum. Also the area of the roulette described by any 
other point, distant c from the origin of the minimum roulette, 
exceeds the area of the latter by re. 


5232 When the line rolled upon is a curve, the whole area 
generated in one revolution of the rolling curve becomes 


2m 
a P 
CT P(1-- 5a; 


where p, p' are the radii of curvature of the rolling and fixed 
curves, and C is the area of the former. 


Proor.—(Fig. 113.) Instead of the angle dy, we now havé-the sum of 
the angles of contingence at P of the rolling curve and fixed curve, viz., 


dy -- d = dy D = dy (1+ ay 
since pdy = ds = p'd', by (5146). 


LENGTH OF THE ARC OF A ROULETTE. 


5933 Ifc and Z be corresponding ares of the roulette and 
the pedal whose origin is the generating point; then, when 
the fixed line is straight, e = č; and when it is a curve, 


5934 {ue = T 2) Ua 


Proor.—(Fig. 112.) Let E be the point which has just left the straight 
line, Q the generating point, N, S consecutive points on the pedal curve. 
Draw the circle circumscribing RONS, of which RQ =r is a diameter, and 
let the diameter which bisects NS meet the circle in K. Then, when the 
points P, R, P' coincide, KN and RQ are diameters, and SKN = SPN = dy 
= QRQ’; therefore SN or df = rdi = QQ’ or de. When the fixed line is a 


curve, de = rdi (1+ £), as in (5232). 
p 


RADIUS OF CURVATURE OF A ROULETTE. 


5235 Let a (Fig. 113) be the angle between the generating 
line 7 and the normal at the point of contact; p, p the radii 
of curvature of the fixed and rolling curves, and Ji the radius 
of curvature of the roulette ; then, 


9 


y“ 
Jo e e 


1 


PP cosa-—o? 


pp 


4 Y 
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Proor.— Let consecutive normals of the roulette meet in O; then 
Oe, DO v MPT =a, 
li—r _ PM _ dscosa a ine (2 2) 
ER E EE and do=r(dy+dW)=r F ar oP 
from which A is obtained. If the curvature of the roulette is convex to- 
wards P (Fig. 114), we must write +r instead of R—r above. 


5236 The curvature is convex towards P when ft is posi- 
tive, that is, when the carried point Q falls within the circle 
whose diameter measured on the normal of the rolling curve 


m vw When Q falls without this circle, the curvature 1s 


concave; and when Q falls upon the circumference, the point 
is one of inflexion. The circle has for this reason been called 
the circle of inflexions. 


5237 In figure (163) let PA= p P B-—p PQ =I = 
as in (5235). Draw PCD, the circle of inflexions, with its 


diameter PC = ee ; and therefore PD = i cosa. From 
p+p 
these values and proportion it follows that BO : BP : BATAI 


QD : QP : QO. Also, if the circle on diameter PE = PC be 
drawn, Al: AP g Ai and) O e OP e OU 


5238 A simple construction for the centre of curvature of 
the roulette is the following. (Fig. 164, with letters as in 
5237.) At P draw a perpendicular to PQ to meet QD in N. 
Join VA, which will meet QP produced in O, the required 
point. 


Proor.—From equation (5235), assuming O to be the centre of curvature, 
we can deduce the relation (BA: AP)(PO: OQ)(QN : NB) = 1, therefore, 
by (968), A, O, N are collinear points. 


THE ENVELOPE OF A CARRIED CURVE. 


5239 When a curve is rigidly connected with a rolling 
curve, it will have an envelope. The path of its point of 
contact with the envelope is a tangent to both curves, and 
therefore the normal, common to the carried curve and its 
envelope, passes thr ough the point of contact P of the rolling 
and fixed curve. 


5240 The centre of curvature of the envelope is obtained as 
follows. 
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In Fig. (163), from P draw a normal to the carried curve meeting it in 
Q, and let S on PQ be the centre of curvature of the envelope for the point 
Q; and O that of the carried curve. Then PS is found from 


TW ji 1 
Dy =e (59+ po): 


5241 When the envelope is a right line, the centre of curva- 
ture lies on the circle of inflexions (5256). When the carried 
curve is a right line, the same point lies on the circle PHI 
(Fig. 163), and if the right line always passes through a fixed 
point, that point lies on the circle PEP. 


5949 If p be the perpendicular from a fixed point upon a 
carried right line whose inclination to a fixed line is y; the 
radius of curvature of the envelope is p = p-- py, by (5147). 


INSTANTANEOUS CENTRE. 


5243 When a plane figure moves in any manner in its own 
plane, the instantaneous centre of rotation is the intersection 
of the perpendiculars at two points to the directions in which 
the points are moving; and a line from the instantaneous 
centre to any point of the figure is the normal to the path of 
that point. 

Ex.—Let a triangle ABC slide with its vertices A, D always upon 
the right lines OA, OB. The perpendiculars at A, B to OA, OB meet in Q, 
the instantaneous centre, and QC 1s the normal at C to the locus of C. 

Since AB and the angle AOB are of constant magnitude, OQ, the 
diameter of the circle circumscribing OAQB, is of constant magnitude. 


Hence the locus of the instantaneous centre Q is a circle of centre O and 
radius OQ. 


5944 Holditch’s Theorem.—lIf a chord of a given length LM 
moves completely round a closed curve, the area enclosed 
between the curve and the locus of a point P on the chord is 
equal to wee’ where c = LK, d = MK. 


5245 If the ends of LM move on different closed curves 
whose areas are A, u, while the area described by J is x, then 
EP UE. 
~ ete 


Pnoor.—(5244). Let the innermost oval in figure (134) be the envelope 
of LM, e its area, and E the point of contact. Let HL=l, EM=m, 


K ree. 


716 THEORY OF PLANE CURVES. 


EKZk, lt+m=a=c+c’; 0, the inclination of LM. Then, integrating 
in every case from 0 to 27, 


1 fedo =r-c) v. Ef (P—m?) dd = £ f (0—m) do = A—m. 
1 (mdo =p—e Also A (m) dd = «a? 


- af ido = cd EA uses (i). Similarly c (140 = «c A —« ...... (ii.), 
the last being obtained from 4f e-r’) dð = A—«x. x is then found by 


eliminating the integral between (1.) and (ii.). 
(5245.) If the curves A, u coincide, à = p and therefore \—« = TOE o 


TRAJECTORIES. 


5946 Der.—A trajectory is a curve which cuts according to 
a given law a system of curves obtained by varying a single 
arameter. 

The differential equation of the trajectory which cuts at a 
constant angle B the system of curves represented by 
$ (x, y, c) — 0 is obtained by eliminating c between the 
equations 

| =0 and tang = Stout: 
$ («, Ys c) 2 B $,—9.)7. 
the derivatives of $ being partial, and y, referring to the 
trajectory.* 
Proor.— At a point of intersection we have for the given curve 
m = —4$,-4-$,, and for the trajectory m’=y,. Employ (4070). 


If the trajectory is to be orthogonal, tan B = oo, and the 
second equation becomes 


$,— 9.9. = 0. 


Ex.—To find the eurve whieh cuts at a constant angle all right lines 
passing through the origin. 

Let y = cx represent these lines by varying c; then, writing » for tan p, 
the two equations become y—c =Q and n(1+cy,) =y,—c. Eliminating 
c, Xy,—1) = n (YYe+ 2). Divide by a*+y°’ and integrate; thus 


tan"! 2 = nlog /(a’+y") +0, 


which is equivalent to r = ae", the equation of the logarithmie spiral (5289). 


* Fora very full investigation of this problem, sco Euler, Novi Com. Petrop., Vol. x1v., 
p- 46, XVIL, p. 206; and Nova Acta Petrop., Vol. 1., p. 3. 
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CURVES OF PURSUIT. 


5247 Der.—A curve of pursuit is the locus of a point which 
moves with uniform velocity towards another point while the 
latter describes a known curve also with uniform velocity. 


Let f(x, y) = 0 be the known curve, vy the moving point 
upon it, £» the pursuing point, and n: 1 the ratio of their 
velocities. The differential equation of the path of & is 
obtained by eliminating æ and y between the equations 


E Cro = Une, Ge); y—1 = y (æm E) ......... (1.), 
VAG) VACA BUB EO (il) 


Proor.—(ii.) expresses the fact that vy is always in the tangent of the 
path of £y. 


(ii.) follows from 1:«- V(dZ-Fdy) : /(dx?+dy’); the elements of 
arc described being proportional to the velocities. 


Ex.—The simplest case, being the problem usually presented, is that in 
which the point zy moves in a right line. Let «=a be this line, and let 
the point £y start from the origin when the point zy is on the æ axis. The 
equations (i.), (ii.), (iii.) now become, since x, = 0, 


v=o, y-vbw(a-b, y =n 040. 
From the second y, = m,(a—£), therefore (a—£) m; = n V (1+7). 


Putting n; = p, Ten = an 
Integrating by (1928), we find 

log (p+ 14-5) = —n log (a—£) +n loga, 
so that p and é vanish together at the origin ; 


therefore V1 pt p iex and therefore. /1+p'—p = (==) 
a 
mas} a Y^ (ark S 
therefore 3 cn ( = ) 
E l1 a” (a— £)” a`” ea} an 
therefore I= joe 4 STI Lm 


the equation of the required locus, the constant being taken so that = —0 
together. If, however, »=1, the integral is 

C eeu i 
un D S mo 
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CAUSTICS. 


5948  Dzr.—If right lines radiating from a point be reflected 
from a given plane curve, the envelope of the reflected rays is 
called the caustic by reflexion of the curve. 

Let ¢ (z, y) — 0, V (v, y) 2 0 be the equations of the 
tangent and normal of the curve, and let hk be the radiant 
point; then the equation of the reflected ray will be 


$ (h, k) Y (x, y) - V (h, k) $ (x, y) = 0, 
and the envelope obtained by varying the coordinates of the 


point of incidence, as explained in (5194), will be the caustic 
of the curve. 


Ex.—To find the caustic by reflexion of the circle 2? 4- y* = 7, the radiant 
point being hk. 
Taking for the tangent and normal, as in (4140), zcosa- y sin a = r, 
and #sina—y cosa = 0, the reflected ray is = 
(h cos a +k: sin a—7)(v sin a—y cos a) 
+(h sin a—k cos a) (z cosa+y sin a—7) = 0. 
Reducing this to the form 
A cos 2a + D sin 2a + C sin a — D cos a = 0, 
and differentiating for a, 
— 24 sin 2a+2B cos2a+C cos a 4- D sina = 0. 
The result of eliminating a is 
(4 (BHEE y?) —n eth) r (y FK)! 1* = 27 (ke —hyy (à p y — —R y, 


the envelope and caustic required. 


5249  Quetelets Theorem.—The caustic of a curve is the 
evolute of the locus of the image of the radiant point with 
respect to the tangent of the curve. 

Thus, in the Fig. of (1178), if S be the radiant point, W is the image in 


the tangent at P. The locus of W is, in this case, a circle, and the evolute 
and caustic reduce to the single point S’. 


Since the distance of the image from the radiant point is 
twice the perpendicular on the tangent, it follows that the 
locus of the image will always be got by substituting 2r for r 


07.2 
in the polar equation of the pedal, or = for v in the polar 


equation of the reciprocal of the given curve with respect to 
the radiant point and a circle of radius k. 


—ES————————————RS—&A——————— cd 
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TRANSCENDENTAL AND OTHER CURVES. 


THE CYCLOID.* (Fig. 115) 


5250  Dzr.—A cycloid is the roulette generated by a circle 
rolling upon a right line, the carried point being on the cir- 
cumference. When the carried point is without the circum- 
ference, the roulette is called a prolate cycloid ; and, when it is 
within, a curtate cycloid. 


5251 The equations of the cycloid are 
v = a (0-I-sin 6), y = a (1— cos 8), 
where 0 is the angle rolled through, and a the radius of the 


generating circle. 


Proor.—(Fig. 115.) Let the circle KPT roll upon the line DE, the 
point P meeting the line at D and again at E. Arc KP — KD; therefore 
arc PT = AK = OT. Also 0 = PCT, the angle rolled through from A, the 
centre of the base ED. "Then 


æ = OT+TN = a0 +a sinb; y= PN=a—acosé. 


5253 If s bethe arc OP and p the radius of curvature at P, 
sese Sun), p-—2PkK. 

Proor.—(.) The element Pp = Bh = 2(OD— Ob) ultimately; therefore, 
by summation, s — 20B. Also OB = PI = /(TK.TR) = J/(2ay). 

Gi.) Let two consecutive normals at P and p intersect in L. Then PL, 
pl are parallel to BA, LA; therefore PLp is similar to BAi. But Pp = 2Bi; 
theraore p aw JPL = pA = 92 PR. 

5255 Cor.—The locus of L, that is the evolute of the 
cycloid, consists of two half-cycloids as shown in the diagram. 


5256 The area of a cycloid is equal to three times the area 
of the generating circle, and the curve length is four times 
the diameter of the same circle. 

Proor.—(i.) Area PpnN = PprR = BbqQ ultimately. Therefore, by 
summation, DE.A40-—cycloid = ra’. But DH.AO = 2ra .2a = 4ra’; there- 
fore cycloid = 3ra’. 

Gi.) Total curve length = 8a, by (5253). 


* The earliest notice of this curve is to be found in a MSS. by Cardinal de Cusa, 1454 
See Leibnitz, Opera, Vol. 111., p. 95. 
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5257 ‘The intrinsic equation of the cycloid is 
s = 4a sin y. 
Proor: ¢= 277 dosi PA wend ee? = PIN S 


THE COMPANION TO THE CYCLOID. 
5258 This curve is the locus of the point I in Fig. (115). 
Its equation is 


TENET (1— cos 2) 


a 

Proor.—From g = a0 and y = a (1—cos 6). 
5259 ‘The locus of S, the intersection of the tangents at P 
and D, is the involute of the circle ALO. 

PROSES BS = BP = are OB. 


PROLATE AND CURTATE CYCLOIDS. (5250) 
5260 ‘The cquations in every case are 
= a (04m sin 8), y = a (1— m cos 6). 


The cycloid is prolate when m is > 1 (Fig. 116), and curtate 
when m is <1 (Fig. 117), m being the ratio of OP to the 
radius 4. 


EPITROCHOIDS AND HYPOTROCHOIDS. (Fig. 118) 


5262 These curves are the roulettes formed by a circle 
rolling upon the convex or concave circumference respectively 
of a fixed circle, and carrying a generating point either within 
or without the rolling circle. 

The equations of the epitrochoid are 


5263 w= (a+b) cos 06— mb cos 1° 6, 
5264 y = (a+b) sin 6—mb sin ES 0, 


* For other properties, sce Pascal, Histoire de la Roulette ; Carlo Dati, History of the 
Cycloid ; Wallis, Traité de Cycloide ; Groningius, Historia Cyeloidis, Bibliotheca Univ. ; and 
Lalouére, Geometria promota in septem de Cycloide libris; Bernoulli, Op., Vol. iv., p. 98; 
Euler, Comm. Pet., 1766; and Legendre, Exercice du Calcul. Int., Tom. 1, p. 491. 
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where a, b are the radii of the fixed and rolling circle 
(Fig. 118), 0 is the angle OOX, Q is the generating LN 
initially in contact with the z axis, and m is the ratio OQ: 
The dotted line shows the curve described. For the oe 
trochoid change the sign of b. 

Proor: æ = CN+MQ; ON = (a+b) cosé; 

MQ = OQ cos OQM = — OQ cos ($ 4-0), where ¢ = POR and bo = a0. 


5265 The length of the arc of an epitrochoid is 
c= (a+) V1 14-»)—2m cos ^20 qg, 


which is expressed as an elliptic integral E (k, $) by substi- 
tuting a0 = 209. 
For the arc of a hypotrochoid, change the sign of b. 


Proor: s = (5,40 = | /(a?+y2)d0 (5113). Find æ, and y, from (5263-4). 


EPICYCLOIDS AND HYPOCYCLOIDS. (Fig. 118) 
5266 For the equations of these curves make 7=1, in 
(5263, 4). P is then the generating point, and the curve is 
shown by a solid line in Figure (118).* 
5267 If y be the inclination of the tangent at a point P on 
any of these curves, 


eos O—m cos ^g 2b 
tan y = — m tan ati 0 f m= E 
sin 0—:n sin x 0 E 


2 
5268 Hence, in the epicycloid, p= xs 0, 
and the equation of the tangent is 
v sin a 0— y cos ot 0 = (a--20) sin 


5269 The n of the normal will be 


: — 2b a+2b 
æ COS 0-- y sin 5L 0 — «cos xp? 


* Prof. Wolstenholme has investigated these curves considered as the envelopes of a 
chord whose extremities move on a fixed circle with uniform velocities in the ratio m : or 
m i (—2).—Proc. Lond. Math. Soe., Vol. 1v., p. 321. 


Az 
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5270 ‘The length of the are of an epicycloid or hypocycloid 
included between two successive cusps is 
mb’ 


a 


(da + 2b). 


Z (a+b), and the included area is 


Proor.—Putting m = 1 into (5265) and a0 = bo, the length becomes 
T (a+b) MN d$ = T (az b). 
Otherwise by (5234); the pedal being the cardioid whose perimeter = 8a 
(5933). 
2m 
(ii) The area, by (5232), is EET 4b? si 5. (14 ?) dó; since, in 
0 


a 


Fig. (118), dy of (5232) = dPOR = d$ and v = PR = 2b sin £, 


5271 The evolute of an epicycloid is a similar epicycloid. 


Proor.—The equation of the tangent referred to an « axis drawn through 
the summit of the curve will be (by turning axes through an angle br a), 


a 4- 9b . a+2b 
0 
9j +y sin 25 


Comparing this with (5270), which is the equation of the tangent of the 
evolute, we see that the epicycloid and its evolute are similar curves having 
their parameters in the ratio a+2b: a; and that the radius drawn through 
a cusp of either of the curves passes through a summit of the other. 


# COS 


0 = (a+2b) cos 57 8. 


5272 When b =—4a, the hypocycloid becomes a straight 
line, namely, a diameter of the fixed circle. 


THE CATENARY. (Fig. 119) 


5273 Characteristic.—The perpendicular TP from the foot 
of the ordinate upon the tangent is of a constant length c, and 
therefore equal to OA, the perpendicular from the origin on 
the tangent at the vertex. e is the parameter of the curve. 
The equation is 


5974 y=5 CETHS 


©) 


Proor: tan POT = = " æ =c flog (y+ /y?—c) —log e] 
(1928), since 2 = 0 when y =c. Thercforo 


com = fy+ V(y—e)} therefore t= + (y- va - e. 
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5975 If s=are AC, s = (e —e™?) = CP. 


PROOF: s = (yl) de (5197) 
= Rice ze ) de= Las = £ (ee —6°*) = —c i Cie 
5276 The area OACT = es. (5205) 


ayes 
597" The radius of curvature at C = a and is therefore 
equal to the tangent intercepted by the axis of æ. 
Pus coy e cami, Se ees GS 
5 Yy : 
5978 The catenary derives its name from a chain, which, 
when suspended from its extremities, takes the form of this 


curve. 
For the equation of the evolute of the catenary, see (5159). 


THE TRACTRIX. (Fig. 119) 


5979  Characteristic.—The length of the tangent intercepted 
by the g axis is constant. This curve is the involute of the 
catenary, being the locus of P in Figure (119). 

The equation of the tractrix is 


5280 v= clog {e+ /(C—y’)} —¢ logy—/(e—y). 
Proor.—Let the tangent PT = c, then the differential equation of the 

curve is therefore yz, =—V/c—y. Substitute z = V e— y’, and integrate 

by (1937). 

5281 The area included by the four branches = mc. 


Proor.—Area = 4| yda = —4 [vera = ge by (1959). 
0 


THE SYNTRACTRIX. 


5282 This curve is the locus of a point Q on the tangent of 
the tractrix in Fig. (119). Let QT be equal to a given con- 
stant length d; then the equation of the syntractrix will be 


59883 v= clog [d+ /(P—y))) —c log y— v (dy). 
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THE LOGARITHMIC CURVE.* (Fig. 120) 


5284 Characteristic.— The subtangent is constant. 
The equation of the curve is either 


5985 E ae», or w=n log 4, 
where n = NT, the constant subtangent, and a is the intercept 


on the y axis. 


5287 If n be an even integer, y may take negative values. 
The most general form of the equation may perhaps be 
assumed to be 


ao 


= Irr ERG 
gi em pe (cos — +i sin — J.T 
n n 


THE EQUIANGULAR SPIRAL. (Fig. 121) 


5988 Characteristic.—The angle OPS between the tangent 
and radius is constant. The equation of the curve is either 


9 * 
5289 r-ae" or OG=n log. 
a 


5291 tan $ — n, $= r sec q, 
measuring s from the pole. 
Pnoor.—By (5112) and (5200). 
5293 Hence the length of the spiral measured from the pole 


O to a point P (Fig. 121) is equal to PS, the intercept on the 
tangent made by the polar subtangent OS. 


5294 The locus of S is a similar spiral, and is also an invo- 
lute of the original curve. 


5295 The pedal curve, which is the locus of Y, is also a 
similar equiangular spiral. 

Proor.—The constancy of the angle ¢ makes the figure OPYS always 
similar to itself. Therefore P, Y, and S describe similar curves. Hence, if 


ST is the tangent to the locus of S, OST = $9 = OPS; therefore PST is a 
right angle; therefore the locus of S is an involute of the original spiral. f 


* Originated by James Gregory, Geometrie Pars Universalis, 1668. 
t See Euler, Anal. Infin., Vol. u., p. 290; Vincent, Ann. de Gergonne, Vol, XV., p. 1; 
Gregory, Camb. Math. Journal, Vol. 1., pp. 231, 264; Salmon, Zligher Plane Curves, p. 274. 
t For additional properties, see Bernoulli, Opera, p. 497. 
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THE SPIRAL OF ARCHIMEDES.* (Fig. 122 


5996 Characteristic—The distance from the pole is propor- 
tional to the angle described. Hence the equation is 


5297 r- a0. Also tan $ = 0. Dy (5112). 


5999 The intercept, PQ, on any radius between two succes- 
sive convolutions of the spiral, is constant and = 2a. 


5300 The area swept over by any radius 1s one third of the 
corresponding circular sector of that radius. 


5301 This curve is one of the class the general equation of 
which is 


0 
ru" with tang = —. 
n 


THE HYPERBOLIC OR RECIPROCAL SPIRAL. (Fig. 123) 


5302 The equationis r =>. 


5303 An asymptote is the line y= a. (5171) 
5304 The spiral is also an asymptote to itself. 


For when the radius is of the first order of smallness, the distance 
between two successive convolutions is of the second order. Hence the 
distance to the pole measured along the curve is infinite. 


The area between the radiants ri, 7, is = 4a (7,—7,). 


5305 The equation of the Lituus is r= v 


THE INVOLUTE OF THE CIRCLE. (Fig. 124) 
5306 The equation is 


V (r —a) = 4 (+ cos} I) 
r 
Proms 0 = OPK = canti and ./(7?—a’) = BP = arc AB = a (0-44). 


5307 The pedal of the involute is the spiral of Archimedes. 


* Invented by Conon, B.C. 250. 
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Proor.—Let 7’, 6’ be the coordinates of Y on the pedal curve. Then 
r'z DP = arc AB = a (0+ }7). (See 5297). 
5308 The reciprocal of the involute is the hyperbolic spiral. 


Pnoor.—(Fig. 124.) Let P'on OY ub a to P, and let 7’, 0' be the 
polar coordinates of P’. Then 7 = OP’ = 


oY 
But OY = BP = arc AB =a (P +Łr), r= P3 . See (5302). 
iu 
THE CISSOID.* (Fig. 195) 


5309 Characteristic. — X line drawn from the end, O, of 
a fixed diameter of a circle to the end, Q, of any perpendicular 
ordinate intersects the parallel ordinate equidistant from the 
centre in a point, P, whose locus is the cissoid. The equation 
of the curve is 


G ru li _ (Ga—2v) AES 
eataa cand) Mt ee BEN 
5310 y (2a v) 7 an re 2J/2a—v) 


Proor.—By similar triangles, y : « = v (2am —a?) : 2a—s. Two mean 
proportionals between the radius a and OS are Ero by the curve, for it 
appears that a? : OT? :: OT : OS, and therefore a: OT : VOS OT CS. 


5311 The tangent of the circle at P, the other end of the 
diameter, is an asymptote to both branches of the cissoid. 


5319 The area between the curve and its asymptote 1s equal 
to three times the area of the circle. 


2a 
Proor: In | ydg substitute v = 2a sin? 0. 
0 


THE CASSINIAN OR OVAL OF CASSINI. (Fig. 126) 


5313 Characteristic.—The product PA.PB of the distances 
of any point on the curve from two fixed points A, D is con- 
stant; the equation is consequently 


{y+ (a4-9)*] {y+ (a—a)?} = mi 
or (a? py? HEY — 4a = mt, 
where 24 = AD. The equation in polar coordinates is 
r ri— 2e i? eos 20-- a! — m* = = 


* ewe A.D. 500. 
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5314 If a be >m, there are two ovals, as shown in the 
figure. In that case, the last equation shows that if One 
meets the curve in P and P, we have OP.OT" =/(a'—m') 
and therefore the curve is its own inverse with respect to a 
circle of radius = 4/ (at —1*). 


5315 O being the centre, the normal PG makes the same 
angle with PB that OP does with PA. 
Pnoor.—From (r+dr)(r’ —dr^) = m? and rr’ = m? ; therefore rdr = rdr 


or r:r = dr : dr! = sin 0 : sin6’, if 0, 6’ be the angles between the normal 
and v, r’. But OP divides APB in a similar way in reverse order. 


5316 Let OP — H, then the normal PG, and the radius of 
curvature at P, are respectively equal to 


mh 2m R7 z 
Rpa Rta pm 
THE LEMNISCATE. t (Fig. 196) 


5317  Characteristic.—' This curve is what a Cassinian be- 
comes when m=a. The above equations then reduce to 


(PHP = 2a? (a®@—y?) and 7 2« cos 20. 


5318 The lemniscate is the pedal of the rectangular hyper- 
bola, the centre being the pole. 


5319 ‘The area of each loop = a’. (5206) 


THE CONCHOID. 1 (E1901 


5390 Characteristic.—If a radiant from a fixed point O in- 
tersects a fixed right line, the directrix, in fè, and a constant 
length, RP — b, be measured in either direction along the 
radiant, the locus of P is a conchoid. If OD za, be the per- 
pendicular from O upon the directrix, the equation of the 
curve with B for the origin or O for the pole 1s 


5391  ay-—(arLyy(/)—y) or r-asec0-b. 


* B. Williamson, M.A., Educ. Times Math., Vol. xxv., p. 81. 
f Bernoulli, Opera, p. 609. 
ti Nicomedes, about A.D. 100. 
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5323 When a< b, there is a loop; when « =b, a cusp; 
and when a >b, there are two points of inflexion. 


5324 To draw the normal at any point of the curve, erect 
perpendiculars, at 22 to the directrix, and at O to OP. They 
will meet in S the instantaneous centre, and SP will be the 
normal at P (5242). 


5325 To trisect a given angle DON by means of this curve, 
make ABD — 20N, and draw the conchoid, thus determining 
Q; then AON = 840Q. 


Proor.—Bisect QT in S; QT = AB = 20N, therefore SN = SQ = ON; 
therefore NOS = NSO = 2NQO = 2A0Q. 


5326 The total area of the conchoid between two radiants each making 
an angle 0 with OA is 


a’ tan 0--9070--3a vV (U —a^) or a tan 0+ 206, 
according as b is or is not >a. 


The area above the directrix ) _ w a 2 
between the same radiants j EL 01. iT 2 2 ) ui 


The area of the loop which exists when b is >a is 


2 2 
JUPE T ,U (b =i rey 
cos 5 ab log layed (tL +a./(V?—a’*) 


THE LIMAÇON.* (Fig. 128) 


5327 Characteristic. —As in the conchoid, if, instead of the 
fixed line for directrix, we take a fixed circle upon OL as 
diameter. This curve is also the inverse of a conic with 
respect to the focus. The equation, with OB for the initial 
line and axis of # 1s 


5328 r=acos6tb or (+y ar? = bP (very), 
where ¢=O08, b= PQ. 
5330 With b> a, O is a conjugate point. 

With b< a, O is a mode: [For m= a, see (5332). 
5331 The area = v (ie +0’). 


When « — 2b, the limaçon has been called the trisectriv. 


* Dlaise Pascal, 1643. 
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THE VERSIERA.* (Fig. 190) 
(Or Witch of Agnesi.) 
5335  Characteristic.—If upon a diameter OA of a circle as 
base a rectangle of variable altitude be drawn whose diagonal 
cuts the circle in P, the locus of P, the point in which the 


perpendicular from P meets the side parallel to OA, is the 
curve in question. Its equation is 


5336 wy = 2a /(2ar—2"), 
where a = OC the radius. 


5337 There are points of inflexion where 2 = $a. 
The total area is four times the area of the circle. 


THE QUADRATRIX.}+ (Fig. 131) 


5338 Characteristic—The curve is the locus of the inter- 
section, P, of the radius OD and the ordinate QN, when these 
mos iem; eso that @:@ 2,0: 57,5 wheres” — ON, 
a — OA, and 0 — BOD, The equation is 


(—M T 
y = v tan ( =) 
a 


2 : 


5339 The curve effects the quadrature of the circle, for 
CORO Ob are ADD. 


Proor: OC : OB :: CP : BD. But CP — x in the limit when it is small, 
therefore CP: BD +: a : ADB. 


5340 ‘The area enclosed above the v axis = 4a’m™ log 2. 


Proor.—In the integral E tan (= z) dæ substitute r (a—e) = 2ay, 

0 2 
and integrate fy tan ydy by parts, using (1940). The integrated terms 
produce log cos $x—log cos iv at the limit 4r, which vanishes though of 
the form œ—œ. The remaining integral is | log cos y dy, and will be found 


at (2635). 


THE CARTESIAN OVAL. (Fig. 134) 


5341 Characteristic. —The sum or difference of certain fixed 
multiples of the distances of a point P on the curve from two 


* Donna Maria Agnesi, Instituzioni Analitiche, 1748, Art. 238. f Dinostratus, 370 x.c. 
t 


9 A 
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fixed points A, P, called the foci, is constant. The equations 
of the inner and outer ovals are respectively 


5349 mr, tly, = ne, mr,—lr, = no, 
where =A, += DP amen >in 


5843 To draw the curve, put ge u and “3=-a; therefore r,+ ur, = a, 
m m 


where a is > AB and p< 1 (1). Describe the circle centre A, and radius 
Ali =a, Draw any radiant AQ, and let P, Q be the points in which it cuts 
the ovals, then, by (1), 


5344 PR=,PB aud QRS PB ocene 


Hence, by (932), we can draw the circle which will cut AF in the required 
points P, Q. Thus any number of points on the oval may be found. 


5345 By (2) and Euc. vi. 8, it follows that the chord RBr bisects the 
angle PPQ. 

Draw Ap through r, and let PB, (QD produced meet Ar in p and q. The 
triangles PBA, qBr are similar, therefore qr = pqD; therefore q is on the 
inner oval. Similarly p is on the outer oval. By Euc. vi. B., PB.QB 
= PR.QR+DBR’; therefore, by (2), (1—4?*) PB.QB = BR. Combining 
this with PL: Bg = BR : Br, from similar triangles, we get 


5346 BQ.Bq = exe = Me iene). 


5947 Draw QC to make Z BRO = BAq; therefore, A, Q, C, q 
being concyclic, we have, by (3), 


2 2 
BQ. By = AB.BC = 1 —5 (A). 


Hence C can be found if a, p, and the points A, D are 
given. C is the third focus of the ovals, and the equation of 
either oval may be referred to any two of the three foci. 


Putting DC =c, AC =c, AB = c, the equation between l, m, n is 
obtained from (4) thus: c7, (1— u°) = a?—6,; therefore cs (C, +6) = a? + pee. 
But are = Gy OS a p = —, and the result is 

m m 


5348 lere; = me, or PBC--n?CA- Ew AB = 0... (5), 
where CA = —AC. 


Putting 425,7, for PA LOTE ihe equationsmensiic 
curves are as follows— 
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Inner Oval. Outer Oval. 
5349 mnri lirs = ney ... (6), mr,—lr, = ne; ... (7), 
5351 nr, tlr, = me, ... (8), nr, —lr, = me... (9), 
5353 mr,—nr,-— le, ...(10), nra —mr; = le, ...(11). 


That (6) and (7) are equations of the curve has been shown. To deduce 
the other four, we have Z APB = AqB = ACQ (5347); therefore ACQ, 
APB are similar triangles. But, by (6), mAP+IBP = nAD, therefore 
mAC+1ICQ — nAQ or nAQ—ICQ = AO, which is equation (9). Again, 
ABQ, APC are similar. But, by (7), mAQ—IBQ — nAD ; therefore 
mÁC —lOP — nAP or nAP+10P = mAC, which is equation (8). 

Equations (10) and (11) are obtained by taking (6) from (8) and (7) 
from (9), and employing (5). 


5355 AP.AQ — AB.AC — constant. 


Proor.—Since A, Q, O, q are concyclic, 2 QUA = QqA = ABB; there- 
fore P, Q, O, B are concyclie; therefore AP. AQ = AB.AC = constant (12). 


5356 CP.CP' = CA.CB = constant. 


Proor: Z POB = PQB = Dpq = BCq. Hence, if CP meets the inner 
oval again in P’, CBg, CBP’ are similar triangles. Again, because Z BPC 
= BQC = BAq = BAP’, the points A, D, P', P are concyclic; therefore 
CP .CP’ = CA.CB = constant. Q. E. D. 


Hence, by making P, P' coincide, we have the theorem :— 


5357 The tangent from the external focus to a series of tri- 
confocal Cartesians is of constant length, and = ,/(CB.CA). 


5358 To draw the tangents to the ovals at P and Q. De- 
scribe the circle round PQCP, and produce DR to meet the 
circumference in T; then TP, TQ are the normals at P 
and Q. 

The proof is obtained from the similar triangles TOR, TEQ, whieh show 
that sin PQA : sin TQB =1: m, by (2), and from differentiating equation (7), 


which produces on : s - me 


5359 The Semi-eubical parabola y? = «a? is the evolute of a 
parabola (4549). The length of its are measured from the 


T _ 8 gi 
origin 18 gre) n. 


* For the length of an arc of a Cartesian oval expressed by Elliptic Functions, see a paper 
by S. Roberts, M.A., in Proc. Lond. Math. Soe., Vol. v., p. 6. 
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5360 The Folium of Descartes, a—s8aryt+y' = 0, has two 
infinite branches, and the asymptote w+y+a= 0. 


For the lengths of ares and for areas of conics, see (6015), et seq. 


LINKAGES AND LINKWORK. 


5400 A plane linkage, in its extended sense, consists of a 
series of triangles in the same plane connected by hinges, so 
as to have but one degree of freedom of motion; that is, if 
any two points of the figure be fixed, and a third point be 
made to move in some path, every other point of the figure 
will, in general, also describe a definite path. With two points 
actually fixed, the linkage is commonly called a piece-work, 
and if straight bars take the place of the triangles, it is called 
a link-work. 


THE FIVE-BAR LINKAGE. 


5401 Mr. Kempe's fundamental five-bar linkage is shown 
in Figure (135). A, D, D' are fixed pivots indicated by small 
circles. C, D, D', C’, in the same plane, are moveable pivots 
indicated by dots. "The lengths of the bars AB, DC, CD, DA 
are denoted by a, b, c, d. The lengths of AB’, D'C', CD, D'A 
are proportional to the former, and are equal to ka, kb, ke, kd, 
respectively. Hence ABCD, AD'C'D' are similar quadri- 
laterals, and Z AD'O' = ADC. P being any assigned point 
on BO and BP =), P must be taken on D'C so that 
UP ems e. Draw PN, /"N' perpendiculars to AD. Then, 
throughout the motion of the linkage in one plane, NN’ is a 
constant length. 


Proor: NN' 2 BD'—(BN--N'D'). But DD' = a—kd, and 


DN 4 N'D/ =X cos D—A o cos D — zs (2ab cos D —2cd cos D) 
«ao tl 


Sos (a? 4- b? — c —47) (702). Hence 


2ab 
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5402 NN’ = a—kd — jo (CHet). 


C I.—(Fie. 186. A | (a— hd) ab 
5403 ASE (ig, ds OTRA di Ra qe then 


AN = n consequently, if the bars PO — Bb and POS 
P'D' be added, the point O will move in the line AP. 


Hf, in this case, d = ka and 6 — e, then \ = b and P coin- 
cides with C, P' with C’, and D’ with D, O as before moving 
in the line AP. 


5404 Case If. — (Fig. 137.) If, in Case I., bd =a and 
a? J- b^ — c--d^, X is indeterminate; that is, P may then be 
taken anywhere on BC. LD’ coincides with B, and NN’ = 0. 

PP’ is now always perpendicular to AB. If the bars PO, 
P'O be added, of lengths such that PO?—P’O? = PP— PI, 
O will move in the line AB. If, on the other side of PP’, bars 
PoP Gand PO = PP be attached, then O sill move m a 
perpendicular to AD through BP. 


5405 Case IIL.—(Fig. 188.) If, in Case I., kd = a, b = d, 
and e = — a, the figure A PCD is termed a contra-parallelogram. 


BP =A is indeterminate, DO = kc = — - and BP’=—w. 


Hence BOC’ and PP’ are measured in a reversed direction ; 
PP is always perpendicular to AD, and if any two equal bars 
PO, P'O are added, O will move in the line AB. 


5406 If three or more similar contra-parallelograms be 
added to the linkage in this way, as in Figure (139), having 
the common pivot D and the bars DA, DC, BH, BG in geo- 
metrical progression; then, if the bars DA, BG are set to any 
angle, the other bars will divide that angle into three or more 
equal parts. 


5407 If, in Figure (138), AD be fixed and DC describe an 
angle ADC, then B’C’ describes an equal angle in the opposite 
direction. Mr. Kempe terms such an arrangement a reversor, 
and the linkage in Figure (139) a multiplicator. With the aid 


f 


t 
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of these, and with a translator (Fig. 140), for moving a bar 
AB anywhere parallel to itself, he shows that any plane curve 
of the x degree may, theoretically, be constructed by link- 
work.* 


5408 Case IV.-— (Fig. 141.) If, in the original linkage 
(Fig. 135) kd =a, D coincides with DB. Then, if the bars 
RPO, RP'O' be added by pivots at P, P', and R; and if 
OF = PR— BP and OP =P PR Pr; tho points me 
will move in perpendiculars to AB. For by projecting the 
equal lines upon AB, we get NL — BN and BN= NT, 
therefore BL = DL = NN’ = a constant, by (5402). 


5409 Case V.— (Fig. 142.) Make ka — d and X — b. Then 
D' coincides with D, P with C, and P with C. Replace D'C’, 
C'D by the bars DK, AD’ equal and parallel to the former. 
Also add the bars CO = DK and OK = CD. Draw the per- 
pendieulars from O, C and C' to AB. Then by projection, 
NL=ND; therefore BL = BN--NL = BN--N'D' = BD 
—NN'— constant. Hence the point O will move perpendi- 
cularly to AP. 


5410 Case VI.—(Fig. 143.) In the last case take f= 1. 
Therefore d = a, D' coincides with D, BK = BC, and CDKO 
is a rhombus. This is Peaucellier’s linkage. 


5411 Cass VIL—(Fig. 144.) In the fundamental linkage 
(Fig. 135), transfer the fixed pivots from A, 7 to P, S, adding 
the bar SA, so that PBSI shall be a parallelogram.  'l'hen, 
since NN’ is constant (5:102), the point 7" will move perpen- 
dicularly to the fixed line PS. 


5412 Join AC cutting PS in U, and draw UF parallel to AD. 
Hen UI s AUD = PU: AZ=CP. Ce] constant: irene: 
fore PU and UV are constant lengths. Hence it follows that 
the parallelism of AZ to itself may be secured by a fixed pivot 
at U and a bar UV instead of the pivot S and bar SA. 


5413 In Case VII. (Fig. 144), with fixed pivots P and 8 


* Proc. of the Lond. Math. Soe., Vol. vi., p. 213. 
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ENDE MEM ití11 à oL d 


and bar SA, make b — a, d = e, ka = d, A 2b. Then 7" coin- 
cides with D, N’ with N, P with C and L, and P with C ; 
and we have Figure 145. DC, DC’ are equal, and they are 
equally inclined to AB or CS; because, in similar quadri- 
laterals, it is obvious that AB and CD and the homologous 
sides DO’ and AD’ include equal angles. Therefore CC" is 
perpendicular to CS, and C’ moves in that perpendicular only. 


5414 If two equal linkages like that in (5413), Figure (145), 
but with the bars AS, CS removed, be joined at D (Fig. 146) 
and constructed so that CDy’, yDC’ form two rigid bars, then 
AB, af) will always be in one straight hne. Let A, B be made 
fixed pivots, then, while C describes a cirele, the motion of 
the bar a) will be that of a carpenter's plane. 


5415 On the other hand, if the linkage of Figure (145), with 
AS and CS removed as before, be united to a similar inverted 
linkage (Fig. 147), with DC, DC’ common, then, with fixed 
pivots A, B, D’, the motion of the bar aß will be that of a lift, 
directly to and from AD. 


5416 The crossing of the links may be obviated by the 
arrangement in Figure (148). Here the bars C'B, C'D, C'D' 
are removed, and the bars 7'D, FE, FG added in parallel ruler 
fashion. 


5417 Case VIII.— (Fig. 149.) In Case VII., substitute the 
pivot U and the bar UV for S and SA. Make d=a, and 
therefore b — 1. Then =b and ¢ = e, making BCDC a 
contra-parallelogram; D’ coincides with 2, and Æ with D. 
The bars AB, AD are now superfluous. Take BP =A; then 


BIP == = therefore PP’ is parallel to CO’, therefore to BD, 


therefore to PV (5412); therefore V, P, P' are always in one 
right line. Z’, as in Case VIL, moves perpendicularly to PU 
and 48. This arrangement is Hart's five-bar linkage. 


5418 When a point P (Fig. 152) moves in a right line PS, 
itis easy to connect to P a linkage which will make another 
point move in any other given line we please in the same 
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plane. Let QR be such a line cutting PS in Q. Make Q a 
fixed pivot, and let OQ, OP, OR be equal bars on a free pivot 
O. Then, if the angle POL’ be kept constant by the tie-bar 
PR, PQR, being one half of POR (Euc. ut. 21), will also be 
constant, and therefore, while P describes one line, Æ describes 
the other. 

If the bar PO carries a plane along with it, every point in 
that plane on the circumference of the circle PQ will move 
in a right line passing through Q. 


THE SIX-BAR INVERTOR.* 


5419 If in the linkwork (5410, Fig. 143) the bar AD be 
removed, and D be made to describe any curve, O will describe 
the inverse curve, just as, when D described a circle, O moved 
in a right line which is the inverse of a circle. 


Proor.—Let BOD and CK intersect in E. Then BO.OD = BE: — 0I? 
= DO — OC? =a constant called the modulus of the cell. 


THE KIGHT-BAR DOUBLE INVERTOR. 


5420 Two jointed rhombi (Fig. 150) having a common 
diameter 12 form a double Peaucellier cell termed positive 
or negative according as P or Q is made the fulcrum. We 
have PQ.PL = PQ.QS = AP?—AQ?, the constant modulus 
of the cell. 


THE FOUR-BAR DOUBLE INVERTOR. 


5421 If, on the bars of a contra-parallelogram ABCD 
(Fig. 151) four points p, q, v, s be taken in a line parallel to 
AC or BD, then in every deformation of the linkage, the 
points p, 4, r, s will lie in aright line parallel to AC; and 
pq- pr = pq.qs = a constant modulus. Thus, if p be a ful- 
crum and + describes a curve, q will describe the inverse 
curve. If g be the fulcrum, p will describe the inverse curve. 


Proor.—Let Ap= mAB, therefore pg = mBD, and pr = (1—m) AC, 
therefore pq.pr = m (1—m) AC. BD = m (1—m)(AD'—417?) = constant. 


* Since the curve described is the inverse and not the polar reciprocal of the guiding curve, 
it seems better to call this linkage an invertor rather than a reciproeator. 
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THE QUADRUPLANE, OR VERSOR INVERTOR. 


5422 Let the bars of the contra-parallelogram invertor 
(5421, Fig. 151) carry planes, and let P, Q, Ii, 5 be points in 
the planes similarly situated with respect to the bars which 
contain p, q, ", s respectively, so that ZPAp=QAq and 
AP : Ap = AQ: Aq; and similarly at C. Then, if P be the 
fulcrum and Æ traces a curve, Q will trace the inverse curve 
and the angle QPR will be constant. 


Proor.—Let PA = nAB and PB = n AD, therefore, by similar triangles, 
PAQ, DAD, PQ — nBD. Also, by the triangles PBR, ABC, PE = n AC ; 
DOE PO PR om O BDies = "T (AD — AB’), a constant. 

Again, the inclination of PQ to BD = that of AP to AB, which is con- 
stant. Similarly, by the triangles PBR, ABO, the inclination of PR to AC 
= that of BR to BC, which is also constant; therefore QPR, the sum of 
these two inclinations, is a constant angle. 


THE PENTOGRAPH, OR PROPORTIONATOR. 


5493 Let ABCD (Fig. 153) be a jointed parallelogram, 4, B 
fixed pivots, q a tracer placed at any assigned point in BC 
produced; then a pencil at p will evidently reproduce any 


figure traced by q diminished in linear proportions in the ratio 
of Bq to BC. 


THE PLAGIOGRAPH, OR VERSOR PROPORTIONATOR. 


5424 In the same figure, make an angle qgBQ = PIRE, 
BQ = Bq, and DP = Dp, and leta tracer Q and pencil P be 
rigidly connected to the arms BO and DC. Then P will pro- 
duce a similar reduced figure as before, but no longer similarly 
situated. It will be turned round through an angle QBq. 
This is Prof. Sylvester's Plagiograph. 

Proor.—Let DO = k.Dq; therefore AD = kDQ, DP = kAD, and 4 ABQ 
= PDA; therefore (Euc. vi. 6) AP =kAQ. Also PAQ is a constant angle, 
for PAQ = BAD—BAQ—PAD = BAD—BAQ—BQA = BAD— (x —ABQ) 


eee OO m 


THE ISOKLINOSTAT,* OR ANGLE-DIVIDER. 


5425 This linkage (Fig. 154) accomplishes the division of 
an angle into any desired number of equal parts. The dia- 


* Invented and so named by Prof. Sylvester. 
5 B 


738 THEORY OF PLANE CURVES. 


gram shows the trisection of an angle by it. A number of 
equal bars are hinged together end to end, and also pivoted 
on their centres to the same number of equal bars which 
radiate, fan-like, from a common pivot. The alternate radial 
bars make equal angles with each other. 

The same thing is accomplished in a different way by 
Kempe’s Multiplicator (5406, Fig. 139). 


A LINKAGE FOR DRAWING AN ELLIPSE. 


5496 In the arrangement of (5413, Fig. 145) the locus of 
any point P, on DC’, excepting D and C’, is an ellipse. 


Proor.—Take CS, COC’ for « and y axes; P the point zy; SOD = 90, 
and therefore CDO’=20; PD=h. Then we have # = (c—h)cos8, 


2 2 
y = (c+ h) sin0, therefore Gy F C95; — ] is the equation of the locus. 
Any point on a plane carried by DC’ also describes an ellipse round C; but 
if the point lies on a circle whose centre is D and radius DC, the ellipse be- 


comes a right liue passing through C, as appears from (5418). 


A LINKAGE FOR DRAWING A LIMACON, AND ALSO A 
BICIRCULAR QUARTIC.* 


5427 (Fig. 155.) Let four bars AP’, AQ’, BC, CD be 
pivoted at A, D, C, D, and let AD — BO — DQ'—a; AD 
= DO = DP =% "Takeafulerum £ on BC, a tracer at P, 
and a follower at Q, so that PQ is parallel to BD. Let FP — p, 
FQ =r; then, if P traces out a circle passing through F, Q 
will describe a limaçon. 

Proor.—Let BQ = ma, therefore PD = mb; r = 2m. BN, p =(m +1). DN 
+(1l—m) BN. Also DN*—DN'z à—U. Eliminate BN and DN, and the 
equation between r and p is 

+ (1— m) rp—mp! = m (m4-1)* (à —07) = F. 
If P describes the circle p = c cos0, Q describes the locus 
r+ (1 —m) er cos 0— me’ cos’ 0 = F, 
which is the inverse of a conic, that is, a limagon (5327). 
If C be made the fulcrum, the equation reduces to »?—p? = 4 (à —). 


5498 With the same fulcrum F, drawing FH parallel to 
AC, if a tracer at H describes the circle, then a follower at A 
on CD will trace out a bicireular quartic. 


* W. Woolsey Johnson, Mess. of Math., Vol. v., p. 159. 
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Proor. — Draw FL, LK parallel to BA, AD. Let FH =p, FK =r, 
OK S= o C —a— ni Bb, and therefore OL —mp: Bu 


2 (+B) m ipae CIBO 
Therefore, if H moves on the circle p = c cos 6, K will describe the curve 
Her eos? 0 — 9 (a? -- (9?) tlee = 0, 
or (à? Vy p (ve — 92a! —9(?) 2—2 (a? + 8 *)gede (ar S 


A LINKAGE FOR SOLVING A CUBIC EQUATION.* 


5429 Let the three-bar linkwork (Fig. 156) have the bars 

AB, DC produced to cross each other. Let AP = AD — a, 

BO =b, CD - c; and let b and ¢ be adjustable lengths. 
Suppose le 4 = 0 a given cubic equation. 


Maker = T (q+= d z J (a- *); then deform the 


quadrilateral until KO = CD; DE will then be equal to a real 
root of the cubic. 
tHe (eta thea 
i 2w —  4o(a+a) ^! 
from which @— 2 (+b) a+ 2a (c —b) = 0. 
Equate coefficients with the given cubic. 


Pnoor: cos H = 


ON THREE-BAR MOTION IN A PLANE. 


5430 If a triangle ABC (Fig. 157) be connected by the 
bars AO, BO' to the fulcra O, O', the locus of C is called a 
three-bar curve. 

OA, O'B meet in Q, the instantaneous centre of rotation of 
the triangle, since QA, QB are perpendicular to the movements 
of 4 and B respectively. Therefore CQ is the normal to the 
locus of C. 


5431 If a triangle similar to ABC be placed upon O00’ 
(homologous to AB), the circum-circle of the triangle will 
pass through the node, and the vertices of the triangle are 
called the foci of the curve. 


* M. Saint Loup, Comptes Rendus, 1814. 


+ The foregoing account of linkages is taken chiefly from a paper by A. B. Kempe, 
F.R.S., in the Proc. of the Royal Soc. for 1875 5, Vol. xxi. Other results by the same author 
will be found in the Proc. of the Lond. Math. Soc., Vol. 1x., p. 133; and by H. Hart, M.A., 
ibid., Vol. VI, p. 137, and Vol. viir., p. 286. See also The Messenger of Mathematics, "Vol. v. 
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Figures (158) and (159) exhibit different varieties of the 
curve according to the relative proportions between the lengths 
of the bars.* 


MECHANICAL CALCULATORS. 


The Mechanical Integrator.T 


5450 This instrument computes not only the area of any 
closed plane curve, but the moment and also the moment of 
inertia of the area about a fixed line. The principle of its 
action is shown in Figure (160). OP is a bar carrying a 
tracer at P, and a roller 4 at some point of its length. The 
end O is constrained to move in the fixed line ON. When 
the tracer P moves round a closed curve, the length OP mul- 
tiplied by the entire advance recorded by the roller is equal to 
the area of the curve. 

Proor.— Let the motion of the tracer from P to a consecutive point Q be 
decomposed into PP’ and P’Q parallel and perpendicular to ON. Let 
OP =a and PON —0. When the pointer moves from P to P’, the roll 
accomplished is PP'sin0. The roll due to the motion from P’ to Q will be 
neutralized by the exactly equal and opposite roll in the motion of the pointer 
from q to p’, since the bar will there have again the same inclination. Con- 
sequently the product of the entire roll and the length a is equal to the sum 
of such terms as aPP'sin0. But this is the area OP.P'O' = NPP'N'. The 
algebraic addition of such rectangles gives the entire area, and the instru- 
ment effects this, for the area SN is subtracted, by the motion of the roller, 
from the area QN which is added. 


545] The instrument itself is shown in Figure (161). A 
frame moving parallel to OX by means of the guide BB 
carries two equal horizontal wheels geared to a central wheel 
which has two circumferences, such that its rate of angular 
motion is half that of the lower wheel and one third of that of 
the upper. The latter wheels carry two rollers, M and J, on 
horizontal axles; and the middle wheel carries an arm OP, a 
pointer at P, and a roller 4. In the initial position, the 


* Tho curve is a tricircular trinodal sextic, and is completely discussed by S. Roberts, 
F.R.S., and Prof. Cayley, in the Proc. of the Lond. Muth. Soc., Vol. v11., pp. 14, 136. 

f Invented and manufactured by Mr. J. Amsler-Laffon, of Schaffhausen. The demon- 
strations (which in clearness and eleganco cannot be surpassed) of the action of this instru- 
ment, and of the Planimeter which follows, were communicated to the author by Mr. J, 
Macfarlane Gray, of the Board of Trade. 
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rollers 4 and J are parallel, while M is at right angles to A. 
The frame is thus supported above the paper on the three 
rollers; and if the arm OP be moved through an angle AOA’, 
the axles of the rollers M and J will describe twice and three 
times that angle respectively. Putting OP =a as above, and 
A, M, and I for the linear circumferential advances recorded 
by the three equal rollers respectively, we have the following 
results— 


I.—The area traced out by the pointer P = Aa. 
II.— The moment of the area about OX =M = 


JII.—The moment of inertia about OX = (JA+/) P 


Proor.—I. Since O moves in the line OX, while the pointer P moves round 
a curve, the roller A will, as shown above, make the rolling Sh sin 0, where 
h = PP'in Figure (160), and the area of the curve = aZ sin ora x roll. 


II. The moment of the area about OX 
Ix (an sina x 2 2 EE us © (3—31 cos 26). 


Now Zh vanishes when P returns to the m point, and — 3h cos 20 is the 
roll recorded by M. For, when OP makes an angle 0 with OX, the axis of 
M will make an angle — (90^ +20) with OX. Inthis position, while P makes a 
parallel movement he the roll produced thereby in M will be —h sin (90° + 26) 


= — h cos 20. Therefore x x roll of M = moment of area. 


III. Lastly, the moment of inertia of the area about OX 
= 2 (al sin @ x sine) <3 (3h sin 0 — ^ sin 38). 


Now, when OP makes an angle 0 with OX, the axis of I makes —30; there- 
fore — 5A sin 30 is the entire roll of I. Hence the moment of inertia 


n M IEEE T roll ot 7 
me oO ug 5m ot L. 


The Planimeter. (Fig. 162) 


5452 This instrument * is a simpler form of area computer. 
O is a fixed pivot; OA, AP are two rods having a free pivot 
at A; Cis the roller, and P the pointer. The area of a closed 
curve traced by the pointer is equal to the total voll multiplied 
by the length AP. 


* Like The Integrator, the invention of Mr. Amsler. 
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Proor.—Decompose the elementary motion PQ of the pointer into PP’, 
effected with a constant radius OP, and P’Q along the radius OP’, and so all 
round the curve. The roll of C accomplished while P moves from 7" to Q 
will be neutralized by the equal contrary roll when P moves from q to p' on 
the radius Op' — OP. Thus the total roll recorded will be the sum of the 
rolls due to the movements PP’, QQ’, &c. 

Draw OB perpendicular to AP, aud, when P comes to R, let B’ be the 
altered position of D. The area POSH = 1 (OP*— OR?) v, where w = POQ. 
But OP? = 04*+ PA?—2PA.AC—2PA.BC (Euc. u. 13); therefore, since 
BC is the only varying length on the right, we have PQSR = PA(BC~ BC’) w. 
But BCw is the roll of C due to the angular motion w of the rigid frame OAP, 
and the subtraction of the area OSF from OPQ is effected by the instrument, 
since when the pointer moves from S to F the direction of the roll must be 
reversed. Hence the total area = PA x the total recorded roll. 


APPENDIX ON BIANGULAR COORDINATES.* 


5453 In the figure of (1178), the biangular coordinates of a 
point P are defined to be 0 — PSS' and $ — PS'S, or 
a= Cord and D cord. 


5454 The equation of a right line YY’ is 
aa+bp = 1, 
whiore = COLO YS and) — cots) 5. 

Proor.—Supplying the ordinate PN in the tigure and denoting the angle 
S'SY by y, the equation is obtained from CN cos -- PN siny = p the per- 
pendicular on the tangent, SS’ sin y = YY’ and SS’ cos) = SY— S'Y’. 
5455 cot y = a—b. 

5456 Equation of a line through C: a—8= const. 
5457 Equation of the line at infinity: a+B=0. 


5458 Let SS'- ce, then the distance between two points 
a, f, a; B, 18 


- (Gg a tata) 


* Quarterly Journal of Mathematics, Vols, 9 and 13; W. Walton, M.A, 
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5459 The equation of a line through the two points is 
a—a aa, 


B—B. B.—R. 3 


5460 ‘The s of the perpendicular from «'' upon the 
line aa+lB = 


€ aa 4-0 —1 
a’ +B’ v i(a— —b) SEE 


5461 Cor.—The perpendiculars from the poles $, S’ are 
therefore 


SY 


= be SY = ac 
J 1(a—by 4-11 1(a—5)y--1] 
5463 When the point «'Q' is on SS’ at a distance h from S, 
n (a —b) h+be l 
v {(a—b)} +1} 


With two lines aa 4-5 = 1, wa+l’B = 1, the condition 
5464 of paralleismis — a—6 = «—b', 
5465 of perpendicularity (a—5)(a' —b) +1 = 0. 


5466 ‘The equation of the line bisecting the angle between 
the same lines is 


aat+bB—-—1 aa+b’B—1 
vi(a—by-F1j v {(a'—0'y?+1} 


5467 The equation of the tangent at a point «'' on the 
curve J'(a, (9) =0 is 


(u—a’) F;4-(8—B) Fy = 0. 
5468 And the equation of the normal is 
a—a p—p 
5469 The equation of a circle through S, S' is 
aB—1 = m (a+8), 
where m = cot SPS’ the angle of the segment. 
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5470 If C be the centre, the equation becomes 
aß =k 


5471 And, in this case, the equations of the tangent and 
normal at a'' are respectively 


ind +H =: zs and a—ß =g — p. 


5472 The equation of the radical axis of two circles whose 
centres are S, S', and radii a, b, is 


(c — a?-- D) a = (+a — d) B. 
Proor.— By equating the tangents from af? to the two circles, their 
lengths being respectively 
jrd) (L+) e 
— d —— — —U, by (5458). 
COQUE Garg gaps 


5413 To find the equation of the asymptotes of a curve 
when they exist,— 
Eliminate « and p between the equations of the line at 


infinity a-]- B = 0, 
the curve Fa =w 
and the tangent (a—a’) F,--(B8— 9) Fy = 0. 


Ex. —The hyperbola a’ +" = m? has, for the equation of its asymptotes, 
a— = dam. 


SOLID COORDINATE GEOMETRY. 


SYSTEMS OF COORDINATES. 


CARTESIAN OR THREE-PLANE COORDINATES. 


5501 The position of a point P in this system (Fig. 168) is 
determined by its distances, æ = PA, y = PB, z = PC, from 
three fixed planes YOZ, ZOX, XOY, the distances being 
measured parallel to the mutual intersections OX, OY, OZ ot 
the planes, which intersections constitute the axes of coordi- 
nates. The point P is referred to as the point gyz, and in 
the drawing x, y, z are all reckoned positive, ZOX being the 
plane of the paper and P being situated in front of it, to the 
right of YOZ and above XOY. If P be taken on the other 
side of any of these planes, its coordinate distance from that 
plane is reckoned negative. 


FOUR-PLANE COORDINATES. 


5502 In this system the position of a point is determined 
by four coordinates a, B, y, 9, which are its perpendicular 
distances from four fixed planes constituting a tetrahedron of 
reference. The system is in Solid Geometry precisely what 
trilinear coordinates are in Plane. The relation between the 
coordinates of a point corresponding to (4007) in trilinears is 


5503 Aa+ BB+ Cy+ Dè = 3YV, 


where 4, D, C, D are the areas of the faces of the tetrahedron 
of reference, and V is its volume. 


TETRAHEDRAL COORDINATES. 


5504 In this system the coordinates of a point are the 
volumes of the pyramids of which the point is the vertex and 
50 
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the faces of the tetrahedron of reference the bases: viz., $4a, 
LBB, 40y, jD8. The relation between them is 


9905 a FB +y +o = V. 


POLAR COORDINATES. 


5506 Let O be the origin (Fig. 168), XOZ the plane of 
reference in rectangular coordinates, then the polar coordi- 

nates of a point P are v, 0, p, such that r = = OP, 0 D 
and ọ = 4 XO between the planes of XOZ and POZ. 


THE RIGHT LINE. 


5507 The coordinates of the point dividing in a given ratio 
the distance between two given points are as in (4039), with a 
similar value for the third coordinate C. 


5508 The distance P, Q between the two points «yz, a^) is 
PQ =y 1(e—a^ (y—y)!o-(s—5)]- (Bue. 1.47). 


5509 The same with oblique axes, the angles between the 
axes being A, u, 


PQ= Aoi) a G— y («—) cosà 
42 (x—s)(v —a) eos 4-2 (e —a")(y — y) eos v}. (By702). 


5510 The same in polar coordinates, the given points being 
100, rO, 


"PO toe Pam 1cos6 cos 0 -- sin sin & cos ($—4^)] ]. 


Proor.—Let P, Q be the points, O the origin. Describe a sphere cutting 

(OUER OQ amb, O and the z axis in A; then, by (702), PQ'— OPEP og 

—920P. OQ cos POQ and cos POQ, or cos a iu Abe spherical triangle ABC, is 
given by formula (882), since b —0, c= 6’, and A — 9—9'. 


DIRECTION RATIOS. 


5511 Through any point Q on a right lino QP (Fig. 169), 
draw lines QL, QM, QN parallel to the axes, and through any 
other point P on the line draw planes parallel to the coordi- 
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nate planes cutting the lines just drawn in L, M, N; then the 
direction ratios of the line OP are 


_ QL _ OM QN 
5512 = OP” i OP” m= OP’ 


The angles PQL, PQM, PQN are denoted by a, B, y; and the 
angles YOZ, ZOX, XOY between the axes by A, p, v. 


5513 When A, u, v are right angles, the axes are called 
rectangular, and the direction-ratios are called direction- 
cosines, being in that case severally equal to cosa, cos, 
COS y. 


5514 When L, M, N are the direetion-ratios (or numbers 
proportional to them) of a line which passes through a point 
abe, the line may be referred to as the line (LMN, abe), or, if 
direction only is concerned, merely the line LMN. 


EQUATIONS BETWEEN THE CONSTANTS OF A LINE. 


5515 The relation between the constants of a line with 
rectangular axes is 

Ptrt+7=1; 
and with oblique axes, it is 


5516 Lcosa+m cos B+n cosy = 1. 


Proor.—The first by (Buc. 1. 47). The second by projecting the bent 
line QLCP (Fig. 169) upon PQ, thus PQ = QL cos a+ LO cos B+ CP cos y, 
and QL = PQ.1, &c., by (5512). 


5517 Also, when the axes are oblique, 


cosa = l+m cos v+ n cos p, 
cos = m+ n cos A+ I cos», 
cosy = n+ lceosp+m cos À. 


Proor.—By projecting QP in figure (169) and the bent line QLCP upon 
each axis in turn, and equating results; thus PQ cosa = QL- LO cos 
-F CP cos y, applying (5512). 


5518 The relation between l, m, n and À, u, v 1s 


P-- m? a?--2mn cos rA-+2nl cos p+ 2ln cos y = 1. 
Proor.—By eliminating cos a, cos £, cos y between (5516) and (5517). 
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5519 The relation between cosa, cos, cos y and À, p, v is 
cos? a, sin? à+ cos? B sin’ p+ cos? y sin’ v 
+2 cos B cos y (cos p cos v—cos X) 
+2 cos y cos a (cos v cos À —cos p) 
+2 cos a cos B (cos À cos p— cos v) 
= 1— cos! À— cos! p— cos! v 4-2 cos À cos p cos v. 


Proor.—By eliminating l, m, n between the four equations in (5516) and 
(5517). 


5520 ‘The angle 0 between two right lines lmn, lmn’, the 
axes being rectangular : 


cos 6 = Il'--mm'-4- nw. 


Pnoor.—In Figure (169), let QP be a segment of the line imn. The 
projection of QP upon the line /'m'/n' will be QP cos0. And this will also 
be equal to the projection of the bent line QLCP, upon l’m’n’, for, if 
planes be drawn through Q, L, C, and P, at right angles to the second line 
l'n/w, the segment on that line intercepted between the first and last plane 
will be = QP cos 6, and the three segments which compose this will be 
severally equal to QL.l', LC.m’, CP.n’, the projections of QL, LC, CP. 
Then, by (5512), QL = QP nc 


5521 sin? = (m — m'n} (nal — nw 4 (lm —Umy. 
Proor.—From 
l—cos 0 = (P-+m? +n?) (DP +m? +n”) — (U +mm’'+nn’)? (5515, 20). 


5522 With oblique axes, 
eos 0 = ll'--mm' J4- nw t (mi mn) cosà 
+(nl’+-n'l) cos p+ (In 4- Um) cos v. 
Proor.—As in (5520), substituting from (5517) the values of cosa, &c. 


EQUATIONS OF THE RIGHT LINE. 


v—a  y—b s—c | «—a  y—b  z—e 
5523 L Y me | ^ dé ^ «ds 
Here abe is a datum point on the line, and if r be put for the 


value of each of the fractions, r is the distance to a variable 
point «yz. L, M, N are proportional to the direction ratios of 
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the line, which ratios must therefore have the values 


a L E M 
5584 IC U-RHTENY = ES EY 


1 


a N 
(2 +IP EN) 
5525 Note.—Instead of a, b, e in the equation we may use 
kL4-a, kM+6, kl+c, where b is an arbitrary constant. 


5526 ‘The equations of a line may also be written in the 
forms wv = Asta, y = pe+B. 


5527 These are the equations of the traces on the planes of 
az and yz, and are equivalent to 
pa c ge gu 
A pp r 
5528 If the line is determined as the intersection of the two 
planes Av+By+Cz=D and A'e-rB'y4-C'z = D, we may 
write equations (5523) by taking 


L=BC-BC, M-—CA'—CA, N= AB'—A'B, 


DB'—D'B DA'—D'A 
(Se b= 


N N C 


Pnoor. — Eliminate z between the equations of the planes, then the 
reciprocals of the coefficients of æ and y will be L and M. 


e l 


5529 ‘The projection of the line joining the points yz and 
abe upon the line lin is 


L(v—a)+m (y—b)+n (s—e). 


5530 Hence, when the line passes through abc, the square 
of the perpendicular from eyz upon it is equal to 


(ve —a) + (y —by 4+ (s—ey — (q (x—a)+m (y—b)+n (s— e)] *- 


5531 Condition of parallelism of two lines LMN, I/M'N': 
Dp =EN: N. 
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5532 Condition of perpendicularity : 
LL -- MM' -- NN' = 0. (5520) 
5533 Condition of the intersection of the lines (LMN, abc) 
and (L/M'N', a'b’c’) (5514): 
(a—a’)( MN’ — MW'N)+ (6-0) (ND'—N’'L) 
+(ce—¢)(LM—L’'M) = 0. 
Proor.—Eliminate w, y, z between the equations 
e a y—b .2—c E 
Le yN a NE 
by subtracting in pairs, and then eliminate r and 7’. 


5584 The shortest distance between the same lines is 


(a—a’)( MIN’ — M'N)4- (b —V(NL' —N'L)4-(c —e)(LM' —L/ M) 
/ AOIN'-M'Ny--(NE/ — N’LY + (LM -U My] 


Proor.—Assume À, u, v for the dir-cos. of the shortest distance. Then, 
by projecting the line joining abe, a’b’c’ upon the shortest distance, we get 
p= (a—a) X (b—U) u-r(c—c)v. Also, by (5520), LA+ Mp+ Nv = 0 and 
L/A4- M'p - N'v = 0, giving the ratios AX: u : y = MN'—M'N: NL'—N'L 
: LM' — L'M ; and (5524) then gives the values of A, p, v. 


5535 The equation of the line of shortest distance between 
the lines (linn, abe) and (Unin, a’b’c’) is given by the inter- 
section of the two planes 


X v Lu — Uw cos 8 
l (»—a) 4-m (y—b) +n (s—y) = are TIAE 
l (z — a^) tn (y—0) t (s—y) = IV Ies (nni) 
where u = l(a —a)+m (b —D) +n (c' —c), 
w= l'(a—a)--m (b—b)-4-w (e—c), 
and cos 0 = ll’ +m’ +n’. 


Pnoor.—(Fig. 170.) Let O be the point vyz on the line of shortest dis- 
tance AB; P,Q the points abc, a’b’c’ on the given lines AP, DQ. Draw DR 
and Prè parallel to AP and AB; RT perpendicular to DQ; aud QN, TM per- 
pendieular to BR. Then 2RBQ=0, RN =u, QT = w, therefore NM 
=u cos and LM = IAN - NM = u-rw' cos0, and in the right-angled tri- 
angle RTB, LM cosec? 0 = RB, the projection of OP upon AP, that is, the 
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left member of equation (i.). Similarly for equation (ii.). It should be 
observed that (i.) and (ii.) represent planes through AB respectively per- 
pendicular to the given lines AP and BQ. 


5536 Otherwise, the line of shortest distance is the inter- 
section of the two planes whose equations are 


U (» —a)--m/ (y—b) +n’ (s—e) _ 
l(v—a)--m(y—0)--n(x—e) d 


_ D(v—a)-4-m (y—0)--n (s—e) 
«X l'(v—a)-4- m (y—b) 4’ (z—e) 


For these equations state that cos0 is the ratio of the projections of OP 
or of OQ upon the given lines, and this fact is apparent from the figure. 


5537 Equations of the line passing through the two points 
abo, ave : . 
v—a  y—b  z—e 
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5588 Aline passing through the point abc and intersecting 
at right angles the line lmn : 
(emu c HEU Bo 


[oe y 
where L = lm (b—U)-Enl(c—c)— (n?-E-w)(a—d'), 
and symmetrical values exist for M and N. 


Proor.—The condition of perpendicularity to linn is 
Ll4- Mm 4- Nn =0; (5520) 
and the condition of intersecting the line is 
(a—a^) (Mn —mN)- (b—b)(NI—nL) + (c—c)(Li —1M) = 0. 
These equations determine the ratios L : M : N. 


5539 Equations of the line passing through the point abe, 
parallel to the plane Le + My+Nz = D, and intersecting the 
line (lmm,aUc): 

&—a _y—b | s—c 


[aa Es 


where J, m, n are found, as in the last, from 
Li-- Mm -F- Nn —0, and 
(a — a^) (m —m'n)-4- (b—b') (nl — nl) + (c—e)(lm' — Um) = 0. 
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5540 Equations of the bisector of the angle between the 
two lines mn, mn, : 


= — T 
. 


Proor.— Taking the intersection of the lines for origin, let %42 2,2; be 
points on the given lines equidistant from the origin; then, if «yz be a point 
on the bisector midway between the former points, «= $ (æ, +a), &c. 
(4033) ; and the direction-cosines of a line through the origin are propor- 
tional to the coordinates. 


5541 The equations of a right line in four plane coordinates 


— SS ee 


are uml er oe ned (254 


where afjy8 is a variable point, and a’B’y’s’ a fixed point on 
the line. The relation between L, M, N, Iè is 


5542 ALFBMS OCONFDR=0 a 


Proor.—For, since equation (5503) holds for aßyò and also for a'j y, 
we have A (a—a’) + B (8—0') +0 (y —y) + D (9 —6) = 0. 
Substitute from (i.) a—e’ = rL, 8—[) = rM, &c. 
5543 In tetrahedral coordinates the same equation (1.) sub- 
sists, but the relation between L, M, N, le becomes, by 
changing Aa into a, &c., 


5544 L-r M-r-N--R — 0. 


THE PLANE. 


5545 General equation of a plane: 
Av+By+Cz+D = 0. 
5546 Equation in terms of the intercepts on the axes: 


ram. E 1, 
n v M i 


5547 Equation in terms of p, the perpendicular from the 
origin upon the plane, and l, m, n, the direction-cosines of p: 


le+my+ns = p. 
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Proor.—If P be any point xyz upon the plane, and O the origin, the pro- 
jection of OP upon the normal through O is p itself; but this projection is 
la+my+nz, as in (5520). 


5548 The values of l, m, n, p for the general equation 
(5545) are 


jp a a ÁÀ— — SC jp p Sm, 
JURE O JF EFC 


Proor.—Similar to that for (4060-2) : by equating coefficients in (5545) 
and (5547) and employing ?+4+m’?+n? -]1. 


5550 The equation of a plane in four-plane coordinates is 
la+mB+ny+rd = 0, 

with Ce EE 

P Pa P PM 
where a Bi, Yn 9, are the perpendiculars upon the plane from 
A, D, ©, D, the vertices of the tetrahedron of reference, and 
Pis po ps Pa ave the perpendiculars from the same points upon 
the opposite faces of the tetrahedron. 


Proor.—Put y = à = 0 for the point where the plane cuts an edge of the 
tetrahedron, and then determine the ratio 1 : m by proportion. 
See Frost and Wolstenholme, Art. 81. 


5551 The equation of a plane in tetrahedral coordinates is 
also of the form in (5550), but the ratios are, in that case, 


ponen ys: 0 
The relation between the three-plane and four-plane coor- 


dinates is a = p—lr—my— nz. 


5559 The equation of a plane in polar coordinates is 
r {cos 6 cos 0 --sin 6 sin & cos ($—49)] =p. 
Proor.—Here p is the perpendicular from the origin on the plane, and 


p, 9 , 9! the polar coordinates of the foot of the perpendicular. Then, if y is 
the angle between p and r, we have p = r cos y and cosy from (882). 


5553 The angle 0 between two planes 


le+mytnz=p and Ve+my+nz =p 
5 D 
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is given by formula (5520), and the conditions of parallelism 
and perpendicularity by (5531) and (5532), since the mutual 
inclination of the planes is the same as that of their normals. 


5554 ‘The length of the perpendicular from the point a'y'7 
upon the plane Ag+ Dy 4- Cz4-.D = 0 is 


4e Acer By+Czs+D 
UPEIBEOS. 


Proor.—As in (4094). 


= p—la’—my — nz. 


5556 ‘The same in oblique coordinates 


_ (Av+ By+ Cz+ D) 
P 
where p is found from (5519) by putting A, D, C for p cosa, 
pcos, p cosy. This gives 


A? sin? A+ P? sin? u+ C? sin? v -2DC (cos u cos v —cos A) 
5558 = +2CA (cos v cos A —cos pt) scene (cos A cos u — cos v) 
i 1— cos? A — cos? u — cos? v +2 cos À cos u cos v 


= p— x cosa—y cos B—% cos y, 


5559 The distance r of the point yz from the plane 
Ag+ By+Cz+D = 0, measured in the direction lmn, the axes 
being oblique : 
TE Aa! + By -- Cz +D 
Al--Bm-rFC€n ~ 
Proor.—By determining r from the simultaneous equations of the line 
and the plane, viz., 
DU — YY —7—9* =, and Av+ Dy 4- Cz+D = 0. 


l m n 


Otherwise, by dividing the perpendicular from «'y'z' (5554) by the cosine of 
Al+ Dm Cn 
V (AH B+ OS 


its inclination to lmn, viz., 


EQUATIONS OF PLANES UNDER GIVEN CONDITIONS. 


5560 A plane passing through the point abe and perpen- 
dicular to the direction lini: 


l (e— a) +m (y—b)-+n (s—e) = 0. 
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5561 A plane passing through two points abe, a'l/c : 
A M Jmm) que imi = 0 
7 c) D 


(— (t b —1D/ 


5562 with Atptv= 0. 
Proor.—By eliminating n between the equations 
L(a—a)+m (y—b) +2 (z—c) = 0, l(a—a’) +m (b—b’) +n (c—c’) = 0, 
and altering the arbitrary constant. 


5563 A plane passing through the point of intersection of 
the three planes 4 —0, v=0, w=0: 


lu--mv-4- nw = 0. 


5564 A plane passing through the line of intersection of the 
two planes w-0; v= 0: 
lu-tme = 


5565 A plane passing A ro the two points given by 
oie ep a EE psp 


lu--mv-E-me — 0 with latmb+ne = 0. 


5566 The equation of a plane passing |e y s 1 
through the three points #14121, @i2%, aa? | a, y, x l 
or A, D, C, is given by the determinant Va Yaza l =0 
annexed, in which the coefficients of v, y, 2 D " ul 


represent twice the projections of the 
area ABC upon the coordinate planes. 
PnRoor.— The determinant is the eliminant of Ax-FBy-d- 0: 1, and 
three similar equations. Expanded it becomes 
8 (Yas — Ysa T s — rest Mt — Yor) Hy (ke.) +z (&o.) Ev, — ke. = 0. 
Hence, by (4036), we see that the coefficients are twice the projections of 
ABC, as stated. 


5567 The sum of squares of the coefficients is equal to 
four times the square of the area ABC. 


Proor.—For, if l, m, n are the dir-cos. of the plane, and AGC = 5, the 
coefficients are = 251, 25m, 25n, by projection. 


9568 The determinant (a, Yə, Zs) that is, the absolute term 
in equation (5566), represents six times the volume of the 
tetrahedron OABC, where O is the origin. 
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Proor.—Writing the equation of the plane ABO, Ae -- By J-0z-- D — 0, 
we have for the perpendicular from the origin, disregarding sign, 
D D 
= —— um = Se (556 
£9 Vaso eos ee 
therefore D = 2pS = 6 x the tetrahedron OABC. 


5569 If «yz be a fourth point, P, not in the plane of ABO, 
the determinant in (5566) represents six times the volume of 
the tetrahedron PABC. 


Proor.—By the last theorem the four component determinants represent 
six times (OBCOP+OCAP+OABP+OABC) for an origin O within the 
tetrahedron. 


5570 <A plane passing through the points abe, o'l'c', and 
parallel to the direction lmn : 
v$—a y—b xs—c 
a—a b—b  c—c 
l m n 
a—a b—li c—c 


Pnoor. — Eliminate A, p, v between the equations (5561-2) aud 
A _ mp nv 
a—a  b—l | c—c 
and the normal of the plane (5561). 


= 0, the condition of perpendicularity between lmn 


5571 A plane passing through the point abe and parallel 
to the lines mn, (nin: 
v—a l UP 
y—b m m |=0. 
SG R ^ 
Proor.—The equation is of the form A (z—2a) -- u (y —5) +v (z—c) = 0, 
and the conditions of perpendicularity between the normal of the plane and the 


given lines are /À - mp 4- nv = 0, VA+mu p uv =0. Form the eliminant 
of the three equations. 


5572 A plane equidistant from the two right lines (abe, lmn) 
and (abe, Unn’): 

w—t(ata) l UV 

y—> (b+) m m |=0. 

s—g(ete’) n w By (5571). 
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5573 A plane passing through the line (abe, Imn) and per- 
pendicular to the plane læ+my+nz = p: 
The equation is that in (5571). 


For proof, assume À, p, v for dir-cos. of the normal of the required plane, 
and write the conditions that the plane may pass through abc and that the 
normal may be perpendicular to the given line and to the normal of the 
given plane. 


TRANSFORMATION OF COORDINATES. 


5574 To change any axes of reference to new axes parallel 
to the old ones : 

Let the coordinates of the new origin referred to the old 
axes be a, b, c; «yz and «'y'z', the same point referred to the 
old and new axes respectively ; then 


ted, y=Zy te S Gee 


5575 To change rectangular axes of reference to new 
rectangular axes with the same origin : 


Let OX, OY, OZ be the original axes, and OX’, OY’, OZ 
the new ones, 
l, m, n, the dir-cos. of OX’ referred to OX, OY, OZ, 
l, m, Ny do. OM do. do. 
ls Ms n; do. OZ’ do. do. 


ayz, &n@ the same point referred to the old and new axes 
respectively. Then the equations of transformation are 


5576 wg Et ntl, t c 
y = ME MN cerere GL); 
s= mé mente ce mE 


And the nine constants are connected by the six equations 
5574 C mpn = 1...(iv-); bht mm Finne 0. (vi), 
É-Emi4-al-—1..(v), Uhm nn, = 0 ... (viii.), 
Cpm = 1 ...(vi), hh+mm+nn,= 0... (ux), 
so that three constants are independent. 
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Proor.—By (5515) and (5582), since OX’, OY’, OZ’ are mutually at 
right angles. 


5578 ‘The relations (iv. to ix.) may also be expressed thus— 


l Bes —— == dedu Mar = +1 en (e 


MAN; — MA — n4,— my, kbm, —lm, 


l, = My = __ a = +1 0o0con (x 


mai— mn, — ny,—m, Lm — lim 


m. R. DO 
——— L ee a 
mQqg3,—m,am, — njd—nj],  lm,—lm, 
Obtained by eliminating the third term from any two of equations 
(vi1.—1x.). Also, by squaring each fraction in (x.) and adding numerators 
and denominators, we get 


C Hm tn 
1 = by (coma 
(E min) (E+ m +n) — (ll + mgs + qns) Y GER 


5579 If the transformation above is rotational, that is, if it 
can be effected by a rotation about a fixed axis, the position 
of that axis and the angle of rotation 0 are found from the 


equations 2 cosh = L+m,+n,—1, 


cos” a cos’ B cos’ y 
5580 TwQ--n,—1l,—1l  nn-4-h—m,—1" lh--«,—n,—1' 


where a, B, y are the angles which the axis makes with the 
original coordinate axes. 


Proor.—(Fig. 171.) Let the original rectangular axes and the axis of 
rotation cut the surface of a sphere, whose centre is the origin O, in the 
points w, y, z, aud I respectively. Then, if the altered axes cut the sphere in 
ë, n, £, we shall have 0 = Z «IZ in the spherical triangle; Jv = I$ = a; fy = 
Ia = B; Iz = If = y, and by (882) applied to the isosceles spherical triangles 
Ié, &c., l, = cos ai = cos’ a+sin’a cos 0, m, = cos yn = cos’ () J- sin? P cos 6, 
Ns = coszg = cos y-Fsin*y cos0. From these cos #, cosa, cos, and cos y 
are found. 


558] Transformation of rectangular coordinates to oblique : 
Equations (i. to vi.) apply as before, but (vii. to ix.) no 
longer hold, so that there are now six independent constants. 
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THE SPHERE. 


5582 The equation of a sphere when the point abe is the 
centre and 7 is the radius, 


(v —ay + (y —bY-r(s—ey = 7. 
5583 The general equation is 
vV+y+2+Aet By+Cs+D = 0. 


The coordinates of the centre are then _A .P5 a 


Dx 2° 
and the radius = $,/(?+2?+C?—4D). 
Proor.—By equating coefficients with (5582). 


5584 If xyz be a point not on the sphere, the value of 
(w—a)’?+(y—b)?+ (z—ce)—1? is the product of the segments 
of any right line drawn through «yz to cut the sphere. 


Proor.—From Hue. 11, 35, 36. 


THE RADICAL PLANE. 


5585 The radical planes of the two spheres whose equations 
aro v = 0 w = 051s 
u—u = 0. 


5586 The radical planes of three spheres have a common 
section, and the radical planes of four spheres intersect in the 
same point. 


Proor.—By adding their equations, and by the principle of (4608) 
extended to the equations of planes. 


POLES OF SIMILITUDE. 


5587 JDzr.—A pole of similitude is a point such that the 
tangents from it to two spheres are proportional to the radii. 


5588 The external and internal poles of similitude are the 
vertices of the common enveloping cones. 
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5589 ‘The locus of the pole of similitude of two spheres is a 
sphere whose diameter contains the centres and is divided 
harmonically by them. 


CYLINDRICAL AND CONICAL SURFACES. 


5590  Dzr.—A conical surface is generated by a right line 
which passes through a fixed point called the vertex and 
moves in any manner. 


5591 If the point be at infinity, the line moves always 
parallel to itself and generates a cylindrical surface. 


5592 Any section of the surface by a plane may be taken 
for the guiding curve. 


5593 To find the equation of a cylindrical or conical surface. 
Rute.—Lliminate xyz from the equations of the guiding 


. x—a ant Z ° 
curve and the equations a ae JF = 2 of any generating 
m n 
line; and in the result put for the variable parameters of 
the line their values in terms of x, y, and z. 


5594 Ex. L— To find the equation of the cylindrical surface whose 
generating lines have the direction lmn, and whose guiding curve is given 
by Ba? tay = a and z=0. 
At the point where the line am = ¥ -2 — meets the ellipse, z = 0, 
n 
v =a, y=. Therefore Va’ +a = a'h. Substitute in this, for the 


: Iz mg 
variable parameters, a, 8, a=a——, B =y——; and we get, for the 
n n 


cylindrical surface b’ (nz — lz} 4- a? (ny—mz)? = dbn. 


5595 A conical surface whose vertex is the origin and 
guiding curve the ellipse b’ +ay? = ab, z = c, is 


a. T 
D MB d e 
2 


Proor.-—Here the generating line is = = re At the point of iuter- 
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. . le m De? awe "T 
section of the line and curve z=c, & = 2, y =”; n HE te’. 

n n n n 
Substitute for the variable parameters 1: m : n the values æ : y : 2 and the 
result is obtained. 


CIRCULAR SECTIONS. 


5596 Rursm.—To find the circular sections of a quadric curve, 
express the equation in the form A (x+y tz t6) &c. = 0. 
If the remaining terms can be resolved into two factors, the 
circular sections are defined by the intersection of a sphere and 
two planes. 


5597 Generally the two quadrics 

ax? + by? +02 + 9f yz 4- Qgze+2hay = 1 
and (a+A)a?+(b+A) y+ (e FA) P+ 2fyet Qyze-+- Zhey = 1 
have the same circular sections. 


Proor.—Let 7, p be coincident radii of the two surfaces having lmn for a 
common direction. Then B = al? bm + ei? + 2fmn+2gnl4-2hlm and i 
ee - 


=the same +A. Therefore, if » has a constant value throughout any 
section, p is also constant throughont that section. 


Ns oN 


5598 Ex—An oblique circular cone whose vertex is the point a, 0, b, 
and guiding curve the circle +y? = c; 4=0; is 
(az— boy +67? = c (as—by. 
The equation may be written 
b? (a yi rz —o8) = 2 {Qabat (U p à—0) z—2Qbe"}, 
and therefore the cone has two series of parallel cirenlar sections, z =k and 
2aba + (b! p c —a?) ; — 2b = p” (5583). (Frost and Wolstenholme.) 


eE 


CONICOIDS. 


5599 Ders.—A conicoid is a surface every plane section of 
which is a conic. 

The varieties are the ellipsoid, the oue-fold and two-fold 
hyperboloids, the elliptic and hyperbolic paraboloids, the 
spheroid of revolution, the cone, and the cylinder. 

o E 
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In any of the following equations of a conicoid, by making one of the 
variables constant, the equation of a section parallel to a coordinate plane is 
obtained, and the equation of the surface is by that means verified. Thus, 
in the equations of (5600) or (5617), Figs. (172) and (173), if z be put 
= ON, we get the equation of the elliptic section RPQ, the semi-axes of 


which are NQ = E V (C ONI and NR — P J/( —ON?*), a, b, c being the 
c 9 
principal semi-axes of the conicoid; that is, OA, OD, OC in the figure. 


THE ELLIPSOID. 


5600 The equation referred to the principal axes of the 
figure is 
ae 


| Fie. 172 
daraus (Fig ) 


5601 There are two planes of circular section whose 


equations are 

cnn -e( 1 =) a 

"s -u)-7 5) 
with a>b>e. 


Pnoor: de (L-ije(L-L -+) = 
[XE qu MMC Ce 
is a cone having a common section with the conicoid and a sphere of radius 
r. If the common section be plane, one of the three terms must vanish 
in order that the rest may be resolved into two factors. 
Since a>b>c, the only possible solution for real factors is got by 
making 7+ = b. 


5609 Sections by planes parallel to the above are also 
circles, and any other sections are ellipses. 


5603 The umbilici of the ellipsoid (see 5777) are the points 
whose coordinates are 


C—b p) —c 
æ= +a y s— y-—- 2z=4eV =. 


(eed t C—C 


Pnoor.— The points of intersection of the planes (5601) and the ellipsoid 


2 : be a’ — b? 
(5600) on the xz plane are given by &/ = +a 2 » Z =t =, 
a — e a—c 
Since, by (5602) the vanishing circular sections are at the points in the ws 
` a c 
plane conjugate to z' and z’, we have, by (4352), « = ——2’, zz «a. 
C a 
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5604 If a=b, in (5600), the figure becomes a spheroid, and 
every plane parallel to «y makes a circular section. Hence 
the spheroid is a surface of revolution. It is called prolute 
or oblate according as the ellipse is made to revolve about its 
major or minor axis. 


THE HYPERBOLOID. 


5605 The equation of a one-fold hyperboloid referred to its 
principal axes 1s 


2 2 
Gur UM. | Fic. 173 
ji p x m 


5606 The planes of circular section, when «57v, are all 
parallel to one or other of the planes whose equations are 


(1 DW a 
4 (i) (+ a) = 0. 


Proor.—As in (5601), putting r = a. 


5607 ‘The generating lines of this surface belong to two 
parallel systems (1.) and (ii.) below, with all values of 0. 


5608 


Lv PS e Uv S . 

— = cos6+ =sin 0 — = eos 0— sin 0 

a " a ie 

i à EE i Za 
J — sin 0—= cos 0 J — sin 0-- = cos 0 

b e b c 


For the coordinates which satisfy either pair of equations, 
(i.) or (ii), satisfy also the equation of the surface. The 
equations may also be put in the forms 


5610 v—acos6@  y—bsinO — TE 


asin ^ —beos@~ ~ e` 


5612 If z=0, z=acosð and y = b sin. Hence 0 is 
the eccentric angle of the point in which the lines (i.) and (i) 
intersect in the vy plane. 


5613 Any two generating lines of opposite systems intersect, 
but no two of the same system do, 
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5614 If two generating lines of opposite systems be drawn 
through the two points in the principal elliptic section whose 
eccentric angles are 0+a, 0—a, a being constant, the coordi- 
nates of the point of intersection will be 

æ = a cos Â seca, y —bsinÜ seca, z = +ctana, 


and the locus of the point, as 0 varies, will be the ellipse 
2 2 
R y a 
peru oe mr E 3 = IO. 
5615 (secta T P secta i 
Proor.—From (i.) and (ii.), putting 6a for 0.* 
5616 The asymptotie cone is the surface given in (5595). 


Proor.—Any plane through the z axis whose equation is y = mæ cuts the 
hyperboloid and this cone in an hyperbola and its asymptotes respectively. 


5617 The equation of a two-fold hyperboloid is 
aw LE (Fig. 174) 


9 9 9 
UE ste) 
5618 Ga e 


Proor.—Any plane through the g axis, whose equation is y = mz, cuts 
the hyperboloid and this cone in an hyperbola and its asymptotes respec- 
tively. 

There are two surfaces, one the image of the other with regard to the 
plane of yz. One only of these is shown in the diagram. 


5619 ‘The planes of circular section when b is >c are all 
parallel to one or other of the planes whose joint equation is 


1 1 2 enl 1 
a (E+) -——-34)-* 


Pnoor.—As in (5601), putting 7? = — V. 
5620 If b=c, the figure becomes an hyperboloid of revo- 


lution. 


THE PARABOLOID. 


5621 This surface is generated by a parabola which moves 
with its vertex always on another parabola; the axes of the 
two curves being parallel and their planes at right angles. 


* The surface of a one-fold hyperboloid, as generated by right lines, may frequently be 
seen in the foot-stool or work-basket constructed entirely of straight rods of eane or wicker, 
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The paraboloid is elliptic or hyperbolic according as the 
axes of the two parabolas extend im the same or opposite 
directions. 


5622 The equation of the elliptic paraboloid is 
7 ds I = (Fig. 175) 
b and c being the latera recta of the two parabolas. 
Paoor: QM — 0.0M; PN*=c.QN; . STE 4 PN S gy oy mo. 
If b= e, the figure becomes the paraboloid of revolution. 


5623 Similarly the equation of the hyperbolie paraboloid is 
| = wv. (Fig. 176)* 
5624 The equations of the generating lines of this surface 


D S v 
are j += =m and Y A 


a v NZD Imm 


the upper signs giving one system of generators and the lower 
signs another system. 


5625 The equations of the asymptotic planes are 
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TANGENT AND DIAMETRAL PLANES. 


5626 ‘Taking the equation of a central quadric “+! nee a. 
= ] to include both the ellipsoid and the two - d. 


* The curvature of this surface is anticlastic, a sort of curvature which may be seen in 
the saddle of a mountain; for instance, on the smooth sward of some parts of the 
Malvern Hills, Wor cestershire, 
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according to the signs of b and œ, the equation of the tangent 
plane at æyz is 


2 c 


pa aS By (5679). 


5627 If p be the length of the perpendicular from the origin 
upon the tangent plane at ae 


1 

oF —— 
Proor.—From (5549) applied to (5626). 

5628 The length of the perpendicular let fall from any 

point £xZ npon the tangent plane at vyz is 


»(& + i =1), (5554 & 5627) 


5629 Direction cosines of the normal of the tangent plane 


wv )] * 
at ajyz, =P}, m= Li, n -— PE. 


a’ c! 
Proor.—By (5548) applied to (5626) and the value in (5627). 
5630 If /, m, n are the direction cosines of p, 
pa=latmytns and p = Ppbm en. 
Proor.— (5030) By projecting the three coordinates x, y, z upon p. 


(5631) By substituting the values of v, y, z, obtained from (5629), in 
(5630). 


5632 The E- of the normal at «yz is 


(£—4) {= (1-9) = (ap 


^^ 
w~ 


since the dir-cos. are the same as those of the tangent plane 
at (5626). 


5633 Each term of the above equations 
= pv E£—o)q-»r-3 


or p multiplied into the length of the normal. 
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2 — S—— A 
Pnoor.— Each term squared = eU = C PC a o 
as w e 


Add numerators and denominators, and employ (5627). 


5634 Equation (5631) is the condition that the plane 
le+timy+nz =p may touch the conicoid; and if p= 0, we 
have for E SCR UM of the plane ken iT nz = 0 touching 


the cone - ics L T 
(t 


n2 


5635 (P -- Du c2? = 0. 
5636 The section of the quadrie made by a diametral plane 
conjugate to the diameter through the point eyz has for its 


£v 


a 


equation sepa E =e Ele = E By (5688). 


5637 Hence the relation between the direction cosines of 
two conjugate diameters 1$ 


W mna nw 0 
= mal a 
a b $ 


ECCENTRIC VALUES OF THE COORDINATES. 
5638 These are defined to be 
rath, y= bp, s-c» with Vee. 


5640 23,4, v are the dir-cos. of a line called the eccentric 
line; and E=rdA, » — vu, £— rv are the coordinates of the 
corresponding point upon an auxiliary sphere of radius r. 


5641 The eccentric lines of two conjugate semi-diameters 
are at right angles. By (5637). 


5642 The sum of the squares of three conjugate semi- 
diameters is constant and = œ? 4b +e. 
Proor.—Let a’, L’, c be the semi- -diameters, and ay? tv UY Eos alf their 


extremities. Put dis eccentric values in the equations x EA +: = ELE a C., 
and add. By (5641), A, FA +A, — 1, &c. 
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5643 The sum of the squares of the reciprocals of the same 
is also constant. 


Proor.—Pat ricos a, v, cos [4, r, cos y, for x,y,z, in the equation of the 
: 1 p ?^i ap Um al v Y» 
quadrie. So for a, Y» z3 and vy yg z,. Divide by rj, 72,7, and add the results. 


5644 The sum of squares of reciprocals of perpendiculars 
on three conjugate tangent planes is constant. 


Proor.—For each perpendicular take (5627), and substitute the eccentric 
values as in (5642). 


5645 The sum of the squares of the areas of three con- 
jugate parallelograms is constant. 


Pnoor.—By the constant volume of the parallelopiped pd; = palo = psy, 
(9648) and by (5614). 


5646 The sum of the squares of the projections of three 
conjugate semi-diameters upon a fixed line or plane is 
constant. 


Pnoor.—With the same notation as in (5642), let (Jian) be the given line. 
Substitute the eccentric values (5638) in (læ, J- my, Hna) + (la + my, + nz)? 
+ (lx + mys d uz). In the case of the plane we shall have 


a^ — (Lv, tiny, T 2,)? + &c. 


5647 Cor.— The extremities of three conjugate semi- 
diameters being Wis alfa, Valas it follows that, by pro- 
jecting upon each axis in turn, 


; Bg = ge pLa NU NEN NER up m 
Veta — «a; yy = 0; Stet = 


5648 The parallelopiped contained by three conjugate semi- 
diameters is of constant volume = abe. 


Proor.—By (5568), the volume =| 2, y, 2 |—abc| M p, n 
| a Ya f Ay Hy Y. 
| 3s Js žy | Às fs s 


by the ecceutric values (5638). But the last determinant =1 by 
(584, E). 


5649 Cor.—lf a’, V, are the semi-conjugate diameters, 
w the angle between «' and //, and p the perpendicular from 
the origin upon the tangent plane parallel to «'///, the volume 
of the parallelopiped is pa't sin w = abe. 
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5650 Hence the area of a central section in the plane of a'b’ 


; abe 
— rab sine = wl. 


P 


5651 pes i the semi-axis of a central section of the 
quadric ^ “A ie a — = ] made by the plane le+my+nz= 


we Pm? Cn 


a are SoC TE " = 


wer 


Proor.— The equation is the condition, by (5635), that the plane 
le+my+nz = 0 may touch the cone 


(= her (h-i) ($t) = 


as in the Proof of (5600). For another method, see (1863). 


5659 When the equation of the quadrie is presented in the 
form 


ar +by tes + 2fyz+2ere+2hey = 1, 


the quadratic for? takes | , £ h " i 
the form of the determi- E 5 
nant equation annexed. 1 
Or, by expanding, and h Uc I ah 
writing A’ for the same . 1 
determinant, with the S i G=- W 
fraction ze erased, the l m n 

p 


equation becomes 
Att {(b+c) P+(e+a)m?+ (a+b) n? — 2fmn —2enl—2him} 1? 
—P—m—iv = 0). 


Proor.— The equation of the cone of intersection of the sphere and 
quadrie now becomes 


(a 5) Was (o— i) PF G J Don EU zl 


and the condition of touching (5700) produces the determinant equation. 


5 F 
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5654 To find the axes of a non-central section of the 
quadric DE an Es = 1 
Qr EDS E 

Let PNQ (Fig. 177) be the cutting plane. Take a parallel 
central section BOC, axes OB, OC, and draw VP, NQ parallel 
to them. These will be the axes of the section PNQ, and NQ 
will be found from the equation Ai + AT I 
5655 The area of the same section 


= mabe (e, 

ie y 
where p' and p are the perpendiculars from O upon the cutting 
plane and the parallel tangent plane. 


, 7 A ao 
Proor.—The area = r NP.NQ = 7r—.0B.0€ 


OC? 
= e (1~ gi) 08.00 = 2 (1— 77), by (5650). 


SPHERO-CONICS. 


Der.—a sphero-conic is the curve of intersection of the 
surface of a sphere with any conical surface of the second 
degree whose vertex 1s the centre of the sphere. 

Properties of cones of the second degree may be investi- 
gated by sphero-conies, and are analogous to the properties 
of conies. 


A collection of formule will be found at page 562 of Routh’s Rigid 
Dynamics, 3rd edition. 


CONFOCAL QUADRICS. 


90656 = Derixrrioy.—The two quadries whose equations are 


2 9 2 2 9 
av Um bed yo e 
E + y + > = Í and ae Z 


me 
c NND T mex E 


are confocal. We shall assume a 57» c. 


1, 


5657 As A decreases from being large and positive, the 
third axis of the confocal ellipsoid diminishes relatively to the 
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others until A =—-?, when the surface merges into the 
focal ellipse on the æy plane, 
x Y ej 
eal p—2) ` 


A still diminishing, a series of one-fold hyperboloids appear 
until A = —P, when the surface coincides with the focal 
hyperbola on the zx plane, 
Qe? s 
———71—7;5—l 
e—P Yee 


The surface afterwards developes into a series of two-fold 
hyperboloids until A = —«a?, when it becomes an imaginary 
focal ellipse on the yz plane. 


5658 Through any point gyz three confocal quadries can be 
drawn according to the three values of A furnished by the 
second equation in (5656). That equation, cleared of frac- 
tions, becomes 


5659 X -F (dM- UE e—a?—y —2)N 
Pepepe — (VEE) à— (4e) y — (P) ohn 


+00 e pe dau —aa = 0. 


These three confocals are respectively an ellipsoid, a one- 
fold hyperboloid, and a two-fold hyperboloid. See Figure 
(178); P is the point «yz; the lines of intersection of the 
ellipsoid with the two hyperboloids are DPE and FPG, and 
the two hyperboloids themselves intersect in HPK. 


Proor.— Substiinte for A successively in (5659) a’, b, c&, —oo ; and the 
left member of the equation will be found to take the signs +, —, +, — 
accordingly. Consequently there are real roots between a? and b’, 1^ and c, 
e? and —o. 


5660 ‘Two confocal quadries of different species cut each 
other everywhere at right angles. 


Proor.—Let a, b, c ; «', V’, c' be the semi-axes of the two quadries; then, 
at the line of intersection of the surfaces, we shall have 


| eS i MP E *(4-4,)= 
i im au) tn UE maar E g” x 
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which, since a^— qa? = b”—L? = c*—c? = X, becomes the condition of per- 
pendicularity of the normals by the values in (5629). Thus, in (Fig. 178), 
the tangents at P to the three lines of intersection of the surfaces are 
mutually at right angles. 


5661 If P be the point of intersection of three quadrics 
db C sss, a3b,c; confocal with the quadric abe; the squares 
of the semi-axes, d», ds, of the diametral section conjugate to 
P in the first quadric are (considering «d,» 4> ü, and writing 
the suffixes in circular order) 


2 2 2 2 2 2 

us = O a lr (i; = i = (15; 

2 2 2 2 2 2 

In the second, di ==; ~ (s TE == UB ole 
. . 2 2 2 2 2 2 
in the third, (og c i=. ~ Os 


Or, if for ai, a, à? we put a? 4- X,, a° +A, @+As;, the above 
values may be read with A in the place of a and the same 
suffixes. 


Proor.—Put aa) = u; then 


9 


a? )2 2 2 
m. (+551 pride eal 


5 2 2 2 
DEC sie | WO UA 
are confocal m Take the difference of the two equations, and we 
obtain, at a common point a^y'z', — EN ) T &e. = 0. Comparing this with 
a? (a? — 


(5651), the quadratic for the axes of the section of the quadrie by the plane 
lx+my 4- nz = 0, we see that, if J, m, n have the values 4, &c., p is identical 
3E 


with 7°; the plane is the diametral plane of P; and the two values of p are 


the squares of its axes. Let d. d; be these SAI then, since there are but 
three confocals, the two values of must give the remaining confocals, t.e., 
—d; =e and a id; ae 


The six axes of the sections are situated as shown in the 
diagram (Fig. 179). Either axis of any of the three sections 
is equal to one of the axes in one of the other sections, but 
the equal axes are not those which coincide. © is supposed 
to be the centre of the conicoids, and the three lines are drawn 
from O parallel to the three tangents at P to the lines of in- 
tersection. 


5662 Coordinates of the point of intersection of three con- 
focal quadries in terms of the semi-axes : 


CENTRAL QUADRIC SURFACE. Tae 


qe Us 9:28 bibib, 
(a —bi)(ai—cei) : (aji— 0) (b; —6) 
wd e e 5 


77 tie hee 
(a; ae (i) (bj — €) 
The denominators may be in terms of any of the confocals 
: D 2 2 2 2 2 
since aj— b] = a5— b, = a,—b3, &c. 


t2 


a —H ar k? 
. . . & D . 2 
= l, producing a cubic in a’, the product of whose roots «^, «^, a^ gives 4^. 


9 
Proor.—The equation of a confocal may be written — + 
m 


5663 ‘The perpendiculars from the origin upon the tangent 
planes of the three confocal quadries being pi, ps, pa: 


272 2 Pe 
2 TEA 2 
pı = Ei Wc M MUI. 
1 (al—alD(al—a) 2 (aj—aj)(ai—«a) 
272 2 
Duet (303 C3 


oue (aè — qe (a — a2) 


Proor.—By (5649), pıd:d; = ajb,c4; then by the values in (5661). 


RECIPROCAL AND ENVELOPING CONES. 


5664 Drr.—A right line drawn through a fixed point always 
perpendicular to the tangent plane of a cone generates the 
reciprocal cone. 

The enveloping cone of a quadric is the locus of all 
tangents to the surface which pass through a fixed point 
called the vertex. 


5665 The equations of a cone and its reciprocal are respec- 
tively 


Aa*4- By+ Cs = 0.....6), and © aes m = ET. (my. 


Proor.—The equations of the tangent plane of (1.) at any point vyz, and 
of the perpendieular to it from the origin, are 


EE GET ont < SUBE od Gah 
Eliminate æ, y, z between (i.), (iii.), and (iv.). 


5667 ‘The reciprocals of confocal cones are coneyclic ; that 
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is, have the same circular section; and the reciprocals of con- 
cyclic cones are confocal. 


Proor.—A series of eoneyelie eones is given by 
Aa? 3 Dy HECHA (a? +7?+2) — 0 
by varying ^ ; and the reciprocal cone is 


D ME E (5665) 
A+A DHA COJA 


5668 The reciprocals of the enveloping cones of the series 


7 2 .2 
of confocal quadries mus x + TER 4. TRE = 1, wath ya tor, 


the common vertex, P, of the cones, are given by the equation 


CPAP peg —(fe+-gythsyr+rA (wt y? -- 22) = 0. 


Proor.—Let Imn be the direction of the perpendicular p from the origin 
upon the tangent plane drawn from P to the quadrie. Equate the ordinary 
value of p* at (5631) with that found by projecting OP upon p; thus 

(a? E X) P+ (P 4X) m+ (CX) à? = (fl gm huy. 
Now p generates with vertex O a cone similar aud similarly situated to the 
reciproeal cone with vertex P, and J, m, n are proportional to 2, y, z, the 
eoordinates of any point on the former cone. Therefore, by transferring the 
origin to P, the equation of the reciprocal cone is as stated. 


5669 Cor.— These reciprocal cones are concyclie; and 
therefore the enveloping cones are confocal (5667). 


5670 The reciprocal cones in (5668) are all coaxal. 


Proor.—Transform the eone given by the terms in (5668) without À to 
its principal axes; and its equation beeomes Ax’ + Dy*-- 07 =0. Now, if 
the whole equation, including terms in A, be so transformed, «?+7?+2? will 
not be altered. Therefore we shall obtain 

(A+) 2? E (DX) y+ (C 4X) 2 = 0, 


a series of coaxal eones. 


5671 The axes of the enveloping cone are the three normals 
to the three confocals passing through its vertex. 


Proor.—The enveloping cone beeomes the tangent plane at P for a con- 
foeal through P, and one axis in this ease is the normal through P. Also 
this axis is common to all the enveloping cones with the same vertex, by 
(5070). But there are three confocals through P (5658), and therefore 
three normals which must be the three axes of the enveloping cone. 


5672 The equation of the enveloping cone of the quadric 
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q? UR 2 
TES a b+ E +A 


cipal axes, 


= 1 is, when transformed to its prin- 


eur NF. = 


where X, X, A, are the values of A for the three confocals 
through P, the vertex, and d, d, are the semi-axes of the 
diametral section of P in the first confocal (5661). 


a y To 
mx ep U ety VULP 


Pnuoor.— Transform equation (5668) of the reciprocal of the enveloping 
cone to its principal axes, as in (5670). Let X, A, A, be the values of A 
which make the quadrie become 1 in turn the three confocal quadries through 
P. Then the reciprocal (A+A) a? -- (B - X) y? -- (C) 2 = 0 must peso 
a right line in each case because p: euveloping cone becomes a plane. 
Milne crore one coefficient of 2, y’, or « must vanish. Hence A+ A, = 0, 
aN = 0, C+ = 0. Therefore AW reciprocal cone becomes 

(Acz) a? + (A—A,) y? + (A—A,) 2 = 0, 
and therefore the enveloping cone is 


THE GENERAL EQUATION OF A QUADRIC. 


5673 This equation will be referred to as f'(v, y, z) = 0 or 
U= 0, and written in full, is 
a+b + es? -2fyz A- 2g Svp 2hvey 4-2pv 4-2qy 4- 2r 4r d. = 0. 
By introducing a fourth quasi variable 4 — 1, the equation 
may be put in the homogeneous form 
5674 axy by? ez? p dw? + 2fys d 2g za M 2hey 
-F2p.t 4- 2qyt A- 2rzt = 0, 
abbreviated into 
(nena, 1 2; pegar Yo ED Eu 

as in (1620). 

Transforming to an origin «yz and coordinate axes 


parallel to the original ones, by substituting « +ë, y +n, +2 
for 2, 9, and 2, the equation becomes, by (1514), 
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5675 a£ + by +l + fight 2elé+ 2hEy 
+£U,4+9U,+W.+U — 0, 


where U = f (z, y', 7) (omitting the accents). 


5676 ‘The quadratic for 7, the intercept between the point 
vy’? and the quadric surface measured on a right line drawn 
from xyz’ in the direction lmn, is 


1? (al + bm’? en? + 2finn+2enl+ 2him) 
+r (lU,4+mU,4+nU,)4+U= 0. 
Obtained by putting § — rl, 4 - rm, C= rn in (5674). 
9677 The tangents from any external point to a quadric are 
proportional to the diameters parallel to them. 
Proor.—From (5676), as in (1215) and (4317). 


5678 ‘The equation of the tangent plane at a point ayz on 
the quadric is 
(§—a) U,-F (n—y) U,4-(£—5) U, — 0 
5679 or £U,-F QU, -- CU, 4-7U, = 0, 
with 7 and ¢ made equal to unity after differentiating. 


Pnoor.—From (5676). Since zyz is a point on the surface, one root of 
the quadratic vanishes. In order that the line may now touch the surface, 
the other root must also vanish; therefore 1U,+mU,+2U,=0. Put 
r= E—a, rm-m—y, tn = &č—z; énf being now a variable point on the 


line, and therefore on the tangent plane. 
5680 Again, aU ,+yU,+2U.+tU,=2U, by (1624), 
therefore vU, yU,- T zU, = —tU,, 


which establishes the second form (5679). 


5681 Equation (5679) also represents the polar plane of 
any point «yz not lying on the quadrie surface. Written in 
full it becomes 


E(avthy+gz+p) or w(aé+hynt+gel+p) 


+7 (ho by + fq) ty (hS+ byt fe+ q) 
+E (gat fy er) +s (eft fot ettr) 


+ petgytretd =0, + p£-Fqq4- rZ4- d = 0. 
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5683 That is, the forms 
€U,+79U,+CU,+0=0 and wrU,+y0U,+2sU4-U= 0 


are convertible, U standing for f(e, y, z) in the first, and for 
f (E, n, č) in the second. 


5685 The intersection of the polar planes of two points is 
called the polar line of the points. 


5686 ‘The polar plane of the vertex is the plane of contact 
of the tangent cone. 


Proor.—If ný be the vertex and yz the point of contact, equation 
(5683) is satisfied. If x, y, z be the variables and £yZ constant, the second 
form of that equation shows that the points of contact all lie on the polar 
plane of the point £yZ. 


5687 Every line through the vertex is divided harmonically 
by the quadrie and the polar plane. 


Proor.—In equation (5684) put æ = ¿+ Rl, y — n+ Hm, z = £4- Rn to 
determine Zi the distance from the vertex to the polar plane. This gives 
jm E — ED E 

LU, mU, RU, 

Now, if 7, 7’ are the roots of the quadratic (5676), with é, n, written for 


x -= k, which proves the theorem. 
Parr 


, employing (5680). 


x, y, z, it appears that 


5688 Every line (lmn) drawn through a point yz parallel 
to the polar plane of that point is bisected at the point, and 
the condition of bisection is 


LU,+mU,+nU, = 0. 


Proor.—The equation is the condition for equal roots of opposite signs iu 
the quadratic (5676). Since l, m, n are the dir. cos. of the line and U,, Uy, 
U, those of the normal of the polar plane (5683), the equation shows that 
the line and the normal are at right angles (5532). 


5689 The last, when v, y, z are the variables, is also the 
equation of the diametral plane conjugate to the direction lmn. 
Expanded it becomes 


(al 4- hm t gn) w+ (MF bm fn) y4- (gl fm 4 en) z 


+pl+qn+rn = 0. 
9G 
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For the point yz moves, when 2, y, z are variable, so that every diameter 
drawn through it parallel to lmn is bisected by it, and tbe locus is, by the 
form of the equation, a plane. 

If the origin be at the centre of the quadric, p, q, and r of course vanish. 


5690 The coordinates of the centre of the general quadric 
U = 0 (5673) are 


A JN! Nn’ 
q——, y—uHi—— 2s= =. 
2A ^" 2" 24 


Proor.—Every line through xyz, the centre, is bisected by it. The condi- 
tion for this, in (5688), is U,— 0, U,=0, and U,= 0, in order to be inde- 
pendent of imn. The three equations in full are 

a h 


az+hy+gz+p = 0 5 j * a hg 
hat by+fz+q — 05; and A = D NE A= | h E 
ge+ fy+tcz+r = 0 : qr d G 7 we 


Solve by (582). 


5691 ‘The quadric transformed to the centre becomes 
; AV 
a£ by -HeH 2206 2héy + 5 = 0. 


Proor.— By the last theorem, the terms involving &, n, ¢ in (5675) vanish. 
The value of U or f (v, y, z), when «yz is the centre, appears as follows :— 


U = ŁU, (5680) = pe+qy+rz+d = phat qhctrós +d (5690) = i (1647). 


The last equation, being again transformed by turning the 
axes so as to remove the terms involving products of coordi- 
dinates, becomes 


5692 a? E By byes = 
5693 where a, f, y are the roots of the discriminating cubic 
R— I? (atb+e)+R (be+ca+ab—f?— e? — h) — A = 0, 
or (It —«)(I —5)(It —e) — (It —a) f?—(R—b) g?—(It—e) h 
—2frh= 0. 


Proor.—lIt has been shown, in (1847-9), that the roots of the discrimi- 
nating cubic ( multiplied in this case by -i) are the reciprocals of the 


maximum aud minimum values of à? 4- y*--z^. But such values are evidently 
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the squares of un axes of Be quadric surface. Let the central equation of 


the surface be = EST y P — = 1. Therefore L = — ar 
b a A 


&c. producing 


the equation De 


5694 The equations of the new axis of æ referred to the old 
axes of £, », Z are 


(F+af) x = (G+ag) y = (H+ah) z; 
and similar equations with 9 and y for the y and z axes. 


Proor.—When Imn, in (5689), is a principal diameter of the quadric, the 
diametral plane becomes perpendicular to it, and therefore the coefficients of 
2, y, z must be proportional to l, m, n. Putting them equal to Rl, Rm, Rn 
respectively, we have the equations 


(a — R) L-- hm 4- gn = O ...... (1) The eliminant of these equations is 
hl+ (b — E) m T f» = 0 ...... (2) ¢. the discriminating cubic in R al- 
gi fm 4- (c— E) n — 0 ...... (9) f ready obtained in (5693). 
From (1) and (2), l: m= hf—g(b— E) : gh—f (a— P), 

and from (2) and (3), m:n — fg—h(c—R) : hf—g (b—R); 

therefore (gh—af-- Rf) l= (hf—bg+ Rg) m = (fg—ch+ Eh) n, 


which establish the equations, since æ: y:z=1l:m:in and F= gh—af, 
&c., as in (4665). 


5695 ‘The direction cosines of the axes of the quadric. 
If the discriminating cubic be denoted by 9 (E) — 0, and 
its roots by a, Q, y; the direction cosines of the first axis are 


AO _ $o), Vj - Pe) $. (a) 

E XO! E XO! $ (a) 
For the second and third axes write 9 and y in the place of a. 
Proor.—Let F+af=L, Gtag=M, HMah- N....eeeee (i.), 


(a—b)(a—c)—f? =A, (a—c)(a—a)—g! =p, (a—a)(a—b) — I? = v... (ii). 
Then the equation ¢ (a) — 0 may be put in either of the forms 


I a DE Sk, UNA MIN 
Now the dir. cos. of the a axis are, by (5694), proportional to 
Fis pA e:n, by (ii). 
Their values are, therefore, 
JA WAL Jv 


Ate Quar) Atut») 
But A = -l and Actu» = o, by actual differentiation of the 
a 
cubic in (5693). 
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5696 Canchy’s proof that the roots of the discriminating cubic (5693) 
are all real will be found at (1850). 


5697 The equation of the enveloping cone, vertex «yz, of 
the general quadric surface U=0 (5673) is 


4 (abefgh X lmn} U = (lU,+mU,+nU,)’, 
with £—«, n—y, C—z substituted for l, m, n. 


Proor.—The generating line through xyz moves so as to touch the 
quadric. Hence the quadratic in r (5676) must have equal roots. The equa- 
tion admits of some reduction. 


5698 When U takes the form ae? --by*-- c2 = 1, equation 
(5697) becomes 


(a 4- bn? + en?) (aa? 3- by? + e? —1) = (alet bimny ens)’. 


5699 ‘The condition that the general quadric equation may 
represent a cone is A'— 0; that is, the discriminant of the 
quaternary quadrie, (5674) or (1644), must vanish. 


Proor.—By (5692). Otherwise A'— 0 is the eliminant of the four 
equations U, = 0, U,=0, U,—0, U 0, the condition that equation 
(9675) may represent a cone. 


5700 ‘The condition that the plane [a h g I 
le-+-my-+nz — 0 may touch the cone hob f m T 
byl AND MES : ana E = U. 
(abefghXæyz = 0 is the determinant g fen 
l 


equation on the right. 
m n 


Pnoor.—Equate the coefficients l, m, n to those of the tangent plane 
(5681), p, q, r being zero, and ayz the point of contact. A fourth equation 
is le+-my+nz = 0, which holds at the point of contact. The eliminant of 
the four equations is the determinant above. 


5701 The condition that the a h 


o x 
plane le+my+nz+t=0 may h b f A m 
touch the quadric vo f c vr n|=0 
p 9 5 
(abedjghpar Xayzl)* =0 — p q rd t 
(5673) is the determinant equation | } m n t 


on the right. 
Proor.—As in (5700). 
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5702 If the origin is at the centre, p = q =r = 0. In that 
case, transposing the last two rows and last two columns, the 
determinant becomes 


ahha EUR. or d|a mese (a vie 


5 
h b fm 0 h b fm h bf 
cr comet) Cam prem ofe 
| m n 0 t | mn 
000 td 


5703 The condition that the line of intersection of the 
planes 


let+my+nett=0...(i.) and le4-m'y-Ewz-Fü-0.. (mu) 


may touch the general quadric (abedfghpqvYwyzl) = 0, is the 
determinant equation deduced below. 


Multiply equation (i.) by é and (ii.) by n to obtain the plane 
(E+ lg) a+ (mE E mn) y+ (n£ 4- /9) z 4 titt = Ov. (iii.), 


passing through the intersection of (1.) and (ii.). The line of intersection 
will touch the quadrie if (iii.) coincides with the tangent plane at a point 
xyz, and if yz be also on (i.) and (ii.). Therefore, equating coefficients of 
(iii.) and the tangent plane at «yz (5681), we get the six following equa- 
tions, the eliminant of which furnishes the required condition, 


ax+ hyt gz pw = l+ Un a h gopi v 

he+ by+ fet qw = mEt | h b. f o m w 

get fy+ cz+ rw = net n'n, g Jf orp m 0 
pet qyt retdw= tcr ^p p q NEIN am 
le+ my+ nz+ tw = 0 La NE 

l'a d my 3a zd tw = 0 U an^ ee 


RECIPROCAL POLARS. 


5704 The method of reciprocal polars explained at page 665 
is equally applicable to geometry of three dimensions. 

Taking poles and polar planes with respect to a sphere of 
reciprocation, we have the following rules analogous to those 
on page 666. 
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RULES FOR RECIPROCATING. 


5705 A plane becomes a point. 

5706 A plane at infinity becomes the origin. 

5707 Several points on a straight line become as many planes 
passing through another straight line. These lines are called 
reciprocal lines. 

5708 Points lying on a plane become planes passing through 
a point, the pole of the plane. 

5709 Points lying on a surface become planes enveloping the 
reciprocal surface. 

5710 Therefore, by rules (5708) and (5709), the points in 
the intersection of the plane and a surface become planes 
passing through the pole of the plane and enveloped both by 
the reciprocal surface and by its tangent cone. 

5711 When the intersecting plane is at infinity, the vertex 
of the tangent cone is the origin. 

5712 Therefore the asymptotic cone of any surface is 
orthogonal to the tangent cone drawn from the origin to the 
reciprocal surface. The cones ave therefore reciprocal. 

5713 The reciprocal surface of the quadrie is a hyperboloid, 
an ellipsoid, or a paraboloid, according as the origin is without, 
within, or upon the quadric surface. 

5714 The angle subtended at the origin by two points ts equal 
to the angle betiveen their corresponding planes. 

5715 The reciprocal of a sphere is a surface of revolution of 
the second order. 

5716 The shortest distance between two reciprocal lines 
passes through the origin. 


5717 The reciprocal surface of the general quadric 
(abedfghpqr Keyzl) = 0 (5674), the auxiliary sphere being 
ety E, is 


(Cap ae p $ DU 9 E, 
ju E E djahg |k] a hrg 
gf UN E = 0, hb fn ln OT |. 
DEM e fel efe 
SG e En C0 
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Proor.—The polar plane of the point në with respect to the sphere is 
£x Fay iz — I) — 0. This must touch the given surface, and the condition is 
given in (5701). 


5718 The reciprocal surface of the central quadric 
2 2 2 
PES b when the origin of reciprocation is the 


point 2^7, is 

(Ev tay FB) = dE HS UC, 
or, with the origin at the centre, 
5719 PEHEE = kt. 


Proor.—Let p be the perpendicular from #’y’z’ upon a tangent plane of 
the quadric, and &n¢ the point where p produced, intersects the reciprocal 
surface at a distance p from #’y’z’. Then 

Bp = p = lau +n — V (P M Um + en’). (5630) 
Multiplying by p produces the desired equation. 


THEORY OF TORTUOUS CURVES. 


5721 Derirrions.—The osculating plane at any point of a 
curve of double curvature, or tortuous curve,* is the plane 
containing cither two consecutive tangents or three consecu- 
tive points. 


5799 The principal normal is the normal in the osculating 
plane. The radius of circular curvature coincides with this 
normal in direction. 


5793 The binormal is the normal perpendicular both to the 
tangent and principal normal at the point. 


5724 The osculating circle is the circle of curvature in the 
osculating plane, and its centre, which is the centre of circular 
curvature, is the point in which the osculating plane intersects 
two consecutive normal planes of the curve. 


5725 The angle of contingence, di, is the angle between two 
consecutive tangents or principal normals. The angle of torsion, 
dr, is the angle between two consecutive osculating planes. 


* Otherwise named ‘space curve.” 
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5726 The rectifying plane at any point on the curve is per- 
pendicular to the principal normal; and the intersection of 
two consecutive rectifying planes is the rectifying line and 
axis of the osculating cone. 


5727 The osculating cone is a circular cone touching three 
consecutive osculating planes and having its vertex at their 
point of intersection. 


The rectifying developable is the envelope of the rectifying 
planes, and is so named because the curve, being a geodesic 
on this surface, would become a straight line if the surface 
were developed into a plane. 


5728 The polar developable is the envelope of the normal 
planes, being the locus of the line of intersection of two con- 
secutive normal planes. Three consecutive normal planes 
intersect in a point which is the centre of spherical curvature 
for a sphere having that centre may be described passing 
through four consecutive points of the curve. 


5729 The edge of regression is the locus of the centre of 
spherical curvature. 


5730 The rectifying surface is the surface of centres (5773) 
of the polar developable. 


5731 An evolute of a curve is a geodesic line on the polar 
developable. It is the line in which a free string would lie if 
stretched between two points, one on the curve and one any- 
where on the smooth surface of the polar developable. 


5732 In Figure (180) 4, 4’, A", A” are consecutive points on a curve. 
The normal planes drawn through A and A’ intersect in CE; those through 
A’ and A” in CE, and those through A" and A” in Q"E", CE meets CE’ 
in E, and C'E’ meets C"E" in E'. The principal normals in the normal 
planes are AC, AC’, AX", and these are also the radii of curvature at 
A, A’, A", while C, 0’, C" are the centres of curvature. 4 ACA’ = dp and 
QA dr 

The surface EZCC'C"E' is the polar developable, CC’C” being the locus 
of the centres of curvature, and WE” is the edge of regression. 

EA is the radins and Æ the centre of spherical enrvature for the point 
A. AH, WIT’, H'H" are elemental chords of an evolute of the curve, AhIL 
being a COSE at A, and AHI a normal at A’, and so on. The first 
normal drawn is arbitrary, but it determines the position of all the rest. 
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PROPERTIES OF A TORTUOUS CURVE. 
5733 The equation of the osculating plane at a point «yz on 


the curve is 
(£—4) à+ my) w+ (£—2) v = 0 


5734 A, u, vare the direction cosines of the binormal, and 
their complete values are 


P Gas —Y zs Zs) P (Eras — $344.) >» P (& fas — Vos) 
5735 The angle of contingence 
di = J i CES Jas) + (S, — Zst) (GV —x,,4,)* ds. 


Proor.—Let the direction of a tangent be lmn, and that of a consecutive 
tangent l+dl, m+dm,n+dn. Since “the normal of the plane must be per- 
pendicular to both these lines, we shall have, by (5582), 


lX4-mg nv — 0 and (1+dl)\+(m+dm) p+(w+dn) v = 0, 
therefore Ai u |: v = mdn—ndm : ndl—ldu : ldm—mdl, 
and the denominator in the complete values of A, p, v is 
vA $ (ndn — idm) + &e. } = sin dy, 
by (5521); that is, — dy. Also l, m,n = ta Ys Zs and dl = vads, ce. 
Therefore À = (9,24 —YzsZs) 5 Similarly, p and v; and s, = p, by (5146). 


5736 The radius of curvature p at a point yz. 
t d- me S 
si 
Pnoor: diy = / $ (Ys%es—Yre%s) + he. } ds, in (5735), 
therefore y, = V { (+y + Z) (2, + ys, 2g) — (stas - alos + 2s fog)? 
= (0 +y3,+2,); since eit+ytz=1; 
and differentiating this equation makes #,%.,+&e. = 0. 


Otherwise, geometrically, precisely as in the proof of (5141), we find the 
direction cosines of the principal normal to be 


i 
m = 4 zy. de = = 


5737 cosa = pty, cos = pys, COSY = zs. 


Therefore p? (a2, 4-5, te) = cos’a+cos’B+cos’ y = 1. 
The change to the independent variable ¢ is made by (1762). 


5738 The angle of torsion, in terms of A, p, v of (573-4), is 
dt 2m SASSY) ds = (Atas F MY ss H YS 35) pds 
= V Fm p! Nh Otte et) : 
H 
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Pnoor.—By (5745), we have (dr)? = (dA)! + (dp)? + (dv .. < 0J 
which gives the first form. The third reduces to this by d E in 
(5736). For the second form put u = y,2», — 32,7, &c., then 
XN RU m = du  udK 4, 

"P m E pe dà = k e &e 


Substitute in (i.), reducing by BÉ. =w dv rw and KAK = udu+vdv+wdw. 


CURVATURE AND TORTUOSITY. 


5739 Radius of curv., p= d Currais = ^ E 
Radius of torsion, c = uy Tortuosity = A ae 
dr’ c ds 


If 7, changes sign while passing through the values 
zero or infinity, there is a point of inflected torsion or 
a cuspidal point, respectively. If r, without changing sign, 
passes through zero or infinity, there is a point of suspended 
torsion or infinite torsion respectively. 

If v, is zero, identically, the curve is plane. 


5740 The radius of spherical curvature, 
R = VP te: 


Proor.—In Fig. (180) R? — p*--. EC? and EC =p, by analogy with q = p, 
n a plane curve (see proof of 5147). 


5741 ‘The element of arc of the locus of centres of circular 


curvature is 
ds = Rdr, and therefore R= s. 


Proor.—In Fig. (180) ds’ = CC’ = pdr sec ọ = Rdr. 


5742 The radius of curvature of the edge of regression 
E = cm Pp HP: , 
S" being the arc of the ec of regression. 
Proor.—An inspection of Figure (180) shows that Tè and p stand in the 


same relation to the edge of regression that r aud p oceupy with regard to a 
curve in the standard formula. In fact we may substitute K for r, p for p, 
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$ for 0, 7 for y, and à remains $. The chosen line of reference AB being 
always parallel to the tangent HO, then AWC = DAE —4$. Also the angle 
of contingence CEC' = CAO’ = dr, by the right angles at O and ©’. Ac- 
cordingly, we have the formula p = s, = rr, = p +P from (5146-8), and the 
valnes above corresponding to them. 


5743 A method of estimating the variation in direction of a 
right line whose position is given as depending upon the form 
of a tortuous curve at every point. 


Let æ, y, z be the direction cosines of the line referred to a 
fixed principal normal, tangent, and binormal of the curve 
[v, y, 2 may either be constants with respect to the varying 
principal normal, tangent, and binormal, or they may be func- 
tions of the angle between the binormal and the spherical 
radius |. 


5744 The complete changes in e, y, z, with respect to the 
fixed origin and axes, will be 

bv = dvu+ydt—xdr, 

dy = dy —«dy, 

és = ds tad. 


Proor.—In Figure (180) AO, AB are the fixed axes of æ and z. Leta 
line AL of unit length be drawn always parallel to the line in question; then, 
if v, y, z be the coordinates of L, v, y, z will also be the direction cosines of 
AL, and therefore of the given line. 

Now, suppose A to move to A’, and consequently AL to take the position 
A'L’. Then the changes in e, y, z will be the changes dz, dy, dz relatively to 
the moving axes, plus the changes due to the rotations dy round the 
binormal and dr round the tangent. With the usual notation, we shall have 


ow =detu z—wy, oy =dytoe—w, èz = dz + egy — ot, 
with w,=0, w = —d7, w = —dy. 


5745 If dy be the angular change in the direction of the 
right hne, 
dy = v | (8x)? + (8y)*+ (825) . 


For dy = LL’ since AL is a unit length. 


EXAMPLES. 


5746 The angle between two consecutive radu of circular 


curvature being de, 
(de)? = (diy ++ (dr. 
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Proor.—Here, in (5744), «= 1, y=0, z =0, therefore òx = 0, dy=—dy, 
óz = dr. Substitute these values in (5743). 


5747 The angle, d», between two consecutive radi of 
spherical curvature, » being the inclination to the binormal, 


(dy)? = (dy.sin $y-- (d$ — dr y. 
Proor.—In (5744) the direction cosines of R (Fig. 180) are v = sing, 
pressus — Gos, 
therefore cx = cos ọ (d$ —dr), òy = —dysin$, 6; = —sing (dọ — dr). 
Substitute in (5745). 


5748 The angle of contingence of the locus of the centres 
of circular curvature, 


(dx)? = (db.cos $)*--(d$-4- dr y. 
Proor.—The dir. cos. of the tangent at C to the locus (Fig. 177) are 
w = cose, qe Z = n g 
therefore ðv = —sing (dg+dr), òy = —dy coso, òz= eos $ (d$ +dr). 
Substitute in (5745). 


5749 The osculating plane of the same curve has its 
direction cosines in the ratios 


d d dr ` 
Ting coso : -E $ Z): - e OM ee > 9. 
dy dy dx 
Proor.—As in the Proof of (5735), the dir. cos. of the normal to this 
plane are proportional to yóz—z0y, zóxz—«0z, acy—yex. Substitute the 
values in last proof. 


5750 ‘The angle of torsion of the same curve is found from 
(5745) and (5744) as above, x, y, z being in this case the dir. 
cos. of the normal of the osculating plane as given in (5749). 


5751 ‘The direction cosines of the rectifying line are 


dr dj 
> de de 

Proor.—The rectifying plane at A’ (Fig. 180) is perpendicular to the 
normal A'C'. Therefore its equation is e—ydp~+zd7 = 0. The ultimate 
intersection of this plane with the reetifying plane at A (that is, the plane 
of yz) is the rectifying line. Henee the equation of the latter is yd = zdr; 
and the dir. cosines reduce to the above by (5746). 
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5752 Cor.—tThe vertical angle of the osculating cone 


5753 The angle of torsion of the involute of the curve is 


= VAC We. de. 


Proor.—This angle is also the angle between two consecutive rectifying 

lines. Therefore, taking the dir. cosines from (5751), we must put in (5744) 
dz dy 
i DE de’ í de ' 
dr d ` 
therefore òv = T dy— dr z205- Ee E= le 
5754 The angle of torsion of an evolute of the curve 
= dy sin (a— 7). 


Proor.—(Fig. 180.) Let HH'H" be an evolute of the curve, AH the 
tangent to it in the normal plane of the original curve at A, and let a= CAH, 
the inclination of AH to the principal normal. At any other point H” of 
the evolute, where its tangent is A" H'H", let the corresponding angle be 
0 = C"A"H". Then 0 — a—r, r being the sum of the angles of torsion 
between A and A”, or the total amount of twist of the osculating plane. Now 
the normal of the osculating plane of the evolute at His perpendicular to 


HH' and H'H", two consecutive tangents. "Therefore its dir. cosines in 
(5744) must be 


æ —-—si(a—r), y=0, z-ocos(a—r); 
therefore oz = cos (a—r) dr --0— cos (a—r) dr = 0, 
oy = sin(a—7) di ; èz = sin (a--r) dr —sin (a—r) dr = 0. 
Hence the angle required = dy = dy sin (a—r). 


5755 Approximate values of the coordinates of a point on a 
tortuous curve near to the origin in terms of the arc, the axes 
of x, y, 2 being the principal normal, tangent, and binormal, 
and the arc s being measured from the origin: 


oS _S qa 5 
OS 2p Gp? 245 (1 z st pps) + &c., 


s? | sp, NEN Sg E: 
y—s—gsta &e., s= + 2E + &e,, 


p and o being respectively the radii of circular curvature and 
torsion. 
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Proor.—By Taylor's theorem (1500), sinee 2, y, z, s are the same as 
dæ, dy, dz, ds initially, we have æ = a,s+ dao,s’+20,5°+&c., and similar ex- 
pansions for y and z. The dir. cosines of the principal normal at the point 
vyz will be, from (5737), 


cos (— Y) = px, eos (5 +y) == a cos (5 -1) Lem 


y = dy and 7 = dr being estimated positive as drawn in Figure (180) for 
positive values of æ, y, z. 
Differentiate these equations for s, and in the results put the initial values 
1 l 
ap = 2, — 0, Veal, SS), y, = =, E gx &e., 


to determine the derivatives in the above expansions. 


THE HELIX. 


5756 The helix is a curve traced on a cylinder of radius a, 
so that its tangent preserves a constant inclination, = 4r —a, 
to the axis. Taking the axis of the cylinder for the z axis of 
coordinates, the equations of the helix are 


æ = a cos 0, y —a sin 6, z = ab tana. 
5757 The radius of curvature p = u seča, 
5758 The radius of torsion o = 2a cosec 2a. 
Proor.—p from (5806); since p, =a, p, — ©, and 0 = a at every point. 


By (5739), c — s,. But dz = dssina and adr = dz cosa. 


5759 The helix of closest contact with a given curve may 
be found as follows. 


Determine the constants a and a from equations (5757-8), with the 
known values of p and ø for the given curve; then place the helix to have a 
common tangent with the curve at the point, and make the osculating planes 
eoineide. 


GENERAL THEORY OF SURFACES. 


5770 = Derinitions.—A tangent plane passes through three 
consecutive points on a surface which are not in the same 
right line. 


5771 The normal at any point of a surface is perpendicular 
to the tangent plano. 
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5772 A normal plane is any plane through the normal. 


5773 A line of curvature on a surface is a line along which 
consecutive normals to the surface mtersect. At every point 
of a surface there are usually two lines of curvature at right 
angles to each other; and to these correspond two principal 
radii of curvature. The two lines of curvature coincide with 
the principal axes of the indicatrix at the point. See (5778). 


5774 The surface of centres is the locus of the centres 
of principal curvature. There are two such surfaces, for 
there are two centres on each normal, and the normal is a 
tangent to both surfaces. Either surface may be regarded as 
generated by the evolutes of the lines of principal curvature. 


5775 <A geodesic is a line traced on a surface along which 
the osculating plane at every point contains the normal to 
the surface. See (5779). 


5776 The radius of geodesic curvature * of a curve traced 
on a surface is measured by the ratio of the element of arc of 
the curve to the angle between consecutive normal sections 
of the surface drawn through consecutive tangents of the 
curve. (Geodesic curvature, being the reciprocal of this, is 
therefore the rate of angular deviation of the normal section 
per unit length of the curve. 


5777 An umbilicus is a point on a surface where a section 
parallel to and close to the tangent plane is a circle; in other 
words, the indicatrix is a circle. 

For a definition of Indicatrix, see (5795). 


5778 In Figure (182) OCD is the normal at O to a curved surface; 
AOA’, BOD’ are the lines of curvature, therefore the normals to the surface 
at A and O intersect in the centre of curvature radius p, (5773), and the 
normals at D and O, in the centre, radius pp The normals to the line of 
curvature BOB’ at B and O, drawn in the osculating plane BOB’, intersect in 
K, aud those at B’ and O intersect in M. HOW is the angle between the 
osculating plane of the line of curvature and the plane of normal section. 
Similarly for the line of curvature AOA’. 


5779 IC POP’ bea geodesic, its osculating plane POP’ contains OD the 
normal to the surface at O, and therefore p = OD, the radius of curvature 
of this section at O ; but PE, the normal to the surface at P, does not inter- 
sect OD, the consecutive normal at O, unless the geodesic coincides with one 
of the lines of curvature, OA or OD. The angle DPE is the angle of torsion 
which vanishes in the latter case. 


* Not to be confounded with the radius of curvature of a geodesic. 
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GENERAL EQUATION OF A SURFACE. 


5780 Let the general equation of a surface be represented 
by $ (n 9,2) — 0. 


5781 The equations of any tangent at a point xyz are 


pour E -— with lọ, +mp,+ng, = 0. 
l m n 
Proor.—At an adjacent point e rl, y - rm, z+rn, we have 
9 (arl, y rm, z4 rn) = 0, 
therefore, by (1514), ¢ (x, y, 2) +r (lo, - mp, + n9) = 0, 
the rest vanishing in the limit. But $ (v, y, z) = 0, therefore 
lo, +mo,+ng, = 0. 

But 1, in, n are the direction cosines of the line joining the two points, which 
becomes a tangent in the limit; and if ën% be any point on this line distant p 
from xyz, £-x = pl, y—y = pm, £—z = pn, &c. 


5782 The equation of the tangent plane at xyz is 
(E) Pet —y) H+ (£79) $, = 0. 


PRoor.—Eliminate 1, m, n from 19, -m9,-- n9, = 0 by E—« = pl, &e., as 
above. 


TANGENT LINE AND CONE AT A SINGULAR POINT. 


5783 If, in the expansion in (5781) by Taylor's theorem, all the deriva- 
tives of $ (a, y, z) of an order up to n inclusive vanish, we have 


pl 
9 (z rl, y - rm, 2-72) — 9 (y, z) + TERI (Id, + md, +nd,)"*" o (a, y, z) = 0. 
n 


There are in this case n +2 coincident points at zyz in the direction lmn, 
and since the equation (ld, -J-md,-Fnd,)"*!9 (v, y, z) — 0 is of the n+1 
degree in l, m,n; n+l tangents to the surface at yz can, in general, be 
drawn in any given plane through that point. This equation now takes the 
plaee of the conditional equation in (5781). 


5784 Equation (5782) is now replaced by 
((£—2) d,--(9—y) dy + (£—2) d] $ (n y 2) = 0, 


the equation of the locus of all tangents at the point xyz, and 


representing a conical surface generated by the motion of 
those tangents. 


5785 ‘The equation of the normal at «yz is 


é—ov = y =W 


Pe — 6, 


ie (5782) 


$. 
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5786 The equation of the tangent at a point 4^j7 on the 
curve of intersection of the tangent plane at ayz with the 
surface 18 


é— a’ U =y i— P 


= = 9 


`A p y 


with the two conditions 


Lp, + Bp, rv. = 0, hoy tegy+ro, = 0. 


For these are the conditions of perpendicularity to the normals of the 
tangent planes at gyz and 2^y'z' respectively. 


There are three exceptional cases in which the ratios 
A : u : v have more than one set of values; namely— 


5787 L—When p., $p, ¢, vanish simultaneously, there is a 
tangent cone at «yz. i 


5788 IIL.—When $., ¢,, $» vanish simultaneously, yg’ is 
a singular point on the surface. 


5789 1IL—When ?: = n —* In this case the point 
r ae y’ z’ 

eye coincides with gyz, and the tangent there meets the curve 

in more than two coincident points, the condition for which is 


(Ad,+ ud, trd) > (a y, 2) = 0 iius CL), 
with Ad badd, = 0 ccccecssersegee OL). 


These equations furnish two sets of values of the ratios 
A:piv, giving thereby the directions of two injflewional 
tangents (tangents to the curve of intersection) at «yz, each 
meeting the surface in three coincident points. If all the 
derivatives of an order less than » vanish at «yz, equation (1.) 
will be replaced by (Ad, tud, + vd)" (e, y, 2) — 0, which, 
together with (ii.), will determine n inflexional tangents at 
the point. 


5790 The polar equation of the tangent plane at the point 


rôp, 7, 0’, ¢ being the variables, is, writing u for r~t, 


w = (ucosh— usin b) cos + (usin6--w, cos 9) cos (9 — $) sin& 
+ cosec 8 sin (9 —9) sin 0. 
5 I 
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Pnoor.— Write the polar equation of the plane through paf, the foot of 
the perpendicular on the plane from the origin; thus 


pu = cosÜ cos a sin 0 sin a cos (6 —/2). 
Differentiate for 0 and ¢ to find pu, and pu,, and eliminate p, a, and p. This 
elimination 1s troublesome. 


5791 The length of the perpendicular from the origin upon 

the tangent plane at xyz, 

= UP, yo, +29, or ne 

om f 42 2 21 we 2 21? 
VALE Pit it $2 § 

the second form being the value of p when the equation of 


the surface is ¢(#, ¥,2) = c, a constant, and when ¢ is a 
homogeneous function of the n* degree (1624). 


p (5782, 5549) 


5'/93 In polar coordinates, 


1 
— = uputu} cose 


b= 1^ 415 4-75 eosec? 0 
D ENNIO a 
) " 


7 


Proor.—Add together the values of the squares of pu, pug, and pu, found 
in (5790). 
For a geometrical proof, see Frost and Wolstenholme, Art. (314). 


THE INDICATRIX CONIC. 


5795  Dzr.—The indicatrix at any point of a surface is the 
curve in which the surface is intersected by a plane drawn 
parallel to the tangent plane at that point and infinitely near 
to it. | 


5796 The following abbreviations will be employed— 
The derivatives of o (@ Ys Z), Pss Pays Poz Pyzs 9 Prys Prs Pys Pz 
will be denoted by a, Dy Cos Gg; h NR 


5797 Pror.—'The indicatrig at a point «yz of a surface 
$ (#, y, z) = O0 is the conic in which the elementary quadric 
surface 


5798 I. 
)2 = P PS 
a£ + by +604 2fnlt 2elE+ hi = — = / Pam? rn? = 


is intersected by the tangent plane at ayz, whose equation is 


5799 II. lE+myn+rul+iNn = 0. 
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The origin of coordinates is the point «yz in both equa- 
tions. R is an indefinitely small radius from the centre of 
the quadrie (L) to a point £yZ on the indicatrix, and p is the 
radius of curvature of the section of the surface ¢ by a normal 
plane drawn through R; the ratio R? : p being constant for 
all such planes. 

Proor.—Let O, in Fig. (181), be the point eyz on the surface 9; e£, 
ytn, z+% an adjacent point P. Then 
o (+ë, y+n, 240) = 9 (o, y, z) FE mm E ET 3 (a+... p 249) + &c. 
With zyz for origin, draw the quadric surface 
al + by! + cl? + 9fa£ + 2976-2 Ao IN Lue ee eese) 
and the plane lE+mytnf+iNn = O...... taco IE 
Since £, y, č are very small, N is likewise. Also the unwritten terms in the 
above expansion may be neglected in the limit. Hence, any point iyi lying 
on the intersection of the quadric (i.) and the plane (ii.) will also lie on the 
original surface $ (#+é, yt, 2+¢) = 0. 
To determine N, we have the perpendicular from xyz upon the plane (i1.), 
—N ; : 
== 49). : ni A 
Dno era) (5549). The radius of curvature of the section of the 
surface p made by a normal plane at O drawn through P being p, we have 
P= 5, and therefore N — — Tus (P m) +n’). 


In the Figure, R = OP, p = OL, and the intersection of (1.) and (1.) is 
the conic PSQ. Since p is indefinitely small, we may put N= 0 m equa- 
tion (ii.). This amounts to taking the parallel section of the quadric by the 
tangent plane at O instead of the section PSQ. But these two will be equal 
in all respects, since the section of the quadric is a central one. 


5800 If 4-0, equation (II.) becomes /£-- uz = 0, and if 
the inclination of the indicatrix plane to the plane of zy be a, 


tanta = NS To obtain, in this case, the equation of the 
n 


indieatrix in its own plane, put £ = č’ cosa, č = C sina, and 
n = »', in equation (I.). 
5801 When none of the three constants l, m, n are zero, 
the quadrie (1.) simplifies as follows— 

From (IL) we have lé-+-mn = —n@ and two similar equa- 
tions. Square these, and by the results eliminate the terms 
in nč, CE, En from (1.), which then becomes 


5802 III. H£&-- Ky? -- Lg =N, 
where H=a+ L (If —ing —nh), IK = b+ T aa 


cm 
Bc n lf —4). 


796 SOLID GEOMETRY. 


This is the equation of another quadric intersecting the 
plane (II.) in the indicatrix. 


5803 The equation of a surface for points near an origin O 
(Fig. 182), the normal at O being taken for z axis, is 


v? 4 y. 9 
cl —— mn 
pi p» 
where p; p, are the radii of curvature of the normal sections 


through the v and y axes, and those sections will be proved to 
be the lines of curvature at O. 


Pnoor.—Let AC = a and BC=b be the semi-axes of the indicatrix conic 
at a small distance z from O (5795). The equation of the conie will there- 


fore be E jg RT l; but gm 20, and o 2p iving the equation 
Be 5a ; z 1 7 a Sng q 


required. 


Secondly, on a line of curvature, the normal to the surface at a point ayz 


will intersect the z axis (5773). The condition for this, by (5533) | with 
wyz for abe, the origin for a’b’c’, 


22 2 , , , 
L, M, N = $2, Pus $, (5785) ==, =, —2, and L/, W, N’=0,0,1], 
Uno (e 
gives xy is — ~) = 0, therefore « =0 or y=0 on a line of curvature. 
ee QED 


5804 If the equation of the surface with the same axes be 
z = aa + 2Qhey A- by? + 2fyz +2gzæ+ez?+higher powers, 


1 1 
then pi = Fu’ P = DA 


2 
Proor.—Put y =0 and divide by z, therefore 1 = a= +2gu+cz+&e. 


When g and z vanish, we have 1 = 2ap,. 


5805 For a normal section making an angle 0 with AC, 
> = 2 (a cos? 0+2h sin 6 cos 0-- b sin? 0). 


Proor.—Turning the axes in (5804) through the angle 0 by (4049), the 
coefficient of x” becomes a cos? 0 4- as above. 


5806  Eulers Theorem.—lIf p be the radius of curvature of 
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any other normal section at O, making an angle ACP —0 with 
AC (Fig. 182), 
1  cos6 | sin’ 8 


P h p: 


Proor.—Let r = CP; then æ — vcos6, y = rsin 0, and 7? = 2pz, which 
substitute in (5793). 


5807 Cor.— The sum of the curvatures of two normal 
sections at right angles to each other is constant; or, if p, p' 
be the radi of curvature for those sections, and p,, p; the 
radii for the principal sections, 


XL omis 

Pa Po 

5808 The radius of curvature of a normal section varies as 
the square of the radius of the indicatrix in that section. 


Pnoor.—From 1° = 2pz, in Figure (182). 


1,1 
DER 


5809 Meunier’s Theorem.—The radius of curvature of an 
oblique section of a surface is equal to the radius of curvature 
of the normal section through the same tangent multiphed by 
the cosine of the inclination of the planes. 


run d therefore — — a COS , 


Proor.—(Fig. 183.) pg = We? p = F0 ; NG 


when NO and NC vanish. 


5810 Quadratic for y, at a point on the surface z = ¢ (v, y) 
giving the direction of the principal normal sections, and, 
therefore, of the lines of curvature (notation 1815). 
(pat — Q.- Eq) 5j xt (Ep) t7 Q4 gn] y. 
+ {(i+p’)s—pqr} = 0. 


PRoor.—(1.) The equations of the normals at the consecutive points «yz 
and v +de, y +dy, z+dz of the surface 9 (a, y, z) = 0 are 


Pe Py i $z Prt d$; $, do, $.rdo. — 
5811 The condition of intersection is, by (5533), 
dz dy dz | l Yo  PHYe | 
$e $y $2 |/=9, or P q =l = 0, 
dp, d$, d$, TSY SJ. 0 
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by dividing the first row by da, and putting 2, = Qr + 6yYa, dpr = dort Ory Yas 
&e. The form of 9 (æ, y, z) being, in this case, 9 (a, y) —2, 9; becomes —1, 
and do, becomes zero. The determinant equation produces the quadratic. 

(ii.) Otherwise,—Consider ný the point of intersection of consecutive 
normals. The equations of a normal being 

icy E 
p q =L 

Differentiate both equations for z, considering £, 7, ¢ constant and p, q func- 
tions of z and y; the results are 


1+ (r+sy,)(@—0) 9 p(p-- qu.) —0 aud yat (st-ty))(2—2) +g (pt qy.) —0. 


Eliminate z— to obtain the quadratie in yy. 


or í—e-—p(z—4) and n—y=q(z—2). 


5819 Ifthe equation of the surface be in the form $ (a, y, z) = 0, the 
quadratic for y, may be obtained in the same way. The requisite substitu- 
tions in the first determinant are found from ¢,+ yY t 9,2, = 0, giving zz; 
d$, = Por + Ory Yat Pret2, &C., and with the notation of (5796) the determin- 
ant equation and quadratic for y, becomes 


n NY —(l+my,) 
l m n zx 
an—gl4(hu—gm)y, hn—fl+(bui—fm)y, | gu—cl-F(fn—em) y, 


5813 The above determinant, or the corresponding one in (5810), is the 
differential equation of the lines of curvature. 


5814 The radii of curvature of the principal normal sections 
of the surface ¢ (æ, y,z) — 0 at a point gyz are given by the 
following quadratic, in which A’ is the bordered determinant 
in (5700), and the notation is that of (5796) and (1620). 


p+ | (a+b+e)(P+m?-+ n?) — (abefeh X ny] Mp =) 
where A? = Pm n, 

Pnoor.—The quadratic in (5653) applied to a section of the quadrie (I.) 
(9798) by the plaue (II.), becomes 


AT + (b+) P+ (c+a) m? 4 (a+b) à —9fmn — 2gnl — 2hln ! NI? 
— (P Em! +n’) N?= 0, 
whose roots, being the two values of It’, are the squares of the principal 


if 
semi-axes of the indieatrix. Put I? = 2: as in the Proof of (5797). 


5815 Otherwise, the quadratic in (5651) might be applied to a section of 
the quadrie (I1I.) (5802) by the plane (1.). 


5816 If the cquation of the surface be given in the form 
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z = ọ (æ, y), the quadratic becomes [ writing, as in (1815), 
P VE T, 8, t for Z ys Zys “2x9 A vys Zon ]: 

(rt—$) p?— L +p?) t-2pqs-F (12-q) vj kp +h = 0, 
where P= p?+7+1. 


Otherwise, this equation may be found from the two equations obtained 
in the second proof of (5810), by eliminating y, instead of z—¢. 


5817 The radius of curvature at a point «yz on the surface 
$(v,y,2) — 0 of the normal section whose tangent has the 
direction cosines A, u, v is, with the notation of (5796) and 


(1620), " J (P+m?+ S) 
P = (abefghtapry® 


Proor.—From equation (L) (5798), since £, n, 4. are respectively equal 
to RA, Hp, and Ev. 


5818 The curvature at any point of a surface 9 (x, y, z) = 0 
is termed elliptic or synclastic, hyperbolic or anticlastic, and 
parabolic or cylindrical, according as the indicatrix is an 
ellipse, hyperbola, or two parallel right lines, or according as 
the principal curvatures have the same signs, opposite signs, 
or one of them vanishes; and this will be according as the 
determinant A’, in (5814), or s°—rt, in (5816), is negative, 
positive, or zero. 

Proor.—The rule follows at once from the consideration that the two 
values of p in the quadratic of (5814) must have the same sign in the first 


case, different signs in the second, and that one value must be infinite in the 
third case. 


5819 The condition for an umbilicus is that the indicatrix 
must be a circle; therefore, either (IIL.) (5802) must be a 
sphere, or, if it be a quadric surface, the plane (11.) must 
make a circular section of it, and therefore either l, m, or n 
must vanish. 


5820 Otherwise, the quadratic in (5814) or (5816) must 
have equal roots. 


5891 Otherwise, the conditions for an umbilicus on the sur- 
face $ (æ, y, x) = 0 are the two equations 
bi)-Een?—2fmn _ cP+an?—2enl _ amb? —2hlm 


m+n zZ +e my P+m? 
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Proor.—The radius of the indicatrix, and therefore also p in (5817), is 
constant for all values of A, u, v. Now, by (5817), 


aM + &c. = = 
(«—=) pedis (o— P 2+ = v’ +2fuv + 2Qqvrd + 2hrAp = 0, 


and JA+mp+nv = 0, since Aur is always tangential, and Imn is normal to 
the surface. As these equations are true for all values of A, u, v, the second 
expression must be a factor of the first. The quotient, by division, is there- 


fore («— 5) 5 + (0-4) #4 t) T. 
p/ t pim pin 

Equating to zero each of the three coefficients of the remainder, and elimi- 

nating p, we obtain the above conditions. 


5822 If a common factor of the three fractions in (5821) 
exists, that factor equated to zero is the differential equation 
of a line of spherical curvature at every point of which there 
is an umbilicus. If the fractions are identically equal, the 
surface has an umbilicus at every point, and must therefore 
be a sphere. 


5823 The number of umbilici on a surface of the n degree 
cannot exceed n (10n?—25n+16). Salmon, p. 208. 


5824 The condition that the indicatrix may be a rectangular 
hyperbola is 
(a--b-- (CH mtn) = (abefgh X hnny. 
_ Proor.—The quadratic in (5814) must have equal roots of opposite 
signs. 
Similarly, when z = ọ (x, y) is the equation of the quadric, the condition 
becomes (14- p?) t—2pqs-4- (A+) r — 0. (5816) 


5825 The condition that the indicatrix may become two 
coinciding lines. 


Here equation I. (5798) must represent a cone, and the plane (II.) 
must touch it. Ilence N = 0, and, if ¢ be eliminated, the quadratic for the 
ratio £ : y obtained is 


(an? + c? —2gnl) 2-2 (elm — fnl — gmau +t hu?) £g + (bi? +m? — 9f mn) n? = 0, 
and this must have equal roots. 


CURVATURE OF A SURFACE. 


5826  Durs.— Integral curvature of a closed surface is equal 
to the area of that part of the surface of a sphere of unit 
radius which is intercepted by radi drawn parallel to the 
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er M —————————————— 


normals at all points of the given surface. This area also 
measures the solid angle of the cone generated by the radii. 
The curve on the sphere is called the horograph of the curve 
on the original surface. In other words, integral curvature 
of a closed surface is the area of the horograph of its 
boundary. 


5827 Average curvature is the integral curvature divided by 
the area of the surface. 
Specific curvature is the average curvature of a small 


element at the point; t.e., SEU (ds) = ae 
PiP? 


PaPa 


EN = a on rt—s 
pps c (P+ m?+ ay ao 


according as $ (x, y, 2) — 0 or z= ¢ (v, y) is the form of the 
equation to the surface. 


(5796) 


Proor.—From the product of roots of the quadraties in (5814) and 
(5816). 


5829 In a plane curve integral curvature is the plane angle 
contained by the terminal normals, and average curvature 18 
the integral curvature divided by the length of the curve. 


5830 Another measure of curvature ata given point of a 
surface is the ratio of the area of the indicatrix to the area of 
the indicatrix eut off by the same plane on a sphere of unit 
radius which touches the surface internally at the point. ‘This 
measure is = Vp, ps. 


Proor.—Putting AC = It, BC = R, in Fig. (182), and OC =z, the area 
of the indicatrix of the surface is 7R,It, at an ellipsoidal point. But 
Fi = 2p,5 and R; = 2,2, therefore s RE, = 272 / (p103). Also the indicatrix 
of the sphere = 2zz since p, = p, =1 for the sphere. 


5831 The radius of curvature of any normal section at a 

point P of an ellipsoid (Fig. 184) is equal to the square of 

the semi-diameter parallel to the tangent of that section, 
5 K 
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divided by the perpendicular from P upon the diametral 
plane conjugate to OP. 
Proor.— Let AOB be the plane parallel to the tangent plane at P; 


OA = d, the semi-diameter in it parallel to the given tangent PT. Draw 
PR per pendieular to OA and PN z p perpendicular p the plane AOB. The 


radius of curvature at P of the elliptic section PA = PR ~ (4536). Therefore, 
by (5809), the radius of curvature of the normal Ero through the same 
dac pn E 
o ill = — = 
tangent PT, will be p = PR x- Pus 


5832 The principal radu of curvature at P, viz. pı, p», are 
found from their sum and product thus: putting y for OP 
and a, b, c for the semi-axes of the ellipsoid, 


e+P+e—y abe 
pps Lin pip» = EE 


Proor.—Let «a, 6 be the semi-axes of the section AOB (Fig. 184), then 
a (P -RYy!-4TUrLC Cae and pap = abe (5648). By these values 


eliminate a, B from p, +p, = t and pip. s A (5831). 
p 


5833 The lines of curvature on a quadrie surface are its 
intersections with the confocal quadrics. 

Pnoor.— Let the quadric and confocal be the ellipsoid and one-fold 
hyperboloid in (Fig. 178) intersecting in the line DPE, and let their equa- 
tions be, as in (5656), 

eat ae : a y 2 a 

—4+44+5,=1...... ; = ta t+ Sl... se 

a? $ p T e DUM ao DINE eX - oo, 
At any point P on the line of intersection c, y, z satisfy the three following 
equations :— 


First, the differential of (ii.), a us E ap ERE = 
a 


Second, the difference of (1.) B (ii.), 
22 $^ - 
a? (a? 4- X) t p Sun si (a+r) k 
Third, the difference of their differentials, 
gde ydy + ee 0 
alet) PHA (e+) — 


The eliminant of these equations in z, y, 2 pro- dæ dy dz 
duces the determinant equation here annexed, which, 2 y z 
by (5811), is the condition for the intersection of con- | a è ¢ |=0 
secutive normals. Hence this condition holds for DM 1 


every point of the line of intersection of (i.) and (ii.). E = AX 
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The general method of determining the lines of curvature 
of a surface from the differential equation in (5811) is here 
exemplified in the case of an ellipsoid. 


5834 The determinant just written gives for the differential equation of 
the lines of curvature 


(0 —c) adydz+ (e—a’*) ydzdxe+ (@—b*) zdady = 0 ......... (ur 
To solve this, multiply by £ and substitute for z and dz from the equation 
c 


of the quadric. The result is of the form 
Axy ys (9 — Ay! — B) y,—ay = 9, 


: : a? (P— e a? (a? — b? P 
in which 4 = F] 45 = TD or, multiplying by E 


AWs (ayy, — gy") — BEE + (ayy,—y') = 0, 
v € 
which is of the form in (3236). Solving by that method, we find that the 
two equations J7: — & and zyy,—'- f have the common primitive 
v 


ax —14* = B, which, with the relation .A«(8— B«-F B = 0, constitutes the 
solution. The result is that the projections of the lines of curvature upon 
the ay plane are a series of conics coaxal with the principal section of the 
ellipsoid, and having their axes a, 6 varying according to the equation 
tod) Ceo) 
a(a’—b*) (P-a) 

At an umbilicus y = 0, therefore, equation (i.) becomes [(b°—c*) adz 
+(a?—b*) zde|]dy= 0. Here dy — 0, being a solution, gives y= C = Q, 
showing that the plane of zz contains a line of curvature. The other 
factor, equated to zero, taken with the differential equation of the curve 
Cade 4 az dz = 0, gives the coordinates of the umbilicus, as in (5603). 


OSCULATING PLANE OF A LINE OF CURVATURE. 


5835 Let ¢ be the angle between the osculating plane and 
the normal section through the same line of curvature, ds an 
element of the other line of curvature, and p, p' their radii of 
curvature respectively : then 


tan $ = dp : pole es 

ds p—p 
Proor.—Fig. (185). Let OA, OB be the lines of curvature; OP, AP 
consecutive normals along OA; and OS, BS the same along OB. Also, let 
BQ, CQ be consecutive normals along the line of curvature BC. Then, 
ultimately, OP =p, OS=p’, BQ=p+t+dp. Also, let QP produced meet the 
osculating plane of AO in R. Join RO and RA, and draw QN at right angles 
to PS. Since the tangent to AO at O is perpendicular to the plane OBQP 
and that at A to ACQP, it follows that both tangents are perpendicular to 


QP, which must therefore be perpendicular to the osculating plane ALO. 
Hence ¢ or ROP = PQN. 
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NQ SQ p-—p—dp NP dp p. . 
Now — = —=4——_,, 4 mL -—.-/— ultimately. 
dere SD jo tan ¢ NDA is aa ultimately 


5836 At every point on a line of curvature of a central 
conicoid pd is constant, where d is the semi-diameter parallel 
to the tangent at the point and p is the perpendicular from 
the centre upon the tangent plane. 

Proor.—Let the first and third confocals in (5661) be fixed, and there- 
fore a, and a, constant. Draw the second confocal through the point of 
contact P of the tangent plane (Fig. 178). Then, by (5663), pd; and p,d, 
are constant along the line of intersection of the first and third surface, 
because, by (5661), d; = aj—a; and dj =a,—a, 


GEODESIC LINES. 
5837 The equations of a geodesic on the surface ¢ (a, y, z) =0 
are KEX i Jas cm Sas 


Pe 9, Pe 


Pnoor.—'The osculating plane of the curve contains the normal to the 
surface (5775) ; therefore, by (5737) and (5785). 


5838 A geodesic is a line of maximum or minimum distance 
along the surface between two points. 


Proor.—The curve drawn in the osculating plane from one point to a 
contiguous point is shorter than any other by Meunier's theorem (5809), 
for any oblique section has a shorter radius of curvature and therefore a 
longer arc. A succession of minimum ares, however, may constitute a maxi- 
mum curve distance between the extreme points; for example, two points on 
a sphere can be joined by either of two arcs of a great circle, the one being 
a minimum and the other a maximum geodesic. 


5839 A snrface of revolution such as the terrestrial globe affords a good 
illustration. A meridian and a parallel of latitude drawn through a point 
near the pole are the two lines of curvatnre at the point. The meridian is 
also a geodesie, but the parallel is evidently not, for its plaue does not 
contain the normal to the surface. 


5840 A geodesic is the line in which a string would lie if 
stretched over the convex side of a smooth surface between 
two fixed points. 


Pxoor.—Any small are of the string POP’ (Fig. 182) is acted npon by 
tensions along the tangents at P and P’, and by the normal reaction of the 
surface at O. But these three forces act in the osculating plane (5775) ; 
therefore the string will rest in equilibrium on the surface in that plane. 
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Cor.—Two equal geodesics drawn from a point and in- 
definitely near to each other are at right angles to the line 
which joins their extremities. 


5841 Ifa geodesic has a constant inclination to a fixed line, 
the normals along it will be at right angles to that line. 


Proor.—Let Imn be the fixed line and a the constant angle; then 
la, + my,+nz,= cosa, and therefore læs, + myss 4-025, = 0. 
Therefore, by (5837), the principal normal is at right angles to lmn. 
ExaMPLE.-—The helix, the axis being the fixed line. 


5849 On any central conicoid pd is constant along a geo- 
desic, where p is the perpendicular from the centre upon the 
tangent plane and d is the semi-diameter parallel to the 
tangent of the geodesic. 


Proor.—(Fig. 186.) Let AT, BT be the tangents at the two extremities 
of a small geodesic arc AB, and let the tangent planes at A and B be ADC 
and BOD. AT and BT make equal angles with CD, by the property of 
shortest distance, for if the plane BCD be turned about CD until it coincides 
with the plane ADO, ATB will become a straight line, and therefore 
Z ATD = BTC — 4, say. 

Let w be the angle between the tangent planes; let the perpendiculars 
upon those planes from A, B be AM =q, BN = q', and from the centre of the 
quadric p, p; and let zyz and a’y’z’ be the points A, D. Then 

q= AT ee sey DT sind sito, o HUE Det (a 
p (o Y a vm , wa Yy a 2e 


a 


therefore GC: 9 =P oP serene T EE Gi 
Again, let d, d’ be the semi-diameters parallel to AT and DT. Then, by 
(5677), AT: BT =d: d’; therefore p :p—d:d or pd= pd; that is, 
pd is constant. 


5843 If a line of curvature be plane, that plane makes a 
constant angle with the tangent plane to the surface. 


Proor.—Let PQ, QR, RS be equal consecutive elements of the line of 
curvature. The consecutive normals to the surface bisect PQ and QF and 
meet. in a point. Therefore they are equally inclined to the plane PQR. 
Similarly the second aud third normals are equally inclined to the plane QRS, 
and so on. Hence, if the curve be plane, all the normals are equally inclined 
to its plane. Hence also the following theorem. 


5844 Lancret’s Theorem.—The variation in the angle be- 
tween the tangent plane and the osculating plane of a line of 


806 SOLID GEOMETRY. 


curvature is equal to the angle between consecutive osculating 
planes. 


5845 Cor.—lf a geodesic be either a line of curvature or a 
plane curve, it is both, but a plane line of curvature, as in 
(5839), is not necessarily a geodesic. 


GEODESIC CURVATURE. 


Theorem.—The square of the curvature at any point of a 
curve traced on a surface is equal to the sum of the squares 
of the normal and geodesic curvatures (5776), or 


1 1 1 
5846 comu um 
at 


where p’ is the radius of curvature of the normal section and 
p” the radius of geodesic curvature. Also, if $ be the angle 
between the plane of normal section and the osculating plane, 


5847 p = p" sing= p' cos ġ. 


Proor.—Let PQ = QR (Fig. 187) be consecutive elements of any curve 
traced on a surface. Produce PQ to S, making QS = PQ. Let QT = PQ 
be the consecutive elements of the section of the surface drawn through 
PQS and the normal at Q. Join RS, ST, TR. PQSE is the osculating 
plane of the curve PQR. PQST is the plane of normal section, and there- 
fore PQT is a geodesic. QRT is the tangent plane, and STR is a right 
angle. 

“Then, putting SQR = dy, SQT= dy’, ROT=dyp", RST = $, we have 
de de is TOO 

pcm NEUE p dy” ved 
. p ds _ RT 
Therefore Hm m RS 


ds.dj/ _ ST : 
s cm ma $, as in (5809). 
Thus both theorems are proved. Note that p' is the radius of curvature of 
the geodesic PQT, while p" is the radius of geodesic curvature of PQR. 


= sin $. 


Also 


RADIUS OF TORSION OF A GEODESIC. 


5848 If 0 be the angle between the geodesic and one of the 
lines of curvature; p; p; the principal radii of normal curva- 
ture, and e the radius of torsion, 


l = (= = = sin 0 cos 6. 
9 P P 


THEORY OF SURFACES. 807 


Proor.—(Fig. 182.) Let OP = ds be the geodesic, OA, OD the lines of 
curvature, and 6= ACP. The angle of torsion dr measures the rotation of 
the normal to the surface round OP = ds. But this angle is equal to the 
sum of the rotations of the normal round OA and OB resolved along ds. 
For, in travelling along each of the lines CN and NP, which are in the direc- 
tions of the lines of curvature, the normal rotates only about the other. 
Therefore, if w,, w be the rotations round OA, OB, dr = w cos 0+ w, sin 0. 

ds sin 0 _ ds cos 0 E dr. fl TS 
LE : (— —=),sind cos 0. 


But w = Wa 
92 Pi g ds Px Pa 


5849 The product pd has the same value for all geodesics 
which touch the same line of curvature. 


Proor.—By theorems (5836) and (5842), since the product where they 
touch it must be the same as that for the line of curvature. 


5850 The product pd has the same value for all geodesics 
drawn through any umbilicus on a conicoid. 


Proor.—The semi-diameter d, in this case, is the radius of a circular 
section, and therefore equal to the mean semi-axis b for all the geodesies ; 
and p is the same for all. 


5851 The geodesies drawn through any point on a conicoid 
to two umbilici make equal angles with either line of curva- 
ture through the point. 


Proor.— pd is the same for each geodesic, by the last, and p is the same 
for each ; therefore d is the same, that is, the diameters parallel to the two 
geodesies at the point are equal; therefore they are equally inclined to each 


axis of their section; but these axes are parallel to the lines of curvature 
(9803) ; therefore, &c. 


5852 Hence the geodesies joining any point to two opposite 
umbilici lying on the same diameter are continuations of each 
other. 


5853 The sum of the distances of any point on a line of 
curvature from two interior umbilici is constant; and the 
difference of the distances from one interior and one exterior 
umbilicus is constant. 

Proor.—Geometrically, as in the analogous theorem for the focal distances 
in a conie, if r, 7’ are the distances and ++dr, 7’+dr’ the distances for a 


consecutive point on the line of curvature, it follows from (5851) that 
dr = —dr’ for interior umbilici and dr = dr’ for exterior ones. 


5854 <A system of lines of curvature and the umbilici on a 
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quadric surface has therefore analogous properties with a 
system of confocal conics and their foci in a plane, the geo- 
desies corresponding to straight lines. 


5855 In the same way, every surface has a geodesic goo- 
metry proper to itself; spherieal trigonometry, for instance, 
being the geodesic geometry of the sphere. 


INVARIANTS. 


INVARIANTS OF A SINGLE FUNCTION. 


5856 ‘The constancy of the ratio R? : p in equation (5798) 
gives rise to the following invariant forms. Since the quadric 
surface I and the tangent plane II are the same for all posi- 
tions of the coordinate axes, they have been called respec- 
tively the invariable quadric and the invariable plane. Asa 
consequence, 


9857 $: 9,3 4: 


is an invariant of 9 (a, y, 2). 


Pnoor.— By (5791), since the perpendicular from the origin upon the 
invariable plane is constant. Also, the coefficients of the discriminating 
eubie (5693) of the invariable quadric will not be altered by transformation 
of axes. Therefore the following are also invariant forms :— 


5858 Pret Pry + Pr25 

5 859 Poy Pret Poz Ps dr Pr. Pry D p- UEM $i. TUE s 

5 8 60 Por Poy P», 3r 2 $,. Pex Pry =a Pox Py: p ps, Px AS $.. Pry . 

5861 A similar theorem applied to a function ¢ (a, y) of 


two variables gives the invariable conic and invariable line ; 
namely, 


Epot 26. tn pa =1 and $+, — 1; 


and from these the invariants, 
5863 p+, Pzr F Pys Pzr Pa P> 
5866 «$, — ybs, vd ty Px 
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Proor.—The last two invariants are obtained from the cosine of the 
angle between the invariable line (5862) and the fixed line y—an = 0, 
joining the point zy with the origin, or the fixed line é+ yn = 0. 


INVARIANTS OF TWO FUNCTIONS. 
5868 An invariant of the two functions $ (x, y), V (v, y) is 
$.V.-- hy y- 


Proor.— Form the cosine of the angle between the invariable lines 
fo, tno, = l and E, ny, = 1, observing (5863). 


Also the two following expressions are invariants, 


5869 Pry y... =F Pro, am 26. ur 
5 87 0 Pr Por = Q y p y = 2 Pry Wary $ 


Proor.—From the invariable conics (5861) of ọ and y, we get 


($2, - Nl) p AES 2 (Gay + Nu) on aP (pay + AYay) n” 
invariable for any value of A. Hence the coefficients of the several powers 


of à in the invariant 

(der + Nf.) (pzy F Apay) cc (Pry us Au) 
are also invariants. This gives (5869). Subtracting the latter from the 
invariant ($».--9»,) CPs +W) produces (5870). 


INTEGRALS FOR VOLUMES AND SURFACES. 


5871 If V be the volume included between the surface 
z= $ (e, y), three rectangular coordinate planes, the cylindri- 
cal surface y = y (v), and the plane «=a, Fig. of (1906) 


5872 V =| A dædydz = \\ eda dy. 


For the limits and demonstration, see nd: 


5874 The area of the surface ¢ (æ, y, 5 =U or? = R) 
will be 


xm pns \\va+e wy) dady. 


L 
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Proor.—The area of the element whose projection is dedy will be 
dzdy sec y, where y is its inclination to the plane of wy, and therefore the 
angle between the normal and the z axis. Therefore 


sec y = /(¢,+9, +92) o9. — V (loi), by (1708). 


5875 Let the equation of a surface APB (Fig. 188) 1n polar 
coordinates be r =f (0, 9), and let V be the volume of the 
sector contained by the planes 40D, AOP, including an angle 
$ = PHC, the given surface APB, and the portion OPB of 
the surface of a right cone whose vertex is O, axis OA, and 
semi-vertical angle 0 — AOB or AOP; then 


r ke sin Od6d¢. 


Proor.—Through P, any point on the surface, describe a spherical sur- 
face POD, with centre O and radius r = OP. The volume of the elemental 
pyramid, vertex O, base Pe, = ir.Df.Pg = r.rd@.rsin6dg. Here the 
error of the small portions, like PE, ultimately disappears in the summation, 
since the volume of PE, being equal to idr.rd0.rsin0do, is of the third 
order of small quantities; and so in similar instances. 


5876 ‘The area of the same surface APB (Fig. 188) is 


^9 M) " 
ee | | rv S (+r) sin? 04-7; ] d6d9. 
«0 «0 
Proor.—Let the perpendicular from O upon the tangent plane at P to 
the given surface be ON — p. The element of 
ye a 
area PE = area Pe. OP = rd8.r sin 0d9.— = EM e 

ON p p 


Substitute the value of p in (5793). 


SURFACE OF REVOLUTION. 


If y =f (x) (Fig. 90) be the generating curve, and the x 
axis the axis of revolution, V the volume, and S the surface 
included between the planes «=a, a=); 


% % 
5877 V= | guum ES | 2my y (+y) da. 


Proor.—The volume of the elemental cylinder of radius y and height dæ 
is cd», The clement of the surface of revolution is 


Yryds = 2rys,sde = my J/ (14-92) da. (5113) 
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Guldiws Rules.—When the generating curve of a surface 
of revolution is a closed curve, and does not cut the axis of 
revolution, a solid annulus, or ring, 1s formed. 


5879 Rur I.—The volume of the solid ring is equal to the 
area of the generating curve multiplied by the circumference of 
the circle described by the centroid * of the area. 

5880 Rue Il. — The surface of the ring is equal to the 
perimeter of the generating curve multiplied by the circum- 
ference described by the centroid of the perimeter. 


Proor.—Let A be the area of the closed curve, and dA any element of A 
at a distance y from the axis of revolution. The volume generated 


=| enya =a yd — enya 


by the definition of the centroid (5885), 7 being its distance from the axis. 
Similarly, if P be the perimeter, writing P instead of A. 


Quadrature of surfaces bounded by lines of constant 
gradient. 


5881 Defining the curve (y) as the locus of a point on the 
given surface at which the normal has the constant inclina- 
tion y to the z axis; let F (y) be the projection of the area 
bounded by the curve (y) upon the æy plane; then the area 
itself will be found from the formula, 


y 
S= I sec y F' (y) dy. 


Proor.—The element of area between two consecutive curves (y) and 
(y 4- dy) projected on the zy plane will be dF (y) = F'(y) dy; and, since the 
slope is the same throughout the curve (y), this projected element must be 
equal to the corresponding element of the surface multiplied by cos y. 


5889 Rue. — Equate coefficients of the equation of the 
tangent plane with those of \E+mn+nZ=p, and eliminate | 
and m from P-+m?+n?= 1. The result will be an equation in 
x, y and n = cos y, representing the projection of the curve (y) 
upon the xy plane. From this F (y) must be found. 


5883  Ex— Taking the elliptic paraboloid - 
plane at wyz is = + a —ií-;.  Equating coefficients of the last with 
lE--m«-- ui = p, and substituting for | and m in P+m+n? = 1, we obtain 
y 
Dp 


2 2 


= = 22; the tangent 


2 
for the projection on the «y plane, = + = tan?y. The area of this ellipse 
a 


* Centre of mass, or gravity. 
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is F (y) = «ab tan’y, and therefore F” (y) = 27ab tan y sec! y. Consequently, 
by (5881), S = 2rab |itan y sec’ ydy = 2zab (sec? y —1). 
0 


CENTRE OF MASS. 


5884  DzriwrrIONS.— The moment of a body with respect to a 
plane is the sum of the products of each element of mass of 
the body and the distance of the element from the plane. 


5885 The distance (denoted by #) of the centre of mass * 
from the same plane is equal to the moment of the body 
divided by its mass. 


5886 Norz.—lIf the body be of uniform density, as is supposed to be the 
ease in all the following examples, assume unity for the density, and read 
volume instead of mass in the above definitions. 


The definition gives the following formule for the position 
of the centre of mass of a uniform body : 


5887 Fora plane curve, 


\ds A (1-2 yz) de V (94-93) d0 


For j, change æ into y and cos 0 into sin 0 ; but observe that in all cases, 
if the body be symmetrical about the axis of v, j vanishes. The formula 
gives the centre of volume of the portion of the eurve included between the 
limits of integration. 


. (5110) 


For a plane area, 
5890 aa \\ ededy is Jayde 
-~ Jawy jyde 


The area is bounded by the curve, the v axis, and the ordinates v =a, 
g =b, if such be the limits of integration. 


For a plane sectorial area bounded by two radu SP =r, 
Sue = r (Fig. 28) and the cunve n = (0); 


* Also called centre of gravity or inertia, and more recently centroid. 
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_ eos0dÜdr — 3 f1 cos 040 


5892 | = ~ \yrdbdr — p Fede 
_  fwsn6d6dr _ 3 fr? sin 0d 
pop S (rdódr — fdd ` 


The second forms for $ and j give the centroid of an area like SPP’ 
(Fig. 28). The double integrals applied to that figure require the limits of 
the integration for r to be from 0 to F(@), and afterwards for 0, from 
0, = ASP to 0, = ASP’. But, if applied to the area in (Fig. 109), the order 
of integration must be reversed, as explained in (5209). 


For a surface of revolution round the æ axis, 


5896 v= Say Aty) dv _ Ji sinb cosh / (5) d0 
Ty /O+x) de jesin8 (er) d. 7 


Proor.—By (5885), for the moment = | 2.2vyds and the area = | 2myds ; 


the second form by (5116). Ife=a, =b are the limits of integration, the 
surface is bounded by the parallel planes «=a, s =b; and in the second 
form, the corresponding values of 0 are the limits defining the same parallel 
planes. 


For any surface, 
5898 5 alle oben dedy 


T= : ; (5874) 
\\ /(l+si+%;) dady 


For a solid of revolution round the e axis, 


5899 3 fey de fý r° sinb cos8d6dr 
© fde — \\r sin 6d6dr l 


Proor.— By (5885), for the moment = [enit and the volume 
= ES The limits as in (5896). 


5901 For any solid figure bounded as described in (5871), 
the coordinates of the centroid are given by 


Vu UE dodydz = Mas dody, 


Vy -u ydedydz = (i yzdædy, 


e= uL zdwdyds = EL 
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where v= (| (ax dydz = ((zdvdy, 
as in (5872-3), and the limits are as defined in (1906). 


5902 For the wedge shaped solid (OAPB, Fig. 188) defined 
by the polar coordinates r, 0, 9, as in (5875), 


Jp =z | | 1* sin’ 0 cos $ d0d4, 
Nr = | r‘ sin? 0 sin $d0d9, 
Vz= 1 d r* sin 0 cos 8d6dQ, 


where V= e sin 0d do. 


Proor.—By (5875); multiplying the elementary pyramid 47° sin 0 d0 dọ 
separately by the distances of its centroid from the coordinate planes; viz., 
ir sin ð cos 9, $r sin Ó sing, and įr cos 6. 


MOMENTS AND PRODUCTS OF INERTIA. 


5903 Derinitions.—The moment of inertia of a body about 
a given right line or axis is the sum of the products of each 
element of mass and the square of its distance from the line. 


5904 The square of the radius of gyration of the body about 
the given line is equal to the moment of inertia of the body 
divided by its mass. 


5905 The moment of inertia of a body with respect to a 
plane or point is the sum of the products of each element of 
mass and the square of its distance from the plane or point. 


5906 The product of inertia of a body with respect to two 
rectangular coordinate planes is the sum of the products of 
each element of mass and its distances from the two planes. 


9907 Let A, D, C be the moments of inertia of a body 
about three rectangular axes; A’, B’, C’ the moments of 
inertia with respect to the three planes of yz, ze, and ay; and 
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F, G, H the products of inertia with respect to the second 
and third planes, the third and first, and the first and second 
respectively. J’, G, H are more frequently called the products 
of inertia about the axes of yz, zæ, and xy respectively. 


By the definitions we have the values 


5908 A = £m (y4- 2), F Ie 
B = Xm (+a), G = mse, 
C = Xm (è +y’, H = Ximay. 
5914 A = Emè = S—A ues Donee 
B= imy’ = S—B - l 
= Zn (pyt), 


C = ims? = S—C 


= $m. 


5920 Theorem [.—The M. I. of a lamina about an axis per- 
pendicular to its plane is equal to the sum of the two M. I. 
about any two axes in its plane drawn through the foot of the 
perpendicular axis and at right angles to each other. 


Proor.—By the definition (5903), and Euc. t. 47. 


5921 Theorem II.—' The M. I. of a body about a given axis, 
plane, or point is equal to the M. I. about a parallel axis or 
plane through the centroid, or about the centroid itself 
respectively, plus the M. I. of the whole mass, supposed col- 
lected at the centroid, about the given axis, plane, or point. 
Proor.—In the figure, p. 168, let the given axis be perpendicular to the 


paper at D; let A be the centroid, and m an element of mass at C ; then, for 
every thin section of the solid parallel to the paper, 


M.I. = Zm.BC! = Xm (AC -- AB'-9AB. AD) 
= Im. AC -LZEXm.AD—9AB.Xm.AD. 


But Xm.AD = 0, by (5885), since A is the centroid of the body, which 
proves the proposition. Similarly for the plane or point. 


Cor. I.—Hence, if the M. I. about any axis is known, that 
about any parallel axis can be found without integration. For, 
let /, be the M. I. about a given axis, whose distance from 
the centroid is a, and let /, be the required M. I. about an 
axis whose distance from the centroid is b; then, by Theorem 


diis, I, = Il,—m (@— b’). 
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Con. IL—'The M. I. has the same value for all parallel 
axes at the same distance from the centroid. 


5922 Theorem III.—'The product of inertia for two assigned 
axes is equal to the product for two parallel axes through the 
centroid of the body plus the product taken for the whole 
mass collected at the centroid with respect to the assigned 
axes. 

Pnoor.—Let « = +2’, y = j--y be the coordinates of an element of the 
body with respect to the assigned axes; 4, j being the coordinates of the 


centroid, and «’, y' the coordinates of the same element with respect to 
parallel axes through the centroid, all axes being parallel to z. Then 


Imey = Im (+x) (g +y) = rj Emt Img'y +i Emy + G2me’ 
= £9 Im+ Imey’. 
Since Sma’ and Xmy' vanish by the definition of the centroid. 


5923 The M. I. of a body with respect to a point is equal 
to the M. I. for any plane through the point plus the M. I. 
about the normal to the plane through the point. 
Proor.—For the origin and yz plane, 
Ime + 3m (yY +27) = Imr. (5908, '14, 719) 


5924 Given the moments and products of inertia, A, B, C, 
F, G, H, as above, about three rectangular axes, the moment 
of mertia of the body about a line through the origin, whose 
direction cosines are l,m, n, will be 


I = AP+ Bmp Ci? —2Fnn--2Gnl --2Hln. 


Proor.—(Fig. 11.) Let xyz be a point P of the body, OM the line lmn, 
and PM the perpendieular upon it. Then the M. I. about OM 
= Zm (0P — Oe) = Sm { (à? E HANC +m +n?) —(le + my +n)? (5530) 
producing the above result, by (5908-13). 


ELLIPSOIDS OF INERTIA. 

5925 The equation of the Momental Ellipsoid is 
A+ By + C2 —2Fys —2Gzv—2Hwvy = Me, 
obtained by putting 1? = M:. M being the mass of the body, 
and e* a constant to make the equation homogeneous. Hence the 


square of the radius of the momental ellipsoid for any point varies 
inversely as the moment of inertia of the body about that radius. 
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5926 If the products of inertia vanish, the axes are called 
the principal ages of the body. 


5927 At every point of a body there are always three 
principal rectangular axes. 


Proor.—These are evidently the principal axes of the momental ellipsoid 
of the point; for if the coordinate axes be made to coincide with the former, 
F, G, H will vanish. 


5928 ‘The equation of the momental ellipsoid referred to its 
principal axes will be 


Aa?-4- B+ CR = Me. 
5929 The moment of inertia about a line lmn will now be 
I = AP+ Bm? 4- Cn’. 


THE ELLIPSOID OF GYRATION. 


5930 The equation of the Ellipsoid of Gyration referred to 
principal axes is 

EI 
C M 
It is the reciprocal surface of the momental ellipsoid (5719), 
and its property is— 


a? y? 
Aga 


5931 The moment of inertia about the perpendicular from 
the origin upon the tangent plane varies as the square of the 
perpendicular. 


5932 For any other rectangular axes through the point, the 
equation of the ellipsoid of gyration is, by (5717), 


A —H —G as |- 0, being the reciprocal surface of 
TR x om the momental ellipsoid, 
—3 eU O z (A, B, 0, —F, —G, —H X eyz) 
il =, 

Ed "OM with the radius of the sphere of 
reciprocation = 1. The equation when expanded becomes 
AHG i 

5933 (BC—F") a®+...+2(FG4CH) «ay =| H B F\—. 
cr o|” 


5 M 
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LEGENDRE’S EQUI-MOMENTAL ELLIPSOID. 
5934 The equation is 
qe 3 T) 
Tb eae 
with the values in (5914). 


5935 The mass of this ellipsoid is taken equal to that of 
the body, and it has the same principal moments of inertia. 


THE MOMENTAL ELLIPSOID FOR A PLANE. 


5936 If 4’, B’, C' be the moments of inertia for the three 
coordinate planes, as in (5914), the M. I. for a plane through 
the origin whose dir. cos. are l, m, n, will be 


I' = APH Dn? p On? +2Fmn+2Gnl4+2Hin. 
Proor: I’ = Zm (le+my+nz)? = Sma?.P+he. = AP + &e. 


5937 The momental ellipsoid for this plane will be 
A'a? 4+ B? t+ O24 2Fys+2Gee+2Hay = Me, 
and its property 1s— 


5938 The M. I. for any plane passing through the centre of 
the ellipsoid is equal to the inverse square of the radius per- 
pendicular to the plane. 


5939 Ifv be a radius of this ellipsoid, and a, b, e its semi- 
axes, the M. I. about + 


i ees 


Ty 


Proor.— (Fig. 11.) M.I. about r, plus M. I. for the plane OM perpen- 
dicular to v 


= XmOP = Zxme-t2EXmy-r2Xmz---— s TIE + = by (9938). 


EQUI-MOMENTAL CON E. 


5940 The equation of the equi-momental cone at any point 
of a body, referred to principal axes of the body at the point, 
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is (A — I) à?-F(B—1) +(C—-T1) 2 = 0, 
its property being that 


5941 The generating line passes through the given point, and 
moves so that the M. 1. about it ts a constant = I. 


Proor.—Let lmn be the generating line in one position, then 


AP + Br? + Cr? = I (Pm +n’). Therefore, &c. 


5949 Theorem.—If two systems have the same mass, the 
same centroid, principal axes and principal moments of inertia 
at the centroid, they have equal moments of inertia about any 
right line whatever, and are termed equi-momental. By (5906) 
and (5929). 


5943 If two bodies are equi-momental, their projections are 
equi-momental. 
Proor.—If the projection be from the «y plane in the ratio 1 : n, the 


coordinates g, y, z of a particle become æ, y, nz, and the mass m becomes nm. 
The conditions in (5942) will then be fulfilled. 


MOMENT OF INERTIA OF A TRIANGLE. 


5944 The M.I. of a triangle ABD (Fig. 190) about a side 
BD, distant p from the opposite vertex A, is 


2 
mM 
T = P. 
6 
Pgoor.—Let BD za and EF =y; I= pup ey = ap" = ee 
ee ida — = ee i JL 6 


5945 The M.I. of a triangle ABC (Fig. 190) about a 
straight line BD passing through a vertex D, and distant p 
and q from the vertices A and C, is 


ee aa 
6 


Proor.—By (5944), taking difference of M. I. of the triangles ABD, CBD. 


5946 The M.I. of a triangle APC about an axis through 
its centroid parallel to BD, is 


2 , sp) 
[e e By (5921) 


Am 


820 SOLID GEOMETRY. 


5947 Cor.—If the triangle be isosceles, so that p = q, the 
last two moments of inertia become 


5949 The M.I. of the triangle about axes perpendicular to 
ABC through P and through the centroid, respectively, are 


df oS nT 
s 346b €) b 


9 9 9 
= and m eon EC (5920) 
5951 The M.I. about GF of the trapezoid ACGP (Fig. 
I S 


190), is 
PEU 
m 6 . 


5952 The moments and products of inertia of a triangle 
about any axes are the same for three equal particles, each 
one-third of the mass of the triangle, placed at the mid-points 
of its sides. 
Proor.—(Fig. 190.) The M. I. of the three particles at the mid-points 

of AB, BO, CA about BD, any line through a vertex, will be 

Mí(ptgb, p E 

3 i mer 
which is equal to that of the triangle, by (5945). 


MOMENTAL ELLIPSE. 


5953 If a, B be the radii of gyration of a plane area to 
principal axes Ox, Oy, where O is the centroid, the equation 
of the momental ellipse for the pomt O will be 


a" + By? = 92a? p*. 


5954 Also the area is equi-momental with three equal 
particles, each one one-third of its mass placed anywhere on 
the ellipse so that O may be their centroid. 


Pnoor.—Let ey, vy’, "y" be the coordinates of three equi-momental 
particles : then 
3 Ge a) = mp; 


T (y y? y?) = ma^; yay tay” = 0; 


o 
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and the two systems have the same centroid; therefore 
eHe rz" = 0 and y y" y" E 0. 


Eliminating 2, y’, æ”, y" between the five equations, we find the equation of 
(5953) for the locus of ay. 


5955 The momental ellipse for the centroid of a triangle is 
the inscribed ellipse touching the sides at their mid-points. 


Proor.—(Fig.189.) The inscribed ellipse, which touches two sides at their 
mid-points, also touches the third side at its mid-point, by Carnot’s theorem 
(4779). Now DF is parallel to AC, the tangent at E ; therefore BE, which 
bisects DF, passes through the centre O of the ellipse. Similarly, AD 
passes through it; therefore O is the centroid of the triangle. 

Let OH =a’, and let b’ be the semi-diameter parallel to AC; then 

2 2 , 

CV +E ml. But ON=, therefore PN*— $b", The M. I about 
a 272 

OE, by (5954), = 2m3b" sin? w = m m 
Hence the M. I. about OD, OE, OF varies inversely as the squares of those 
lines, and therefore the ellipse in the diagram is a momental ellipse, since it 
has six points which fulfil the requirements. 


where a, b are the semi.axes. 


5956 The projections of a plane area and its momental 
ellipse form another plane area and its momental ellipse. (5943) 


5957 The M.I. of a tetrahedron ABCD about any plane 
through 4 is 

E (a^ -- 8^ +y - By t ye ab), 
where a, D, y are the perpendiculars on the plane from D, C, D. 


5958 The tetrahedron is also equi-momental with four 
particles, each one-twentieth of the mass, placed at the 
vertices, and a particle equal to the remaining mass placed at 
the centroid (5942). 


5959 The equi-momental ellipsoid of a tetrahedron has the 
same centroid, and touches each edge at its middle point. 


Pnoor.— By projecting a regular tetrahedron and its equi-momental 
sphere (for the centroid) of radius = 4/3 x radius of inscribed sphere. 


5960 To find the point, if it exists, in a given right line at 
which the line is a principal axis, and to find the other prin- 
cipal axes at the point. 
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Let O be a datum point in the line. Take this for origin, 
the given line for axis of z, and OX, OY for the other axes. 
Then, if k be the distance from O to the required point O', 
and 0 the angle between OX and the principal axis O'X’, 


Sirens Ls 2 
5961 h = Z ana and ían20 = 2H 


£Emy — £Em«e A—B 


where A, B, IT are the moments and product of inertia about 
(DAE 


Pnoor.— At the point 0, 0, h, Em (z—h) w = Xm(z—h)y-0, from 
which h is found; and the equation for 0 is that for determining the prin- 
cipal axes of the elliptic section of the momental ellipsoid, whose equation 
is Aa? --2 Hoy + Dy? = Me‘, as in (4408). 


5964 The equality of the two ratios in (5961) is the condi- 
tion that the z axis should be a principal axis at some point of 
its length. 


5965 If an axis be a principal axis at more than one point 
of its length, it passes through the centroid of the system ; 
and, conversely, if it be a principal axis at the centroid, it is 
so at every point of its length. 


Proor.—For h must be indeterminate in (5961). Therefore Xmyz = 0, 
Zmy =O, mer = 0, Ema 


5966 The principal axes O'X’, O'Y’ are parallel to the 
principal axes of the projection of the body in the original 
plane of ay. By (5962-3). 


5967 Given the principal axes of a body at its centroid, to 
find the prineipal axes and moments of inertia at any point in 
the principal plane of æy. 

Let C in the Figure of (1171) be the centroid, CX, CY 
principal axes, A, P the M. I. about them, and P the given 
point. Find two points S, S', called foci of inertia, such that 
the X and Y moments of inertia there are equal, and therefore 


! a m ! 1— P 
^ IED K EN YQ __ yw Zi : 
Do ur. CS e inno c— s ui m G). 
The internal and external bisectors of the angle SPS will be 


two of the principal axes at /^, and the third will be the normal 
to the planc. 
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Proor.—The X and Y principal moments being equal at S, the moment 
about every line through S in this plane is the same. [For [= AP+ Bri? 
+On? and »n=0 and 4 = B, therefore [= A.] Therefore the moments 
about SP and S'P are equal. Therefore the bisectors PT, PG of the angles 
at P will be principal axes. 


5968 Let SY, S'Y' be the perpendiculars on PT, and SZ, 
S'Z' those upon PG; then the M. I. about PT and PG will be 
respectively, 


A+mSY.S'Y’ = B+m (=e). 


® 
aan 


'p\2 
A—mSZ.S' Z = B+m p 
Proor.—Draw OR perpendicular to SY. The M. I. about Ch (0 = SCR) 
= A cos! 0+ B sin? 0 (5929) = A—(A— B) siu* 6 
= A—m O0S*sin*0 (by i.) = A—mSE. 
Therefore M. I. about PT = A—m SR? +m RY? (5921) 
= A+m(RY+SR)(RY—SR) = A+mSY.S Y” 


7 ae? 2 
= A+m BO? (1178) = B+mAC (by i.) = Bm (P222) ; 
Similarly for the M. I. about PG. 


5969 Hence, if an ellipse or hyperbola be deseribed with 
S, S' for foci, the tangent and normal at any point of the 
curve are principal axes, and the M. I. about either 1s constant 
for that curve. 


5970 Similarly, for a point P in any plane through the 
centroid O, it may be shown that the same construction will 
give the axes PT, PG about which the product of inertia 
vanishes, OX, OY being the axes at O in the given plane about 
which the product of inertia vanishes. 


oo o ———————————— 


5971 The condition for the existence of a point in a body 
at which the M. I. about every axis through it shall be the 
same, is— 

There must be two principal axes of equal moment at the 
centroid, and the M. I. about each must be less than the third 
principal moment. 


Two such points will then exist situated on the axis of 
unequal moment, and equi-distant from the centroid. 
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5972 Given the principal axes at the centroid of a body and 
the moments of inertia about them, to find the principal axes 
and moments at any other point. 


[See (5975) for the result.) 


Let A, D, C be the given principal moments, and let the 
mass of the body be unity. "Then the ellipsoid of gyration at 
the centroid O, and a quadric confocal with it, will be 


g E 1 e a? y g? 
"ub E T TA C 


a ¥ 


A'B 


]. 


5973 Pror. L.—The M. I. is constant for all tangent planes 
of the confocal, and 1s equal to the 


M. I. for the origin O +å = S+2. (5919) 
Proor.—Let l, m, n be the dir. cos. of the tangent plane of the confocal, 
p the perpendicular on the plane from O. The M. I. for this plane 
= M. I. for a parallel plane through O +p” (5921) 
= A'T E D'n?-rO'w +p" (5936) 
= (S—A) P-F(S— D) w?+(S—C) w (AX) P+ CB X) m? -F (CHA) wf 
(5914, 5681) = S--A, which is independent of l, m, n. 


5974 Prop. II.—Al]l these planes are principal planes at 
their points of contact, and if the three confocals be drawn 
through any point P, the tangent planes at P to the confocal 
ellipsoid, two-fold hyperboloid, and one-fold hyperboloid, are 
respectively the principal planes of greatest, least, and mean 
moments of inertia. The normal to the confocal ellipsoid is 
the axis of least moment, and the normal to the two-fold 
hyperboloid is the axis of greatest moment. 

Proor.—Draw any other plane through P. The perpendicular on it 
from O is less than the perpendicular on the parallel tangent plane to the 
confocal ellipse, and greater in the case of the two-fold hyperbola. Then, 
by (5921). 

The solution of the problem at (5972) is now given by Proposition IIT. 


5975  Pnor. III.—' The principal moments of inertia at P are 
Of"? —X,, OP! —3,, OP! —X,, and the normals to the three con- 
focals at P are the principal axes. 


Proor.—The M. I. about the a axis at P 


= M. I. for the origin P— M. I. for the yz plane 
= S+ 0P— (5+) = OF?—A, (5921-73). 
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5976 ‘The principal moments of inertia above, expressed in 
terms of A, of the confocal ellipsoid and də, d,, its principal 
semi-diameters conjugate to OP, will, by (5661), become 


OP), OP—r\+d, — OPI—A4- d. 


597"7 The condition that the line abc, Imn, referred to prin- 
cipal axes at the centroid, may itself be a principal axis at 
some point of its length, is 


a b b eC 


Here abe is any point on the line, and if a confocal quadric 
of the ellipsoid of gyration at the centroid be drawn through 
the stated principal point of the given line, p is the perpen- 
dicular from the origin upon the tangent plane of the confocal 
at that point. 


— i 1 wa y—b ..s—c i 
Proor.—The given line j m ^ DEO a an) 
2 C 8 E 
must be a normal to the confocal AR + Hoy ae i Er esses ullas 
AS degnu eg ee eis: 
Therefore, by (5629), J Tae m HX n O+A (iii.) 


Eliminate «, y, z from (i.) by means of (iii.), and from the resulting equa- 
tions eliminate p, and the condition above is obtained. 


Also, by (5631), 
p= (AFA) P (DX) mh (043) i? = AP Bm? + On’ +d... (iv.). 
The principal point zyz is now found by eliminating A and p from equa- 
tions (iii.), by means of (iv.) and (5977). 


INTEGRALS FOR MOMENTS OF INERTIA. 


By the definition (5903), the following indefinite integrals 
for moments of inertia are obtained :— 


5978 Fora plane curve, y — f (v), the M. I. about the # and 
y coordinate axes are 


y^ ds and a? ds; and therefore es "da = || as 
y 
5N 
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is the M. I. about an axis perpendicular to both the former 
through the origin (5920). 


5980 Observe that ds may be changed into dæ, dy, or d0 
by the substitution formule (5113, '16). 


5981 For a plane area bounded by the coordinate axes, the 
ordinate y and the curve y — f (v), the M. I. about the x and 
y axes are 


u y dedy = i | yde and {| dedy = | ay da. 


5983 And the M.I. about an axis perpendicular to both 
the former drawn through the origin, 


= (Veet) dxdy = {| Paras = 1| rid. 


but in the last two integrals the area has the boundaries 
described in (5894). 


5986 The M. I. of a solid bounded by three rectangular 
coordinate planes and the surface z = f (x, y) about the z axis, 
will be 


ffe y) sdady = A r* sin? 8drd0d4, 


but in the last integral the solid is bounded as described in 
(5875). 


5988 The volume, which represents the mass in all these 
cases, has already been expressed (5205, 5871); and by 
dividing by the volume, the square of the radius of gyration 
of the solid is found (5904). 


Proors.— Formule (5981-3) are directly obtainable by geometry from 
figures 90 and 91, and formule (5986-7) from figures 168 and 188. The 
transition to polar coordinates may also be effeeted by the formula of 


(2774). 


5989 In expressing moments of inertia, the factor m will stand for the 
mass of the body, and the remaining factor will therefore be the value of the 
square of the radius of gyration. 
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PERIMETERS, AREAS, VOLUMES, 
CENTRES OF MASS, AND MOMENTS OF INERTIA 
OF VARIOUS FIGURES. 


RECTANGULAR LAMINA AND RIGHT SOLID.* 


For a rectangle whose sides are a, b, the moments of inertia 
about the sides, and an axis perpendicular to both where they 
meet, are respectively 

2 2 2 2 
6015 m = m =, m — 
e ab? p : 
Pnoor: | Ce dh = -p The third by (5920). 


0 


6018 Hence, for a right solid, whose dimensions are 2a, 
2b, 26, 
2 2 
M. I. about the axis of figure 2c = — 


ARC OF A CIRCLE. 


6019 Let AB (Fig. 191) be the arc of a circle whose centre 
is O and radius r. Let the angle 40D z 0; then 


Length of are AB = rô. (601) 


6020 Huygens’ Approximation.—RrE.— rom 8 times the 
chord of half the avc take the chord of the whole arc, and divide 
the remainder by 3. 

Proor.—The rule gives 3 (16 sin —2 sin >): 
Expand the sines by (764) as far as 6°, and the result is 70. 


6021 ‘Taking an axis OX through the mid-point of the arc 
with origin O, the centroid of the are is given by (5889) 
2rsin ; - c. 
c= zone Hence for a semi-circle v = =. 


0 T 


* For M. I. of a triangle, see (5944-52). 
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* em? l 
6023 Also, for the centroid of BX, y= minor 
where a = Z XOB. 


6025 The M. I. of the arc AB about OX and OY are 


m? sin 0 mr? sin 0 
aE ) and “(1+ ; l (5978) 


6027 M.I. about axes perpendicular to XOY, through O and 
X the mid-point of the arc respectively, are 


Ql 
mr? and m.25 (1 — zn j A, (5979) 
2 


6029  Con.— The M.I. of 2 mon 
circular ring about a diameter 2 


SECTOR OF CIRCLE. AOB (Fig. 191) 
20 — 4yrsinl@ — 4rsin?la 
Area = L2. y SOUS WorXOB,y- 25M 3a 
6030 D) 30 ed Ja 


Pnoor.—z, j are respectively 2 of «, 7 in (6021, '3); since the centroid 
of each elemental sector is distant 2r from O. Otherwise, by (5898, '5). 


6033 The M. I. about OX and OY are 


mr? sin ĝ mr? sin 0 
Tage) ma "r(255). 


Proor.—By (5981-2) ; or integrate (6025-6) for r from 0 to v. 


SEGMENT OF CIRCLE. ABX (Fig. 191) 


ie UR —- . 4rsin 10 
6035 Area = 2 (6 —sin 6), E oU 


6037 For OBX, g=" -3 cosatcosta) 


3 (a —sin a cosa) 


Proors.—From the sector and triangle; otherwise, the centroid, by 
(5893, '5). 
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6038 M.I. about OX and OY, (5981-2) 
= (80 — 4 sin 0--sin 0 cos@) and = (0— sin 6 cos 0). 


6040  Con.— Hence, for a semi-circle, x= = 
T 


6041 Also, the M. I. of a circle about a diameter, and about 
a central axis perpendicular to its plane, are respectively 
mr mr? 


Im and xor (5920) 


THE RIGHT CONE. 
If h be the height, r the radius of the base, and / the slant, 
6043 Curved surface = arl. Volume = lar'h. 
6045 Distance of centroid from vertex = 2h. 
6046 M.I. about axis of figure = m fyr’. 


6047 WM. I. about cross axes through the vertex and centroid 
respectively. 


mss (+4) and mo (40°+h’). 


FRUSTUM OF CYLINDER. 


Let 0 be the inclination of the cutting plane to the base, 
and c the length of the axis intercepted. 


6048 The distance of the centroid from the axis is 


a? tan 6 
4e ` 


2 
6049 The M.I. about the axis = m ai being the same as 


that of a cylinder of height c. Hence, by (5921) and the value 
of above, the M. I. about any line parallel to the axis can be 
found. 


P= 
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SEGMENT OF SPHERICAL SURFACE. (Fig. 191) 


Let O be the origin of coordinates; OA =r the radius; 
and OC z« the abscissa of AB the plane of section. 


6050 The curved area of AB = 2ar (r —v) = the area of its 
projection on the enveloping cylinder of the sphere. 


Proor: Area = | Qry -- da = nr (r—«). (5878) 
z y 


6051 For centroid of surface, v = 1 (r+). 
6052 The M. I. about the axes OX, OY are 


* (2r—rv—a?) and v (4? Era 4 a). 


HEMISPHERICAL SURFACE. 
6054 Area = 2m’, C= (6050-1) 
6056 M.I. about OX or OY = m&r. (6052-8) 


bo] = 


SEGMENT OF SPHERE. 


eee eee Le E : = — 3(r+a)? 
6057 Volume = 3 (2r-Fa)(r— 2a, ques acer 


6059 M.I. about OX = T (r— a) (Sr? --9iv-- 3a?). 
6060 WM. I. about OY 
= E (r= e} (167? -E 171^» 4- 18r? 492°). 


Proor.—As in (6146-7) ; or put a =b =c in the results. 


HEMISPHERE. 
6061 Volume = ĝm”, ga Ep. (6064) 


Proor.—Vol. = surface (6054) x 2 by elemental pyramids having their 


eommon vertex at the eentre of the sphere. Otherwise, make *» = O0 in 


(6057). 
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6063 M.I. about OX or OY = mr. (6059-60) 


SECTOR OF SPHERE. 
6064 Volume = $T»? (r—h), ® = ł (r+h). 


Proor.—Vol. = surface (6050) x x z = $ of # in (6051), since the 
centroid of each elemental pyramid is distant $ths of r from the centre. 


6066 For the M. I. add together the M. I. of the cone and 
segment (6046, '59). 


THE PARABOLA, 7? = 4az. (Fig. of 1220) 
: Dp: 2r 
| MV a zy 4549 
6067 Rad. of curv SY 2a (1+ - (4549) 
6069 Coordinates of centre of curvature 
y 
3a+2a, = in (4545) 


6071 ArcAP=s = y (ax+a’) talog Cn 
6072 = a [cot 0 cosec 0--log cot (10) |. 

Proor: = Ív (1 + J da. (5197, 4206) 
Substitute /z, and integrate by (1931). 


6073 Arc AL — a4/2-ra log (14- 4/2). 


Centroid of arc AP with above value of s. 


6074 sv— ats J (a? 4- a4) + i log smarter e Sent 


6075 sy = 4{V/a(e+a—e’}. 
6076 For centroid of arc AL, putting «=a, 


pu $y/2*kg(42/2), —,.4.. (8/2—1)a 
-éfV/24lg(-.2]^ % 38'V2-lg(üctJ/2) 
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Half-segment of parabola ANP. 
6078 Area = x5, v= e y= 
6081 The M. I. about the x and y axes are 


miar and ma”. 


THE ELLIPSE. 


6083 The equation being be +a? = at, the length of the 
arc AP (Fig. of 1205), putting » for the eccentric angle 
of P, 1s 


s 2 a a —e cos 4) dẹ. 


Proor.— In (ds)? = (dey'-F(dy) (5113), substitute d» = —« sin ọdọ, 
dy = b cos $ d$, by (4276), and use (4260). 
6084 The length of the elliptic quadrant AB is 


Ta (1 e 9e! 3°. 5e 325276 &e. |. 


Pnoor.— Expand the binomial surd above, and employ (2454) and (2472). 
Similarly, from (5887) and (5978) the three following values are found. 


6085 For the centroid of the same quadrant, 
HU lui emus 


v l—ie-—4j;e 


C= 


approximately. 


6086 The M. I. about the v and y axes are approximately, 


mb? l—ie-—ge d ma? 1—323e-—4&e* 
2 d-—ic 2 l—ie-—j;e 


6088  lagnan?s Theorem.—(Fig. 192.) Let P be any point 
on the ellipse, CY the perpendicular on the tangent at P; 
LACY — 0; Q the pomt whose eccentric angle = 47 0; 
Then 


6089 PY+AP= « ~ (1 — e? sin? 6) dd = BQ; 
and in the hyperbola (Fig. 193) 


6090 PY—AP = al /(1 — e sin? 4) dé. 
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6091 Cor.— The difference between the lengths of the 
infinite curve and asymptote = af a/ (1 — e sin?0) d0, where 
0 


a 
tanta Se 


b 
Proors.—By (5203), 
8 
ELLO Lg [pao =] V (1—e! sin’ 0) dd = BQ, by (6083). 
0 


In the hyperbola we have q—s = | rae. 


6092 Draw the tangent at Q and the perpendicular CU upon 
it. Let v, «' be the abscisse of P,Q. The following relations 
subsist, 

Pia i ONC, OVO = ae 


a 


Proor.—Let p = the eccentric angle of P, and let ACU = 06’. Then 


tang = 24 = 5 tan 8. (4276-80) 
bx a 
Similarly for Q, tan (5 -0) = cold = b tan 6’, 
2 a 
therefore tang = cot0 or ọ= br M ow sae 


The relation therefore between P and Q is reciprocal. Now PY = e»«sin0 
(4295) and g’ = a sin 0, therefore PY = ee = QU, by the reciprocity. 
a 


Again, QU? = a’ cos! 0' +b sin’ 0' (4372) = a? sin? 6 +0" coso ...... (aig): 
Put ¢ in terms of 0 by the above, and we find 
gab ce ea 
P a!cos?0--b* sin CY” 
Lastly, OP*4- CU* = s! 4*-- o? sin* $ +0? cog! $, by (ii), =a +b (4276-7). 


6095 When P coincides with Q, the point is called ** Fagnani's 
Homie CY — an PY —a—b, and esu (a+b) oe 


6096 Griffiths’ Theorein.*—I£ an ellipse of eccentricity e, 
and a hyperbola of eccentricity e~t, be placed as in the figure 
of 1205 (the circle representing the ellipse), P, p being con- 
sidered corresponding points; then, calling PQ, in (6088), a 
Fagnanian arc, we have the following theorem :— 


* J. Griffiths, M.A., Proc. Lond. Math. Soe., Vol. v., p. 95. 
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The ratio of the difference of two Fagnanian arcs on the 
ellipse to the difference of the two corresponding ares on the 
hyperbola is equal to the product of œ and the four abscissæ 
of the points on the ellipse. 


SECTOR AND SEGMENT OF ELLIPSE. 


6097 The formulae for the sector and segment of a circle 
may be adapted to the ellipse by writing a for r and multi- 
plying linear dimensions parallel to the minor axis by b : a. 
But « will then represent the eccentric angle of the semi-arc, 
and 0 twice that angle. Thus, in the figure of (1205), if 
ACP be the half sector, a = ACp, 0 = 240p. 


Sector of ellipse (2ACP in fig. of 1205): 


abÜ —  A«sinlü  -  A4bsirja 
* T 20 SUN Se D 
6098 Ara =J «4 38 ^ Jy n | ) 


the last being for the half sector ACP. The M. I. about the 
wand y axes are : 


6101 u(t 8m : and zl (1+ a 3 (6033) 


4 0 


Segment of ellipse (24NP in same figure) : 
Are EN] TUR = da sin” $0 — NES 
6103 rea — (0—sin8), x 3 (8—sin 6j (6035—6) 


6105 For 5 of the half segment ANP, and for the M. I. 
about the x and y axes, replace 7 by b in (6037-8) and by a 
in (6039). 


6108 For the whole ellipse, the area = mab. (6103) 


6109 For the half ellipse, 3 = E (6104) 


6110 The M.I. about the x and y axes, and a third central 
axis perpendicular to both, 
2 2 2 2 
mb ma and mum s n (6041-2) 


Zo d 
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6113 The area of the ellipse whose equation is 


cee "E. TA . TÀ 
(abefghYXoyl)-0, is = GTO or a 


Pnoor.—If «, B be the semi-axes of the conic, the area rap takes this 


value, by (4414) and (4407). 


6114 Lamberts Theorem.—The area of a focal sector of an 
ellipse, as PSP’ (Fig. 28), in terms of ¢, 9’, the eccentric 
angles of P, P’, is 


E 1$—4'—e (sin $ —sin ¢’)| = o Ix-X — (sin X— sin x). 


rtrte 

a 
respectively, where r = SP, 7’ = SP’, and e = PP’,* a result 
of use in Astronomy. 


In the second value, sin and sin% are = zy 


THE HYPERBOLA. 
6115 The length of an are of the hyperbola 5? —a^y? = a 
and the abscissa of its centroid may be approximated to, as in 


(6084) for the arc of an ellipse, by the substitutions from 
(4278), 


| ds = at | sec $ (e sec? $—1) d$ 


« u 


and | UE UE | sec! à J/ (e sec $—1) dd. 


6117  Landews Theorem.—This theorem gives any are of an 
hyperbola in terms of the arcs of two ellipses, as follows : 


| V/ (d ++ 2ub cos C) dC = 
| y (à — bsi? A)dA+ | / (P — è sin? B) d B --2«sin.B 4- const., 
e « 
that is—Are of ellipse whose semi-axes are a+b and a—b 
= Are of ellipse whose major avis is 2a and eccentricity b za 


+ difference between a right line and the are of an hyperbola 
whose major avis is b and eccentricity a t b.t 


* Williamson's Integ. Cale., Art. 137. + Ibid., Art. 157. 
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6118 Area ANP (Fig. of 1183) bounded by æ, y, and the 


curve | 
= D $e tmnt) mat tog EVN, qum 
=z; tva w)—a e r . (0931) 
6119 =3 is y — «ab log(* aL Zu (4971) 
z ) 


6190 Area of sector between CA, CP and the curve 


= orl 5 
=F log (+ ue i 


6121 Area between two ordinates yj, Ya, when the asymptotes 
are the coordinate axes 
ab d 
= — log =. 
2 z d 


. 2ab (atl? dz 2 
Proor: sin 2ACO | yds = eR je ks (4387) 


6122 The centroid of ANP, A being the area (6118), is 
given by 


= — (oan. F b” lo a 2« 
AT = y (2 a); Ay = c= =) 


20 


6194 The M.I. of ANP about the x and y axes are 


i? : E ; a p? - E = 


6125 ee — m) ACE —«)— e log et 


THE ELLIPTIC PARABOLOID. 
6126 Equation, SLE =e, 


6127 Vol. of segment = m A (ab) 2, 
6129 M.I. about the axes of v, y, and z respectively, 


9 
(es 2 N =) ath 
hi | — — M | — — Hb ——- X. 
($5). 3). 3 


QI 


colle 


a 
owe 
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6139 The surface S of the same segment may be found from 


/(2az) J (227 2e) n2 
S | | yG a ss Z dedy. (5874) 


e0 v0 


6133 If the surface of the E be bounded by 
curve of constant gradient y (5881), the area becomes 


S = rab (sec? y — 1). (5883) 


THE PARABOLOID OF REVOLUTION. 
6134 Equation, +y? = 2az or r= 2az. 
6136 Surface of segment, S = $m y/u f (2z-F a)! — a3) . (5880) 


61374 Volume = vas? = lvr's, 3 = 95. (5887, *99) 
m 
6140 M. I. about axis of figure = = (6131) 


6141 For M.I. about OX and OY put a =b in (6129-30). 


THE ELLIPSOID. 


a 


6143 The surface of the segment cut off by the plane whose 
abscissa 1s v, adi be found from 


=] eee (P—@) Vv +a (e ah ee 
s=4{"(" rao ab — eb — aty CARE 


Proor.—By ve and (5629, '7), eliminating z by means of the equa- 
tion of the surface. 


32 2 cu 
6149 Equation, E ve w = 1, semi-axes a, b, c (5600). 


6144 The volume of the solid segment and the centroid are 
given by 


be ,, ee sup 
y2z - (2a-Ev)(a—ay, P = —————. 
3a? TE , 4 (a+ x) 
Proors.—Let (Fig. 177) represent one octant of the ellipsoid; OA, OB, 
OC being the principal semi-axes. The elemental section 


4PNQ =axNP.NQde = z E = Va — eda. 
a 


Therefore Vol. = = [ (œ — 2) dz = zee (2a —3a*s +: a3) = &c. 
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The moment with respect to the plane of yz 


a 
= ze | (a*a —a*) dz = Hs (a? —« y, 
x“ 


and division by the volume gives 4 as above. 
6146 The M. I. of the solid segment about the axis a 
2. 42 
— aar) (u —v) (8e 4-9u.v4-34?). 
60a 
Proor.—(Fig. 177.) 
M.I. =| Ne. wo HE ENG de 


(GUS) = e (Oe) J (œ — 2Y dz = &e. 


6147 The M.I. about the axis b 


e 
= m 15 ; (a= (8e +9004 3a?) +20 — 502° + 3a? : 
Proor: M.I = [ 7NP.NQ (“2 NA £ ON?) de (5921) 


= = i He |’ (a? —a? yas Te f" (a? —2?) a? de = &c. 


6148 The volume of the whole ellipsoid = $m«bc. 


Pnoor.—By making «=0 in (6144). 
Otherwise: Let EZ be the point on the auxiliary sphere of radius v eor- 
responding to æyz on the ellipsoid. By (5638-9), rz = ab, ry = bn, rz = ci. 


Therefore DLE uve | ae = ae amr. (6061) 
6149 For the centroid of the semi-ellipsoid w = a (6145) 
2 q,2 
6150 The M.T. about the axis a = m (re) (6140) 
5 


6151 The volume of a segment cut off by any plane PNQ 
(Fig. D where OA = d is the semi- -conjug gate diameter, and 
AN hw 18 T a 

I? (bd —h) 


V = rabe 
od? 


Proor.—Taking the area of the section. from (5655), the volume of the 
segment will be 


mabe sin 0 
p 
0 being the inclination of d to the cutting plane. Integrate, and put 
uem d—h. 


(a= 5) dw, where sin? = E 
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PROLATE SPHEROID. 


Put c = b in equation (6142) of the ellipsoid; then « will 
be the semi-axis of revolution. 


6152 The surface of the zone between the plane of yz and a 
parallel plane at a distance x is 


saab an a veh]. 
mb j— sin ae ela?) 


x 2 
Proor.—By (5878). S= 2e Ti (5 a s") da. 


0 e 


Then by (1933). Otherwise, make b —c in (6143), and reduce. 


6153 Con.—The whole surface = 270 (0+4 s^) 


6154 The centroid of the surface of the zone in (6152) is 


given by > = 2mbe { a? e ey 
Bas Ce e ` 


x 2 
Proor.— From we = Bebe | € sl (5 v a da. 
0 € 


a 


6155 The M. J. of the same zone is 
= (1 =) sin 2 T E AE 2. 509 
= mab (i-is ine E Lt com vr/ (P — e). 
6156 And for the whole surface, by making «=« and 
doubling, - 
- M. I. = mal? Zza) sinte-Ei^(1-- sa) 
v ç 2e 2e 


j 44,2 3 2 
Proor: M.I. = ENE aa) de = Ee [œ ~ —«*) de 


5 2 Oc? ? 
= 2rbře MG -an) dz— em e | a JG a) da. 
a e w e, 


The first integral by (1933). For the second, by Rule VI. 2048, we obtain 
the formula 


" 0100957 me 
6157 E / (a —a?) dz = = sin t= + a: / (a? —a?), 


fs 5 a - 
in which — must now be written for a. 
e 


6158 For the volume, moment of inertia, and abscissa of 
centroid of the solid prolate spheroid, make e =b in (6144—51), 
a being the axis of revolution. 


840 SOLID GEOMETRY. 


OBLATE SPHEROID. 


6159 Put )=a in the equation (6142) of the ellipsoid ; 
then ¢ will be the semi-axis of revolution. 

The surface of the zone between the plane of æy and a 
parallel plane at a distance z, is 


2 » 4 22,2 
S = T^ Vép ae?) +Z log Eme ACIE TOES Vie spit ) 


(seg z 4 
Poor. —By (5878). 5 = 2727 | V (= +2) dz. Then by (1931). 
0 


ae 


6160 Cor.—The whole surface = 2a’ iS “log If. 
—e 


6161 The T of the surface of de zone in (6159) is 


given by 
e 2, E E 6 
Res Sule (+2) — ual 
BPS (Ne Ce 


Proor.—As in (6154). z for the surface of half the spheroid is obtained 
in this case by making z — c, but in (6154) put r=a. 


6169 The M.I. of the same zone is 
3 2 EC 
Aus = (Ao m E VACIBUTI 


4a 
4 me (4 —8e) iig bes e ex z) 
4e? 
6163 And for the whole surface, v making z =v and 
doubling, 
= ce me (44? — 3e) a (14-0) 
MH = ru (1- 27 s) n - 


) ds 


Proor: SEI ZUGE AE scm m [e SS 


The first integral involved is given at (1981), ; AO the second is ee) iu 
the same way as in the Proof of (6155), giving 


6164 [evere Cradle == ES ate ee +a) © log {a+ V (à 2). 
6165 For the volume, moment of inertia, and abscissa of 


centroid of the solid oblate spheroid, make 5 =a in (6144-51), 
e being the axis of revolution. 
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1885; 39 vols. [B. M. C.: for vols. 1 to 23, Acad. 3025, 21 ; 
for vols. 24, &c., R.A. 2101. d.] 
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EXPLANATION OF ABBREVIATIONS, &e. 


a.c. = areal coordinates. i. cq. = indeterminate equation. 
alg. = algebraic. imag. = imaginary. 

ap. = applieation. le.m. = lowest common multiple. 
anal. = analytical. num. = numerical. 

ar.p. = arit. progression. o.c. = oblique coordinates. 

@> Ce = Cartesian coordinates. p.c. = polar coordinates, 

en. = eonstruetion. p.d.e. = partial difference equations. 
cond. = condition. p.e. = polar equation. 

curv. = curvature. perp. = perpendicular, 

d. c = differential caleulus. pl. = plane. 

d.e. = differential equations. pr. = problem. 

(blo Jic = definite integral. q.c. = quadriplanar coordinates. 
eq. = equation. rad. = radius. 

ex. = example or exercise. sd. = solid or 8-dimensional. 
ext. = extension. sol. = solution. 

do — formula. sym. = symmetrically. 

f. d. c. = finite difference calculus. ta. = table. 

f. d. c. = finite difference equation. t. c. = trilinear coordinates. 
geo. = geometrical, tg. c. = tangential coordinates. 
g. = geometrical progression. tg.e. = tangential equation. 

gn = general. th. = theorem. 

gz. = generalization. tr. = treatise (i.c., more than 50 pages). 
h.c.f. = highest common factor. transf. = transformation. 


1 integral caleulus. 
15,.— The suffix means that three articles under the same heading will be found in the volume. 
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18—21.— Means that one artiele on the subject will be found in each of the four consecutive volumes. 


References to the Synopsis stand first, and are the numbers of Articles, 
not of Pages. An asterisk (*) is prefixed where such numbers will be found. 

The unclassified references following a principal title commonly refer to 
papers on the general theory of the subject; but some papers are occa- 
sionally included amongst these of which the titles are too long for inser- 
tion, and do not admit of abbreviation. 

Subjects which might well have been included under the same head- 
ing appear sometimes under different ones, for the following reasons :— 
Exigencies of space have decided the insertion of the number of the volume 
only of the particular work in question, and a subsequent examination of 
the Index of that volume is required in order to find the page. It, there- 
fore, became desirable not to change the original title of the paper when 
there was danger, by so doing, of making it unrecognizable. When, how- 
ever, the same subject appears in two parts of this Index under different 
names, cross references from one to the other are given. Some changes, 
however, have been made when the synonym was perfectly obvions ; for 
instance, when a reference to a journal, published fifty years ago, is fonnd 
under the heading of “ Binary Quantics,” the actual title of the article will, 
in all probability, be “ Homogeneous Funetions of Two Variables," and so 
in a few other instances. 
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Abacus of the Pythagoreans : 1.39. 


Abelian cubics and symmetrical equa- 


tions: Q.5 


of class ./(—31) Mo.82, 


Abelian equations: A.68: C.95: J.93: | 


NSE Mo.77,92. 

Abelian functions : see “ IHyper-elliptic 
functions." 

*Abel’s formula for F (x+ iy) +F (y— à): 
2705. Me.73. 

*Abel's theorems: 1572: C.94: J.9,24, 
61,90: LM.2: M.8,17: P.8l, 
83: Pr.30,94. 


Peto () — V [SH : An. 


*Abscissa: 1160. 
Acceleration : Me.tr 65. 
*Algebra: 1—380: A.tr 20. 
application to geometry: JP.4. 
foundation, limitations: AJ.6: CP.7, 
Soe Q.6. 
history of, in Germany: Mo.67,70. 
Algebraic: Calculus: N.81. 
definitions: C.37. 
forms: C.84,94: M.15. 
coordination of: J.76. 
whose Hessian vanishes identically : 
M.10. 
in theory of cubies: M.8. 
formule: G.12: Q.5. 
functions: A.10,31: J.92: L.50,51: 
M10: N.62: 
applied to geometry: G.22: M.V. 
number of constants: J.64. 
as partial fractions: Z.9. 
rationalization of : A.69. 
representation by: J.77,78. 
resolution into factors: A.46. 
theorems: J.82: M.1,6. 
synthesis: C.16;. 
Algorithmic geometry: N.57. 


re definition of (+) : 


Algorithm : 
J.27. 


of higher analysis: Mo.75. 
of arithmetical functions : G.23. 


Alternants of 4th order, co-factors of: 
Adofo 

Alternate numbers: LM.10;. 

Alternating functions: AJ.7: C.18, 
22: J.83 (Vaudermond's): Me. 
89. 

Altitudes, determination of: A.12,19: 
Mém.15: N.45. 

Amicable numbers: À.70. 

Anallagmatic curves and surfaces : 
C.87: N.64 (quartic surface). 
Anallagmatic pavements : E.10. 
Analysis: A.l: An.50: C.3,11,12 : 
Jerze Rikt: OQO 
ap to geometry: G.23: JP.4. 
Analytical : aphorisms: A.5: J.10. 
combination theorem: J.11. 
functions: Ac.6: thsAn.82: 
grange, trJ P.9. 
system of, and series from it: An. 
tr 84. 

* geometry : 4001—6165 : <A.2,11,38: 
CDe oiee ID SU M2. Món. 
las ADe me Vines 

theoremsand problems: À.8,52: J.46. 
plane and solid in homogeneous co- 
ordinates: Z.15,16. 
of three dimensions: CM.4. 
metrics: Q.7,8. 
theorems: A.8. treatise: C.13. 
Angles : conterminal: Me.74. 
* ofa central conic: 4375. 
division into n and »--1 parts: A.70. 
of five circles or six spheres: Me.79. 
* of two circles: 4180. 
problems on : P.1791. 
two relations between five : A.20. 

* trisection of: 5325: A.4,34: C.2,66, 

Sl: G.lo: Me 72: N.506,70. 
Anharmonies : LM.9,3. 

*Anharmonie pencils of conics: 4809 
—21, 

*Anharmonic ratio: 1052,4648: GM.12. 

corresponding to roots of a biquad- 
ratic: N.60. 
* ofaconic: Q.4: of fourtangents: 4986. 


9 Q 


La- 


850 


INDEX. 


Anharmonic ratio (continued) : 
of 5 lines in space: Me.76. 
of 4 points in a plane: A.1: C.77. 
sextic: LM.2,60: Q.37,38. 
systems: cnM.10. 
*Annuities: 302: A2;: Acl: CP.3: 
J.83: I.1—24: P.1788, -89, -91, 
-94, 1800, -10: N.47. 
Anticaustic (by refraction) of a parabola: 


*Anticlastic surface: 5623,5818. 
Aplanatic lines, lemniscates, caustics, 
&c.: thL.50: N.45. 
Apolarity of rational curves: M.21. 
Apollonius's problem: A.37: M.6. 
Approximation: J.13; N.66. 
algebraic: J.76. 
to functions represented by integrals : 
of several variables: (C.70. 
successive: Mém.38. 
Apsidal surfaces : Q.16. 
Arabs, mathematics of: C.39,60. 
Arbitrary constants: C.15: L.80: in 
d.e and f.d.e, TI.18. 
*Are, area, &o.: quantification of: 
1244, 5205, 5874, 6015. 
relations of: G.16: C.80,94: L.46. 
Ares with a rectifiable difference and 
areas witha quadrable difference: 
L.46. 
* Areas :——and volumes in t.c and q.c: 
4688 : Q.2. 
* approximation by ordinates: 2991—7: 
Cie: CDA: 
* between 3 lines : 4098: Me.75. 
ext. of meaning : CD.5. 
Arithmetic: A.5,18: L.59. 
ancient: O.71: N.51. 
degenre, ext. of the notion : C.94. 
higher: J.95. 
history of: C.17. 
of lbn-Esra: trL.41. 
of Nicomaque de Gérase: An.57. 
pales eo eeomorie mean: Mo.58: 
Z.20. 


*Arithmetic mean: 91: CD.6: of m 
quantities : 392 : L.39. 

*Arithmetical progression: 79: thL. 
DOCERE 


and g. p when » (the number of terms) 
is a fraction: A.35. 
when the terms are only known ap- 
proximately : C.96. 
Arithmetical theorems: A.10: C.93,97.: 
CDG e 519: dea i leon. 
N.57 : Gergoune, C.5. 
Arithmoetical theory of algebraic forms: 


Arithmographe polychrome: C.51,53. 


Arithmometer : I. 16—18. 
Aronhold, theorems of: gzJ.73. 
Associated forms :——systems of: 
ezAJ.1: C.86: CD.6. 
and spherical harmonics: Mo.85. 
Astroid of a conic: A.64. 
* Astronomical distances: p 9. 
*Asymptotes: 5167: A.p.c 15,17: CM. 
4; M11: N.68: thsN.48, and 


73. 

* of conics: 1182, 4490, t.c 4683 : tg. c 

4904, -66: Me.71: Q.3,8. 
of intersections of quadries : N.73. 
of imaginary branches of curves: 

Asymptotic :——chords: A.12. 

* coneofaquadric: 9616: E.30, g.e 94. 

* curves: 5172. 

lines of surfaces: A.60,61: R.54. 
law of some functions: Mo.65. 
methods: M.8ə. 

* planes of a paraboloid: 5625. 

planes and surfaces : CD.3. 

Atomie theory and graphical represen- 
tation of invariants and covari- 
ants of binary quantics: AJ.l1s. 

Attraction : of confocal ellipsoids : 
Me.82. 

of ellipsoids: CD.4,9: J.12,20,26,31 : 
JP.15; IL4055: SMETIO: IN. 7G: 
Q2, be: 

of ellipsoidal shell: J.12: JP.15: Q.17. 

of paraboloids : L.57. 

of polyhedra: J.66. 

of a right line and of an elliptic arc: 
An.59: CD.3. 

of a ring and of clliptic and circular 
plates: Cals Al 

of spheroids: J.12: JP.8: 
Mém.31: P.(Ivory) 12. 

of solids of revolution, &c.: An.56: 
CD. 

solid of maximum: 'TE.6. 

theorems: Q.4,17. 

theory of: L.44,6. 

* Auxiliary circle: 1160. 

Averages : L7,9. 

TASES ofa conic: gn.eq 4687: A.30: 
E.36: G.12: Q.q.c 4; t.c 5,8,15 
and 90: Me.a.c 64,71 : N.43,48,58: 
t.eQ.12. 


L.76 : 


* construction of : 1252: Me.060.. 

* en. from conj. diameters: 12593: 
A.13,20 :*Me.82 ; N.67,73. 

* of a quadric: 5695: A30; Au.77: 
G.9: J.2,64,82: N.43,51, cn 08, 
69,74. 

* yectangular, nine direction cosines 
for two systems:  9977—9: 
L.44.. 
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* À xis mc perspeetive or homology : 
975 


* of reflexion: 1007. 
* of similitude: 1046, 4177. 
Axonometry and projective collineation 
in space: M.25: Z.12,21. 


Babbage’s calculating machine: C.99;. 

Barycentric calculus and right line con- 
struction: J.28. 

Battement de Monge: 1.82. 

Beltrami’s theorem: A.44. 

*Bernoull's numbers: 1539: A: 
AJ.5,7: Àn.59,77: C.54458,,81.: 
G.9: J.20,21,28,58,81,84,85 (first 
62),88,99: LMA4$7,9:  Me.7o: 
gzMém.83: N.76: Q.6,22. 

application to series : see “ Series.” 

and interpolation : C.86. 

and their first 250 logarithms: CP.12. 

and secant series: A.1,3,35: C.4,32. 

bibliography of: AJ.5. 

indeterminate representation of: Z. 
19. 

new theory of: C.83. 

theorems on: E.2,8: N.77. 

Bernoulli's series : 1510. 

Bessel’s functions (see also “ Integrals 
of circular functions"): J.75: 
M.3,4,9,14,16 : Q.20,21. 

representation of arbitrary functions 
by: M6. 

squares and products: M. 

tables: Z.2. 

Bonnet, two formule of: G.4. 

Bicircular quartics: LM.3,99: P.77: 
Pr2o20.195: TDIC24. 

focal conics of: LM.11. 

with collinear triple and double foci : 
LM.12,14. 

nodal, mechanical en. of: LM.3. 

Bifocal variable system : M.16. 

Bilinear forms:  J.68:,84,86: 
Mo.66,682,74. 

congruent transformation of: Mo. 
74. 

four variables: G.21: Mo.83. 

relation between two and their 
quadric and quartic system: M.1. 

reciprocals: G.22. 

reduction of: C.78,92. 

Bilinear functions: GM.11. 

polynomials: C.77. 

trilinear and quadrilinear systems: 
E.5. 

Billiards, theory of: L.89. 

Bimodular congruences: G.21. 

Binary and ternary quadratics: N.64,65. 

*Binary enbies : 1631: A.17: C.92: G.17: 
Jeres Mli 


L.74: 


Binary cubics—(continued) : 
automorphic transf. of : LM.14. 
and quadratic forms: G.21. 
ao of two: E.7: G17: LM.13: 
7 


resultant : Q.6. 
tables and classification of : A.31. 
transformation by linear substitution: 


Binary forms: An.56,77: At.65: G. 
2,8,10,162: J.74: M.2,3,20: Q.14. 
and their covariants, geo.: M.23. 
ap. to anal. geometry: L.75. 
ap. to elliptic functions: AJ.5. 
ap. to Euler's integrals : C.47. 
canonical: J.54: M.21. 
evectant : Q.11. 
geo. interpretation or ap.: C.78: G. 
127:7859,22:. 
having the same Jacobian: C.94. 
having similar polar forms: M.8. 
in a cubic space-curve: J.86. 
in twoconjugateindeterminates: C.97. 
most general case of linear equations 
in 20.00 
(q) groups of: M.23. 
with related coefficients : M.12. 
transference of, when not of a prime 
degree: M.21. 
transformation of: M.4,9. 
typical representation of: An.68,69. 
Binary homographies represented by 
points in space, applied to the 
rotation of a sphere: M.22. 
Binary nonies, ground forms: AJ.2. 
Binary octies: thC.96 : M.172. 
Binary quadries: C47: G3: 
L.59,77 : M.15,17s. 
construction of, through a symboli- 
cal formula: C.57. 
indeterminate, integral sol.: J.45. 
for a negative determinant: No.8l: 
C.60 (table): L.57: M.17521,25. 
partition table: AJ-4. 
representing thesame numbers: L.59. 
transformation of: C.41. 
with two conjugate indeterminates : 
C.96. 


JL e 


*Binary quantics: 1696: An.56: C.52: 
QE 


DO 
(25, —1)-ie, canonical form of : Q.20. 
derivatives of: Q.15. 


* discriminant of: 1638: Q.10. 


reduction of: J.36 : L.52 : Q.7. 
transformation of: CM.1: th E.28. 
in two polynomials U, V, prime to 
each other and of the same dc- 
gree: N.85. 
Binary quartics : and their invari- 
ants: A.18:G.14: J41: M.19: Q.7. 
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Binary quartics—(continued) : 
condition for perfect square: E.36. 
or quintics, with three equal roots or 

two pairs of equal roots: P.68. 
and ternary cubic, correlation be- 
tween: An.76. 

Binary quintic: G.14. 
canonical form for: Q.19. 

Binary sextics: taAJ.4: C.64,87,90,: 

Gold: M.2,76,77. 
syzygies of: AJ.7. 

Binet’s function: L.75. 

Binodal quartic with elliptic function 

coordinates: AJ.5. 

*Binomial : coefficients: 283,366—7 : 
A.1,2: G.14: Mém.24: N.th60, 
61,70,85: Z.25. 

sum of sclected : Me.85. 

* equations: 480: A10: At.65,68: 
C.10,44: G.5410: L.57: LM.11, 
12,16. 

irreducible factors of : An.69. 
q"—] 20: see “ Roots of unity.” 
equivalences to any modulus: C.25. 

* theorem: 125—936: A.8,geo.61: C. 
45: CD.7: CM.3: G.12: J.1,4,5, 
98,55: Me.71: N.423,47,50,71,78: 
P.16,16,95,96: TI.12. 

generalization of : J.1: N.57 

*Dinormal: 5725. 

Bipartite functions and determinants : 


LM.16. 
Bipartition, repeated : Mel.4. 
* Biquadratic : equation (see also 


“Cubic and biquadratic"): 492 
—9501: A.1,12,16,23,31,39,40,41, 
45,69: AJ.1: CM.1,464,47: G.5 
—7,13,21: J.90: Me.62: N.44,58,, 
59,60,63,78,51,83: Q.7,28: Z.6,8, 
18. 
cond. for two equal roots: E.44. 
and elliptic functions : C.57 : L.58. 
reduction to canonical form: G.5. 
reduction to a reciprocal equation : 
L.63. 
solution of: A.51,56: C.49,82: L. 
73: Q.19: numerical, C.61: with- 
out eliminating the 2nd term, 
A.39: 4 variables, J.27: trigono- 
metrical, A.19,70. 
and sextic eqs. in the theory of 
conics and quadries: J.53. 
= values which make it a square: 
40055012: 19:09: 
function with four variables: An. 59. 
involutions: C.08. 
Diquaternions: AJ.7: LMA. 
Biternary forms with contragredient 
variables: M.1. 
Borchardt’s functions: J.82. 


*Brachistochrone : 3037, 
Man.31: Me.80: 

77,80. 
Brahmins, trigonometrical tables of the: 


3044: L.48: 
Mém.22: N. 


*Brianchon’s theorem: 4783: A.59: C. 
82: CM.4: G.2: J.8493: gzN. 
82: Z.6. 
and analogues: CD.7: Q.9. 
on a quadric surface: C.98; E.19. 
on a sphere: A.60. 
*Brocard circle and Lemoine’s point: 
4704c : gzN.85. 
*Burchardt's factor tables p.7: erra- 
tum, A.23. 
*Burmann’s theorem, d.c: 1559. 


Calculating machine: Pr.37. 

Calculus :——algebraic, which inclndes 
the calculus of imaginaries and 
quaternions: C.91. 

of chemical operations: Pr.25. 
of direction and position: AJ.6: M. 
pr 6. 
of enlargement: AJ.2. 
of equivalent statements : sce** Logic." 
of forms (Invariant theory): CD.75, 
ente 
of infinitesimals, third branch of: 
viz. given y and yz, to find w: 
TE.24, 
of limits, ap. to a system of d.e: C.15,. 
of Victorius: Z.16. 
of other subjects: see the subject. 
Calendar: J.3,9,prs 22. 
Jewish: J.f28. 
Canal surfaces: A.1,10. 
Canon-arithmeticus of Jacobi. C.39,68 : 


Cantor’s theorem: M.22. 
*Cardioid: b=a in 5328, Fig.129: 
A.59,63,68: LM.4: Me.64: N.8l. 
and ellipses: Pr.6. 
*Carnot's theorem : 4778. 
*Cartesian oval: 5841—5858: A.69: C. 
97 : LM.1,9599 : Me.75: Q.1: Me. 
74: Q.12,cnl5. 
area of: E.21. 
cq. with triple focus as origin: E.9,23. 
foci: T7. 
functional images: Q.18. 
mechanically drawn: LM.5,6: Q.13. 
perimeter: E.21. 
rectific. by cllip. functions: C.80,87 : 
LM.5. 
through 4 points on a circle: LM.12. 
with 2 imaginary axial foci: LM.3. 
*Cassinian oval: 5313: Me.77,83: N.57. 
analogous surfaces: An.61. 
radial of: 15.26. 
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Cassinoid with n foci, rectif. of: L.48. 
Catacaustic and diacaustic of a sphere: 


TP 


Catalecticant of a binary quantic: E. 


37,08 


Catenary : 5973: Me.64,66,68. 


by parabolic trigonometry: Pr.8. 
revolving: E.22. 


*Canchy’s formula i.c: 2712. 


closed curve theorem: Mo.85. 
various formule; C.27 4p. 


*Caustics: 5248—9: Ac.4: L.46: P.57, 


* ck od* 


07: Pr.8,14,15: Q.1,2,3cn8,9,12. 
by successive reflexion from spheres: 
J.13. 


identity with pedals: Z.14. 

of a eardioid : Me.83. 

of a circle: 5248 : CD. 

of a cycloid : A.30. 

of an ellipse, focus at centre: J.14. 
of infinitely thin pencils: J.98. 

of refraction at a plane surface: N.47. 
radii of curvature: N.65. 

surfaces and singularities: J.76. 


Cells of bees: N.56: Q2. 
Cell structure: LM.16. 
Centimetre - gramme - second system: 


l 


p.l. 
Centrals, theory of: J.245. 
Centre of: 


curves and surfaces: L. 
46: Q.10. 

a circle touching two: A.24. 

geometrical figures: A.16. 

harmonic mean: J.3. 

mean distance of curves and surfaces : 
N.ths 85: Q.33. 

mean distance of points of contact of 
parallel tangents, ext. of th.: L. 
44 


similarity: 947. 

similitude: 1037. 

similitude of 3 circles : 1046 : 4176. 

similitude of 2 quadrics each of which 
circumscribes the same quadric : 


J.31. 


Centres, theory of: J.24. 
Centro-baric methods in anal. geometry: 


*Centroid: 


J.53. 


formule for: 5884—5902, 
6015: JP.26: L.13. 

and its use in stercometry : A.39. 

of common points of two conics: A.3. 

of circular arc: 6021: E.13. 

of a dice: N.63. 

of frnstrums: 6048, &.: A.33. 

of a gauche curve after development 
on a right line, locus of: C.88. 

of algebraic curves and surfaces: 
An.68. 

of a frustrum of a prism: L.39. 


Centroid— (continued) : 
of a frustrum of a pyramid: Me.79: 
N. 765. 
of oblique frustrum of a cone: E.33. 
of a perimeter: A.51. 
* of plane curves: 5887: J.21: G.12. 
* of spherical and other areas: 5898, 
6051: J.50: L.39,42». 
* of surface and solid of revolution: 
9896—9: AJ.3: L.39. 
of a trapezium: Q.9. 
* ofa triangle: 951: A.52,58. 
*Change of independent variable : 1760— 
1816: AJ.3: CM.1: G.2: L.40,58 : 
QU STU: 17. 
* from a, y to 7, 0: 1768. 
f from 4,2 50. 0, @= leo. 
* ima definite multiple integral: 2774— 
9: A.99,41. 
in transcendent definite integrals: 
C.23. 
in the theory of isotropic means: C.34. 
Characteristics: E.5: J.71: M.6. 
of conics: A.1: C.67,72,76,83.: JP.28: 
LM.9: M.15: N.66,,71. 
of conics of 5-point contact: E.27. 
of cubic systems: C.74s. 
of curves and surfaces: C.73. 
of quadrics: 0.67: JP.28: N.68. 
relation between two characteristics 
in a system of curves of any de- 
gree: C.62. 
surface groups defined by two: C.79: 
pc EDUC 
Chart construction: Mél.2: N.60,78,. 
Chemico-algebraic theory: AJ.1. 
Chemico-graphs: AJ.1. 
Chess board, ths and prs: A.56: E.54, 
42,44. 
Chessmen, relative value of: E.39: 
Mél.3. 
Chinese arithmetic and algebra: C.51: 


*Chord: —— joining two points on a 
circle: 4157: A.45,44: E.22. 

* of contact for two circles: 4172. 

Chronology: J.26. 

*Circle: 4136—90 c.c: A.1,3 th 4,9,25,27, 
th47: C.94: J.14,17: Q.19: TE. 
thé. 

* approximate rectification and quadra- 
ture: 6019, &c: AÀ.2,6,2e013,14, 
43: J.32: Me.75,85: N-45,47: 
Q.4. 

are of: see Circular arc. 
area of segment: 6095; A.27,59,44. 

* chord of: 4157—8. 

chord of contact: 1017: 4138,— 72. 

coaxal: 1021—36: A.23. 

configuration of: C.952. 
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Circle—(continawed) : 
en. from 3 conditions: 997: JP.9. 
Cotes's properties: 821: A.1l, ext.to 
ellipse 30: P.13: 'T1.7. 
cutting D at given angles: 4185: 


LM.3,5: N 83). 
division We A.97,37,41: At.19: E.1, 
31: G.6: C.85,93: J.27,54,56: 
N.53,54. 
and theory of numbers: J.30,840,87 : 
N.56. 


ths. on snm of sqs. of perpendicu- 
lars, &c.: 1094—8 
cight circles touching 
4189: MéL3: Q.5. 
eight through 6 points of intersection 
of 3 conics: Q.10. 
equation of: 4136—48, 
Pr.27: TI.26. 
general eq.: t.c, 4691,4751: 
4906. 
Euler's th. extended to ellipse: A.51. 
five-point th.: E.5. 
four pairs of circles through 6 points 
common to 3 circles : n 9. 
four points concyclic, condition: 
44: N.84. 
geometry of: A.67: 7.24. 
groups of points on: A.14. 
in tri-metric point-coordinates: Z.27. 
and in-quadrilateral: 738: CD.9. 
lines of equi-different powers in two 
circles: A.19. 
of enrvature: 1254,5134: A.31,63: J. 
45: p.cN.84. 
polar 2 wy’: 41358, —64. 
rectangles of: Z.14. 
ring of, touching two fixed: J.59: 
Me.78. 
six points th.: Q.8. 
and self-conj. triangle: A.41. 
and sphere, geo. : Mo.82. 
system through a point on a plane or 
sphere: G.16. 
tangents : 4187—48, 4160; L.56: P.14. 
common to a circle and conic: 
cnA.69. 
common to two circles: 
en A.34. 
locas of a point, the tangents from 
which to two circles have a given 
ratio: geo.965—6. 
three: 997—9,1026,1046— 251 ,41853—7, 
prs.(Gergonae) : 1049; At.19 : L.16. 
through mid-points of sides of a tri- 
angle: sce Ninc-point circle. 
through 3 points : 44156,4728. 


three, en: 


p.e 4151: 


tg.c, 


A. 


953,4171: 


through 3 points on a conic: A.2: 
JD 
touching a conic twice: J.56: N.65. 


Circle—(continued) : 
* touching 3 circles, cn: 
A.24,26,28,85: An.68: C.60: Me. 
62: N.63,05,06,84: Q.8. 
touching the 4 circles which touch 
the sides of a spherical triangle : 


946,1049 : 


A.4. 
and triangle, ths and prs: A.30,57: 
LM.15: Q.4. 

* two; eq. for angle of intersection: 
4180—1. 

* theorems: 984—1045: Q.11: sce 
Radical axis" and “ Coaxal cir- 
cles.” 

and two points; Alhazen’s pr: AJ.4. 
Circulants: final expansion of: Me.85. 


of odd order: Q.18. 
*COireular :——arc : length, centroid, &c. : 
6019. 
with real tangents: Z.l. 
graphic rectification and trans- 
position of: Z.2. 
cubics, involution of: LM.1,7 
chord of curvature of: E. cn 506. 
and elliptic functions in continued 
fractions: CD.4. 
* functions: 606: A.17: J.16. 
points at infinity: sce “Imaginary 
ditto.” 
relation of Mobius: LM.8: N.76: Q.2. 
* segment: arc, chord and area: 6030: 
N.63. 
Circulating functions: P.18. 
*Circum-centre of a triangle: 4642: tg 
eq +583. 
*Circum-circle: —— of a triangle: 
4738: tg. eq 4895: A.51,58. 
coordinates of centre: 4012. 
hypocycloidic envelope of Ferrers : 
N.70. 
and in-conic: N.79. 
* ofa polygon: 716—8: 
* of a quadrilateral: 733: 


718, 


Ale) 
Nooo: 


Circum-cone of 2 quadric, locus of 
vertex: N.5 
*('ireum-conie Ss ao triangle: 4724: 


tg. eq +892: An.57. 
* of a quadrilateral: 4697 : 
locus of centre: E.l. 
Circum cubic of a complete quadri- 
lateral: G.10: Q.5. 
*Cireum - parallelogram of an ellipse: 
4307. 
Cireum-pentagon of a conie: M.5: N.67. 
Cirenm - polygon: —— of a circle: 
746—8: CD.1: Me.80: N.66. 
of a conie: M.25. 
of a parabola: CM.3. 
of a euspidal cubic: 
quartie: LM. L4. 


At.54. 


LM.I5: ditto 
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Combinations—(continued) : 

* problem or theorem: 105—7: A.2 
of two circles: N.67. C.97: CD.2,4,7,8: L5: J.3,15,5 
Cireum-rhombus of an equil. triangle: L.38: Mém.11: N.53,73: Z.15. 

ml of Euler and its use in an eq. : L.39. 
Circum-triangle :——of a conie: N.70. of 1,2,...”, each c. having a sum 
* locus of vertex: 4500: E.35. Pa: G.19,20. 
of a triangle : J.30. : oO of dominoes: An.73. 
*Cissoid: 5309—12: A.62,69: N.15,85. of 1 dice each with p faces: TH.21. 
tangents OL: LM.2. of n points in space: L.40. 
Cissoidal curves: A.56. : of observations: L.50. 
Clairaut's function and equations: JE. of planes through a system of 
Sisto panties Hale P vu 
inant geometry: Pr.10,115,12,15. puncnualt prod COD 
Closed curves: Me.77: geo th Q.4. enc es is s à 
* andmovingchord,Holditch's th: 5244: Combinatory analysis: A.2,50,70: J.11 
Ege a eel 22. Mém.50: N.30. —— i 
ext. to surfaces: Me.81. à MN eu 
quadrature of: Nal e N48 * Crofton's Commensurable quadratic divisors : N. 
E A.B; C.65,68: Roe Commensurables : TE.23. 
l| 7 dody, £20, t—0 being the | *Commntative law: 1489. 
t & ES *Companion to the cycloid : 5258. 
5 tangents iron ay: is Complanation formula: A.48. 
rectification of : aa .| Complementary functions: C.19: J.11. 
Closed surfaces : JP.21. NE — | Complete functions: C.86: J.18:. 
*Coaxal circles: 1021—36 : 4161— 70 : Q. Complete numbers: Mo.62. 
5): reciprocated, 4508. — | *Complete primitive: 3163. 
Poncelet’s limiting points: 4165: | Complex axes of a quadric: Z.19. 
thJ.86. 0 Complexes: L.14,47: M.2,4. 
Coaxal conics: Q.10, — of axes of a quadric: N.83. 
Cochleoid, (a?+ y?) tan-1 4. =nry:A.70. in com ena and permutations : 
a 91. 
*Coefficieuts :—- detached : 28. of Ist and 2nd degrees and linear 
* differential: 1402. congruences: An.76: L.91: M.2, 
* indeterminate: 292. 9: N.85: trZ.27. 
*Cogredients : 1653. linear: N.85: Z.18: of an in-conic of 
*Collinear and concurrent systems of a quadrilateral: G.2l. 
points and lines 8 967 : A.69 g Gk | of 9nd degree: (Grex, ll 7,18: en JI AES : 
Collineation and correlation: M.22: Ney: Nae 
prAL10O. Ene of 2nd degree with a centre: L.82. 
and reciprociby : M.25. ; | of ?nd degree of right lines which cut 
gis en of, in space: two quadrics harmonically: M.23. 
Z.24,28. : z quadratic ray- & web-complexes: J.98. 
multiple c. of two triangles: A.2,70. of nth degree, singularities: M.12. 
Rune d ground forms: J.74. and congruences, spherical of 2nd 
paradox: 4.20. d , their circl d lides: 
*Combinations : 94—107: trA.15: CP.8: Ho des o 
Dus J.5,13,21,34,38,£h59 : M.5: and spherical complexes, ap. to linear 
oo . à p.d.e: M5. 
ap. to determinants : JP.28. tetrahedral in point space: Z.22. 
complete, t.e., with repetitions : C.92: Complex numbers: A.28: C.90,99: G.11: 
iae J.22,35,67,93: L.54,5,80: M.92: 


Circum-quadrilateral: —— of a circle: 
E.35: N.48. le 
6: 


compound: Man.79. 

C (n,v) an integer: 366: L42. 

C (n, vr) when v is fractional: A.70. 

C (n, 7) = O (n—1, r—1)+ 0 (n—1, r): 
102. 


O (m+n, p) = 35 C On, r). C (m, p—r): 
L.42. 


Mo.70: Qai. 
from the 31st roots of unity: Mo.70. 
from the nth roots of unity: J.10: 
Mo.70. 
index and base of a power, geo: Z.5. 
prime and from roots of unity: J.35: 
taMo.75. 
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Complex numbers—(continued) : 
prime and from the 5th roots of unity: 
Mo.ta 59. 
resolution of A*+B*+C"=0, and 
when » —5: L.47. 
from the roots of unity; class num- 
bers: J.65: Mo.61,635,70. 
in theory of residues of 5th, 8th, and 
]2th powers : L.43. 
Complex unities: 0.96,99: J.53. 
Klein's groups: J.50. 
Complex roots of an algebraical eq: 
M.i: N.444: of x” = 1, Mo.57. 
Complex variables, functions of: An. 
59,68,71,,82,89: G.3,6: J.54,73,83: 
NII 2.8510: 
especially of integrals of d.e: J. 
79,76. 
Composite functions of a higher order: 


Composite numbers: for construc- 
tion of factor tables: A.45. 
groups of: J.78: LM.8: Me.79. 
* Compteurs logarithmiques " : C.40. 
*Concavity and convexity: 9174. 
Concentric circles: LM.14. 
3 quadries, intersection of: E.39. 
*Conchoid: 5820: A.55: N.435. 
Concomitants of a ternary cubic: 
AJ.4. 
*Concurrent lines and collinear points 
967—76: A.69. 
th. on conic and triangle: E.95. 
*Concyclic conicoids: 995: Q.11. 
*Cone: 1150—59, 6043: A.16: L.61: Me. 
62. 
and cylinder, superfices, tr: An.57. 
general d.e of: E.18. 
intersection of two: N.64. 

* oblique: eq 5598: J.2: Me.80. 

sections of: 1150—9. 

* and sphere: 5652: thsMe.64. 
supertices of oblique frustrum: J.2. 
through m points and touching 6—m 

lines: LM.4. 
volume of frustrum : Ac.41: N.13. 
Configuration of 16 points and 16 planes: 
J.86. 
(3,3), and unicursal curves: M21. 
*Confocal conics: 4550—8, 5007, tg.e 
5005: J.54: LM.12,13 : Mo.60,08, 
73: N.80: Q.10: TE.24: 7.3. 
* Graves’ theorem: 4555: Griffiths ext. 
LM.15. 
* tangents of: 4555. 
*Confocal quadrics : 5656—72 : A.3 : CD. 
4,5,92: G.16: M.18: thMe.72: Q.3. 
relation to curves and cones: CD.4,9. 
volume bounded by three and tho co- 
ord. planes; A.36. 


* 
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Confocal surfaces: Me.66. 
Conformable figures: A.59: LM.10: M. 
19: 7:17: 
Congruences: C.51,88: th and apJ.19: 
thMe.75: N.50: P.61. 
binomial: AJ.3: C.61: expon. to base 
3, Mél.4. 
classification of roots: C.63. 
Cremonian : LM.14. 
irreducible: J.40. 
and irreducible modular functions: 
C.61. 
linear: LM.4: of circles in space : C.93. 
numerical: An.60; multiplication of, 
61. 
of 1st degree: A.32. 
in several unknowns: L.59. 
sol. by binomial factorial: Mém.44. 
transformation of modulus: Mél. 
2: N.59. 
with composite modulus: E.90. 
of 9nd degree: €C.62;: Mém.31: re- 
duced forms: C.74. 
of 3rd order and class: LM.16. 
higher, with real prime modulus: 
An.83: J.31,54,99. 
resultant of systems of linear: C.88. 
and trigonometrical functions: J.19. 
x+y? = 1 (mod. p): J.19. 
a! = 1 (mod. p): J.31. 
Congruent divisors of a number, no. of : 
A.37 
Conical functions; M.18,19. 
*Conical surfaces: 5590: A.63: Ac: 
LM.3,: M.3. 
throngh 6 points, locus of vertex : J.92. 
*Conicoids : 5599: A48 : Q.tg.c9, q.c 
and t.c 10. 
50-point: Me.66. 

*Conies: 4032—5030: A.155,17,21,92,60, 
68: C.83: G.1,2,3,21: J.20,90,92, 
45,69,86: M.17,19: N.42,43;,44, 
45,71475582 ^: Poo Ooi cal: 
Z.18,21,23. 

anharmonic correspondents, problem 
of 5 conics and 5 lines: N.o6. 

of Apollonius: 1.58. 

angles connected with: 1979. 

arcs similar to: N.44. 

areas of (see also * Sectors "): 4688, 
6097—6121: N.46: t.cQ.2. 

* auxiliary circle: 1160. 

* centre: coordinates of 4409, 4267, 

t.c 1733 and 4712: tg.eq of 4901: 
ths and prs N.45. 
* loeus of 4520, 5023. 
* chords of: 4315,4322; p.e 4337 and 
CD.1: Mo.66: soe also “ Focal." 
cutting an ellipse at a given angle :7 
HESS. 
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Conies :— chords of—(continued) : 


intersecting: 1214, 4317. 
moving round an ellipse: A.43,44: 
E.22. 
chord of contact: 4124,4281; 4699— 
Ale 
and circle, intersection th: 12638: 
A.59: N.64. 
collinear relation to circle: Z.1. 
and companion quadrie : An.60 ; JP.7. 
conjoint lines of: L.985. 
conjugate diameters: 1199 — 1213, 
4346 ; ths 1278—85: CM.1: L.97: 
N.42, ths 44,69: Q.3. 
parallelogram on : 1194: 4367. 
relation to ellipse when equal: A.18. 
conjugate points: Q.8. 
coustruction of: 1245,4822: A.98,49: 
H.29: Q.4: N.59,73 : with help of 
circle of curv. A.24. 
from conj. diameters: 1259; A.52. 
contact of: 4527—8383 : A.1,60: C.78: 
Pr.34. 
at 2 points: Q.3: N.74. 
do. with each of 2 conics or circles : 
4803 —6: CD.5,6: E.31,94. 
4-pointie with a quartic: M.12. 
5-pointic: 5190—1: C.78,: H.5,,23: 
Spal E0. 
with surfaces: C.915: P.70,74. 
convexity from focal property: N.56. 
criterion of Mobius: J.89. 
criterion of species: 4464—77; t.c 
4689 : 5000. 
curvative:—— centre and radius of: 
4584—49 : geo 1254—66: thsMe. 
79: N.79,85. 
geocon: 1265: A.l7. 
chord of: 1259,—64: Q.6: locus of 
mid-point A.70. 
as curves in space: tr A.387: M.64. 
definitions : 1160. 
degenerate forms: LM.2,. 
diameters: 1214,—35: eq 4458: on 
Me.66 : N.65. 
director circle: geo 1217, eq 4693—5: 
o.c H.40: LM.13: N.79. 
directrices: 1160: trA.69: LM.11. 
eccentric values of coordinates : 4275 : 


eecentricity : 1151,4200. 

elementary formula: G.9. 

ellipse and hyperbola : 4250—96. 

equations of: 4251,4273; p.c 4336; 
tg.c 46693,4870: J.2. 

general: 4400,4714,4719; t.c 4755 

and 4765; tg.c 4664 and 4872; 
pe 4493: t.e A.l: CP.4,6: t.c 
G.6,7: Mém.52: N.43,45,65. (See 
also ** Conies, general equation.") 
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equations of—(continued) : 
intercept: 4498. 
equations of parabola: 4201; 
4775; p.c 4336. 
general: 44950,4718; t.e 4656 with 
4689; tg.c 4974 with 5000. 
ay = kB6 and derived equations : 4697 
— 4719: Qt. 
ay = kf? or LM = 1?: 4699, 4781: N. 
44: SHL = 0, &o.: 4707. 
Lao + Mp’+ Ny? = 0: 4755,65 : Me.62. 
equation in p and p: Q.13. 
equi-conjugates, gen.eq: 4491. 
formule: J.39: N.62. 
from oblique cone: L.38. 
general equation; cond. for a circle: 
4467: t.c 4691 and Me.68: Q.2: 
from eq. of axes: N.57. 
cond. for an ellipse: 4464; t.c 4689. 
cond. for a hyperbola: 4468; t.c 
4689: A.39, 
cond. for a rectangular hyperbola: 
4737 ; t.c 4690; tg.c 5000. 
cond. for a parabola : 4430 ; t.c 4696, 
4735, 4746 and 4775; tg.c 5000. 
cond. for two right lines: 4469, 
4475, t.c 4662. 
generation of: N.75: Z.23. 
by a moving chord of a circle : A.34. 
Maclaurin's method: 4830: LM.4. 
Newton’s method : 4829. 
graphic problems: N.80. 
Halley’s pr: N.76. 
harmonically in- and cireum-seribed : 
Q.18. 
intersecting in 4 points: J.23. 
intersecting a surface in 5 points: 
C.63. 
with Jacobian = 0: M.15. 
limiting cases: 4465—77: Me.68,. 
normals: 1171,sd5629—82 : A.16,24,59, 
en 49,47: An. en 64,78: 0.72,84: 
J. cn 48,56,62 : Me.66 : MéL2: N. 
70.98 s Qas AA EA 
circle through feet of: N.80. 
cutting off the min. or max. are or 
area: N.44. 
dividing ellipse most unequally : 
E.29. 
eccentric angles of the feet of four, 
th: 4394. 
equations of : 4286, 4483, 4512. 
intercepts: 4294: segments; 4309, 
4486. 
least distance between two: A.21,38. 
number of real: J.59; N.70,72s. 
number eut by 8 lines in space: J. 


t.c 


number under double conditions: C. 


9 R 


858 


INDEX. 


Conics—(continued) : 


* 


* 


octagram: LM.2. 
passing through given points and 
touching given lines: en 4831— 
40. 
5 points: en 4831, eq 5024: INANE 
A.9,24,64: An.50: N.57. 
4 foci of a conic: Q.5. 
4 points: N.66: Q.2,8: Z.9. 
4 points, envelop of: E.28: Do. of 
axes, N.79. 
4 points, locus of pole of a line: 
4710. 
4 points and touching a line: cn 
4893: A.65. 
3 points and touching a circle 
twice: N.80. 
9 points and touching a line: Q.6. 
3 points with given focus: cu A.54. 
2 points and touching a line: Q.2. 
2 points and touching 2 lines, locus 
of centre: G.7. 
four such conies, th : Q.8. 
l point and touching 3 lines: Q.8. 
parameter of: N.43. 
perpendicular from centre on tan- 
gent: 1195, 4366—73. 
ditto from foci: 1178, 4300. 
of 8 points: J.65. 
of 9 points: À.49: G.1. 
of 9 points and 9 lines: G.7,8. 
of 14 points: Me.66. 
pencil of: M.19. 
and polar, Desarques' th: N.64. 
pole of chord joining ayy), XY: 1926: 
parabola, 4218. 
properties of: 1974: A.4,25,70: p.cd. 
38 


quadrature of: TE.6. 
and quadrics: A.30: L.42: N.58,,66., 
ths 79: geo interpretation of 
variables, N.66. 
rectification of: 6071, 6084: P.2: 
GUNG = 7.2: 
reduction of «, w’ to the forms 
+y += 0, a? - By? yz — 0: 
4995. 
series of : A. cn 67 aud 68. 
seven points of: C.94. 
similar : 4522. 
six points of: A.62: J.92. 
systems of : C.62,05 : M.6: N.66: of 2, 
Q.7 : of 4, L.54. 
and orthogonal lines: N.71. 
aud quadries : Z.6. 
tangents or polar: 1167—9, 4280—5, 
4790: gn.eq 1478: A.61: enCD. 
3: CALL, p.eq 4: N.79. 
intercepts on the axes : 4292. 
two at the origin, eq: 4189. 


Conies :——tangents—(continued) : 


* 


* 


* 


* * 


two from gy: 4311: gn.eq 4488, 
4965, A.57 : t.c 4680—2, cn 1181: 
A.583. 

do. for parabola: 4215, cn 1282: 
ratio of lengths, 1243. 

quadratic for m: 4313: parabola, 
4220. 

quadratic for abscissa of points of 
contact: 4312: parabola, 4216. 

subtend equal angles at focus: 
1181, 1234: CM. 2. 

locus of a’y’: A.69. 

segments of: 4207. 

at the points p, tang, pu coto: 
4799. 

tangent curves of: Z.1o. 

theorems: 1267: A.54: J.16: L.44: 
M.3: N.45;,48,,72,84: Q.4,6,,7 t.c : 
by Pascal, Desarques, Carnot, and 
Chasles, A.53. 

conic and triangle, Q.5. 

3 circles touch a conie iu A,B.C and 
all eut it in D; A,B,C,D are 
concyclic, J.36. 

three: 4707, 4710; in contact, 48032. 

Jacobian of: 5029. 

touching : ——a conic and line, cond. : 
5017 

a curve twice: J.45. 

curves of any order: C.59. 

five curves : C.58,. 

four lines: 4804: locus of centre, 
4772, 5028: locus of focus, 5029: 
N.45,07. 

n lines: N.61, 

a gronp of lines, and having a given 
characteristic and focus: A.49. 

a quintic curve in 5 points, no. of: 
N.60. 

two circles twice: 4806. 

two conics twice: 4503. 

two sides of the trigon: 4781— 
4808. 

transformation of: G.10. 
two: 4936—5030: N.58. 

with common chords or tangents : 
4700—5. 

common elements, en; A.68. 

with common points and tangents: 
4701—7 : LM.14 : Z.18. 

at infinity : 4715—6. 

common pole and polar, en: 4762. 

condition of touching: 4942, t.c 
9021. 

intersecting in 4 points: £700: A. 
Bee 26007 Ase. 

points of intersection: tg.e 4973: 
cu A.69. 

reciprocal properties: 1.29. 
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Conies : two—(continued) : Continued fractions—-(continued) : 
* reduction to #+y?+2—=0 and 1 1 1 "m 
ax? +BY +y = 0: 4990. TRUE ine a+ b+a+ b+ cle 
i six chords of, eq: 1941. b Paci 
* tangents of, four: eq 4981: J.75:Q.9. ea ae b>at+l: Méll. 
ere fonction SE US, | ober lt ote pec 
6 conditions, en: 0.59. 1 D aed 
7 conditions in space: 0.61. epfeatit+ we+2+ 
Conjugate : functions: apLM.12: 1 1 , 
ATE UR: 9 pee: ee Gress A.30s. 
lines of surfaces: CD.9. i EC o 
* : a E Y ae s € ) i) > 
points: 1066, 5184: in ellipse, A.38. JE Ae datl 2 895 
point-pair of a comic: Z.17. 2 2+2+ a MT o 


tetrahedrons of a quadric, each ver- 
tex being the pole of the opposite 
side: N.60,89. 
triangle of a conic: N.83. 
Connexes (1, n) corresponding to d.e: 
69 


in space : Mél.6. 
linear: M.15. 
of 1st order and class in simple invo- 
lution: G.20. 
of 2nd order and class : G.19. 
analoguein anal. geo. of space: M.14. 
Cono-cunei: A.2. 
Constant coefficients, theory : 1.23. 
Constant functions and their deriva- 
tives: A.15. 
*Contact and circle of curvature: 4527, 
5188, 5194: A.50. 
*Contact of curves: 5188: cir. of curv. 
Wipe: Oas JOs E02: Pr.ll: 
Om 
with a parabola: Z.2. 
with faisceaux of doubly 
curves: C.89. 
with surfaces: L.78: with triangles, 
M.7. 
Contact : of lines with surfaces: L. 
ore Gains AA 
of an implexe with an alg. surface : 
C.84. 
of qnadrics : LM.5. 
4-pointic on an algebraic surface: M.9. 
of spheres: JP.2. 
of surfaces: J.4: JP.15: P.72,74,76: 
Q.12. 
of 8rd order between 2 surfaces: C.74,. 
problem: of Apollonius, A.66: spheri- 
eal, At.193. 
transformation : C.85: M.23. 
Contingence angle of : see “ Torsion.” 
Continuants: AJ.1: Me.79. 
*Continued fractions : 160—87: A.18,33, 
55,69: An.51: gz0.99: CM.4: th 
E.30: G.10,15 : J.6,8,11, and ap, 
18,53,80: L.50,58,05 : LM.5 : Me. 
77: Mém. ap toi.c 9,13: Mo.66: N. 
49,tr49,56,66: Q.4: geo Z.12. 


infinite 


ascending: A.60: Z.21. 
* algorithm p, — aps 1d-5ps-s: 168: J. 
69,75. 
do. ap. to solution of trinomial eq: 
A.66. 
combinator representation of the ap- 
proximation: A.18. 
development: Ac.4: C.87: Mém.9. 
for e* and log (1+): CM.4. 
for e exp. a+ ber co? 4- : C.87. 
g l—g tHe? —e IE, 1525 
7 cO J.27,28. 
for U sing+V cosx+W; U,V,W, 
polynomials in æ: J.76. 
for (m+ /n)+p: N.45. 
for powers of binomials : CM.4: Mém. 
1 


infinite: A.33s. 
numerical values: Q.13. 
Eisenstein's, TE.28: Wallis's, Mém. 
15. 
periodic: A.19 (2 periods), 33: G.16: 
J.58 : N.42,49,15,46;. 
reduction of: J.46. 
* reduction of a square root to a: 195: 
A.64: J.31. 
do. of a cube root: A.8. 
do. of an nth root: A.64. 
Contingence, angle of : 5725. 
Continuity, principle of: CP.8: inrela- 
tion to Taylor's and Maclaurin's 
theorems, L.47. 
*Üontinuous functions: 1401: A5: 
Ac.5, : C.18,20, and discontinuous 
40, of integrals of d.e 23: T A.7. 
Continuous manifoldness of 2 dimen- 
sions: LM.8. 
*Contragredients: 1813. 
Contraposition : H.29. 
*Contravariants : 1814: G.12, of 6th deg 
19 


for 


* of two conics: 4990 and 5027. 
*Convergents : 160—87: gzO.98 : CD.5: 
J.97,57,58 : N.46. 
Convex polygon, intersection of diags : 
N.80. 
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*Coordinates, transformation of: 4048— 
51, 4871, 5574—81. 
*Coordinate systems: 4001—31, 5453, 
5501—6 : G.16 : J.5,45,50 : LM.12. 
ap. to caustics : An.69. 
* areal: 1013: Me.80,82, gn eq 81. 
axial: N.84,,85: Q.10. 
* Dbiangular: 5453—73 : Q.9,8,13. 
* Dilinear: ap 5341: A.32. 
bipolar : N.82. 
bipunetual: AJ.1. 
Boothian : see tangential. 
* Cartesian: 4001. 
dual inversion of c.c and t.c : Q.17. 
central: Z.20. 
curvilinear: AÀ.94: An.57,64,683,70, 
73: C.48,54: CP.12: G.10, and 
i.c 15 : L.40,51,82: Mém.65 : Q.19 : 
on a surface and in space, An.69,, 
71,73: including any angle, J.58. 
* eccentric values of : 4275, 5638 : CM.4. 


elliptic: A.34,40.: J.85: Q.7: Z.20. 
Fuchsian functions of a parameter: 
C.92. 


hyperelliptic coordinates: J.65. 

* one-point intercept : 4026. 

* two-point intercept: 1025. 

linear: 2.21. 
mixed coordinates : 
parabolic : C.50. 
parallel : N.84,,85. 
pedal: Me.66. 
pentahedral: Me.66. 
of a plane curve in space: LM.13. 
* polar: 4003,sd5506: Me.76. 
polar linear in a plane: Z.21. 
quadrilinear : Me.62,6-4. 

* quadriplanar or tetrahedral : 

ap À.523 : Q.4. 
surface: C.65,81. 

* tangential: 4019, 4870—4915, 
Me Sle Pro 20.28. 

* tangential rectangular, or Boothian: 
4098. 

tetrahedral point coordinates : 
triaxial: A.64. 
trigonal: G.14: 

* trilinear: 4006 : d 29; Mo.62,64: N. 
63: Q.4,5,6: conversion to tan- 
gential, 13576. 

trimetrical point: A.67. 
Coplanation :——Z.11. 

of central quadrie surfaces : 

of pedal surfaces: 7.8. 
Coresolvents : |.(Q.6,10,14 : 


À.13. 


sd5502, 


5030 : 


Z.8. 


48. 


non-linear, 


TN.67. 

Correlation of planes : J.70: An.75,77: 
LM.5,6,8,10. 

Correlative fignres, focal properties: 
LM 


Correlative or reciprocal pencils : M.12. 

Correspondence : principle of: geo 
thAn.71:  extC.78,80,cx83,85:: 
N.46. 


of algebraic figures: M.2,8. 

application to Bezout 6 th C.81; to 
curves, C.72; to elimination, N. 
73; to evolute and caustic, N.71. 

complementary theorem to: C.81. 

determination of the class of the en- 
velope and of the caustic of a 
curve: C.72. 

determination of the degree of the 
envelope of a curve or surface of 
n parameters with n—2 relations: 
C.83;. 

determination of no. of points of inter- 
section of 2 curves at a finite 
distance: L.73: C.75. 

determination of the number of solu- 
tions of n simultaneous algebraic 
equations : 0.78. 

determination of the order of a geo- 
metrical locus defined by alge- 
braie conditions: 0.82,84. 

forms: M.7. 

multiple in 2 dimensions: G.10. 

of curves: C.62: P.68: Q.15. 

of two planes: LM.9. 

of points: LM.2: C.62 on a curve: 
Q.11 on a conic: M.18 on two 
surfaces. 

for groups of n points and » rays: 

2 


of two variables (2,2): Q.12. 
of 2nd deg. between 2 simply infinite 
systems: An. 71. 
Correspondent values, method of: P. 
1789. 
Corresponding points :——in some in- 
volutions : L4M.3. 
on two curves: M.3. 
on two surfaces : C.70. 
Corresponding surface elements: M.11. 
Cosmography, graphic method: N.82,79. 
*Cotes'stheorem: cirele, 821 ; areas, 2995. 
analogous ths : CM.3. 

Counter-pedal surface of ellipsoid: AJ.4. 
Coupures of functions: C.99. 
*Covariants : 1629, 4936—5030: C.80,81, 

th90: G.1,220: Q.5,16: J.47,87, 
90 : thM.5: N.59,: ap to i.c C.50. 

binary: G2. 

of binary forms: An.58: C.82,86,87 : 
Glg s L.70,29 1M 22. 

of binary quadries, cubics, and quar- 
ties: An.65: J.50: Q.10. 

of binary quanties: E31: Q.4,5,17. 

of abinary quartic: J.53: quinties, An. 
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Covariants— (continued) : 

and contravariants of a system of 
simultancous forms in n varia- 
bles ; to find the number of: C.84. 

of quanties : An.58: binary, Me.79. 

of a septic, irreducible: C.87. 

sextic: G.19. 

of a system of binary cubo-biquadra- 
tics; number of irreducible co- 
variants: 0.872. 

of a system of 2 binary quadratic 
forms; number of: 0.84. 

of ternary forms : G.19,. 

* of two conics: 4989, 5026: of three, 

Q.10. 
Covariants and invariants: An.60. 
of binary forms: An.58,59,01,83: C. 
66,69 : reciprocity law, C.86. 
of a binary octic, irreducible system: 
C.86,93. 
of a binary quintic: C.96. 
of a binary sextic: C.96,. 
as criteria of roots of equations: An. 
68. 
Cribrum or sieve of Eratosthenes: N. 
3, 
Critical functions: see“ Seminvariants." 
Criticoids and synthetical solution: E. 
9,26,82. 

*Cubature of solids: see * Volumes.” 

Cube numbers, graphic en of: E43: 
Me.85: tables to 12000, J.42. 

Cube root extraction: A.22,64: J.11: 
N.44,58,: TIL. 

*Cube roots, table of (2 to 30): p.6. 
Cubes of sums of numbers : N.71. 
Cube surfaces: Pr.17. 

Cubieal parabola: Q.6,9. 
metrical properties : M25. 

*Cubic and biquadratic equations : 485— 
5001: A45: No.1780: An.58: 
O.geo41,90: JP.85: L.59: M3: 
N.79: Z.8; Arabic and Indian 
methods, 15. 

Sturmian constants for: Q.4. 
mechanical construction: LM.2:. 
Cubic and biquadratic problems: An.70;. 
Cubic classes which belong to a deter- 
mining quadratic class, number 
of: A.19. 
Cubic cnrves: An.73: AJ.5,15,27: C. 
37: th0OD.7: OP TIC 6.1. 2,14, 
23; J.11,39,94,ths42,03.806078,90 : 
L.13,44,45 : M.15 : t.cMe.64: Mo. 
geo56: N.50,07,ge0725: P.57,58 : 
Pr.8,9: Q.4,5: Z.geol5,22. 
classification of: Q.16. 
and conics which touch them: J.36. 
coordinates, explicit functions of a 
parameter: J.82. 


Cubic curves—(continued) : 


48 coordinates of: P.81 ii. 

with cusps: A.68. 

degeneration of: A.4: M.13,15. 
derivation of points: LM.2. 

Mis SUD point: M.6: with two, 


with double and single foci: Q.14. 

Geiser's: J.775. 

generation of: G.11: J.36: M.5,6: 
by a conic pencil and a projective 
ray pencil, Z.23 : linear, J.52. 

and higher curves: A.70. 

mechanical construction of : LM.4. 

number of cubic classes which belong 
to a determining quadratic class: 
A19; 

nodal, tangents of: LM.12. 

of third class with 3 single foci: Q. 
14,16.. 

18 points on: E.4. 

inflexion points of: J.58: M.2,5 : N. 
73,th83,85. 

12 lines on which they lie in threes : 

E.29. 

rational: A.58: G.9. 

referred to a tetrad of corresponding 
points: Q.15. 

represented by elliptic functions: 
J P.34. 


and residual points: E.94.. 

resolved into 3 right lines: M.14. 

and right lines depending on given 

parameters: J.55. 

16 cotangential chords of: Q.9. 

and surfaces: J.89. 

synthetic treatment: Z.21. 

tangential of: P.58: Pr.9. 

EO to: cn E.25—7,ths28: LM.3 : 
with a double point or cusp: M.1. 
forming an involution pencil: LM. 

their intersections with cubics or 

conics: Cail TI.26. 

through 9 points: C.cn36,37; L.54: 

two cubics do., CD.6,. 

through 8 points: Q.5. 

through 2 circular pointsat oo : cn Z.14. 

transformations of: C.91. 


*Oubie equations: 489—291: A.1,9—7,11, 


23, 95,, 32, 97, 41, 42,44», prs17, 68 : 
An.55: C.num46,85: CD.4,0: E. 
35: G.12,16: J.27,56,90: LM.8: 
M.3: Mém.26: N.45,th52,th56,6-4, 
66,703,75,78,81,84: 'TE.24: 'PI.7. 
See also “ Cubic and biquadratic 
equations." 

and division of angles: A.l5. 

ina homographie pr of Chasles : C.54. 
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Cubic equations—(continued) : 
irreducible case: A.30,39,41,42: No. 
Jos Ales (45585 dwive lige 
N.67: in real values, À.49: by 
continued fractions, A.2. 
roots : —— condition of equality : E.50. 
definition of: th A31. 
geometrical construction of: C.44, 
45: Arab. m.s.s, J.40s. 
integral: N.75». 
power-sums of: C.54455. 
squares of differences of: An.56:Q.3. 
* solution of: Cardan’s formula: 
484: A.14,40,0¢222: Me.85. 
Cockle's : CM.2,3. 
* trigonometrical: 489: A.19 : N.61, 
Gaol es B DEI 
by differences of roots: J.42. 
by continued fractions: A.10,99. 
by logarithms: C.66. 


LE -— +he Ceo: 
a 


* mechanical: 5199 or C.79. 
numerical: C.41. 
Cubic forms (see also “ Binary cubics "): 

thsJ.27. 

ternary: J.28,29: JP.31,32. 

quaternary : transfJ.58; P.60: Pr.10: 
division into five, J.78. 

Cubic surfaces: Ac.3,5: thsAn.55: C. 

972,98: G.22: J.53,65,68,69,88,89 : 
Wos WOTG: N09: B:09:07:90. 

classification of : M.14. 

double sixers of : Q.10. 

with 4 double points: M.5. 

“ gobbe”: G.14,17,21. 

hyperboloidal projection: G.2. 

97 lines of: C.52,68,70: J.62: L.69: 
M.23: Q.2. 

27 lines and 45 triple tangent planes 
of: An.84: and 36 double sixers 
Q.18. 

locus of centre of quadric through 8 
points: Me.85.. 

model of : CP.12. 

polar systems: M.20. 

properties of situation: M.8. 

in quaternions : AJ.2. 

reciprocal of Steiner’s surface: N.72,, 


73. 
singular points of: P.63. 
triple tangent planes : CD.. 
Cubo-biquadratic eqs., no. of irreducible 
forms: C.87. 

*Curvature: 1254—8: 5134, 5174: A.l, 
28,43: J.81: Me.622,f6-4,72,75 : 
N.th60,69: Q.t.c8,12. 

* circle of: 1254—5, DISE: A.cn90,37 : 
J.68. 


Curvature— (continued) : 
* ata cusp; 5182: N.71. 
* ata double point: 5187: Q.3. 
dual, evolute and involute: Q.10. 
of an evolute of a surface: 0.80. 
of higher multiplicity (Riemann): 
Z,.20,24. 
* of higher order : 5188—91 : M.7,16. 
of third order : C.26. 
of intersection of 2 quadries : An.63. 
mean: C.92. 
* at amultiple point: 5187 : C.68. 
of orthogonal lines : JP.24. 
* parabolic: 5818. 
of a plane section of a surface: C.78: 
Zn 
spherical: A.25. 

*Curvature of surfaces: 5818—26: A.4, 
90,41,57: An.fand ths61,64: C. 
th 25, 49, 602,ths66,67,68,¢e074,8+ : 
Jd9 58: JP.19: hegg PE 
MevlsBNeLS: Q UJ 

* average, specific, integral, &c.: 5826 
— 30. 

axis of curvature of envelope of a dis- 
placed plane; ©.70. 

approach of 2 axes of finite neigh- 
bouring curves: C.86. 

circular and spherical: see “Tortuous 
curves." 

constant: J.88: G.3: mean, C.76, L. 
41,53; neg., C.60,M.16; pos., G.20; 
total, C.97.. 

Euler's theorem : gzC.79. 

Gauss's thC.42: analogy M.21: Q. 
16. 

ap. to aneroid barometers: C.86. 
indeterminate : CD.7. 
and inflexion : trA.19. 
* integral: 5820. 

and lines: An.53,59: L.41. 

mean — zero throughout : Mo.66. 

and pencils of normals: C.70. 

and orthogonal surfaces: P.73. 

of revolution: L.41: Z.21,22. 

skew: Z.20. 

sphere of mean curvature of ellipsoid : 
A.A3. 

*Curves (see also “ Curves algebraic’ 
and * Curves and surfaces "): 
5100: A.2,16,32,00 :  An.53,54»: 
C.geo72,91: J.1-4,31,3-4,63,6-4,70 : 
L.38,H,ths57 and 61: M.16: N. 
p-c61, 71,77,85, en from p.c. 

from Abel's functions, p = 2: M.1. 

Aoust's problem: A.2,66. 

arcs of, compared with lengths: JP. 
DU. 

of * allineamento " : G.21. 

analytical method: LM.9,16. 
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Curves—(continued) : 


Cnrves—(continued) : 
whose ares and coordinates are con- 


nected by a quadratic equation: 
4.62. 

whose arcs are expressible by elliptic 
or hyperelliptic functions of the 
lstkind: Z.25. 

argument of points on a plane curve: 
LM.15. 

bicursal: LM.4,7. 

with branches : imaginary, C M.1,Q.7: 
infinite, Q.3. 

2 characteristics defining a system 
of algebraic or transcendental 
curves: C.78. 

least chord through a given point: 
A.23. 

class, diminution of: N.67. 

closed: see “ Closed curve." 

of 2-point contact with a pencil of 
curves: M.3. 

of 3-point contact with a triply infinite 
pencil of curves: M.10: 4-point 
do., LM.8. 

whose coordinates are functions of a 
variable parameter : Me.85 : ellip- 
tic, 4.01: IN:68; 

cutting others in given angles or in 
angles whose bisectors have a 
given direction : C.58,83. 

and derived surfaces: An.59,61. 

derived from an ellipse: A.10. 

determination from their curvature: 
P.83,84. 

from property of tangents: A.51. 
determination of the number of curves 
of degree r which have & contact 
of degree n<mr, with an i-tic, 
and which satisfy 3 r (r+3)—n 
other conditions, and similar 
problems: C.65;. 
defined by a differential equation: C. 
81,90,93,98 : L.81,82. 
do. algebraic and an analogous 
space theorem: L.762. 
Qe Fey = 0, Pr.15: p œ 7?, Mém. 
24: p" = A sin c, N.76. 
diameters of: L.49: N.71: and sur- 
face, C.60. 

eq obtained from tangent: N.45. 

whose equations are: y = ^/«, A.14, 
16: v3 =u (u—1) (u—s) (u—y), 
x and y constants, 0.93. 

ró-—asin $, A48: y — T (v), 2325. 
linear functions of the coordinates : 
N.65. 

equidistant, tangents to: cn Z.28. 

whose evolute and involute are equal : 
C.84. 

extension to space: C.85. 


a family of: N.72. 
four, with two common points : Q.9. 
generation of: geoJ.58,71: M.18. 
by intersections of given curves: 
Z.14. 
by collinear ray-systems: Z.19. 
geometrical: A.37: two laws, C.84. 
relation to harmonic axes : C.73,. 
* gobbe": of zero kind, G.11: rational, 
OD TIS. 
higher plane: A.70: L.61,63. 
homofocal: N.81. 
defined by intersecting conics : 
intrinsic equation: CP.8: Q.5. 
joining two points: pr L.65. 
with multiple points: C.62: L.69. 
with three of higher degrees, cn 
AÀn.58. 
atic with m.p of 4—1th order: C. 
SOLENO 
network of: C.67. 
pencils of: A.65: of 3rd order, 2.13. 
p+py = sv: EAI. 
with P constant polar subtangent : N. 
62. 
with several “points d'arrét": N. 
60. 
in a power-series of sines: J.3. 
of pursuit: 9247: C.973: N.53. 
of “ raccordement " : JP.12. 
rational: À.56: G.th15,16: M.9,18. 
generation of: G.12. 
reciprocal of: J.42. 


[e a Holla 


of section: A.43. 

ofa series of groups of points, ths: 
C.735. 

with similar evolutes: Me.66. 

singularities of: 5187: An.71: C.78, 
80: CP.9: J.64: JP.7: L.37,45: 
LM.6: M.8—10,16: N.50,80,81,: 
Q,2,7 : higher singularities, J.64: 
ade) 


C.37. 


of the species 1: C.97,. 
sextactic points of: P.65. 
on surfaces: see “ Surface curves.” 
systems of: An.61: G.18: Mo.82: 
theory, C.635,94. 
and surfaces: A.73: Ac.7: L.65. 
tangential polar eq of: Q.1. 
theorems or problems: A.pr1,313,prs 
S7and 90 D JD TEE o: 
re arc CP and chords CP, PM, CM. 
Mém.10. 
to describe curves which shall have 
equal ares cut off by a fixed pen- 
cil of lines: Mém.10. 
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Curves—(continued) : 
re lines drawn at all points of a 
curve at the same inclination to 


ib: C.74. 
tracing apparatus: LM.4. 
transformation of: CD.8: LM.l: 


scalene Q.13: M.4,20,21: of 14- 
ics which cut a quartic in the 
points of contact of its donble 
tangents: J.59. 

and transversals: J.47. 

under given conditions: P.68. 

Curves algebraic (see also ** Curves and 
surfaces"): O.99,ths60 and 80: 
CM.4: G.1,4,5: J.19,47,59 : N.50, 
8$1,cn83. 

represented by arcs of circles : JP.20. 

with axes of symmetry: N.80. 

of 2nd class and 2nd order: G.1. 

of 3rd class and 4th order: G.4. 

of 9rd class and curves of 3rd order : 
J.38: L.78. 

of 4th class with a triple and a single 
focus: Q.202. 

of 6th class: Ac.2. 

of class n and order m, two laws: 
C.85. 

common points, a system of : J.54. 

generation by right lines: J.42. 

and homothetie conics, ths: J.53. 

lemniscatic : An.58. 

manifoldness of: M.10. 

* mechanical construction of an n-tic: 

5407 : LM.7. 

with a mid-point: J.47. 

number of points of contact: C.82. 

nnmber of intersections : C.76: M.15. 

projective involution: M.38. 

remarkable group of: M.16. 

species determined : M.23. 

symmetrical expression of constants : 

D. 

theorems: two metric, M.11: Mac- 
laurin's, N.50. 

Curves and surfaces:——M.8: N.59: 
enthsC.f5 and G.4: algebraic, 
An.77 ; J.49 and L.55. 

* arguisiane G l2. 

curves having the same principal 
normals and the snrface which 
the normals form: C.85s. 

of same degree, a common property : 
dido 

satisfying conditions of double con- 
tact: C.89. 

Curvilincar angles, ths : L.44,45. 

Curvilinear triangles: A.61,: N.45. 

Curvital functions : C.60. 

Curvo-graph: A.L. 

*Cusps: 6181: Mém.22: Q.10. 


Cusps—(continued) : 
construction of 8 cusps of 3 quadric 
surfaces when 7 are given: J.26. 
* keratoid: 5182. 
* ramphoid: 5183. 

Cyclic: curves: À.37: Z.en2,26,27. 
functions : A.69, and hyperbolic 37. 
interchanges (higher algebra): Man. 
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projective groups of points: M.13,20. 
number of do. in a space transf. : 
C.90. 
surfaces: Z.l4. 
systems: C.76. 
Cyclides: N.66,70: Pr.19: Q.9,12. 
reducible: LM.2. 
and sphero-quartics: P.71. 
*Cycloids : 5250: A.13; N.52,82. 
and trochoids on surface of sphere: 
Móm.22; Q.19. 
surface of, th of Archimedes: Me. 
81. 
Cycloidal curves: Z.9. 
Cyclosis in lines: LM.2. 
Cyclotomic functions : C.90;: 
*Oylinder, frustrum of: 6048. 
circumscribing a torus of revolution: 
C.45. 
and cones, intersection by spheres, 
ths: J.54. 
and hemisphere: P.12. 
Cylindrical functions: A.56: 
M.5,16 : and d.i M.8. 
of Ist and 2nd class: M.1. 
J (x) analogous to the spherical func- 
tion P” (cos 0) w: M.3. 
representing a function of 2variables: 
M.5. 
*Cylindrical surfaces: 5591: LM.82. 
quadrature of: A.9. 
Cylindroids: At.19,39: Me.80; 7.25. 


An.73: 


Decimal fractions; 
by: Nok 
error in addition of non-terminating : 
C.40: N.56. 
repeating: A.16,33,56: G.9: Me.85: 
MéL5: N.142,49,74. 


a where p is one of the first 1500 


approximation 


primes: A.3. 
Definite integrals: sce “Integrals.” 
Deformation :——of conics: 2.25. 
of a cache-pots N.81. 
of a one-fold hyperboloid: H.30. 
of surfaces: C.68,70: G.16: JD.22; 
L.60. 
*Do Moivre's theorem: 756 : A.6,11. 
Demonstrations, reduction to simplest 
form: 0.83. 
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Derivation :——applied to geo prs: 
Àn.94. 
of analytical functions, gz: G.22,. 
of a curve: An.52. 
Derivatives: see '' Differential coeffi- 
cient." 

* Arbogast’s: 1586: COD.6: 1.12: L. 
Ou: exis. POT: Pril: © 
ye 

Schwarzian : CP.13,. 
Descriptive Geometry: An. 63: L.39: 
N.525,56. 
*Detached coefficients : 98. 
Determinants : 554: A.44,56,65 : apAn. 
97: J.22,tr512,72,73,74,89 : C.86: 
CPs. c6 148010: L.84: LM. 
10: Me.62,78,79,83: N.51,69,ap 
702 DES Oe e TESS. 7.10. 
and algebraic “ clefs ” ; 0.36. 
of alternate numbers: LM.11. 
application to: — algebra and 
geometry, A.51,50,53. 
contact of circles and spheres: N. 


cylindrical surfaces : A.58. 
equations : Q.19. 
geometry : J.405,19, 77. 
surfaces of revolution: A.58.. 
arithmetical: G.23: LM.10: Me.78: 
Pr.15. 
of binomial coefficients : Z.24. 
catalogue of papers and treatises : Q. 
18 


of Cauchy (“aleph ”): G.17,. 

combination of: CD.8. 

combinatory analysis of: C.86. 

* composite: 555: J.88,89. 
* compound: 555: AJ.6: LM.14: Me. 

in conics : J.89,92. 

with continued fractions: J.69. 

cubic: G.6: LM.13: and higher, 11. 

cycle of equations: G.11. 

of definite integrals: L.52: Z.11. 

development of: An.58: N.85: in 
binomials, G.10: in polynomials, 
G.13,15: aud ap to resultant of 
2 eqs, G.21. 

division problems: A.59. 

double orthosymmetrie: Z.26. 

and duadic disynthemes: AJ.22. 

elements of : G.10,15. 

equation in which ag; = agp: C.41. 

of even order, analogy between a class 
of: J.52. 

of figurate numbers: G9. 

functional: CD.9: J.22,69,70,77,84 : 
M.1,18: Me.80: Q.1: of binary 
forms, C.92 : of a system of func- 
tions, L.51. 


Determinants—(continued) : 


function in analysis for a certain de- 
terminant of n quantities: C.70. 

gauche (a5, = —dagp): C.88,892: CD.9: 
J.92,38,50,£h55 : L.54. 

involving V1, &c.: Q.15,16,17. 

of lower determinants: J.61. 

of minors of given determinant: C.86. 

minor: 554: G.l. 

parium of: 562, 570: A.14,59: 
DZ. 

number of terms in: LM.10. 

partial: C.97. 

persymmetric: Me.82. 

with polynomial elements: Me.85. 

of powers: AJ.4. 

quadratic forms of: J.53,89: L.56: 
N.52. 

ditto of negative dets.: J.37 : L.60: 
14.22: Mo.09,75. 

of rational fractions : Me.82. 

resolution into quadratic factors of a 
det. formed from two circulants : 
Me.82. 

of the 16 lines joining the vertices of 
two tetrahedrons: J.62. 

of sixth order: Me.84. 

signs of the terms: 557: E.29: Me. 
80 


Skew: Q.8,18. 

of squares of distances of points: Q. 
11. 

Sylvester's det.and Euler'sresultant: 
AÀn.59. 

symmetrical: G.1: J.82: M.16: th 
Me. 85: Q.14,18. 

and Lagrange's interpolation: LM. 


ap to a prin geo: Z.20. 
of nth order aud »—1th power x 
sq. of a similar determinant : 
4 


theorems and problems: AJ.3: Anm. 
pr60: G.2,1,65,19,16 : J.pr66,pr 
84: L.51,54: M.13 : Me.79 : N.65: 
Q.l pre joe Z.7,prs18. 

transformation of: An.73; G.10,£106: 
of product, L.60. 

unimodular, cn: 2.21. 

for verifying a system of d.e: 0.23. 

with a diagonal of zeros: Me.73. 


Developable cylinders, motion of : Man. 
84 


Developable surfaces: A.69: M.18: Me. 


ars QG 
circumscribing given surfaces: Z.13, 
15. 


circumscribing 2 quadrics: C.67,ths 
94,g269 : CD.5. 
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Developable surfaces—(continued) : 
of a conical screw: A.69. 
edge of regression: 1.72. 
of first 7 degrees: J.6+. 
through a given curve which develops 
imto a circular arc: L.56. 
through a gauche curve: C.97. 
mutual: J.19. 
quintic : C.54: CD.5: G.3z 
of surfaces having principal lines of 
curvature plane: C.36. 
Development of tortuous curves: prs 
Mém. 
Diacaustic of a plane: N.75. 
Diagonal scales: LM.6. 
Diametral curves : CM.2. 
of constant sectional area, prs: N.43. 
Didon, proposition of: C.86. 
Differences : and differential-quo- 
tients: A.49,53 : N.69. 
equations of mixed : JP.6: N.85. 
parameters of functions: C.95. 
*Differential Calculus: 1400—1868: J. 
115,12,134,14,,154,16 : Me.66,: Q.4. 
reciprocal methods : CD.7,8. 
*Differential coefficients or differential 
quotients or derivatives (see also 
* Differentiation "): 1402, 1422— 
46: Pr.12. 
of algebraic functions: Mél.l. 
of logg audias: A.l; ofa? and œ”: N. 
08 


99. 
of (f(2))*: M.3; of y exp (2*): A.22. 
calculated from differentials: AJ.16. 

* of a composite function: 1420: nth, 
G.13. 

* of exponentials and logarithms : 1422 
—7: Al: N.50,52,85. 

* ofa function of a function : 1415: A.9: 
in terms of derivative of inverse 
function, Mém.57. 

of a function of two independent 
variables : 1815. 
of irrational functions: P.16. 
of products whose factors are con- 
secutive terms of a series: Me.31. 
puse function at the limit oo : 
successive or of «th order: 1405, 1460 
—12, 2852—91 : A.1,4,7: An.57: 
G.18: M.4: 2.8. 
* of a sum, product,or quotient: 1411. 
independent repres. of: M.4. 

* of a function of a function: G.13 : 

n = 4, 1419. 

of functions of several variables : 
C.93. 

of a logarithmic function; A.8. 

of a product : 1460, 1472. 

and summation symbols: J.33,ths32. 
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Differential coefficients of nth order— 
(continued) : 


1—c 
* 24 y2)\n, : , 1467. 
of (a?+#?) 2860; | x 


E (1—4?)'*3 (Jacobi): 
v (a^ —b*x?), Ad. 


1471, A4; 


1 a 
* 31409: — — ST470 dg 
ire 1469; Tae 7 
* (a+ beter), 2858 ; 
(a®?+-ae+b)-™, A.8. 
* tana: A.12; cos"e, A.9; a ax, 
1461, N.62. 
* o BIl52 9862; sin-lw, 2854—5 ; 
cos 


S tan-!e, 1468, apN.9. 

* e**, ey: 1469—4 ; e'*v^, 0M. 

* e^" ; 9861, A.30; e° cos bx, 1465. 
* «"-lloge: 1466; e734 cos (e sin a), 


9856. 
of nth order with «=0 in the result: 
* tan-!e, sin7la, (sin-!«)?, 2865—9 ; 
x cos 


nere COS EIE EN 
Musing te, Siy 70 cos v, 2871—7; 


mM at 
* 2 +— sm 
d d ) ^ COS 


zo te cosbe, 2889—91 ; 

14+2y cos +y? ' 

*Differential equations (D.E.): p.460, 
3150 — 3637: A.1,52,67: AJ.4: 
An.50,: C.8,15,93,29,42,54, 70,83 : 
CM.3: E.9: J.1,86,58,64,66,74,75, 
70,78,80,91 : L.38,52,56: LM.4.10 : 
M.8,12,25: Man.79 : Me.81: Mém. 
30: Mo.84: N.72,80: Pr.7: TEIS: 
Z.4,16,27. 

Abel’s theorem : J.90. 
algebraic: An.79: C.86. 
with algebraic integrals : J.84.. 
approximate solution: C.5. 
by equations of differences : L.37. 
* by Taylor's theorem : 3289. 
of astronomy: 0O.9,20: P. 
asymptotic methods: C.94: Q.5. 
Bessel’s numerical solution: Z.25. 
* Complete primitive: 3163—6: J.20. 
no. of constants : CP.9. 
with complex variables: Mo.85. 
of a conic: E.38. 
continuous and discontinuous integ- 
rals of: 0.29. 
for a conical pendulum : A.84. 
relation between its constants and 
the constants of a particular 
solution: 0.92. 


mtan-le, 2883—7 ; 
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D. E.—(continued) : 


D. E.—(continued) : 
of curves having the same polar sur- 


* Parseval’s theorem: 3628. 


face: An.76. 

depression of order by unity: 3262—9. 

with different. total integrals : L.84. 

of dynamics: C.5,26,40.: CD.2: G.1, 
4: 1.87,49,52,553,72,74: M.2,17, 
25: Mél.4: Pr.19,: P.54,55,63. 

ap. to engineering: J P.4. 

and elliptic functions: L.49. 

elliptic: G.19: M.21. 

elliptic multiplier : M.21. 

exact : 3187, 9270—5: G.12: C.1,10,11. 

of families of surfaces : Me.77. 

with fractional indices : JP.15. 

of functions of elliptie cylinders : M. 
22) 

general methods: L.81. 

generation of : 3150. 

geometrical meaning of: Q.14. 

homogeneous: 3186, 3234, 5262—8: 
C.18: CM.4: J.86. 

hyperelliptic: J.32,55: Mo.62. 

of hypergeometrical series : J.56,575, 
73. 

integrability of: Z.12: immediate, 


whose integrals satisfy relations of 
the form F [pe] = ye Fe: C.98. 
whose integrals are satisfied by the 
periodicity modulus of elliptic 
integrals of the first kind: J.83. 
integrating factors: pp468 — 471, 
3994: C.68,,97. 
of Pda+ Qdy+Rdz: Q.2. 
integration: by Bessel’s function: 
Me.80. 
by Gamma function: TE.20. 
by definite integrals: 3617—28: 


Cly certe 
by differentials of any index : C.17: 
L.44. 


by elimination: CP.9. 

by elliptic functions: An.79,82: C. 
41: JP.21. 

by separation of operative symbols: 
Z.15 


by series: 3604—16: C.10,94: LM. 
o EMO TD QAS IMEZ 
by theta-functions: C.90. 
irreducibility of: J.92. 
isoperimeters, pr: Mém.50. 
of Lamé: J.89. 
of light: M.1. 
in linear geometry: M.5. 
of motion: 0.55: of elastic solids, 
Q.13: of fluids, CP.7: of a point, 
C.26. 
with integrals “monochrome and 
monogene " ; C.40. 


and p.d.e of first order: J.23. 

particular integrals of: CM.2: alge- 
braic, C.86. 

relations of the constants: C.98: 

J.10: JP.6. 

in problem of n bodies: An.83. 

of perturbation theory : Mém.838. 

with quadratie integrals: J.99. 

for roots of algebraic equations: P. 
o4 BET: 

rule for equivalence of two solutions 
3167. 

singular solution of : 3169—78, 3801— 
6, 3401—3: C.19,94: CM.2: JP. 
18: M.22: Man.83,8+: Q.12,14. 

of sources: AJ.75. 

of a surface: G.2. 

satisfied by the series 142q+2q*+ 
2g-r&c. . 91/9 -9V/q HNV t 
&c.: L.49: J.36. 

satisfying Gauss's function F (a,8,y,«): 
L.82. 


synectic integrals of : C.40. 

and tortuous curves: b.53. 

transformation of: An.52: CD.9: in 
curvilinear coords: J.55. 


D. E. linear: A.28,35,40,41,43,45,46,53, 


59,65,69: Ac.3: AJ.7: An.50,85 : 
At. 75 ; ©.79,293,58,73,84,88,903,913, 
99,94: CD.8,4,9: CP.9,10: G. 
15 : J.23,24,25,40,42,55,63,70,76, 
79,80,81,83,87,88,91,98 : L.38,64: 
M.5,11,12: Me.75: P.48,90,91: 
Pr.5,18,19520: Q.8: Z.3,7,9. 
without absolute term, condition of 
solutions in common: C.95. 
with algebraic integrals : C.96,97: J. 
80 DOCENTE 
determination of arbitrary constant : 
At.65: Q.19s. 
argument & parameter interchanged 
in the integral: J.78. 
bibliography of: AJ.7. 
with coefficients that are algebraic 
functions ofan independent varias 
ble: 0.92,94. 
with constant coefficients : 3238—50 : 
An.64: CM.12: E.34: JP.33: 
L.42: N.47,84. 
with periodic coefficients: C.91,92 : 
doubly periodic : C.90,,92,98): J. 
90. 
with rational coefficients, algebraic 
integrals of: C.96: JP.32,34. 
with rational coefficients, upon 
whose solution depends the quad- 
rature of an irrational algebraic 
product: C.91;, 922. 
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D. E. lincar—(continued) : 
with variable coefficients : 
J.66,68,76: L.80,81. 
which connect a complete function of 
the Ist kind with the modulus: 
C.86. 
homogeneous: Ac.1: J.90: Mo.82. 
integrating factors of: C.97,98. 
integration by Abelian functions, C. 
92: J.73; by finite differences, 
Q.1; by series, J.76. 
which admit of integrals whose loga- 
rithmic differentials are doubly 
periodic functions; L.78. 
whose particular integrals are the 
products of those of two given 
linear d.e: A.41. 
irreducibility of: J.76. 
Landen’s substitution, geo: J.91. 
Malmsten’s theorem: J.40. 
singular solution: J.79,89,84. 
transformation of: C.91,96. 
* m variables, Ist order: 8320—32: C. 
14,15 : G.18: J.20,80 : 1.38. 
n variables, 2nd order : L.37 : 2 varia- 
bles, C.70. 
n variables, any order: Mém.13. 
* Pde+Qdy+Rdz=0: P,Q,R involving 
$,9,2, 9920; geoM.16; Z.20: P, 
Q, R, integral functions of æ only, 
2 


Eu P= (ag"+be*-+&c.) *, 
Q, R similarly with y and z, Q. 202. 
* Xde+ Ydy+Zdz+Tdt — 0: condition 
of being an exact differential, 
3330. 
wdt+ yde +ady+tdz= 0: A.30. 
*D. E. of first order, linear: p467 : C.86 : 
G.13 : algG.18; M.28. 
* Vexact. ME 
* homogeneous: 3186. 
integration by a particular integral: 
C.86. 
reduction to a continued fraction of a 
fraction which satisfies a: C.98. 
* separation of variables: 3185: CML.1. 
Mde+Ndy —0: 3184: N.74,77. 
* (aatbyte) ded (ae 4- by 4-c)dy — 0: 
3205,p471: L.59. 
uq TO : A. 
64. 


0.92 : 


* 


nog 
eeu: COD NL S WUD 
f Go) de |, fly)dy _ 0 f («) of Ist deg., 
r(e) 
C.92. 


= 0; P,Q being quartics in 


Fry) — ^ Flr) of Sthdeg.” | * 


| 


D.E. of first order, linear—(continued) : 
* Pde+Pady+Q (edy—yde)=0; D, 
P; being homogeneous and of the 
pth deg. in x, y ; Q homogeneous 
and of the qth deg.: 3212. 
P,, Pa, Q different linear functions 
of z, y : C.78,88: L.45: J.24. 
* y,+Py =Q, where P, Q involve æ 
only: 3210. 
ye hy — yo: 
yy +Py+Q: Mém.11. 
zi 
— n pA DU h , 
(P+2Qe+ Re?) mace We 
Q, R are functions of «: Mém.11. 
yetatby+y? — 0: J.25. 
Yor (m+e) 22 Ay m—e: A42. 
gem (y): 4-9; q« =f (ty): Anis: 
L.55. 
3y (y--1)—4«, 
grep C.88. 
E ytF (v) cos y - (v) =0: 


yi 


y. 


* u,+bu2 = ce" (Riccati’s eq.): 3214: 
A40: ©.11,85: (m= —6) E.7: 
ext?8: JP.i4: L4]: P.81: Q.7, 
T1516. 
allied eqs: L.51: Me.78: Q.12. 
sol. by continued fractions: Mém.18. 
by definite integrals; J.12. 
transformation of: Me.88. 
*D. E. of first order: 3221—36 : 
C.40,45,66 : M.3. 
two variables: An.76: J.40: Mém. 
62: N.50: singular solution, J.38. 
* Clairant’s equation, y — perf (p): 
3230: CM.3»: Me.77. 
integration by second order d.e: A.46. 
homogeneous in « and y : 9234. 
reduction to alinear form with respect 
to the derivatives of an unknown 
function : C.87. 
related transcendents : Ac.3. 
separation of variables: CD.9. 
* singular solution: 9230: A.56,58 : 
CE9: JB S Mer. 
* solution by differentiation : 82506. 
* solution by factors: 3222. 
transf. by elliptic coords: J.65. 
verified by a reciprocal relation be- 
tween two systems of values of 
variables : C.15. 
da?-- dy? = ds? and analogous eqs: 
L.73. 
ade+thdy = ds: 9287. 
de+dy?+ dz = ds? : L.48. 
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D. E. of 2nd order, linear—(continued) : 
sy" +t qe)y M (pt nena?) y = 0: 
A93: Z.8,9. 


D. E. of first order—(continued) : 
da-- dy2+dz2 = A (da? -d3?-- dy?): L. 
50 


F (u, u) = 0: 0.93. * 


* eb(p)-d-yy (p) = x (p) + 8226. * 
D. E. of second order, linear: A.29, 


(1—22) y” — xy 4-q*y = 0: 9282. 
(1 tax) y+ avy’ + q*y = 0: 38289,3594. 
2e (1—22) y”—y’ +a (n +1)y = 0: Q.18. 


32,55,64: An.63,79,82,: C.822,90, 
91,9397 : J.51,74: 1.36: Me.l,: 
M.11: Mo.64: Z.5. 

with algebraic integrals: O.90 : J.81, 
85: L.76. 

with doubly periodic coefficients : 
Aco 

homogeneous : M.22. 

integration by Gauss's series: Z.19. 

transformation of: An.52. 

y" — a; 3288. 

ee Ch. 

y” +ay =Q: 3592/5 : geoMe.66 : 
Q = cos ne, 3526: Q = 0,9529—4. 

a = Al (a+2be+ca?)-2; L.44. 

y" = av+by: 3281. 

MEER 

(LF) y" xx my = 0, &e. : CM.3s. 

2 (y" +0) =p (p—D y: CM. 

y” = {h+n(n+]) k?su?e] y (Lamé’s 
eq.): C.85. 

y” = þat ypi+ yest dc. when 9, &c. 
are trigonometrical series: 0.98. 

y" = y (e+e) ?: L.46. 

y" + awry = f(m): E.6. 

y” = ayt+y (x): A495. 

y” = f (y) : 3257. 

y” = f (e, y) (Jacobi) : 3285. 

y" + py try — 0: 0.85,90: Q.19. 

y" = «y —ney: 4.93. 


w (1—2) y” + $—47) y zs y = 0: Me. 
S2 O17 

(m+ a) (n4-«) y" 4- (m—2) y’ 
—2? (m rx) —0: À.42. 

(ma2+ne+p) y” + (qe 4-7) i +sy — 0 : 
JP.13: Z4. 


apy” + Ay +Bpy = 0, py” + Ady’ 
+Barpy = 0, and py” + Ary’ +Bp 
= 0; with A=a+be+eu? and 
p = b42cn: A42. 

thes { («—x3) yx} —y =Q: L.54. 

y" - Py?- Qy o 8 =0, P, Q, R being 
functions of « : 3280. 

Py" + Qy'4- Ry z0: Acl. 

zY ort azy? +f (y) — 0: Me.71. 


D. E. of second order: Ac.l: An.79: 


J P.29 : C.67,69,80,91 ; J.90: L.39: 
LM.11,19,13,16 : Z.15. 

with algebraic integrals : C.82. 

derived from linear eq: Me.73. 

with elliptic function coefficients : 

Q.02. 

intheneighbourhood of critical points: 
C87. 

polynomials which verify : Ac.6. 

solution by definite integrals: A.27. 

by factors: C.68. 

by Challis's method, and application 
to Gale. of Variations: A.65,66. 

yy” = sy +2Qpy?: L.73. 

Myy” + Ny’? = f (x): N.79. 


ey" pany’ + nay —9: 145,78. : y Pop = 0, P, Q functions of 
vy" +y 4- Aw" y = 0: (01507 P TE a l l 
ay” trey’ = (bans) y: An. 51: OD. | * V^ Py +Qy” = 0: 3278. 

* y”+Py?+Qy”=0: 3279. 


ety” +203y' +f (y) = 0: A.28,30. 

y AS (2) y +F (y) y? = 0: 8284: L.42. 

Wor a as (c+de)y’+(etfe)y =0: 
58. 


(a+ ba?) ay” t (e+ex") wy’ + Cfr ge") 
y = Q (Pfaff) : 3598: J.2,54: and 
like eqs., 2.2,3 : with b = 0, A.38. 
«2 (a—ba) y" — 2» (2a—be) y’ 
+2 (3a—be) y = 6a? : A.28,30. 
ay" + y +y (e+A) = 0: Me.81,84. 
ey" +y +y (w—A) = d. cos ke tt, Me 
i «+l 
82. 
wy” — Qeyt+Qy = vyf? : A.28,30. 


y” +Qy2 +h = 0: 3277. 
Tog t+ Lper- 0, where J is Bessel’s 
function: J.56. 


D. E. of third order, linear: C.88:: Q. 


7,8,14: M.24. 

yy": TPS: um ug: C3. 

y” —y 20: Z8. 

y= may" +6m(p T 2)vy 4-3m( +2) 
(p -1) y: A.42. 

y” = a” (Awry” + Bey’ + Cy): A.58. 


D. E. third order: An.82»: C.98,: M.23. 


*D. E. of higher order, linear : 3237—50: 


A.65: 0.972: J.16: M.4: Q18. 
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D. E. of higher order, linear—(cont.) : 
of orders p and m+ , th: C.43. 
Joey: A 

os = Ji (uw) eases. 

pmi g 

Var = (a-- Ba) y : J.i0. 

quA 

qo UE =y: A.42. 

foa = AMD 

4"4,,—-y: by definite integrals: 
C.48:,49 : J.57. 

Ynr = "y : by definite integrals: J.19. 

WO onene Se by Bessels func- 
tion : M.2. 


Ynze = ey A Be Cx? + oco + Ne” $ 
Z.10. 


Yar = Aa, + Bat 8 A.28,38. 
AY se = Ay + By : A383. 
Ynr— CY = Yortabe"y : by definite in- 
tegrals: J.17. 
Yar = Ax ys T Bey, Cy : 
D — Ax” yo, + Be” Yrkt Cx 3y : 
29,20,93,38. 
€ nz FAY in -1)x = bey s Js Moll), 
Af ux — (n—V) z H may z0: A.40. 
LYnx FAY (n-1)x = € (Y+ uy): A.86. 
AY nz Byn-1)2= 0" (Ay. By): Z.8. 
Y met g™ery = p(p—1) ym-n«: J.2. 
ok FUR Cy nz 
= wv” (a? Yor + bey. - Cy): A388. 
* -€— d JOY or . Fany = = R 
40 


* ditto =f (æ): 3243, 3516: a, 

functions of «, 3237 : J.99. 
n fractional and all lower orders 
integral: L.36. 
(d.--ay'y = f (x): CM.4. 

w Wes cc c OLS CO = Sima 
3529. 

* (p+qe)"ynet a (pt ge D E 
t+any = f (e): 3250: with p= 0, 
C.90. 


A.53: M.3. 
AS 


e On 


Om «nf (msn) Eo -F(aa-«) Y mx IP egs 
Tal ae que 


MG te e E AE) iene 
ny == 03 Jae. 
A als +py =q: Ltt. 
*D. E. of higher order; 3251—69. 
Sy Yn: = Jg Un eden s SP 
* Yar = F (Jn-2) x) : 9260. 


Pyn +Q = 0, where P, Q are fune- 
tions of x, y, and the first 4—1 
derivatives of y: J.31. 


* method of multipliers: 


* 


* 


* 


* 


* 


* 


* 
* 
* 


D.E., simultaneous system of: An.69, 
82,84: C.10,432,47,92,: CM.1: LM. 
IMG T3 S0 RIEN 

Hamiltonian: Q.14. 

integration and inversion of the in- 
tegrals: C.23. 

Jacobi's : CD.3. 

3300. 

number of arbitrary constants: 
We 

reduction of order: 3350. 

reduction to a P.D. eq: C44. 

theorem of Abel: C.24. 

theorem analogous to Lagrange’s 
in the Perturbation theory: L. 
51. 

theorem of a new multiplier: J.27. 

transformation and integration of: 
L.45. 

Cu = ae+by and ya = cæ+dy: 3354 
and a similar example. 

D.E., simultaneous linear: 8340—59: 
AJ.4: 0.9,92: E.5: N.66,84. 

Pfaff's method: C.14: J.2: 
transformation of: J.98. 


die — dz. 
ig m pt 3346: Q.14. 
de. dy = @& 

P,—aP P— Ne - P,—zP 

«e+ P(ae 4- by) = Q and y,4- P(ce4- dy) 
c=] DeeS 

te,+2(w—y) = t and tytle + 5y) = £: 
3349. 


Me. 


: 9947. 


equations in e, os Va, &c. 
&c.: 3357. 

homogeneous in e, y,z...and their 

second derivatives only: 3358. 

simultaneous first order: 9340— 

40: 0.49; J-48: P1,62: 

symbolic methods: 3470—3636 : 

CDI: Pol Q317: 

F (doju = Q: 3515 

ux +u = Q and similar: 3522. 

exceptional case of the inverse pro- 
cess: 3026. 

reduction of an integral of the nth 
order: 3530. 

day met Ue Yne To. = Q: 38581 

AY mat Ufa, A & c. — fle’,sind, cosh): 9535. 

am"z-- bms +e. = dw &e. : 
3010. 


= Yt, ats Y ats 


DES 


DES 


P(mr)u =Q: 9541. 

Reduction to the form (M 4- A, II"! 4- 
tA = Q, where H = Mde+ 
Ndy+&e. : 3940. 


INDEX. 


D.E., symbolic methods—(continued) : 
a Medo uu cte yeas Boos. 
* to transform (a+ be -F ...) uusd- (e +b'e 
+...) Umr + «...&c. = Q intothe 
symbolic form: and the con- 
verse: 3571, 3573. 

* uta (D)eut&e. =U: 3575. 

* to transform u+9(D)e"u=U: 
3579—80. 

* to reduce a homog. eq. to the form 
Ynet qu == X: 3585. 

"Dii expressions: 1407: prAn. 


algebraic: An.79: M.9, by homog. 
coords. 

transf. of: J.85: Q.16:: Mo.69. 

Differential :——formule, theory of: L. 

52. 

functions, theory of: C.60. 

expressions, linear: J.85. 

parameters of functions : C.66,78. 

quadratic forms: An.84: transfor- 
mation of, A.16. 

* resolvents of alg. eqs: 3631—7: An. 
83: C.91: LM.1,9,14: M.geo4,18 8 
Me.75,82: Man.65,84: Q.6,11. 

9s of y*— ny"—-F(n—1l)e-0, &e.: 
3633—6 : Man.65. 

of y+ byr+ce=0: Q.17. 
of 12 (y*--ay?-- ey) = a?: Me.82. 
Differentiants in terms of differences of 
roots of parent quantities: AJ.1. 

*Differentiation : (see also ‘ Differential 
coefficients ') 1402—82: CM.1. 

* formulæ: 1411—72: An.59: CD.2: 
ChE DIO. 

by the method of “ Hates": Me.75. 

general, i.e., with any index fractional 
or imaginary : Àn.58: AJ.3 : CD. 
3,,4,0: J.19: JP.18: L.55: N.84: 
Q.3,4: TE.1415: Z.16: change 
of independent variable, JP.15. 

* under the sign f: 2253: A.17. 


successive: A.20: Q.12. 
when the function becomes infinite: 
C.88. 
Digits:——calculus of: 
th: J.90. 
frequency of in numbers: AJ.4. 
origin of: L.59. 
Diophantine analysis: see “ Partition 
of numbers." 
Di-polar geometry: 2.27. 


Sbonimsky's 


*Direction ratios and cosines: 5511—14. 


Directive algebra : N.68. 
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Directrix : of a conic: 1160: gn.eq 
A.25: E.36: Me.80: ¢.cQ.13. 
of in-parabola of a triangle: Me.50. 
of a curve: À.20; J.2. 
of a parabola: gn.eqE.29. 
of a qnadric: N.74,75. 
Discontinuity : in curves: 
Z.26. 
in fractions: Man.48. 
in maxima and minima: CD.3. 
Discontinuous functions: A.7: C.15, 
98: Colos JAO LMG: Mane 


CM.4: 


diga PrO 
Discriminant: 1627, 1638—9, 1644: Ac. 
1: J.90: LM.2: M.19: N.59: 


Peds OLO 

of an algebraic d.e of Ist order in 4 
variables, and of its complete 
primitive: An.84. 

of alg. eqs., resolution into factors: 
M.24. 

of alg. functions : J.91. 

applied to conics and quadrics: A. 
58. 

of binary quantic: An.56. 

of a binary sextic: An.68. 

of a quartic: N.83. 

of a ternary quadratic form : Me.68. 

*Discriminating cubic: 1849, 5693: G. 
WS 8 dE. 
* proof of real roots: 1850: A.29. 
Displacement : theory of: N.82. 

of plane figures: C.50: N.73. 

of an invariable dihedron: 
infinitesimal ditto, C.S4. 

of an invariable figure: €C.51,52,,66, 
985: JP.26: D. 7475. 

of a figure, two of whose points slide 
on two curves: C.82. 

of a solid: L.40: determination of 
the normals to the lines or sur- 
faces described : C.62. 

of a system of points: C.78. 

virtual displacement : J.11. 
infinitesimal; of an alg. surface: C. 


Me.85: 


70. 
of bodies only defined by 4 coordi- 
nates: C.73. 
of a parallelogram : C.97. 
*Distance: between 2 points: 4034—5, 
t.c4601 : Q.7 : sd5508, 5510: some 
relations, G.9. 
correspondences for quadrie surfaces : 
LM.16. 
of a point from a line and frou a 
plane: A.57. 
* ofa point from a plane in a given di- 
rection : 9999. 
relations: Z.27. 
*Distributive law : 1488. 
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Divisibility : C.96 : E.8: M.39: N.67,74. 
of decadic numbers: Z.22. 
of numbers of the form 22"+ 1: Mél.5s. 
of a quotient by the powers of a fac- 
torial: C.94. 


of (ety)"+(—2)"+(—y)" : Me.79. 


Division: prJ.47 : prL.506. 
abridged: 25: arithJ.91: N.45516;, 
52,54, 97,81: algN.42. 


by 73 or 4? ; rulefor remainder: E.22. 
* effected by determinants: 581. 
Fourier's rule: N.52. 
of planes and spaces: J.1,2. 
of a rectilineal figure and of a spheri- 
cal polygon: J.102. 
* of aright line into equal parts: 950. 
and transformation of plane figures : 
ds. 
of trapeziums, pyramids, and spheres: 
A 


of triangles: A.11,17. 
Divisors : of an integer, number of: 
374: C.96: N.68. 
of integral rational functions: Mém.57. 
* Newton's method of: 459. 
of a polynomial with commensurable 
coefficients : N.75. 
rational, of 2nd and 3rd degree: N.45. 
* sum of: 377: Ac.f4: L.56,57. 
sum of powers of: L.58. 
of «+ Ay? : L.49. 
Double algebra: LM.15. 
Double function, laws of change of 
higher order: A.21. 
*Double points: 5178: n-tice with 
in (n—3), O.60; with 3(n—1) 
(1 —2), M.2; Clebsch's ths of these 
quanties, C.84: 2-tic with 2 (04 — 1) 
(i1 —2)—2 double points, L.80. 
of plane curves iu cubic space: Z.38. 
in a locus defined by alg. conditions: 
C.88. 
of a pencil of curves: An.64. 
of plane curves in cubic space: 2.28. 
in the projected intersection of 2 quad- 
rics: N.84. 
of tortuous curves: M.3. 
Double relations : A.60. 


Double tangents: An.51: J.49: 2.59: 
Q.4: 2.21. 
of a Cartesian: E.30. 


of an n-tice: M.7: ug F 
(n2—9), J.40,63; N.5 

of a quartic: C.37 a 49,5 55, 568,7 NM 

N.67: P. 61: Pr.1l: Ei q 

double point, M.4,6: reciprocity 
of 28 double tangents. 

to the surface of centres of a quadric : 
C.78. 

Drilling, shape of hole: Pr.35. 


dn (n—2) 


Dual relation between figures in space: 
J. 


Duplication of the cube, approx. : r0: 

*e (see also “ Expansion ' 7): 151: N.67, 
68:: geo meaning E.4: N.55. 
combinatorial demit on of: A.ls. 


* incommensurable: 295: CM.2: L.40: 
Me.7+4. 
and m, numerical th: Q.15. 
ettor+cx?+ in fractions: L.802. 
zu 
e €, o. : CP:6. 
EN J8 OUR. 
*o. 700: AJ.7: in transformations: 
CM.4. 
ett, A 33, 
*Edge of regression : 5729: tg.eC.71. 
* radius of curvature of: 5742. 


Eisenstein's theorem : G.16. 
Elastic curve: C.18,19: JP.34. 
Elementary calculation: N.45. 
*HEliminants: 583, 1626. 
and associated roots : 
of two cubies: J.64. 
degree of: G.1l,two eqs12: J.22,31. 
*Elimination : 582—94: A. OF eo: 
C12,37,90; CD.3;,6; ON. 3: Cr 
1517: J.34,43, 60: JP.4: L.41,44 : 
LM: M.5 5, il: N.42 „453,46,80, 
82,832 : Q.7,th12: Z.23. 
problems: C.8497: J.58: M.12: Q. 
8,11: in metrical geo, A.63. 
*Elimination of « between two equations: 
5086—94: C12: CM.2; J.15,27: 
Mo.81: N.4295 765,77. 
* by Bezout's method: 586: A.79: J. 
99: Me.64: N.74,79. 
by cross multiplication: CM.1. 
* by the dialytic method : 587: N.79. 
in geodetic operations: Z.3. 
* by h.c.f£: 593: JP.8. 
by indeterminate multiplicrs : CM.1. 
* by symmetrical functions : 588. 
degree of the final equation: J.27: 
L.41. 
Elimination :——ap to alg. curves: M.4. 
ap to in- and circum-conies of a poly- 
gon: At.63. 
calculation of Sturm's functions: C. 


LM.16. 


9 


* of functions: 3153: C.84,87: Me.73, 

76. 

with linear equations : At.53. 

with linear differentials : L.36. 

with 2 variables: CP.5. 

resultants, comparison of: J.ð7: and 
interpolation, J.57. 

transformation and canonical forms : 
CD.6. 


INDEX. 
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*Elipse (see also “Conics”): 1160, 
4950: enl245: geoQ.9. 
theorems: A.30,47,prs49: N.76: Mc 
Cullagh's, N.72. 
eq. r--r'—2a: A.2. 
equal chords : tg.eE.22. 
of maximum surface : N.65. 

* as the projection of a circle: 4921: 
N.75s. 

* rectification of: 6083—96 : A.3,22,27, 
30: At.39: graphic: Mél.1: N. 
43: TE.4 : Z.6: when e is very 
small, TI.9. 

representation by a circle: An.70. 

* quadrature of: 6108, 6113; 1.04688 : 
A.46: of sector 6098, A.20: of 
segment, 6103. 

and triangle: thQ.4. 

*Ellipse and hyperbola: 1160, 4250: A. 

24,28. 
theorems: A.23: OM.3: N.85. 
sectors: TH.14. 

*Ellipsoid: 5600, 6132: A.28: thCD.2: 
prO.20: L.38 : enM.20: P.9. 

centro-surface: CP.12: LM.3. 
cubature of some derived surfaces: 
A.12. 

* and enveloping cone: 5664—72: Q.6. 

generation of (Jacobi): CD.3. 

* of gyration: 5930: of inertia: 5925— 


and plane of constant segment, th: 
E.32. 
* of revolution: 5604: area, N.42. 
a locus in space: Q.16,175. 

* quadrature of: 6143: J.17: Z.l: of 
zone, À.232. 

* volume: 6144,—8: A.46. 

Ellipsoidal geometry : A.10: LM. 
surfaces : G.17. 

*Elliptic functions: 2125: A.1,125,16,21, 
35,48: trAc.5,6.,ths7,: An.61,84: 
C.46,505,90,96,97 : CD.2,355 : CM. 
3): E23 : G.ly: J.2,34,44,6,8,16,26, 
27 302,32,35,37,39,46,72,83, : JP. 


25: L.55,506,00: LM.7,10,29: M. | 


3,11,12,pr25 : — Me.79,80,81,82, : 
Mo.81,82,,88485 : N.773,784,79: : 
P.31,24,75,78:  Pr.0,9,10,12,28s : 
QALAN s Aelg 
of first kind: A.12,21: C.16: J.93: 

L.43. 

with complementary moduli exten- 
sion of a theorem of Lagrange: 
An 832 

normal forms of 3rd and 5th de- 
gree: M.17,. 


renlaced by one of second kind: J.55. 
represented by gauche biquadratics: 


C.83. 


Elliptic functions—(continued) : 


of first and second kind: C.10. 
as functions of theiramplitude: JP. 


representation in a simple form: 
Z.21. 
series by which they are computed : 
Jilly 
of second kind: J.93. 
mechanical representation: Me.75. 
reduction to first kind from same 
modulus: A.56. 
of second and third kind, expression 
by 8 function: Z.10. 
of third kind: C.9496: CD.8: J.14, 
47: LM.13. 
addition of: A.47,geo64: AJ.7: C.59, 
78: J.95,41,44,54,88,90: LM.13: 
M.17: Me.80,84 : Q.18: Z1. 
of 1st kind, Z.26 : 9rd kind, Me.81. 
2nd kind by q series: Me.89. 
application of : C.857,865,892,90,93,0-46. 
to algebra: J.7. 
to arithmetic: O.98 : L.62:. 
to confocal conics: Z.7;. 
to geometry : G.12: J.98,09. 
to in- and cireum-circles of a poly- 
gon: L.45. 
to rectification : L.45. 
to spherical conics: Z.22. 
to spherical curves and quadrature: 
An.50. 
to spherical polygons with in- and 
cireum-circles : L.46. 
to spherical trigonometry : Q.20. 
approximation to : 2127—82 : P.60,62. 
arithmetical consequences: Ac.o. 
arithmetico-geometric mean : J.58,85, 
89. 
arg sn a and (arg sn a)?, as def. inte- 
grals: Q.19. 
in complex regions: Z.282. 
development of: 2127—32: J.81 : Ist 
and 2nd kind, C.92: with respect 
to the modulus of A (x), p (x) and 
their powers, C.86. 
development of an imaginary period 
when the modulus is small 
enough: An.70. 
differentiation by periods and invari- 
ants: J.92. 
discriminant of modular equations: 
ie 
double substitution: J.15. 


. SK IK KR 
AF" am 2 cog *3 am —— sin — 
T T T 


xa | stam 2K do: J.37. 
o T 
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Elliptic functions—(continwed) : 

eqs. for the division of: Mo.75. 

formule: AJ.5: J.15,36,50; LM.13: 
Me.78,50,85: Jacobi Mél.1: Q.16, 
19: from confocal conics, LM.14; 
differential, Me.82 ; for sn, en, dn, 
of u+v +w, Mc.82. 

Galois’ resolvent: M.18. 

geo. problems: M.19. 

geo. properties: L.43,45: P.52,54. 

geo. representation: A.22,61: An.60, 
61: At.63: 0.19,21; : J.63 : L.44, 
73: in solid geo, M.9: of 1st kind, 
An.53: 0.70: CD.1: JP.28: L. 
43,45,,46,78 : of 3rd kind, A.24. 

identities: Me.77. 

imaginary periods: AJ.6. 

infinite double products, A.14: with 
elliptic functions as quotients, 
J.35. 

inversion of: J.4: JP.34: L.69. 

KE-FK'E—KK' -—imr: Me.75. 

of 1K: Mo.85. 

modular equations: C.47,: J.58: 
LM.9,10: M.12. 

modular fnnetions: A.11,13: G.19: 
J.72,83: L.405: M.17,18 : differen- 
tiation for modulus of «m, LM. 
13 : expansion in powers of modu- 
Ius, J.41: formule, L.64: relation 
betweeu the modulus and the 
invariant of a binary quartic, Z.18. 

multiplication of: C.88.: J.14,39,41, 
74,76,81,86,88,: M.8: Mo.57,83,: 
and division, Z.7,: formule, trA. 


36: C.59: J.39,48: complex, M. | 


25: Mo.62: Q.19,20: mod.— v4, 
J.48. 
periodicity moduli of hyper-elliptic 


integrals as functions of a para- | 


meter: J.71,91. 
subsidiary, pm (u, k): LM.15. 
products of powers: Mém.71. 
quadriquadric curve: M.25. 
q-formula for sin am: LM.L1. 


q-series : and £85,: for Am + 2g 


Q.21. 

reduction of: An.64: in canonical 
forms, J.53. 

relations: A.07: J.56: between K 
(i) and I” (X): J.39. 

representation by power series: J.54. 

representation of quantities by sin 
am (u+ w, k): J.45. 

series: 0.95. 

sn 8u, cn 8u, dn 8u in terms of sn u, 
tables: Pr.33. 

sn, cn, and dn of &4-v--w: LM.13. 


coeffs.: 


i 
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Elliptic functions—(continued) : 
spherical triangle of: Q.19. 
and spherical trigonometry : Q.17. 
substitution of Ist order: J.34. 
and theory of numbers: L.58. 
transformation: An.573,98,60: Ac.3: 
C.49,f79,f80,82: CD.3,5: J.3,34, 
30,f55,55,87,88,89: LM.9,11: M. 
14,19,22: Me.83,tr84; Pr.27: Q. 
13,20. 
of lst kind: A.33. 
of 1st and 2nd kind as functions of 
the mod: L.40.. 
of 3rd order: J.60: Me.83. 
of 7th order, square of mod : J.12: 
LM.13. 
of llth order: At.5. 
of the orders 11, 13, 17, and 19: J. 
12,16. 
cubic: C.64 : Q.13. 
and division: J.76: M.25. 
of a double integral, &c.: Me.75. 
Hermite's; tables: J.72. 
Jacobi's: LM.15,,16: J.87. 
linear: J. 91. 
modular, of Abel: ap to geom: C. 
58: to conics, C.79. 
modulns of in a function of the 
quotient of the two periods: An. 


pertaining to an even number: J. 
14. 
quartic: Q.12. 
by roots of unity: J.6. 
of rectangular coordinates: LM.15. 
and of functions in theory of Cate- 
NEL Gane 
triple division of and ap. to inflex. of 
cubics: A.70. 
Weierstrass's method: AJ.6. 
*HEmanents : 1654. 
Empirical formulz, calculation of : Me. 


Engrenages : L.39,40,. 
* Ensembles," theory of: Ac.2,. 
*Envelope: 5192: A.24,prs56: C.45,86. 
p.d.eCM.4: G.11: M.84: Mo.64,72 : N. 
44,59,68,74. 

application to perspective: A.9. 
class of (Chasles), th: C.85. 
from ellipse and circle: LM.15. 


* ofa carried curve: 52939. 


of conics, theorems: N.45. 

of chords ofa conie: N.48: subtending 
a constant angle at the focus, 
CM.3. 

of chord of a closed curve: X28 : cut- 
ting of a constant arca, D'.31. 

of curves in space: L.83. 


* ofa curve with n parameters: 5194. 


INDEX. 


Envelope— (continued) : 

of directrix of a parabola: E.34. 

of geodesics : M.14,20. 

imaginary, of the conjugates of a plane 
curve : 0.75. 

of pedal line of a triangle: Q.10: do. 
of in-triangle of a circle, Q.8,9. 

of perpendiculars at extremities of 
diameter of an ellipse: N.46. 

of a plane: C.35. 

of planes which cut a quartic gauche 
curve of the 2° in 4 points of a 
circle : An./ T. 

of planes perpendicular to radiants of 
an ellipsoid at the surface: An. 
Oe PE 

of plane curves: G.11,12 : singulari- 
ties of, LM.22. 

of polars of a curve: J.58. 

ofa quadre so E 

of a right line: N.63,79,83 : Q.13. 

cutting two circles harmonically : 
N.85. 
sliding on two rectangular axes: 

N.45. 

of a Simson line: E.29,94. 

of a sphere: C.67: J.98: touching 3 


spheres, N.60. 
of a surface: CM.1: M.5: degree of, 
N.60. 


of a surface of revolution: L.65. 
of tangent of 2 variable circles: N. 
51. 
Enveloping asymptotic chords and 
polars: A.14,16,17. 
*Enveloping cone: 5664—72. 
of an n-tic surface: CD.4. 
* ofaquadrie: 5697: th of Jacobi, J. 
12 and CD.3. 
of a twisted hexagon, locus of vertex: 
A.10. 
Enveloping line of class cubic: invo- 
lution th, H.29. 


Epicycloids: J.1: Mém.20: N.45,46,00: | 


TE.24: thsZ.15. 
centre of curvature: N.59: plane and 
spherical, JP.14. 
double generation of: N.69. 
reciprocal polar of: geoE.19. 
*Epi- and Hypo-cycloids : 5266—72: LM. 
4: Z.18. 


and derived curves : Z.17. 
tangential properties of : absPr.94. 
*Epi- and Hypo-trochoids: 5262—5: 
LM.4. 
Equality and similarity of figures : J.52. 
*Equations (see also “Linear equa- 
tions"): 50—67, 211—222, 400— 
594: A.6,18,57,58,60,61,65.,67: tr 
Ac.39: AJ.6: Anl,54s: OC.44, 
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Equations—(continued) : 


47,59,62,68,91,97,995: CM.3; CP. 
4: Gl: J.13,16,34: D,675,69: NE 
14,21: Me.76: Mo.79,f80: N.67, 
68,ths55,07, and 80: P.1799. 

(For Binomial, Biquadratic, Cubic, 
Cubic and biquadratic, Linear, 
Quadratic, Quintic, and Traus- 
cendental equations, see those 
headings. Other kinds will be 
found below.) 

Abel’s properties: C.91. 

algorithms for solving: M.5. 

whose coefficients are rational func- 
tions of a variable: J.74. 

of s above the 4th not soluble: 

83 

whose degree is a power of a prime: 
An.61: C.48: L.68. 

derived: 424—931: A.22: in d.e, 
1708—12. 

developments: An.61. 

differential operators in: LM.14. 

Eisenstein's theorem: LM.7. 

extension of theory of: C.58. 

fundamental principles or theorems 
A.1,11: C.96,97: L.39,40: J.23. 

Galois’ theory: C.60 : G.12 : M.18,23. 

of geometry: C.68: homogeneous, 
N.64. 

generic: Q.4,5. 

Hariot's law of: J.2: extC.98. 

homogeneous, reduction of a princi- 
pal function which verifies a 
characteristic homog. eq.: 0.134, 
14s. 

identical: J.27. 

impossible: Man.51. 

in geo. mean of roots: N.45. 

in quotients of roots: N.45. 

in sums of the C (14,2) roots of another 
eq.: N.43. 

insolubility of quintics, &c.: J.1. 

irrational: Man.51. 

with integral coefficients : 503; C.24: 
J.53: complex, J.53. 

irreducible: An.51: Mo.80: of prime 
degrees, AJ.7. 

linear: see “Linear equations." 

miscellaneous : 214. 

numerical: C.10,123,32,78,81: G.13: 
J.10: L.30,38,41,83. 

and commensurable quadratic fac- 
tors: L.45. 

of nth degree with two real roots: 

from observations: A.21. 

with only one positive root: 411: 
C.98. 

of payments: À.5436: CD.1: CM. 
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Equations—(continued) : 


* reciprocal: 466: A44: C.16:: of a 


quartic, N.66. 
reduction of: C.97 : CD.6 : to recipro- 
cal eqs., À.95. 
relation to linear d.e and f.d.e: L.96. 
roots of: see “ Roots of equations." 
simultaneous (see also "in two or 
three variables"): 59, 211, 582: 
C.25: LM.6: thsN.48 and 81: 
quadraties, N.60. 
crc the one from the other: 
22 
of the form e"-Fy"-Ez" =a: N.46. 
* solution of:  45,54,59,211,166— 533, 
582: A.04: trAn.59: C.95,5,02, 
645: J.4,272,87: Mo.56,61. 
e by approximation : 506—533 : A.30: 
Ac.4: C.11,17.45,00,70,82 ; E.4: 
G.8: J.14,22 : Me.68 : N.51,62,78;, 
80,84: No.58: P.5: Q.3: DL: 
7.23. 
E Horner's method: 533: P.19. 
Lagrange's method: 525; C.91. 
d Newton-Fourier method: 527—8: 
AJA: G.2: Me.66: N.46,56,60, 
OU D. 

Weddle's method: Z.7,8. 

by continued fractions: J.99. 

by definite integrals : Me.81 : P.64: 
Z3. 

by diminishing the powers of the 
roots: C.41. 

by elimination of integers: N.70. 

by geometry: C.87. 

by imaginary values: J.20. 

by infinite series: J.93. 

by interpolation: C.5. 

by logarithms: C.95. 

the one by the other: C.72: L.71. 

by radicals: C.58: Q.15. 

by series: An.57: 0.49,52: J.6: 
Mém.33. 

by transcendents: An.63: Q.5. 

ws by trigonometry : 480: A.l. 

& nonie eq. which has this charac- 
teristic: A given rational sym- 
metrical function ô (a, 8) of two 
roots, gives a third root y, such 
thag ec Og v eS Olyja). 
y = 0 (a, B) : Jd. 

symbolic, non-linear: C.22. 
systems of: U.67: G.11,18: LM.2,8: 
Q.11: M.19: Z.14,18 (see also 
* Linear equations.") 
iransformation of : C.64. 
* in one variable: 45—58, 214—106, 400 
—550: approx A.20. 
graphic solution: ©.65. 
wlio —f =O: And. 


* 


Equations—(continued) : 

e™—pe+g=0: number of real 
roots: C.98. 

a+ qa" +p = 0 and derivatives: 
N.65;. 

qn-l-pgn-?-F... 4-1 — 0 
if x bea prime: L.56. 

an tnt ba + ex" +d — 0: G.14. 

(e—1)!4+1 =e”: L.56. 

(w?—a?) y (x)= 0: N.82. 

(1 d (14-52) — 0 when g is small: 

9 


irreducible 


* in two variables: 59—67,211,217—8: 
A.20,25: OM.2: J.14: N.17,48, 
63: Pr.8: Q.18. 
of any degree with a variable para- 
meter: L.59. 
implicit: Mém.80. 
numerical solution: 2.20. 
23--y? = a and a?y-F ey? =b: A.48. 
in three variables: gn.sol, 60: A.1,64: 
N.47: M.37: by acubo-cycloid, C.69. 


* (y—c)(2—b) =a?, sym in 2, y, 2: 
219. 


* y+ +yz = a, &e., sym: 220. 
* o9 —342 = a?, &c.,sym, and = cy +bz 
&c., sym: 221—2. 
a—ys = xa ((1—32)0—:2)), &c., 
sym: À.35. 
axtbyte: =1, awqUy-ces—V, 
w+y?+22 = 1, by trigonometry : 
A.6 


*Equiangular spiral: 5288: Me.62,: N.69,70. 
Equilateral hyperbolie paraboloid and 
derived ray-system : 4.23. 

Equimultiples in proportion: Gl. 
Equipollences, method of : N.695,70,,79;, 
14. 
Equipotential curves: Me.82: Pr.24. 
Equipotential surfaces: G.20: geoJ. 
42: M.8. 
of ellipsoid : L.823. 
Equivalence of forms: C.58,90: JP.29. 
Equivalent representation: Z.23. 
Equivalents, theory of: A.4. 
Eratosthenes! crib or sieve: N.43,49. 
Error in final digit of decimals: C.40: 
Mo.74: N.56. 
Errors of observation: A.18,19: An.58: 
0.93: JP.13: N.56 : P.70: TE.24. 
Errors of constants: Mo.83. 
*Euclid, enunciations : p. xxi. 
axiom 11: J.L; L.47: new proof, C.60. 
IL 12 and 13: 7Me.80; VEZ: Q.ll 
new proof, Q.9. 
XI., &c.. Meyl: XI.28: A10. 
XIL, &c., G.9; criticism on : Q.7,9. 
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Euler's algorithms: A.67. 
*Euler's constant: 2744: Pr.15,16,18,19, 
20, Table 27. 
and Binet’s function: C.77: L.75. 
Euler’s equation: N.72: integration of 
it by the lines of curvature of a 
ruled hyberboloid, N.75. 
Euler’s equations of motion solved by 
elliptic integrals: Q.14. 
Euler’s formula for (1+2): L.44. 
*Euler's integrals: 2280—2323: A.41: 
Ac.1,2: An.54: 0.9,17,94,95,th96: 
J.15,91,45 : fL.43: Me.35: Z.9. 
* B(l, m): 2280: An.69; G.9. 
T (n): see “ Gamma function." 
ap. to series and functions of large 
numbers : JP.16. 
sum formula and quadratic residues : 
An.52. 
Euler’s numbers: AJ.5: An.77: C.66, 
83: J.79,89: prsL.44: Me.78,80. 
Evectant of Hessian of a curve: E. 


*Even and odd functions: 1401. 
*Evolute: 5149 — 59, 5165: An.53,61: 
C.30: Q.3,11. 

analogous curves: L.76. 
* of acatenary: 5159. 

of a cubic curve: Q.11. 

of a cycloid: A.30. 

of an evolute, in inf.: 4.59: Me.80. 
* ofanellipse: 4547,4958: C.84: N.52, 

and involute in one: L.41. 

of the limacon, rectif. and quadr. of: 


of negative focal pedal of a parabola : 
1.29. 


oblique, direct and inverse of differ- 
ent orders: 0.85. 
* of aparabola: 4549,4959: Q.5: N.65. 
rectification and quadrature of: A.4. 
of surfaces: C.74. 
of symmetrical bicireular quartics : 


* ofa tortuous curve: 5731: A.25. 
* angle of torsiou of evolute: 5754. 
integrable equations: L.43. 

*Evolution: 35. 

E (x) = integral part of æ: C.50: L.57. 

*Ex-circle of a triangle: 711,953: 
4749: A.54: thN.60. 

locus of centre, th: Q.9. 

*Expansions of a function in a series 
(see also “Series” and “ Sum- 
mation"): A31: An.7: thsAJ. 
S ammel ts 07131790. OM: 
J.90: L.38,46,76: M.16: Mél.3: 
Mém.33 : N.89,88: num, Q.3: 
Z3. 


* of circular functions: 2955: 


Expansions of a function in a series— 


A.ll: 
CM.3: J.43: Q.12: of 
imag. arcs, J.6. 
coefficients of: gn form, C.85: gn 
property, J.41. 
connected with a 2nd order d.e: C.5: 
L..36,975. 
of denominators 
C46: JP.21. 
of exponentials: J.80. 


L.36: 


of convergents: 


* of explicit functions: 1500—47. 


extended class of: 0.82: approxi- 
mating to functions of very large 
numbers, L.78,. 

of faculties of the variables: Mém.31. 

of implicit functions : 1550—73. 

of Jacobian functions: An.82. 

of Legendre's functions, Xa: An.75. 

with limits: C.94. 

of another function: 1559: €.05,96. 

of periodic quantities : C.52,53: JP.11. 

of powers of the variable: At.57: 
C.19: L.46. 

of powers of a polynomial: C.80: J.53, 


of powers of another function: Mém. 
33: N.74. 

within a given interval according to 
the mean values of the function 
and of its successive derivatives 
in this interval: 0.90. 

by Bessel's function: J.67: M.10,17 : 
Z.1 


by binomial theorem: 125. 
by factorials : 3730. 
by generating functions: 9732. 
by indeterminate coefficients : 
1527—34: A.9. 
by logarithmic method: C.9:. 
* by Maclaurin’s th: 1524. 
by a series: 0.93,95. 
Expansion of :——alg. functions: O.59 
Z.45. 
Eisenstein's th: J.45. 
n, alg. functions from « eqs: G.11. 
1 
(1+axz)" in an integral series: A.65. 
(1—a)(1—#?)(l—w3)...: 0.92: J.21: 
L.42. 
(1—4)(1—22)(1—2*)(1—29) ...: Me.80. 
(14-2)(14-22) ... (12- n —12): C.25: J. 
43. 


LEE NE NE 


t5 
(ao 
[S 


(1-F aer ba? 4-... A ln 79)71 :: AJ.6. 
{(e@—ay)?+...+(w—ay)2}-1 : €.95,. 
(l+av-+ be)": Q.18. 
(l—2ae+a?)-?: L.975. 

2041 


(1—2a«--a?a?) ? : O.86,. 
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Expansion of—(continued) : 


(1—ae—ba?)-": J.43. 


(a-0- 4). p re. 


(w—z)” in powers of z2—1: C.86. 
(er y)? : CM.3. 
nth derivative of 4/(a2—0242) : A.4,. 


(dy in powers of f, when 


dz Rc DO 

SC eye) 

Bernoulli's numbers : 1545. 

circular functions : J.24: Q.5. 

an arc in linear functions of sines or 

tangents of fractions of the arc 
in g.p: L.43. 

Dro of arc in powers of sines: J.11. 
m: 2931—2, 2945, 2960—2: Me.78. 
powers ofa: Mere: z?, 858: m7], 

Me.83. 

sin Ó and cos@ in powers of 0: 764, 
1531; A.5,20: Clo: 

sin”@ and cos”@ in sines or cosines x 
multiple ares: 772—4: A.24,0 
C.12: CD.3: J.1,5,14: N.71: TL. 

sin 76 and cos nô in powers of sine or 
cosine ; 758, 775—79, 1593 : C.82: 
CM.2: Me.76: Mém.13,15,18 : N. 
732,83: Q.4: convergency of the 
series, J.4. 


cos 48 in powers of cos 8; 780: Q. 
12. 
sin-'w: 1528,—64; J.25: N.74: re- 
mainder, Z. 1s. 
cos"aa: A.11. 
tan»: 1525, 29138,—17: A.16: C.88: 
Dlo 
coto: 2911, —16: 0.88: Q.17. 
SOC g: 1526: A.16: 0.88: J.26: N.57: 
Q.17. 
coscc: 2914,—8. 
tans w 2M 
tan 8: 760. 
arsin x in differences of sin x: 2749. 
SID [cos a”: A. 4. 
cos 
(1—p cos $)-! = Ba, cos2ng: A.21. 


(a2?+b2—2ab cos $)exp. —nc i:TE.5 
(a+b cos p+c cos $')" in cosines of 
multiples of » aud $': J.Lo. 
cos k cos-! (cos w+a): C.15. 
Sin (9-- £i... HOn): ASH. 
_siny _ 
sim (y TET 


y in powers of œ when «= 
796,1558. 


Expansion of—(continued) : 


* 


do. when g = == logy, : 1570. 
fh 


0 cot in powers of sin? 6: Q.6. 
cot-! (ij. —1)— cot-! (i4 4-1) : A.47. 
differential coefficients by f.d.c and 
the converse: J.16. 
elliptie functions : A.19. 
and of their powers: C.89: cos ame, 


L.64. 
equations: L.50. 


exponential functions : 


N.82. 


1 
e = limit of (14-2) *: 1590; A.3,23: Q.7. 
e”: C.30: N.48. 
a gl 
1 = 

ZEND cup 539, 1543—4. 

e” in powers of ye" : 1571. 
(ae*—1)-!: At.57 


eft — g-* 


e exp. (w+ E 
e** cos be : 798. 


| e-z SID gy, dx, and summation of 
6 cos 
the series: J.41. 
e exp. sing: 1529. 
e exp. a sinl»: 1535. 
e exp. log (e+e sin y): 1957. 
e exp.—d(z,9,2...) : C.98s. 
v exp.[« exp.[v exp, &e.: 
fractions : 248. 
functions :—— 
Al(v), Ahle), Als(e) (Weierstrass’s func- 
tions) in powers of the modulus : 
C.825,85,86 : L.79». 


mie) CMA 

n! 

f(e+h) (see Taylor's th): 1500— 
1520: Abel’s th, 1572; Stirling, 
1546; Boole, 1547: AJ.3. 

J(e) (Maclaurin): 1507 : 3759. 

uu ke) Lote oer 

Jey): 1516, 1523: Me.3. 

f (0) (Bernoulli): 1510. 

Cas T +...) (Arbogast): 153 


J 28 


by Taylor's th: 


(Cay D 1555 


T (2) 

f {x +a ¢(y)} in powers of æ (La- 
grange): 1552: Laplace's th; 
15506. 
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Expansion of—(continued) : 
* f(y) in powers of y (y) (Burmann): 
1559. 


* f{p(a)} and q71(0) : 1561—3. 

* (ef) (Herschel): 5757. 

2 Two GIRO S URS Salle 

* ë A"u. and A"'w: 3741—2. 

* in differential coefficients of u: 
ool 

* Ary™ and A"0": 3743—4. 

* tnan differences of u: 3752. 


n 
* i u,dx in terms of uo, 4, Ue, &c. : 3778. 


a function of a complex variable: M. 
19: 
a function of a function: AJ.9,3. 
functions of infinitesimals: G.12. 
‘a function of a rational fraction: At. 
65. 
a function of n variables: C.60,: J. 
66. 
a function of y,y’ in ascending powers 
of z,«' when y = z+#o(y) and y’ = 
z' -Fv'e(y') as in 1552: J.18. 
holomorphic functions: M.21: by 
ares of circles, C.9-+. 
* implicit functions: 551, 1550: L.81. 
integrals: A.l: of linear d.e, An.71: 
of log «x, À.4. 
* logarithms : 152—9: N.82. 
* log (122), log LE ea TER 
—g 
log y and log y” in powers of a7! when 
y—aytb=0: 1553—4. 
log (a+be+cx?+...): 1597. 
log (1+2 a cos x4- a?) : 2922. 
log (1--»cos«): 2933. 
cos (a : 
* log 2° | : 9997. 
* logT(1-4«): 2294, 2773. 
higher integrals of log w: A.4. 
numbers: M.21. 
* a polynomial: 137: Z.26. 
a quartic function : A.35. 
Exponents: N.57: P.1776. 
reduction for d.i: C.16. 
Exponential, th : 149: N.52. 
functions: P.16. 
replaced by an infinite product : C.99. 
Exponentials, successive of Euler: L.45. 


LEE NE 


Factorials : calculus of: L.57: N. 
60: Pr.22: Q.13: Q.f8. 


geom. i.e (1+«) (14-r«) (1d-1?2)...: C. 
17 


* notation: 94,2451: Q.2. 
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Factorials—(continued) : 
reciprocal: C.17. 
treatment by limits: J.39. 
1,2233...n^ : Me.78. 
* n!=T(l+n): 2290. 
approx. to when 2 is large: C.9,50: 
J.25,27 : L.39. 
n! = n"e” (2nr) (Stirling): Q.15. 
eol e COS, 
a lori e 
Sodio cr 
C (n,r) when n 2 a-- 18: J.43. 
Factors: 1—27. 
in B of integral functions: M. 


theorem: 339. 


application to rotations to indicate 
direction: J.23. 
* of composite numbers: 274: J.11. 
complex: C.24. 
equal, of integral polynomials: 0.42 : 
L.56. 

* of an equation: 400: J.3: condition 
for a factor of the form «—a", 
A.55,63. 

irreducible, of an integral function ac- 
cording to a prime modulus p 
C.86. 

linear, resolution into: N.89; 

of polynomials and geo.ap: J.29,89. 

product of an infinite number of: A. 


& © a m 
cos 5 COS | COS -g+ : N.70. 
radical, of numbers; C.24,25. 
of 4da2--Dy?-- Cz, th of Lagrange: 
AJ.3. 
of à?— fg? = +1: A.38. 
of (z4- 3)» —«»—3/" : thQ.15,16;. 
of o —94^y" cos nO 4- y^" : 807. 
of «"—9n cos nO+a—: CP.11 : Me.76. 
(1—«) (1—2?) (1—23)... : C.96. 
* tables of (Burchardt's) p.7: to 4100, 
J.46. 
geo. properties: J.22. 
transformation of: A.57. 
of 100...01: Me.79. 
Faculties, analytical : J.7,11,32,,25,40, 
44,51. 
coefficients of: A.9,11: At.75. 
divisibility of: A.48. 
numerical, of 2nd order: Mém.38. 
series: Z.4. 
*Fagnani's theorem: 6088: A.26: LM. 
5,13,23: Z.1. 
curves having Fagnanianares: LM.11. 
stereometric analogy: Z.17. 


* 
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Faisceaux :——of binary forms having Finite difference eqs.—(continued) : 
ihe same Jacobian : C.93. of the kind tir y = uy zy: CMA. 
of circles: C.76. : : 


of conics : Z.20. 

curvature relations: Z.15. 

formation of : C.45: CM. 

intersections of : N.72: degree of the 
resulting eurve, J.71. 

of lines and surfaces: N.53,83. 

plane: N.53: defined by a first order 
d.e, C.86. 


of tortuous eubies in connection with 


ray-complexes: Z.19. 

Fan of Sylvester: E.33. 

Faure’s theorems: G.1,19: and Pain- 
vin’s, N.61. 

Fermat’s theorems :——of (N?-!—1) 


+p: 369: A.99: AJ.3 J:8. 
of æ” +y” = z” being insoluble when 


n is an odd prime, &c: An.57: 
C.gz84 and 96,91: J.40,87: TE. 
2l. 

analogous theorem: J.3. 

ease of n = 14: J.9. 

and periodie funetions: Me.76. 


ety = D, 4y? = O?: Mém.26. 
of the semieircle: A.27,30,31: gzA.31. 
method of maxima: C.50;. 
l'euerbach's : th of the triangle, Me.8+: 
circle, A.59 
Fifteen girl problem: H.34,35: Q.8,9. 
“ Fifteen " puzzle: AJ.2.. 
* Figurate numbers: 289: A.5,69. 
*|'unite differences, caleulus of: 3701— 
3890: A.13,18,24,63: C.70: J.ll, 
12,133,145,152,16: Me.82: Mél.5: 
Mem is: N.69: thsP.16,17. 
ap. to complex variability: An.82: 
ap. to i.eq, An.50. 
* first and nth differences: 3706. 
A?u = 0: An.73. 
* AO”: 3744: Q.5,8,9: Herschel's table, 
N.54. 
A" 0" =T (m), table of: CP.13. 
diy, 02u,, &c., in a function of Au, 
Ato, Æc.: N.61. 
* A"w in successive derivatives of u: 


3761: N.73. 
Al? and Ber P numbers : An.59. 
hu, = Aus Auc. Bi A Ur — &e.: 
Ac.5. p 
Asing and Acos: CM.I. 
Finite difference equations: AJ.4: An. 
Pe O2: CM 34: CD.6: JD. 
: 1,83: P.60: Pr.10. 


of mE form: C.54. 
of mixed differences: Q.10. 


linear: AJ.7: An.50: At.65: Q.1. 
first order, constant coefficients : 
C.8. 
determination of arbitrary con- 
stants: A.27: At.65: G.7. 
integration to differences of any 
order: J.12. 
with variable coefficients : C.17. 
partial :—— 
constant coefficients: C.8. 
linear of 2nd order: C.98. 
of physics: C.73. 
Finite differences: 
44,47. 
formule : CD.9: Q2. 
sum and difference: J.58. 
of functions of zero: TI.17. 
H (n,v) value of: Q.9. 


exercises: No. 


integrals: C.39,57: JP.4»: L.44. 
expressed by definite integrals: 
An.53. 
Zey: A6: No.44. 


inverse method: 0.74: P.7. 

involving 4/1: Me.78. 

of powers converted into d.i: JP.17. 
Flefleenodal planes of a surface: Q.15. 
Flexure: ÀJ.2:: Me.2. 

of ruled surfaces: An.65. 

of spaces : LM.9. 

of spherieal surfaces: Me.77. 

*Fluctuating functions: 2955a: 
M20: Uae: 

Fluents: P.1786. 
of irrational functions: 

*Focal: chords of conics: 

4339. 
circle of conics: Mél.2. 
* distances: 4298: N.64. 
pedal of a conic: N.66. 

*Focal properties: ——of conics: 1103, 
1167—9, 1181, 1286—8, 4298— 
4306, 4336—465, 4378, 4382, 4516, 
4550—58, 4719 —91, 5008 — 16: 
CDi 

of curves: CD.7. 
of homographic figures : N.71. 
* of a parabola: 1220, 1239 — 6, 123 0—4, 
4231, 4235—8 : G2 
ofa quadric surface : A. 59; N.58. 
Focal quadries of a cyelide: Me.85. 
Foci: J.64: N.42,44,53,85 : Q.2.a.c9. 

* of conics: 1160: trA.95 »,03,64, cn69 : 
gzC.22 and L.39 : GP3: N.69,74, 
73,81,82: t.0Q.8,13,12and 45: gen. 
eq, N.43. 

analogous points in higher plane 
curves: J.10. 


LM.5: 


TIO: 
1226, 4235, 
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Foci: of conics— (continued) : 
w coordinates of: 4516. 
eq. of: LM.11: o.cE.40. 
exterior; N.79. 
w tofindthem : Q.25: from gn.eq,5008. 
through four points: N.83,. 
5 of four tangents: 5029: N.83. 
locus, a cubic: M.5. 
negative: A.64s. 
under three conditions: Q.8. 
of curves: C.82; nth class, 86: N.59,79. 
of cones: N.79. 
of differential curve of a parabola: 
A..58. 
of in-conic of an »-tic, locus of: E21. 
of lines of curvature of an ellipsoid: 
7.26. 
of quadries: N.42,06,74,75,78. 
of quartics: J.56. 
of the section of a quadric by a plane: 
N.64,70. 
by another quadric : N.47. 
of surfaces: C.74: of revolution, N. 
71. 
*Folium of Descartes: 5360: N.44. 
Forms, theory of: M.18: of higher de- 
gree, Mo.83 : Pr.38. 
reciprocity principle: An.56. 
Formule: G.15,19. 
for log 2, &c.: Me.79. 
in the Fund. Nova: Me.76. 

* of reduction in i.e: 1965: Me.3. 
Four colors problem: AJ.2;. 
Four-point problem: E.5,6,8). 

Four right lines not 2 and 2 in same 
plane: J.5. 
Fourier- Bessel function: J.69: M.3. 

*Fouriers formula in ic: 2726 —42: 

CM.3: J.36,69: L.36: M.4: Me. 
73: Q.8: g2Z.9. 
ap.to calculationof differentials: J.13. 
*Fourier’s theorem: 518: 528: An.50, 
79: J.13: M.19,: Me.77,82,53. 
ap. to a function of a complex varia- 
ble: M.21. 
Fractions ; AJ.32: G.9,pr16 : J.88 : L.10. 
continued, decimal, partial, vanishing, 
&c.: see each title. 
ndn expressible by digits P n: 
:96. 
reduction to decimals: A.1.25. 
transformation into decimals: A.11. 

*Frullani's formula: 2700: LM.9. 
Fuchsian functions: C.92,,93,945,95,96. 
Fuchs's theorem on F(z, y,7/:) = 0 : C.99. 
Functional equations: CM.3: J.90: 

TE. 14. 
J. $e =f C 
dos NU DU. 
¢.fe = F. ox, to find ¢: Mém.31. 


Functional equations—(continwed) : 
get oy = p (fy tHuis): J.2. 
Ay «eye fy . eat Ac. 
= fw . piy thr. py HAc.: J.5. 
patay y a TE 


; x (vy) 
NIC 0) p (z--8) dd = F' (x), to find 9: 
JPRS, 
jo tan See 
px Deer. Stee DES 


E =f (sinz?) : C.88. 


Functional images in ellipses: Q.17. 
in Cartesian ovals: Q.18. 
Functional powers: Mém.338. 
symbols: Q.4. 
Functions: A.28: AJ.6: An.79: 0.43, 
91: OP] J.l6,prs71,74,84,87, 
91: L.45: Me.7 : Mo.80,81 : P.15, 
MOOR a Jos PRIZA o 
algebraic, alternating, analytical, cir- 
cular, circulating, conjugate, con- 
tinuous, curvital, cyclotomic, de- 
rived, discontinuous, elliptic, even 
and odd, exponential, Fuchsian, 
gamma, generating, hyperbolic, 
implicit, infinite, imaginary, in- 
tegral, irrational, irreducible, 
isotropic, iterative, monodrome, 
monogenous, monotypical, non- 
uniform, periodic, polyhedral, 
quantitative, rational, representa- 
tive, transcendental, trigono- 
metrical: see the respective 
headings. 
analogons: 
(ORS. 
to circular functions: C.84. 
to Enler's: C.89: M.19. 
to functional determinants: J.75. 
sine and cosine: Q.16. 
to modular functions: Ac.2: 0.93. 
connected by a linear eq.: C.17. 
condition of f(x,y) being a function 
of O(a, ye Ae, 
development of: see ‘ Expansion." 
defined by d.e: JP.21,28. 
differing very little from zero: L.74. 
errors of geometricians: J.16. 
expressed by other functions, remain- 
der: C.98. 
fractional: J.8: the variable being 
the root of an equation, N.56. 
from functional equations: M.24. 
from Gauss's equation: C.92. 
with lacunæ: C.96. 
Lagrange, tr: JP.5,7. 
9 U 


toalgebraic functions: 
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Functions—(continued) : Functions—(continued) : 


linear: C.90. 
with linear transformations inter se : 
M.19,20. 
whose logarithms are the sums of 
Abel’s integrals of the lst and 
3rd kind: C.92. 
with non-interchangeable periods: 
M.20,,21,25. 
number of values of : C.48. 
do. through permuting the variables : 
JP.10518 : L.50,60. 
of two variables: Ac.3: C.90,96.. 
made constant by the substitution 
of a discontinuous group: C.97. 
which arise from the inversion of 
the integrals of two functions: 
C.92,. 
whose ratio has a fixed limit: G.5. 


f (e, y) such that f {zf (e, y)] is sym- 
metrical: J.1. 
of three variables satisfying the d.e, 
on). Acs: 
of three angles, th. re 1st derivatives : 
J.48. 
of 4 and 5 letters : L.56. 
of 4, 5, and 6 letters: L.50. 
of 7 letters: C.57,95,. 
of 6 variables which take only 6 diffe- 
rent values through their permu- 
tation, not including 5 symmetri- 
cal permutations: A.68. 
of n variables; C.21: Mo.83: with 
2n, systems of periods, C.97. 
analogous to sine and cosine : Q.16. 
number of values: J.85.: do. by 
permutationofthe variables: C.21,. 
obtained from the inversion of the 
integrals of linear d.e with 
rational coefficients: C.90,: J.89. 
of an analytical point, ths: C.995.. 
of a circular area from a given inte- 
gral condition: Z..26. 
of imaginary variables: C.32,48: JP. 
91: L.58,59,604,614,602 : LM.geo 
8. 
of large numbers, approx. : C.20;. 
of a real variable, connexion with 
their derivation : M.23,24. 
of real arguments, classification ac- 
cording to their infinitesimal 
variation: J.79. 
of the species zero and unity: C.95. 
of a variable analogous to the poly- 
nomials of Legendre: 0.95. 
allied to Pfaffians: Q.16. 
rationally connected: L.59. 
with recurring derivatives: LM.4: 
TE.24 


which relate to the roots of the equa- 
tion of division of a circle or of 
m?—] —0: JJ7. 
representation of : C.92,: M.17: one- 
valued, Z.25. 
approximate: Z.3. 
by an arbitrary curve: M.22, 
by Bessel’s functions: M.6. 
by definite integrals: Ac.2. 
by elliptic functions: An.82. 
by Euler's sum-formula: J.56. 
by Fourier's series: Mo.85;. 
by nn methods: A.2: imag. 
J.55. 


by infinite products: Z.24. 


y = e^, constant and ra positive 
integer: A.42. 
Di de ey 
reproduced by substitution : C.19. 
resolution into factors: Ac.65: C.19, 
30: CP.11: J.18. 
satisfying the eq. AF'— 0: C.96. 
singularities of: M.19. 
whose successive derivatives form an 
arith. prog.: An.71. 
systems of: Mo.78: of two inter- 
connected, C.98. 
of two systems of quantities, cor- 
relative and numerically equal: 
C.98. 
which are neither rational nor reduci- 
ble to irrational algebraic ex- 
pressions: C.18,. 
which are of use in elliptic functions 
and logarithms : No.58. 
which take a given value in a given 
position: An.82. 
which have noderivative throughout a 
certain interval: An.77. 
which vanish with their variables: 
T1.16.. 
we: An.63. 
{(w7)"} and so on, and the corres- 


ponding inverse function : J.42. 
arising from /(4—2«z4-z?): J.2. 
ae 
o()= aud LM.9. 
f(w,2), u being an implicit function 
of an imaginary variable z: Pr.42. 
f (à), formula of analysis: J.53. 
f(x) 2:09, y =f (2), th.re ¢ (y); E.36. 
y (e) =d- log T (x): 2749. 
+ (a) of Jacobi: J.93. 
Q(x): Ac.2. 
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Functions—(continued) : 


Bessel's, I(x) = L ['cos (æ cos 6) dé 
T 


wt xê 
92 jt 


92,42 ^ 92, 42, 62 
3 
Cauchy’s numbers ; Ni, 


= at [ee (epe ivy x 
~ 9m Jo 
(e**—e-*)P du. 
cosine integral; Ciq =|" ee dice 
taP.70. EE 


Dirichlet’s function, 
D\ 1 
— 5 pum a: $ : 
F(z) = (2 ) F Zu 
elliptic ; 


Jom en {Ror} 22:123. 


Euler's; B (l, m): 2280. 


expon-integral; Ei q= de: Mo 
10: taP.70. Eu 

E, = E" ("sino cos (e cos v) dw: An. 
1. 9 


70. 
E (œ) : Mél.6. 


Q= fenta = 1— E iE igo, 


o g Z ps 
= °915965,594177 ...: Mém.83. 
T (v): see * Gamma function." 
Jacobi's 


b ya ~ 
e zt lexp> e( a ) 

C.592,60 : L.47,50. 
Laplace's Y? : M.14. 
log-integral; Lig = T - 


olog € 


Weta) = ee CR 


9n gn 
Legendre's X, : see “ Legendre.” 
m ee 
P, where | e exp (—15) da = hm. 
0 Dm: 4 


nicus esse. 
Uy. 
P Cay e) Zn 


Il (z) = j sede ; Y (z)= dz log H (z): 


Qi. 


O: ¢ "sina 
sine-integral; Siq =| SW iog WE 


0 & 


70. 
2 f e exp (—2*) F(z) dz =0: C.93. 
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Functions—(continwued) : 
f2/{1+ax3} de: J.9.. 
—(* E(p,¢) de 
Y(p$)se| es 
(qp. $) \ /{1—p? sin? 9} 
X, Y, &e., such that SX Ydo = 0 and 


and that any function can be ex- 
panded in theform aX 4-8 Y 4- &c.: 


LM.10. 

*Gamma function, T (n) : 2284: A.4,6,61 : 
An.69:  0.35,99,96 : J.35,82,90, 
ap 67: L.42,46,52,55: Q.9: Z1, 
25. 


application of this and other trans- 
cendents: C.86. 
of a complex: Me.84. 
* curve y =I (x): 2923. 
* deductions: 2286—2316 : A.10. 
derivatives of: Q.6. - 
of equidifferent products: J.96. 
of an infinite product: J.39. 
His, 9993; A.30. 
qe tb 
* logarithm of: 22094,2768: C.9. 
* numerical calculation: 2771. 
= as a definite integral: 2768. 
n, negative: CD.3. 
* numerical calculation of: 2317. 
* the function Ņ (z) ed«logT (x): 2749 
—70. 
reciprocal of: Z.25. 
reduction of: J.40. 
* transformation of: 2284, 2518: J.57. 
T (n--1) = 4 (9m) e-"n^*i(1--e) (Stir- 
ling): C.50s. 


*r (m) T (1—m) = — m 99195 Aco. 


sin mr 
1 n—l 
* í A Ic SLT . 
ro) r (e+ Ja r (02 ); 2816: 
L.55,56. 
T (e) mpeg) Ac. 
1 
= —: Adis 
T) G.6 
Gauche cubics: C.82: J.60 : N.623. 
3rd class, theorems : J.58. 
number of common chords of two: 
An.70. 
through five points: N.83. 
through six points, en: N.66. 
Gauche curves: C.70,77,903. 
Mo.82: thsN.53,. 
classification of: JP.32. 
on a cubic surface: C.62. 
of a developable surface, singulari- 
ties: An.70. 
differential invariants of: JP.28. 


= hmtwor 
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Gauche curves— (continued): 
intersection of two surfaces having 
common multiple points, singu- 
larities of: C.80. 
on a one-fold hyperboloid : An.1: C. 
52,53. 
metric properties of, in linear space of 
n dimensions: M.19. 
representative curve of the surface of 
principal normals of: C.86. 
of the zero species: C.80. 
Gauche helicoids: rad. of curv.: N.45. 
in perspective: JP.20. 
Gauche : in-polygons of a qnadric: 
C.89.. 
perspective of algebraic curves: C.80. 
projection: N.65. 
quadrie: N.67: and orthogonal tra- 
jectory of generatrices : thN.48. 
quartic: A.62: 0.82: L.70. 
9 points of, 7 points of a gauche 
cubic and 8 associated points: 
0.98. 
unieursal, a class of: C.83. 
surface: N.61. 
sextic curve: C.76. 
surface: JP.17: L.37,72. 
deformation of: C.57. 
which can be represented bya p.f.d.e 
of the 2nd order: C.61. 
Gaussian periods of congruent roots 
corresponding to circle division: 
J.53. 
*Gauss's function: see “ Hypergeometric 
function.” 
Gauss’s theorems: J.3. 


*General methods in anal. geometry: 
4114. 
General numerical solution of any 


problem: LM.2;. 
*Gencrating functions: 3732: J.81: N. 
Pr.5 
and ground-forms of binary quantics 
of first ten orders: AJ.23,8. 
do. of binary 12-ic and of irreducible 
syzygies of certain quantities: 
AJ.4. 
of some transcendental series : At.55. 
for ternary systems of binary forms, 
ta: AdJ.5. 
*Geodesies: 5775, 5837—55: A39; C. 
402,41,96.p.c97: CD.5: G.19: J. 
50,91: M.20: Me.71: N.45,05 : Q. 
1:5: 208 20; 
of cubic surfaces, loci: CD.6. 
curvature: 5846: C.49,80: L.12. 
on an ellipsoid : M.20. 
ws radius of: 5776, 58406. 
dnals of : Q.12. 
equations of : 5837, 


INDEX. 


Geodesics—(coutinued) : 
flexure of: C.66. 
forms from en of their polar systems : 
Z.24.. 
* geometry: 5855. 
problems: A.8: An.65: CP.6: J.53: 
L.49 : TN.73s. 
on a quadric or ellipsoid: C.22.: CD.4: 
J.19: L.44,41,44.48,57: M.35: N. 
76. 
Joachimstbal's theorem: J.42. 
and corresponding plane curves 
C.50. 
and lines of curvature: L.463: N. 
82. 
* ^ pd constant along such: 5842. 
shortest lines: J.26. 
* through an umbilic: 5850. 
on aright cone: A.69. 
* radius of torsion of: 5848: RE'Ps,-- 
P = 0, Me.7ò. 
sections: Z.2. 
* shortest lines on surfaces: 5838: J. 


on à spheroid: J.43. 
triangles: Mo.82. 
best form of: N.55. 
reduction of arc of a small one: An. 


50. 
Geodesy, spherical problems : A.25,,63. 
representation of one surface upon 
another: An.70. 
Geodetica, integration of its eq: An. 
53. 
Geography, comparative : A.o7. 
*Geometrical conics: 1150—1292 (see 
Contents p. xviii): G.1: Me.62, 
o4 71,799 QUI 
Geometrical: constructions: LM.2. 
definitions: J.1. 
dissections and transformations : Me. 
15. 
drawing: A.25. 
figures, general affinity of: J.12. 
forms: G.l: of 2nd species, G.3,4. 
mean: 92: CD.8: Pr29. 
approx. to by a series of arith. and 
harm. means: N.79. 
paradoxes: Z.24. 
* progression: 83: A.pr2,6: G.11: N. 
51. 

a property of 1,3.9.27... : A.33. 
proportion, theory of pure: A.62. 
quantities and algebraic eqs: C.29. 
reckoning (Abzühlenden): M.106. 
relation of the 5th degree: M.2. 
relations, ap of statics: J.21.. 
signs: Z.14. 

* theorems and problems ; 920—1102, 


INDEX. 
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Geometrical—(continued) : 
theorems: J.11: L.46: N.74,: Law- 
son's, Man.13. 
method of discovering : J.8. 
from a principle in alg.: LM.11. 
problems: Àt.25,92. 
transformations: A.32. 
and ultra-geometric quantities : C.52, 
55. 
Geometry : of the Ancients: At.22. 
comparative, ap. to conics: N.653. 
of derivation : An.545. 
* elementary: 920—1102 : J.6,10: A.2: 
N.623. 
principles of: A.40: 0.56: G.11,14, 
20: LM.16: Me.62: Z.20. 
enumerative: Ac.l. 
higher: A.20: No.73: prsA.55. 
instinct of construction: N.56: Q2. 
der Lage: Z.6. 
linear: A27: ap. to quadrics, M.10. 
linear and metrical: M.5. 
of masses: JP.21. 
and mechanies, on their connection: 
L.78. 
organic, of Maclaurin: L.57. 
plane, new anal. foundation: M.6. 
plane and solid, analogies: L.36: N. 


653. 
plane and spherical, ths: Mém.15. 
of position: J.50: Q.1: analTE.9. 
theorems: An.55: 
'TE.28. 
5 points in space: CM. 
in lieu of proportion: CP.10. 
of space, abstract: Pr.14,18: aphor- 
isms, J.24.. 
* of three dimensions: 5501—6165: N. 
63. 
Glissettes :——problem: Q.11. 
centre of curv.: JP.21: rad. of curv., 
L.45. 
Golden section: A.4. 
Goniometrical problems : Q.7,15. 
Graphic calculus: C.89. 
Graphs (Clifford's): LM.10. 
application to binary quanties: LM. 
175. 
to compound partitions: AJ.96. 
Grassman’s life and works: M.14. 
Greatest common measure: see “ Highest 
common factor." 
Greatheed's theorem, D.C: CM.1. 
Grebe's point: A.58. 
Green's theorem, &c.: J.39,44,47 : TE, 
26. 
*Griffith's theorem (Conies) : 6096. 
Ground figures, single and double rela- | 
tions; J.88. 


J.31,34,38,41; : 


Gronps: AJ.1: LM.9: M.13,20,22. 
cyclic, in Cremona's transf. of a plane 
An.82, 
in a quadratic transformation: An. 
discontinuous: C.94. 
of linear substitutions: Ac.l. 

of finite order contained in a group of 
quadratic substitutions: C.97,98. 

of finite order contained in the semi- 
cubic groups of Cremona: C.99. 

Fuchsian: Ac.1,. 

formed from a finite number 
linear substitutions: C.83. 

of interchangeable elements: J.86,. 

introduction to the theory of : Me.62.. 

Kleinean: C.93. 

of many-valued functions: Man.62. 

modular eqs. (Galois): M.14,18. 

non-modular: Man.655. 

of points G', on a sextie with 5 double 
points: M.8. 

primitive: C.72,78,96: L.71. 

for the first 16 degrees: 0.75 
degree of, containing a given sub- 
stitution: J.79. 

(P) 369 (1) a9 of the figure of six linear 
complexes of right lines two and 
two in involution: An.83. 

principal, classification of: C.73. 

of substitutions: C.67,84,94: M.5: 
isomorphism of, G.16. 

of 168 substitutions and septic equa- 
tions: M.20. 

transitive: G.22: J.83: N.84. 

*Guldin's theorems: 5879: Me.85, 


of 


Harmonic axes: of curves: 0.743. 
of a system of right lines and planes: 


Harmonic centre for a system of 4 points 
in relation to a given pole: Z.20. 
Harmonic division : of a conic : G.10. 
of a quadrie: G.10. 
* ofaright line by a circle and chord of 
contact : 948. 


Harmonic:——hexhedron and octahe- 
dron: Z.18. 
* pencils and ranges: 999, 4649: Q.6. 
* of 4 tangents to two conies, locus of 


vertex : 4984. 

* points, system of four: 1063: N.51. 

polar curves: A.50: M.2. 

* progression or proportion: 87: ext 
of th, A.31,43,tr41: C.45: Me.82: 
N.85: Z.3,1-4: sum of, Pr.20. 

divergency of: A.1. 

* section by a quadric and polar plane: 

5687. 
Harmonies in a triangle: À.57. 
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Hermite's » function, linear transf. of : 
M.3. 
*Helix : 5756: A.64. 
conical: N.13,53: rectif. of: N.45. 
on a twisted cone: A.16. 
relation with cyeloid : C.51. 
*Hemisphere, volume, &c.: 6061. 
Herpolode of Poinsot: C.99. 
Hesse's surface, &c.: Z.19. 
*Hessian: 1630: J.80: curve, M.13. 
covariant of binary quintic form : M. 
21 


Q.12: 
cubic, Q.7. 
of a surface: nodes of, J.59: con- 
stant of, M.23. 
Hexagon: thN.65. 
Pascal’s: see “ Pascal.” 
in space: J.85,93. 
*Hexahedron: 907. 
Higher algebra : An.54: N.55, (Serret) : 
5 


of a quaternary function: 


Higher : analysis: A.25: G.14. 
arithmetic: J.6,9: N.81. 
geodesy: Z.19: trZ.13:. 
geometry: A.10: N.57: Z.6,17. 
planes: A.47. 
variation of simple integrals: Z.22. 
*Highest common factor: 30: A.3: M. 
7,: N.49,44,45s. 
of 2 complex numbers: no. of divi- 
sions: L.46,48. 
of 2 polynomials: CM.4. 
remainder in the process : C.42. 
Holditch’s theorem: see ‘‘ Closed 
curve." 
Holomorphic functions: O.99: G.22. 
development in series: C.94: M.21. 
Homalographie projection: N.61. 
Homaloidal system, n-tic surface and 
an (n—1)-ple point: G.13. 
Homofocal : conies: thN.49,: loci 
relating to parallel tangents, C. 
62,63,. 
quadrics: C.50: L.th51,60: N.th64, 
79: Pr.33s. 
paraboloids: A.35. 
and conjugate surfaces, tr: Z.73. 
common tangents of: C.22: L.46. 
quartic surfaces, triple system of, in- 
cluding the wave surface: N.85. 
sphero-conies: 1.60. 
surfaces, and p sin? -+r sin?” = a? 
C22 
Homogencity of formule: €.96: ths N. 
49 


Homogencous coordinates: G.1,8: 4.15. 
metrical relation: G.I. 
llomogeneous functions: see “ Qnan- 
tics." 
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*Homogeneous products, H (»,v): 98— 
9: Q.6,9,10. 
* and sums of powers: 528: E.39,40. 
Homographic division of three tangents 
toa conic: Mél2. 
Homographie figures: threcC.94: thQ. 
3: N.58,68,pr61. 
corresponding points, th: L.45. 
focal properties: LM.2.. 
relation of roots: N.73. 
*Homographic :—— pencils: 4651. 
* systems of points: 1058—73. 
on quadric scrolls : Q.9. 
theorem of a conic: N.48,49. 
transformation: N.70: of angles,Q.14. 
Homography: Me.62: N.60: Z.21. 
and perspective: N.69. 
and rotations, correspondence of: M. 
15. 
Homological polar reciprocal curves: 
ET 


*Homology : 975: G.9,8: N.44: E.24. 
conic of: C.94, 
of sets: Q.2. 
* of triangles: 975: Me.73. 
*Homothetic conics: 4523: N.64,th68. 
with the same centre: C.66. 
*Horograph : 5826. 
*Hyperbola : —— theorems: 
CD.1: N.42,. 
* with asymptotes for coord. axes: 
4387 : Me.73. 
asymptotic properties: 1182. 
conjugate: 1160. 
construction ; 1247, 1289. 
eccentric circles: A.44. 
* quadrature of, &c. : 6118: ANO DIO QUOTE 
N.44: TI.7 (multiple areas). 
* rectangular: 4392: 2.26: under 4 
conditions, A.3. 
* segment of: 6118: N.61. 
*Hyberbolic arc, rectification of: 6115: 
Joos po EDO 
* Landen's theorem: 6117: LM.11,13.. 
*Hyperbolic functions: 2180: A.19: G. 
15: Mém.30: N.64. 
analogy with the circle: An.ol. 
ap. to evolution and solution of eqs. : 
A.38. 
construction of tables of: J.lo. 
generalization of: A.35. 
*Hyperboloid: 5605: J.85: Me.66. 
theorems: geoG.4: J.24,86. 
* one-fold: 5605: of rotation, A.70: 
L.39: M.18: N.58. 
parameter of a parabolic section of : 
49. 
* two-fold: 5617: A.18,ths27. 
conjugate: CD.2. 
equilateral and of revolution: Ac.5. 


A.27,46 : 


* k * 


INDEX. 


Hyperboloid—(continued) : 
* generating lines of: 5607. 
and relation to ruled surfaces: Z.23. 
of revolution: N.72. 
Hyperboloidic projection of a cubic 
“gobba”: An.63. 
Hypercycles: C.94;. 
Hyperdeterminants : CD.9: J.34,42. 
Hyper-elliptic functions: A.16: AJ.5s. 
7: An.70: C.405,622,67,92,94,97 : 
CD.3 : J.25,27,30,40,47,52,54,75, 
76,81,85: L.54: M.3,11,13 : Q.15,19. 
of 1st order: J.12,163,35,98. 
containing trauscendents of 2nd 
and 3rd kind: J.82. 
multiplication of: Ac.3: M.17,20. 
transformation of: Ac.3: (p= 2), 
M.15. 
transf. of 2nd degree: M.9: Mo.66. 
transf. of 3rd degree: M.1,19. 
transf. of 5th degree: M.16,17,20. 
of 3rd order (p — 4) : M.12. 
of 1st order and 8rd kind: J.65,68,58. 
of lst and 2nd kind: An.58,: J.93: 
in series, M.9. 
of 3rd kind, exchangeability of para- 
meter and argument: J.31. 
of nth order, algebraic relations: C. 
993. 
Gópel's relation : An.82. 
addition theory : M.7. 
addition th. for lst order in a system 
of confocal quadrics: M.22. 
approximation to: P.60,62. 
choice of moduli: C.88. 
division of : C.68,98: L.43: M.I. 
bisection: C.702: trisection, Àn.76 : 
M.2. 
generalisation of: C.84,98. 
geo. representation : L.78. 
inversion of: C.99: J.70. 
in logarithmic algebraie functions: 
NL 
and mechanics: J.56. 
periodicity moduli: A.68: An.70. 
periodic: J.32: of the 1st class, LM. 
12; with four periods, An.71. 
with quartic curves, 4 tables: M.10. 
reduction of, to elliptic integrals: 
Ac.4: 0.85,,93,99 : J.55,76,79,86, 
89: M.15: TL25. 
transformation of 2nd order, which, 
applied twice in succession, pro- 
duces the duplication: C.88. 
transformation: M.7,pr13. 
of two arguments, complex mult. of: 
M.21. 
Hyper-elliptic 6-functions, alg. charac- 
teristics : M.25. 
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Hyper-Fuchsian functions from hyper- 
geometric series of two variables: 
6:99. 
Hyper-Fuchsian groups: C.98,. 
Hyper-Jacobian surfaces and curves: 
IDNES Paga DID. 
Hyper-geometric functions or series: 
291: A.55,57: J.152,75: M.3: Q. 
qo oops 
as continued fractions: 291—2: J.66. 
of two variables: C.90,,91,95: L.825, 
84. 
extension of Riemann's problem: 
C.90. 
of nth order: C.96: J.71,72: M.2. 
and Jacobi's polynomials : C.89. 
square of: J.3. 
Hyper-geometric integrals: J.73: Z.22. 
*Hypocycloid : 5266. 
with 2 cusps: Z.19. 
with 3 cusps: J.64: Me.83: N.704,75. 
Hypsometric tables of Bessel: Pr.12. 


*Tcosahedron: 907: M.12,25: and star 

dodecahedrons, Z.18. 
Icosian game: Q.5. 

*Imaginary : quantities: 223: A.20, 
22 : S8square, ÀAJ.4 : C.18,24,25, 
88,94: JP.23: N.63,64: P.1,6,31. 

ap. to primitive functions of some 
derived functions: N.63. 
E conjugates: 229: modulus of, 227. 
* logarithm of: 2214: LM. 
curves : Q.7. 
exponents: A.6. 
integrals of d. e: C.23. 
prime factors of complex numbers 
formed from the roots of irreduci- 
ble rational equations: Z.10. 
transformation of coordinates : Q.7. 
variables: C.96,: polygons of, C.92. 
V V/a.4- ib in the form «+ty: A.55. 
tan^! (€+7n) in the form «+iy : A.49. 
oley) tid (v, y) = P (w+iy),to deter- 
mine $ and y: A.10. 

* geometry: 4916: A.92,61: C.6l: 
CD.7,8: J.55,70: M11: Meal: 
N.705,725 : TE.16. 

of Lobatschewski : 
683. 

of Standt: M.8. 

use in geometrical drawing: J.1. 

* circular points at infinity : 4717, 4918, 
4935 : tg.eq4998, 5001 : Me.68: Q. 
3,8,32. 

* coordinates: 1761: 
homog.Q.18. 

elements in geometrical constructions, 
and apparent uncertainty there- 
from : Z.12. 


Gee Jiga Ne 


C.75: Man.79: 
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Imaginary —(contimued) : 
* lines throngh imaginary points: 4761, 
47 22— —29. 
problem, Newton-Fourier: AJ.2. 
* tangents through the focus of aconie: 
4720—1, 5008: A.22. 
variables, generating polygons of a 
relation between. several: JP.30. 
cq = %/X+iY, and the lemnis- 
caticcoordinates of the nth order. 
Implexes of surfaces : C.80;. 
*Implicit functions :——of one independ- 
ent variable, 9 (vy); values of ¢,, 
$*, Par : 1700— 6. 


= the same when y (»,y)— 0 is also 
given: 1718—9. 
v Yrs Yrrs jas When $ (x,y) = 0: 1707— 
LO ar, DS 
* Pr (1,9, 2), Poe (w,9,2) : 1720—1. 
* (e, y zé) when 3 eqs. connect 
maus 6: 1723. 
* of two independent variables :—— 
Yr; When 9 (x, y, z) = 0: 1728. 
* Or (wy 2), ger, prz when ¥ (a, y, 2) 
= 0: 1729—32. 
us p (2, y, 2, E, n) when 3 eqs. connect 
E, 3,2, é n: 1735. 
* of n independent variables: 1737: 
A n.58. 
transf. into isotropic means and trig. 
series : 0.38. 
transf. into explicit functions: C.38. 
defined by an alg. eq.: C.47. 
determined by the infinitesimal cal- 
culus : C.34. 
*Inerement: 1484. 
Incommensurable : -—— numbers: JP. 
15: N.43. 
limits of numbers: N.81. 
lines: N.44: in ratio v3 : 1, A.3. 
*[ndeterminate coefficients : 232,1527: 
A.3: J.5 
* [ndeterminate equations (see also 
"Numbers" and “Partition ”): 
185—9 t: ©.10,th78,88 : G.5 24:9. 
Mém.44 : N.44,45,pr57,59,,71,78, 
8l,prs81,85 : TE.2. 
ap. to a geo. problem: Mém.20: 2.20. 
impossible class of : N.63. 
lincar: JP.13; L.: N43: P.61: 
Vis 


* with 2 unknowns; 188—93; A.3,7: | 


J.42: L.63,69: Mém.31. 
* with 3 SUE: 194: G.2. 
with » unknowns: C.94: N.52. 
i3 t2e+ tne, = a: Gl. 


— ee 


Indeterminate equations—(continued) : 


and congruences: Pr.11. 
quadric : J.45: in n unknowns, N.84. 
quartic: geo.cnL.63. 
quintic: J.3. 
quadratics i in two unknown integers : 
2 —ay? = +1: A.12,52: £.93,28: 
J.17 ; by trig.: L.64—66: N. 78. 
e—ay=b: 0.69: L.37,38: Mém. 
28. 
w—ay? = + 4,a=5 (mod 8): J.53. 
ty? atq pO noo 
w+y?=0: geoA.55. 
(n+ 4)x—mny! = 4: N.83. 
ax? + be = 45: L.76. 
ae+bete = y?: GT. 
2y+2e+ E Nfs. 
ax? + bey + ey? — 0: geoC.9. 
w+ nay —ny? = 1: N.83. 
w*—y* — wy impossible: N.46. 
aa? + bay * cy? de ey +f=0:C.87. 
dE three o integers: 
"m yh 


A 92.33 ; E. JUD 
M prior to Diophantus, 
(Brom 

a? ay? — 221 N.78. 

qe by — 24: Gis 

eo ty? =z: N.78. 

w+ ay? de: N.72. 

me (O = a Noe 

w+ ky") z = aw +bky: J.49. 

(a, b, e, d, e, O E t: Pr.18. 

aha + I0z^— «2 WC MEOS 
L.70. 

quadratics in four unknown integers : 

at +yz = 0: 0.60: N48; a? 223 
+32—= t, L.69. 

y? = eT) N.78,. 

quadraties in five unknown integers : 

e + by? + cz edP =u, with the follow- 
ing values of b,c, d: 1,1,1; 2,3,6; 
eto: 11,2: ia 1 8; 233; 
2,48; 45,4; 3, 4,12; Lol: 1,2,4; 
1,4,8; 9.9.4; 2.4, 4; 9,88; 4,48; 
44,16; 4,016,160; 8,8,8; 8,8,16; 
8,16, 16; 16, 16, lö; L. 62: 2,3,3; 
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Indeterminate equations—(continued) : 


1,11, ; 2,3,6; 5,5,5; L.641: 15,5; 
ees 1,9.9; jo Op Oe L.65, 
59: sch e — ab, C.42 and 1.56. 


aa? + by? + ez? + d2—u,with the follow- 


ingvalues of a, b, c, d : 2,2,3,4 ; 2,3, 
36; 9,9,8,4; 1,2,6,6 ; 293.44; 

166 a SOS 3; L.65: 3,4,4,4; 
3,4,12,48; L. 63. 


E p 92 4 2 a 2 — du: L.56. 
aw? + by? + ez? + dt? + ewy + fat = u, with 


w? Jt UE 


the following values of «, b, c, dl, 
e, f: 12,—221,2; L.63; 1,2,3,3, 
Baiada T. 65: 15D. ed. 
RUN) 959,592; TTE ist 
ss ll 
D 


wheres 
oe 
w 

pos 


DO = bo 

co 
mS. 
I 


pou m L.64. 
3:298 + 99s =u: L.66. 


AP [ee 
Co eS 


e 
w 


a Du + Quo + 234. — LUI. 


4928 9l 9B HBU 4 3p? —w : 
L.64. 


Ifa «3 t 9?) 49 (2 P eu? x vow: 


L.64. 


ey yz zit iu v: 0.623: L.67. 


a+ ay? +b? p eP e du? ev? =w, with 


9 
yi—aitet...¢¢n: G.7. 
quadraties in seven unknown inte- 


gers: 


the following values of a, b, e, d, e : 
4,4,4,4,4; 1,5445; 9.9 4.4.4; lal. 
EC 1,2,2,4,4: LULA; il 2, 
4; “4 h,4,4,16 ; I 

111,23 Pa 
9 9,9; 


A 


il 
2,2 


aly 


43 — y?+a : N.78,83: with a = 17, 
N.77. 


a+ y3 = az: N.78,,80. 
8+ p+8+u3 — 0: A.49. 


agi4-by*-:$: O0.87,91,94: N.79: 


D — unm 


44: 9"y* = 2? and similar eqs: L.53. 


«*--aay?-- yt = 22; Mém.20. 

awt-+ ba2y2?+eyt+ das + ery’? =e 
C.88,. 

x+y —az5; L.49. 


aT-Fy! =, impossible: C.823: 


L.40,. 


L3 E 2,2,2,2,4; 33. 3 


Indeterminate equations—(conti D. 
a-tic solution by alg. identities 
C.873. 

a” +y” = z” impossible if n>2 (Fer- 
mat’s last th.): A.26,58: An.64: 
C.24,89,90,98 : J.17. 

qup n 
ax" + by" = cz": N.9,. 
g” = y"+1, impossible: N.50,70,71. 
w—ay? = z”; C.99. 
simultaneous : 
a= uw; Hl =w; 2e+1=3u?: 
N.73. 
a2--a =y? ; g^—a-22: An Amn C.78. 
HeH = 2; eW@—e—2 = 22: N.76. 
am--by--ez =0; — Ays--Dza-r Cw 
EQUALS. 
+yz? = [E] & qo 22 = D; 
a? pyt? = ems 19940. 
epacyty=O; y^ tay ?—D0; 
e+taze+e2—= 0O : E.20,21. 
eTyd42-0; #4+7+2=—0; 
e+3+28—=0: ET. 
six eqs. in nine unknowns: N.50. 
pon uia G2 =g AQ I AU 

a — bY == 1 N.57. 

*Indeterminate forms: 1580—93 : A.26: 
AJ.1 exponential: J.1: Me.75: 


N.48,77: $ A21; Zl: 9, L.l, 


* 42: mers when «=o, 1592; 


0°, J.11,12 : 0 exp 0”, J.6. 
* with two variables; 15924. 
*Indeterminate multipliers: 213, 1862, 
3346: N.47. 
*Index law: 1490. 
Indian arithmetic, th : L.57 : calculation 
of sines, N.54. 
*Indicatrix : 5795: C.92: Me.72: N.74. 
* arect. hyperbola, condition: 9824. 
* two coinciding lines : 5825. 
* an umbilicus: 5819. 
to determine its axes: L.78,82. 
determination of a surface from the 
indicatrix : À.59. 
*Indices: 99 : N.765,775,78. 
in relation to conics: N.725. 
of functions, calculus of: JP.15. 
*Induction: 233: C.39: G.15: L.48. 
*Inequalities : 330—41 : A.1,24. 
in integrals: Mél3: f d .c. Mém.59. 


(|a)2>u": N.60. 
dx 
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Inequalities—(continwed) : 
a>e: AUD 
if +y? = 22, e" +y” Doty OM, 
geo. mean of n numbers < arith. 

mean: 332: N.42. 
Infinite : equalities : M.10 : prG.22. 
functions: An.71: J.51. 
from gnomonic projection : Me.66. 
linear point-manifoldness: M.15,17, 
20,212,23. 
point-mass: M.23. 
products: J.27: N.69. 
value expressed by F functions: 
Ac.3. 
exhibiting circular arcs, logarithms 
and elliptic functions of the 1st 
kind: J.73: Ac.4. 
use of in mathematics: C.73. 
*Infinitesimal ealeulus: 1407: M.11,18. 
Infinitesimal geometry: An.59: C.82. 
of a surface, formula: G.13. 
Infinity, pomts at on alg. surfaces: C. 
09. 

*Inflexional tangents : 5789: A.35. 

of a cubic curve: E.30: J.38,58. 
Inflexion curves: Z.10. 

*Inflexion points: 5175: CM.4: J.4l. 
of cubic curves: J.28: axis, E.31. 
Herse's equation : N.8l. 

Inscribed figures : 
In-circle: of a quadrilateral, locus of 
centre: A.52. 
* ofatriangle: 709, 953, 4747—50: tg.c 
4889; CM.1. 
* in-centre: 709, 1.04629, te.e4882. 
In-conic : of a circle: thJ.91. 
four of a conic: prJ.99. 
of a developable quartic: An.59. 
of a polygon: M.25. 
of a quadric: J.41. 


S of a quadrilateral: tg.e4907: N.63: 


four, N.56. 


D of a triangle: 4739—46, tg.e4887 : 
A29: N.50; max, A.8: Q.2: lat. 


rect., H.34. 
In-cubic of a pencil of six lines: Q.9. 
In-hexagon :——of a circle: A.22. 
* ofaconic: 4781: N.57,82. 
In-parabola of a triangle: CD.7. 


In-pentahcdron of a cubic: Ac.5: M.5. 
*In-poly gons:——of a circle: 746: CM.1: 


J.35: N.50. 


regular of 15,30,60,120, &c., sides : 


A.62. 
do. 9 and 11 sides: LM.10. 
do. 17 sides: TT.13. 
do. four of 20 sides: N.78. 


do. 5, 6 and 10 sides, relation: A.40, 


43,45,48. 


* ofaconie: 4822: 
É with sides through given points, 


INDEX. 


In-polygons—(continued) : 
two stars, one double the other: 
A61. 
of a circle and conic (Poncelet): G.1. 
thsN.47 : enTN.69. 


en: 4823: An.ðlz. 
semi-regular: N.63. 
of a cubic (Steiner) : M.24. 
ofa curve: Q.7. 
of a polygon, th: CD.5. 
of a quadric with sides through given 
points: LM.2s. 
In-quadrics :——of a developable: Q.10: 
quartie, Àn.59. 
6 of a quadric, 2 touching 4: An.69. 
*In-quadrilateral : of a circle: 739: 
A.5: cnE 21 : area, N.44: P.14. 
* ofaconic: 4709. 
of a cubic : N.84. 
In-sphere of a tetrahedron: A.61. 
In-spherical quadrilateral: N.49. 
In-square: ofa circle: J.32. 
of a quadrilateral: A.6. 
In-triangles : of a circle: P.71. 
with sides through given points : 
J.45: N.44. 
of a conic: J.7 : Maccullagh’s th, N.65. 
with given centroid : G.23. 
similar: A.9. 
of a triangle: thsQ.21. 
two (Stemer' **Gegenpunkte ") : 
J.62. 
In- and circum-circles :——of a poly- 
gon: N.45. 
distance of centres: A.82. 
of a quadrilateral: Fuss’s prMél.3. 
* ofatriangle: 935: A.38. 


* distance of centres: 996, 4972: eq, 
4644. 

In-and circum-conics: of a pentagon: 
N.78,. 


of a polygon: J.64,70: regular, Z.14. 
of a quadrilateral: 60 theorems, N. 
45: N.76. 
of a sclf-conjugate triangle: Me.81. 
* of a triangle: 4724, 4739: An.o2: 
G 2s: 
In- and circum-heptagons of a conic: 
A.3 


In- and cireum-pentagon : of a circle: 


29,49. 
In- and circum -polygons (sce also 
“Regular polygons ") : —— of a 
circle: L.16: N.80: P.11 : Q.11. 
ui sum of squares of perps., &c. : ths 
1099. 


dillerence of perimeters, ths : N.43,. 
of two circles, respectively: C.53: 
6:215 17s. 
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In- and circum-polygons—(continued) : Integrals or Integration— (continued) : 


of a conic: A.4: ellipse An.52: An. 
57: J.64: N.57,84. 

of two conics: C.90. 

of a curve: C.78. 

of a homonymons polygon: A.50. 


In- and circum-quadrics of a tetra- 


hedron: eqsN.65. 


In- and circum-quadrilaterals :——of a 


circle: A.48. 
of a conie: 4709: and pentagon ths, 
N.48. 


In- and cireum-spheres :——of a tetra- 


% 


hedron: N.73. 
of a regular polygon: A.32. 
of a regular polyhedron : 910. 


In- and circum-triangles :——of a circle 


(Castillon's pr) : Q.3. 
equilateral, of another triangle: Me. 
4 


and square of an ellipse: A.30. 


* of two conics: 4970: N.80. 


* 


envelope of base: 4997. 
respectively of two conies having a 
common pole and axis: CD.4. 


*Instantaneous centre: 5243. 
*Interest: 206—301: and insurance, A. 


26. 


Integrability of functions: An.50,73: 


C.28: J.59,79: JP.17: L.49.. 
criterion for max. and min. values of 
a primitive: An.52. 


*Integral caleulus: 1900— 2997: A.ext 


18,26: Euler's, A20: C.14,42:; 

Newton, CD.8: G.19: L.47: Me. 

72,74,75: Mém.18,96. 
paradoxes : C.44. 


* theorems, &c.: 2700—42: A.45: C. 


13: L.geo.ap50,56 : Me.77 : Mém. 
prs15,90. 


Integral functions : C.88,89,98 : 6.4,22,: 


h.c.f of G.2. 
with binomial divisors: J.70. 
and continued fractions : An.77. 
reciprocal relation of: A.67. 


*Integrals or Integration: 1908: A.1,2, 


4,5,6,10,23:  Ac.1,92,44: C.90: 
CD.9: CP.3: J.2,4,8,17,25,36,39, 
61,92: JP.9,10,11: L.39: M.6,16, 
73,75: Mém.31: P.14,96,97: Pr. 
7,99: Q.11,13: Z.7,11,15,18,,22,23. 
approximation to: 2127, 2262, 2991: 
A9,14: o7- OM: Gis: J.l, 
16,18,97,48 : L.80. 
Gauss's: 2997: 0.84; M.25. 
by me principle of Abel’s derivative : 
23: 


by differentiating under the sign of 
integration : 2258. 
by elliptic functions: G.11: L.46. 


from orthogonal surfaces’ theory : 
L.38. 

by Pfaff's method: A.47. 

by series: Me.71. 

by substitution: A.18. 

by Tehebychef’s method: L.74: M.5. 

comparison of transcendents : Me.79: 
Pr: 

complex, representing products and 
powers of a definite integral: J. 


conneeted with trinomial integrals: 
L.55. 
convergency of: M.13. 
definite :——applied to Euler's, &c.: 
J.16. 
with finite differences: J.12. 
from indefinite: J.41,51,52. 
whose derivatives involve explicit 
functions of the same variable: 


(7.12, 

determination of functions under the 
sign |: JP.15. 

difference between a sum and an 
integral: 2280: G.9. 

division into others of smaller inter- 
vals: A.4. 

eight rules for definite integration: 
2245. 

equations for obtaining functions as 
integrals : J.79. 

expressible only by logarithms: An. 
76. 

extended independently of the con- 
ception of differentials: A.61. 

formule of: A: J.18,19: M.4: Me. 
76: Mo.85: N.85: failure of f, 
CM. 

and gamma-function : LM.12: Z.9,12. 

higher, of composite functions: A.20. 

with imaginary limits : 0.23: J.97. 

use of imaginaries in : M.14. 

inverse method: CM.4: CP.4,5: L.78. 

involving elliptic functions: Pr.29: 

19 


Q.19. 

limits of: 2233—44: L74. 

multiplication of: Pr.23. 

number of linear independent of 1st 
kind: An.82. 

of alg. differentials by means of 
logarithms: Mo.57: An.75: C. 
90,:; J.12,24,78,79: Mo.84: N.81 
(see “ Integrals ”). 

of algebraic surfaces: C.993: al 245 
octic, An.52: cubature, C.80. 

of circular funetions: 1988—97 : 245 
—2522: No.1799: LM.4: M.6 
Mém.9. 


3 
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Integrals or Integration— (continued) : 


* 


* 


sine and cosine: G.6: M.11. 

of exponential and logarithmic func- 
tions: 2391—2481 : E.17,18. 

of circular, logarithmic and expo- 
nential functions: 2571 — 2643 
(sce “ Integrals "). 

of a complex function: A.66: th of 
Cauchy, Ac.84. 

of a closed curve : 5204: C.23: E28: 
Zl 

of differentials containing the square 
root of a cubic or biquadratie: 
Me.57. 

of discontinuous functions: 2252: 
0.29. LM.6. 

of dynamics: L.52,55,58. 

of explicit functions, determination of 
algebraic part of result: An.61. 

of functions which become infinite 
between the limits: 2240: J.20: 
JPA: Q.6. 

of infinite relations: M.14. 

of irrational alg. curves by loga- 
rithms: An.61. 

of irrational functions : 2110—20 : 
AJ.2: An.56: €.322,89 : L.53,64 : 
Mém.30. 

limits of : 1903,—6, 2283, 2775. 

for quadrature of curves: 9205—11: 
C.68,70: circle, J.21,28 : JP.27. 

triple integrals: J.59. 

of rational functions : 2091— 32, 2071 
—2103; L.27: N.73. 

of rational fractions: 1915: CD.3: 
Mém.33,: N.72. 

of total differentials ; C.99.. 

of transcendental functions: JP.26. 

of two-membered complete differen- 
tials: J.54. 

periods of : ©.36,38,75. : G.753: J P-27,. 

principal values of infinite definite : 
2240: A.68. 

prep by elliptie coordinates : 

ol, 


quotient of two di of the form 
{de dudas J.67. 


reduction to elliptie functions: An. 
60: LM.12: Me.77,78. 

residues of : J P.27. 

Riemann’s of first kind: An.79. 

singular values of: A.11. 

successive: 29148: 1.62: 2nd order, 
M.20 and Z.11. 

summation of : 2250: J.47 : JP.12,21. 

tables of definite, by B. de Haan, note 
OI Galgo 

and Taylor’s theorem: Mo.84. 

theorems: L.48: P.55; Q.10,12. 


Integrals or Integration—(continued) : 


* transformation of; 2245—52: A.10: 


X xk 


* 


* * 


CM.4: J.£15,99,96 : 1,36 : Mél.3 : 
Qi. 

variation of arbitrary constant : 2247 : 
J.93. 

whose values are algebraic: J.10: 
JP.14: 1.88. 


ALGEBRAIC FUNCTIONS. Indefinite : 

unclassified: An.75: C.90,: J.12,24, 
79,79: Mo.84: N.81. 

simple functions of #2102: 1926—37 ; 
Pen die 2—), A.38: = — 
a V/ (a? —a?) 8 nme 

Nino Mee 

J —«) 

fractions involving a binomial surd: 


2008—19. 
T 
(1+2) 4/ (242 —1) 

g” 
Soren O15 
AUA o015; L.80: Z8. 

l—«t 
(12«?)? 
(12a2)(1 +b? +t) 


, An.68. 


: Mém.13. 


: Mém.10. 


w 

(+8) USED ARS 

< and deductions: 2021—8. 
atl 

x” (a+ be")? : 2035—60 : A.36: Mém.11. 


_ eros. J 86: 
vta 
Jl 1 
LM: A40, — : 2007. 
(w—a)?(w—b)2 ca a” (a—1)" si 
functions of (a+be+cx?): 2071—80: 


2103—9. 
qn 
&/ (a 4- bo +e?) 
functions of (a+ b«?-4- cet) : 2081—5. 
functions of (a+be"+ee™"): 2086— 
2102. 
rational algebraic functions of irra- 
tional oncs : 
ee stead by rationalizing : 2110— 
20. 
reducible to elliptic integrals, viz. : 
rational funetions of / X4, V Xa and 
RB : 
where X, is a quartie in v: 2121 
—AM. 
DENN 9191. IIO uo. 


TY 5193-6. J30: LA 


ke: 


A.59. 


a\y 


INDEX. 


£93 


E —M—————————————————————— 


Integrals ;——ALGEBRAIC—(continued) : | 


e+. 1,64: Mél.3. 


: 0.59: CD.1: E36: J.10. 
v X, 


Ole es 
i 
* = 9141: J17: Man.79. 


IS E Co. 


l ;: Me.82. 
(1—7) 


1 " À : 
(4 —1)4/ (a3 — b3)' &c., reduced to 


Jacobi's functions : Q.18. 
V+ (1—388) H dip. 
sundry: CM.3: L.47. 
Limits 0 to 1: 


Euler’s: see “ Euler's integrals." 


& q-l1(]—»)'-!; 9980: A40: C.16: 


JD. 
* qi-1--q"-1 A Me 
rej ; 9941: C.55. 
* similar forms: 2342—4, 2352, 2356 
—67. 
* gant Bu : f 
eee 9367: A.10. 


o™ (1—«Y | t 
(law) ` 1.59. 
fe? (1—2)2 do 
TETE ae 
ance y D56—7. 
(a-4- bet c2)" *! 
l 


— JL. 
(a— be)” (1—g)!-” e” 1 


Limits 0 to œ: 


& — 9" &c.:9309—12, 2845—55: A.38: 
lg 


Jah etle QUB e AAS 

1 

* ee & SEL 
(«2-- a2)” 
X»: Me.88. 

a-l 
comcs: N 
l-re"-ra 

g3- 

Legea a paren’ 
uw?) 
ies : 


é&c.: A.16. 


and 12 similar: A.95. 


Integrals : 


ALGEBRAIC—(continued) : 


a 


| * ames (a4 "3 (Cauchy): 2712: 


A9. 
T E 
l492«cosÓ-Fa? “7 0— 


dedu ctions from this involving in- 
te grals of the forms 


Eo 8 sin MT 
| 1 de and | n 


: Ao. 


oik 


a 


sin ar 
Other limits: 


1 F(ejde |? F(w)de | o. 
S —— áo =. 9368—9. 
ls ery | ea ee 


n/a 
| b 
0 


l sina 
.411—22 cos a-r«? 


2 
(a—be)tæ”-1de : A.35. 


dw=f(a): geoN.85. 


CIRCULAR FUNCTIONS. Indefinite : 


* gin 2, sin-!a, &c.: 1988—49: sin", &c., 


1954—7 : cos"«, N.74. 
1 1 
X o. y Oe dJ ce 
a+b cos € : (a+ b cos)" 


1958: Me.80. 


* products and quotients of sine and 
cosine and their powers : 1959— 
80, 2066—70 : A.49. 


* binom. funcs. of sin and cos: 1982—92. 
* ditto of tangent : 1983, 1991. 


F(sinz,cos#) , 1994.7, A2: 


* E €* 
a cos «+b sin «Fe 
J.19,99. 
* (a+2b cos «dc cos 92): 34999» 
* E a 
a2? —9,4^ cos nO+1 
* KON) : 1996. 


(a, 4-0, cos #)(a2+b, cos w)... QC. 

a function of sine or cosine in a ra- 
pidly converging series, and suc- 
cessive integration of it: J.4,15. 

ie 
22 pna EM TIE 

(1—k sin $) v (1— k? cos?o) 

(sin amæ)™® ; J.81. 

/ {1—k? sin? $ (a+) sin? 4 (4—«)] : 
J.39. 


sin". 4 17; with m = 1, G-7. 
a” 
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Integrals: CIRCULAR. Indef.—(cont.): | Integrals:—— CIRCULAR. 0 to oo —(cont.): 
" sin kæ ; SES. ao oio | e pem D OO 
a 70 (Fourier); 2726—42: poa be: 2579—81. 
dos coste, also [C952 qs. A10. 
Limits 0 to Z: a a 


g 

sin?ve; 9458—5, 2458, 2472: E.29: 
PSB, es. 

(ine uos OST. 

sin” æ cos? æ: 2459—65. 


costa p ho: 451 OuOd 0D UU MS: 


cos"-le sin we | rm i. 
EE PERITUS = acl eanan a AS). 
SIn & 2 


€ cos”? æ sin næ: 2494. 
1 . . 
a? cos? «+ b? sin? w and similar: 2496 
—2501, 2344. 


COs E Sina e oet pv; and 
sin?-?w sin pw: 2085—8. 

xcotaw: A.394: No.19; 

æ tan im (1—b«) : 5340. 


Limits 0 to m : 
sin?e cos” : 2459. 


: sin 
SIN ne og De: 2467—9. 
(Sin ^i SM ne: 9474—82, 2493. 
cos/ © cos 
sin?” «dur f(cos«): 2495. 
cos n («—a sin æ): L.41: 0 to 2r, C.39. 
cos ce cos (b+px) cos (e+qz): C. 


w sina : : 
— e “2 : h c— ) 
TED Pr.25: with «1, 2008 


and Q.11. 
v sing or sin sinte or COSTE | o, 
LAM ; 2628 9. 
1—2a cos +a? 
sin™æ or cospe . Q 14. T/M 11:—1 
(1—2« cos e 4- a2)" SIDE 
L.71. 
«I (sinw cosg): JP.27. 
about 250 integrals with limits chicfly 


from 0 to r, some from 0 to o: 
Pr.252,26,27,29,30,31 022,33. 
Limits 0 to œ: 
cos # 
, cosa, cos(ax)?: 2507—9: Q. 
a 
12: 2602. 


WS : 
sin 3? sin 
€: Q.183; e": Mo.79. 
e Q3; cos Me.? 


sinte, 2510: A.30: E96: Z.5: n=2 
o 

COS = Ee 2513—5. 

æ or w- 
sin ae ein e and similar o Eo 
cos 2ag sin? g, 2729—5. 
9 (sin az, cos bæ), reduction of: J.15. 
p (sin de eae pg e 

ae 


sin TU 95722 L.49: Z.7,8. 


w 


COSTE 9578: A.10, Lo: 0.0896 Me. 


aHa? 
vo SZ s 

e sin AUS SE 

a?--a? 

cos rv 


(a2+a2)" 


SUMUS 


E and similar : ZAS: 
a? +x? 
sin az , 
(14-09) ETT and related integrals: 
#2) sin be 
Ac.7. 


1—cos” o 
——À —-: 2.48. 
we 


1 or æ sin cw . 9630—2. 


(14e?) (1—2a cos ev +a?) 


tin aie orna. l " T 

4: 2003; — tan-! - tan! *. 

e (1 +?) a a Ü 
950-f. 


tan-lae—tan-!he or 
a ee UND, 
a 


Other limits : 


Jw 
nu . 
——, lim. 0 to 2r: 
|, a+b cos e+e sine’ 


A.55. 
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Integrals :——circuLar—(continued) : Integrals : LOGARITHMIC. Indef.— 
x f tan! aw de | . 9509. (continued) : 
MA a?) ` ü s type of several: Mém.18. 
| ro dx, where F'(«)is a rational 
-> © Limits 0 to 1: 


integral circular function : CM.3. 


1 ' n 
sine-integral, &c. : see * Functions." > log Fc 2284; w* (10g 1) , 2291. 
EXPONENTIAL FUNCTIONS. Indefinite: | * involving log v or log (1 + «): 2391— 
* : 1924; pen: 2004. | 2403, 2416—22. 
+e n (x): 1998. & DECEO), 2416; 049: 16: LAS 
e exp (42): E.94. 1 ee Pee 
X being a rational integ. funct. of v à l 9636: Q.125 * OB 
pos Tes es Mém.83; e exp v(a?) le 
(—2a8), OL E many cases, J.d4. 


a T or the same x «2 or | * log £5; : 2403: L.73. 
a m 


+ (c+de?): L.52. quus Z3; qm—] A237 
loge ` ` logg ` 
Limits 0 t s = 
; coe about 540 expressions chicfly formed 
* grs qu g 2294—91 : see s Gamma from log ( 3 Æ a) or log (1 + Ca) 
funetion." Wen + #2) orlog( 142+), 
* eexp(—ka?): 2425: evaluation by a joined to a single SM of the 
continued fraction, J.12. f p 1 a JS 
* other forms : 2426—31, 2595, '8, 2601. | orm y" oM OD 
2 EE : j ; 
E (-e-5) EE 2 Lise, nee ye al values of m and v: 
Tee " » about 280 expressions, nearly all 
le Z.6; ditto x «", L.46. comprised 1n the form 
p 
a x and the same x w: A.10. «" (1—2")* (log 2)’, 


e , with integral values of m, n, p, q, 
pee MMOL. and t£: AU di 


e exp (aw). Ei (+ ax"): Q.18. about 190 expressions of the forms, 


Other limits : a” (1—«")* (log #)? 3, 
expon-integral: sec * Functions.” ap (1—a»y* log e, and 
| e exp (—a?) [= Erfe £ (Glaisher)]: HD loga, with integral 
q*— 

à Me. 76. values of m, n, p, q, and v: A.40. 
Ji e F (y) dæ: C.77,. * Limits 0 to oo: 2493—4. 
IE a^ e exp( 42 s) Bodo: Other limits : 

0 E æ log(1—9). 9408—12: 1,73: Z1. 

" 


lg 3 (verve AS 
0a 


* 


L log E^, limits 0 to /2—1: 2415. 
a 
LOGARITHMIC FUNCTIONS. ao. 


; x 
* loge: 1950; e"(logs) ^, 2003— CIRCULAR-EXPONENTIAL FUNCTIONS. In- 
qm Noe (1+z), &e.: A.99. definite : 


d Ei Breck ee Ge y be: 1999; ersin" x cos" e, 
x V Uog ee . 9080 —29 
PIRE and a similarform : 2050—2. 5000. 


Ww c. : * Functions." 


896 INDEX. 


a 


Integrals : CIRCULAR-EXPONENTIAL— 


Integrals : CIRCULAR LOGARITHMIC— 


(continued) : 
(een) = 1.74. 


Limits, 0 to oo : 
9572159539]. 
2583 : 0 to 1, Mém.30. 


ap AUI ba 
cos 


me 2041, 2000 1) 99: Ale 


e€-** gin ræ 
w 
e-® sin bg: 


Care. 
ent ep ye: 9608—11: A.7: 
cos 


with limits— Z 2 to 5 5 Bee. 
ern +e gr 
ccs 


e~* cos mæ sa æ: 2717—20. 


2593—2600. - 


, sin mg, &c. : 


p 2b, and similar: 
2614—8 : M 

e exp f — (29+ & eos a} X &o.: 
2606 : Q.12. 


cos q—26-^* 
e 
w 


e exp (—a%w D 


CIRCULAR-LOGARITHMIC FUNCTIONS : 


g? loe e m - 
e 0002: 
oe" —93" cos nO+1 


Limits 0 to 1: 
n (m log v) / log #, and similar : 26-41 
—3. 
log(1.— 2e C0882) fo, he 


LA 


: A834. 


1—2» cos ¢+«? 
w (1—2?) 
log sine log cose, &c. (timits 0 to E 

E.22. 
Limits 0 to 
log sine: 2635; CM.2: E23: Q.12: 
0 to » and similar integrals, A. 
16. 
log (J 4-ecos «) 
COS æ 
tano log coscc : E.27. 
log (1+ 2? sin2«) . THG. 
J (1— k? sin? æ) i 


log ,& 13 similar : L,732. 


: 2633: 0 to m, 2694. 


(continued) : 

log F « and log /(1—4? sin? æ), each 
with the above denominator: J.92. 
Limits 0 to m : 

log (1—2a cosw+a?) : 2620—2 : L.38: 
QT. 


cos ræ log (1—2a cos 4-a?) : 2625: A. 
13. 
w log sin æ : 2637; æ log sin? a, 2638. 


Limits 0 to oo: 
Cos aw 


log 2 «LIS 
TW: og2cex: A.11 
log (1— 2 a cos ce a?) , 2631. 
1+x2 


Other limits : 
AER US 
9t—bcose 


| F (cos na) log sin 5 de: Z.10. 
0 
AE 
2 * 
cos?"-Da]og tan e de: A.16. 
0 
T 
&" log (1—2 a cos «+ a?) de, and 
similar: J.40,. 
EXPONENTIAL-LOGARITHMIC FUNCTIONS : 


| "e —6 7 log (02u?) de, dsc. J.38. 
e™™ —e7 we 


Le log (1—2« cos vta?) de: J.40. 


0 


MISCELLANEOUS THEOREMS : 
formule of Frullani, Poisson, Abel, 
Kummer, Cauchy, &e. : 2700—13. 


| Fe =fO)—F(@ + 1901—3: A.16. 
"2 (a)—0 9) qu; Mel : n=0, 2700. 


Fo) {4 Q)) ^de: 2001—2. 

NE e (6 of Taylor’s th): LM.13. 

0 w 

. F (w) de, approx. to: O.97. 

[f («—H) ME ) dy : CDA. 

i. p (e+ - 32 D) d, aud similar: 
Me.75,76, 7 

f J(e) p(w) de: L.49. 

| 


>fl d 2 
wy de A ude | vde: AJ.7. 
0 0 


0 
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Integrals : ——- MISCELLANEOUS 
(continued) : 


f DOSAGE 


wuk 


f (u+ k)r+2 du = (—1} i (u)r du: 


0 


A.38. 
1 
Po m (&) Pn (æ) de (Pn « = Legendre's 
coeff.) : Pr.23. 


du 


a Wey ee V(u)--C: J.19. 


es iE p) (+q)? dé 


D PEE 0= pos integer : 


EIE 


9 (sin a cos æ dæ 


í p (cos? æ) cos dæ: A21: 


Jos 5x. 

FIC e) sin ezed (log): Mo.85. 

ji diu ae v, transf. of : 

0 I NW sin 

J.96. 

integrals deduced from 
z" + Pz'-Qz = 0, and y" + 
(P+2R) y + (Q--R (P4- R)--R) 
quee Ie 

[u (e, y) de: J.61: Mo.61 : Q.7. 

mo EE 2 rg, th 2710. 


[Upwards of 8,000 definite integrals have 
been collected and arranged in a 4to 
volume by D. Bierens de Haan; 
Leyden, 1867 (B.M.C.: 8532. ff.)] 


*Integrating factors of d.e: pp.468—471, 


2394. 
*Integrator mechanical: 5450. 
Intercalation : CM.3. 


*Iutercepts, to find : 4115. 
*Interest: 296: N.48,61,64. 
Interpolating functions: C.11. 
*Interpolation : 3762 : A.32,61,62,70 : 
AJ.2: €.19,48,68,92: J.5: L.37, 
46: Me.78: N.59,76 : Q.7,8. 
of algebraic functions, Abel’s th: J.28. 
Cauchy's method: A.2: 0.373: ib 99. 
by circular functions : N.85. 
by cubic and quintic equations : C.25. 


formule: J.2: 0.99,: Mo.65. 
t Lagrange's: 3768 : J.1,84: N.57,01. 
Newton's: N.57,01,71. 
for odd and even functions: C.99. 
* and mechanical quadrature: 3772: 


A.20. 


897 


Interpolation— (continued) : 
by method of least squares: C.973: 
Mém.59. 
* by a parabolic curve: 2992: C.37. 
Stirling's series: Me.68. 
and summation : 1.115,12,14. 
tables: I.11,. 
of values from observation : 
tr, Mém.59. 
Intersection :—— of circles and spheres : 
L.38. 
* of 2 conics: 4916: CD.5,6 : N.66. 
* of 2 curves: 4116, 4133: CM.3: J.15: 
L.54: by rt. lines, Me.80. 
* of 2 planes: 5528. 
of 2 quadries : C.62: N.68, 
of right line and conie: see “ Right 
line." 
of successive loci, ths: N.42. 
of surfaces: J.15: L.54: by rt. lines, 


MEéL2: 


Me.80. 

*Invariable line, plane, conic,and quadric: 
5856 —60. 

*Invariants: 1628: An.54e: C.855: H.42: 


G.1,2,15: J.62,68,69; 1.55,61,76: 
M. 3,5 5,17,19: Me. 81: N.58 ,59,,69, 
70: P.82: Pr7: Q.12: 7.99. 
of binary cubics: An.65. 
of binary forms: of 8th deg., C.84: 
G.2: M.5: simultaneous, M.1. 
of higher transformations: J.71. 
superior limit to number of irre- 
ducible: C.86. 
of a binary quadric : M.3. 
* of a binary quantic: 1648: E.40: 
Me.79: of two, 1650. 
of a binary quartic: M.9: Q.10. 
of a binary quintic, table of irreduci- 
ble: AJ.1. 
of a bi-ternary quadric: J.57. 
* ofa conie: 4417: 4936—5030. 


* of two conics: 4936: N.79. 
of three conics: Q. 10. 
* of particular conics: 1945. 


of a correspondence: G.20. 

differential: M.24: of given order 
and degree belonging toa binary 
10-ic, C.89. 

of d.e linear: C.88: of 4th order, Ac. 


aud covariants of f(a, y2) relative to 
linear transformation: G.17. 

of linear transformations: M.20. 

mutual relation of derived invariants : 
J.85. 

of an orthogonal transformation: J. 
65: LM.13. 

of a pair of homog. functions: Q.1. 

partial: LM.2. 

of points, lines, and surfaces: Q.4. 
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lnvariants— (continued) : 
of a quadric: J.86 : of two, M.24 : Q.6. 
of a quintic : of 12th order, Q.1: of 
lèth order, 0.93 : J.59. 
related to linear equations: C.94. 
of sixth order: G.19. 
skew, of binary quinties, sexties, and 
nonies, relations : AJ.1. 
of ternary forms: G.19,. 
transformation theorem : M.8; Me.85. 
Inverse calculus of differences: N.51. 
*Inverse equation of a curve or inverse 
method of tangents: 5160: No. 
1730: J.26: Mém.9,26. 
*Inversion: 1000, 5212: An.59: C.94,pr 
90: LM.5: Me.66: thsN.61; Pr. 
34: problems by Jacobi, J.89: 
geo. ths, Q.7. 
formule: An.53: Lagrange's, J.42,54. 
of arithmetical identities ; G.23. 
* ofacurve: 5212: G.4: J.14: Pr.14. 
= angle between radius and tangent: 
5212, 5219: E.30. 
of 2 non-intersecting circles into con- 
centric circles: E.39. 
* ofa plane curve: 5212: G.4: Pr.14. 
of a quadric: J.52,76: Q.11. 
of a system of functions: An.71. 
and stereographic projection: E.35. 
*Involute: 5149,—53,—66. 
* ofacircle: 5306: C.26: successive, 
94. 
and evolute in space: CD.6. 
integrals of oblique: C.85. 
* ofa tortuous curve: 5753. 
*Involution: 1066: A.55,63: gzAn.59: 
A¢.637 0D.2: tbOPAT: th E33: 
G.10,20: J.63: N.53,64,65. 
and application to conics; A.4,5. 
of a circle: Mo.66. 
of a cubie space and the resulting 
complex: Z.24. 
of higher degrees: C.99,: JM.72: of 
ord and 4th, An.81: Z.19. 
of numbers, machine for : P.15. 
of n-tic curves: C.87. 
relation between a curve and an n-tie, 
the latter having a multiple point 
of the n—lth order: C.96. 
pencils with problems in conics and 
cubies: N.85. 
of points on a conie: N.82. 
of 6 lines in space: C.52. 
of right lines considered as axes of 
rotation: €.59. 
* systems of points in: 4826, 1898. 
ditto, marked on a surface: (7.99. 
Irrational fractions: decomposition of, 
J.19: irreducibility of, Mém.4 : 
rationalization of, A.18. 
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Irrational functions: M.4: of the 2nd 
degree, C.98. 
Irreducible functions with respect to 
a prime modulus: C.70,90,98: L. 
135. 
Isobaric: — calculus, N.85: homog. 
functions, G.22 : algorithm, N.84. 
Isogonal relations: A.60: Z.18, 20. 
do. represented by a fractional func- 
tion of the 2nd degree: M.18. 
representation of #=%/X and 


ee. 2:0: 
eX" --d 
transformation of plane figures: N.69. 

Isomerism, pr: AJ.1. 

Isoperimeters, method of: N.47,74,82. 
problems: J.18: M.13: Mél. 5. 
triangle with one side constant, and 

a vertex at a fixed point: C.84. 

Isoptie loci: Pr.37. 

Isosceles figures : C.87 : JP.30. 

Isotherms, families of: Z.26. 

Isotropic functions : C.26,,27;. 

Iterative functions: L.84. 

*Jacobian: ths 1600—9 : AJ.3: thZ.10. 
* of 3 conics: 5023: LM.4. 
* formule: d.c.1471: J.84,: Mo.84. 
function: one argument, G.2. 
of several variables : Mo.82,. 
modular eq. of 8th degree : M.15. 
and polar opposites: Me.64. 
sextic equation : Q.18. 
system, multiplicator: M.12. 


Jacobi-Bernoulli function: J.42. 


Kinematics: A.61: AJ.3: G.23: L. 
53,80: LM.thl7: N.82, ths 83 
and 84. 
of plane curves: A.55: N.82: caus- 
ties, Z.23. 
paradox of Sylvester: Me.78. 
of plane figures: MéL26: N.78,80, : 
of a triangle, N.53. 
of a point: N.49,82: barycentric 
method, Mél. 5. 
of sliding and rolling solids: TA.2. 
Kinematic geometry: of space: J. 
90 


of similar plane figures: Z.19,,20,28. 
Knight’s move at chess: C.31,52,74: 
CD.7: CM.3: E.41: N.54: Q.1-4. 
Knots: TE.28: with 8 crossings, E.33. 
*Kummer's equation, 1.c. : 2706. 
rational integrals of: M.24. 
an analogous eq.: C.99. 
Kummer’s 16-nodal quartic surface: 
0.02: J.8t. 
figures of: M.18. 
lines of eurv. of: J.98. 
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Lamé's equation: An.79: C.86,90,91, 


ths92. 
Lamé's functions: 0.87: J.56,60,62 ; 
*Lagrange's theorem (d.c): 1552: 
0.60,277: OD.6: CM.3: Mél.2: 


gzC.96 and Me.85: gzQ.3. 
*Lambert’s th. of elliptic sector: 6114: 
of a parabolic sector, A.16,33,48 : 


Me.78: Q.15. 
*Landen’s th. of hyperbolic arc: 6117: 
E.21. 


Laplace's coefficients or functions: see 
* Spherical harmonics.” 

Laplace’s equation: and its analognes, 
CD.7 : and quaternions, Q.1. 

Laplace's th. (d.c) : 1556. 

Last multiplier, Jacobi's th. of : L.45. 

Lateral curves: À.58. 

*Latus rectum : 1160. 

*Law of reciprocity: N.72: d.e,94406. 
ext. to numbers not prime: C.90. 
*Least divisors, table of, from 1 to 99000 : 

page 7. 
Least remainder (absolute) of real 
quantities: Mo.85. 
Least squares, method of: A.11,18,19 : 
AJ1:  €C3437,0:  CP.8,11: 
G.18:; — J.26: L.52,53,67,75 : 
Me.80,81: Mél.1,4: gzZ.18. 
Legal algebra (heredity): N.63. 
*Legendre's coefficient or function, X,: 
2050 CIO ai 22/9: 
Me.80: Pr.27. 
and complete elliptic integral of Ist 
kind: Me.85. 
rth integral of and log integral of: 
Me.83. 
product of any two expressed by a 
series of the same functions: 
Pr. 


Legendre's symbol (5): Mél.4,5. 


Leibnitz’s th. in d.c: 1460: N.69: a 
formula, Mo.68. 
*Lemniscate: 5317: A.55,0n3: At.51: 
thsE.4: L.46,47: Me.68: N.45. 
chord of contact, en: Z.12. 
division of perimeter: C.17: L.49: 
into 17 parts, J.75 : irreducibility 
&c. of the partition equation, 
J.99,. 
tangents of: J.14: cnZ.12. 
Lemniscatic geometry: Z.212: coordi- 
nates, Z.12 ; of nth order, J.89. 
Lemuiscatic function: —biquadratic 
theorem, multiplication and 
transformation of formulæ, J.30. 
Lexell’s problem: LM.2. 


*Limaçon: 5327: 0.98: N.81. 
Limited derivation and ap. thereof: 


Limiting coefficients : 0.37. 
Limits: theory of, Me.68. 
of functions of two variables: M.11. 


of (eS when =œ: L40: 
v 
N.85: Q.5. 
Life annuities: A.42: cn of tables, P. 
59. 
Linear : associative algebra: AJ.4. 


construction: Man.5l. 

coordinates in space: M.1. 

dependency of a function of one vari- 
able: J.55. 

dependent point systems: J.88. 

forms: L.84: with integral coeffi- 
cients, J.86,88. 

function of n variables: G.14. 

U? — V? where U, V are products of n 
linear functions of two variables : 


CD.5. 
geometry, th: M.22. 
identities between square binary 


forms: M.21. 
systems, calculus of: JP.25. 


Linear equations: A.51:,70: Ac4: C. 
81,th94.: G.14: J.30: JP.29: L£ 
39,66: Mo.84:: N.51,75,800: Z. 


doo 
analogous to Lamé's : C.98. 
with real coefficients : M.6. 
similar: N.45s. 
solution by roots of unity: 0.25. 
* systems of: 582: A.10,29,52,57: G. 
15: €.81,96 : L.58: N.46s. 
in one unknown: €.90: G.9. 
of nth order: J.15. 
* standard solution: 582: Q.19: gen. 


symbolic solution in connexion with 
the theory of permutations: C.21. 
whose number exceeds the number of 
variables: N.46. 
Lines : alg. representation of: C.76. 
* de faits et de thalweg" in topo- 
graphy: L.77. 
generated by a moving plane figure: 
C.86. 
of greatest slope: A.29: and with 
vertical osculating planes, C.73. 
loxodromic: J.11. 
six coordinates of: CP.11. 
*Lines of curvature: 5773: A.34,97: 
An.53: 0.742: OD.5 : L.46: M2, 
Os £D N./0 > Qi, 
of alg. surfaces: Z.24. 
* and conics, analogy: 5854: Me.62. 
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Lines of curvature— (continued) : 
dividing a surface into squares: C. 
74: LM.4: Mo.83. 
of an equilateral paraboloid: N.84. 
of an ellipsoid: A.38,18: An.70: ths 
OD.3: CM.2,3,4: JP.1: N.81. 
comparison of ares of, by Abcl's th : 
An.69. 
and of its pedal surfaces: Q.12. 
projection of: Z.2. 
rectification of: An.73. 
generation of surfaces by: J.98: N. 
Iio 
and geodesics of developables: L.59. 
* nearan umbilic: 5822: A.70: Q.10. 
osculating plane of : 5835. 
* plane, condition for: 5843: An.68: 
C.365,422,96 : G.22: Me.64. 
plaue or spherical: An.57 : C.46 : JP. 
20: L.53. 
* of a quadric: 5899—4: C.22,,49,51: 
G.11: J.26: Me.1: N.63ə: Pr.92: 
T1.14. 
* pd constant along it: 5836. 
projected from an umbilic into con- 
focal Cartesians: E.19. 
* quadratic for yz, giving the direc- 
tions : 5810. 
of two homofocal quadries: L.45. 
of quartic surfaces: 0.59: L.76. 
of ruled surfaces: C 78. 
spherical: C.36;42.. 
and shortest distance of 2 normals 
one of which passes through an 
umbilie : L.55. 
of surface of the 4th class, correlatives 
of cyclides which have the circle 
at infinity for a double line: C.92. 
of the tetrahedral surfaces of Lamé, 
&c.: C.84 
and triple orthogonal systems: M.3. 
*Linkage and linkwork: 5400—31: E. 
28,90: Me.75: N.75,78. 
* 3-bar: 5490, E.34; 4-bar, Me.76. 
conjugate 4-piece: LM.9. 


* 


* for constructing :——an ellipse: 5426. 
a lemniscate: AJ.1. 
* a limaçon : 5427: Mo.76. 


qund cA 
m root of a cubic equation: 5129. 
* Harts: 5417: LM.6,8:. 
* Kempes: 5101: Pr.23. 
* 


Peaucellier's: 5410: E21: LM.6: N. 


8g. 
the Fan of Sylvester: E.32. 
the Invertor : 5419. 
the Multiplicator : 5407. 
the Pentograph : 5423. 
the Plagiograph : 5124. 
the Planimeter : 5452. 


Linkage and linkwork— (continued) : 
the Proportionator: 5423. 
the Quadruplane: 5422. 
the Reciprocator: 5419. 
the Reversor: 5407. 
the Translator: 5407. 
the Versor-invertor: 0422. 
the Versor-proportionator: 9124. 
Lissajons’ curves: A.70: M.8. 
*Lituus: 5300. 
Loci, classification of: C.89,85: P.78: 
us. 
Locus of a point: the centre of a circle 
cutting 3 circles in equal angles: 
N.53. 
the centre of collineation between a 
quadrie surface and a system of 
spherical surfaces : A.65. 
dividing a variable line in a constant 
ratio: gzÀJ.9. 
of intersection of common tangents 
to a conic and circle: N.68,79. 
of intersection of curves: CM. 
ditto of two revolving curves: N.64. 
on a moving right line: L.19. 
on a moving curve: Mém.18. 
the product of2 tangents from which, 
to 9 equal circles is constant: 
An.64. 
at which 2 given lengths subtend 
equal angles: A.68. 
whose sum of distances from 3 lines 
is constant: A.17,46: from 2 
lines, N.64: from lines or planes, 
A.195, prs and ths31. 
whose distances from 2 curves have a 
constant ratio: Àn.98: or satisfy 
a given relation, A.33 symbolic f. 
Locus :——of pole of one conic with 
respect to another: N.42. 
of remarkable points in a plane tri- 
angle: A.49. 
of vertex of constant angle touching 
a given curve: N.61. 
of vertex of quadrie cone passing 
through 6 points: N.63. 
*Logarithmic :—— curve, 5284; quadra- 
ture, N.45. 
integral: A.9,,19: J.17 : 2.6. 
numerical determination : A.11. 
of a rational differential: J.3. 
parabola: CD.7. 
potentials: M.9,4,8,15,16 : /4 8X 
rational fractions: A.6. 
systems: A.14. 
transcendents: P.l4. 
waves: LM.2, 
*Logarithms: 142: P.1792, 1787, 1806, 
17: 200 26. 
and anti-logarithms, en : 1.12,24. 
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Logarithms—(continued) : 


* 


* 


calculation of: 688: A.24,27,42: LM. 
1,5: Me?4: N.51: Pr31532: 
TE.6,14 : TI.6,8. 

Huyghen's method : C.66:,68,. 

and circular functions from definite 
integrals: A.65. 

common or Briggean: A.24. 

constants in integral: J.60. 

of different orders of numbers : L.45. 

higher theory of : trA.15. 

impossible: CM.1. 

natural, or Napierian, or hyperbolic : 
A.25,26,57. 

of commensurable numbers or of 
algebraic irrationals : C.95. 

base of: see “e.” 

modulus of : 148: A.3. 

of negative numbers: No.1784. 

new kind of: J.70. 

powers of: CM.2. 

of sum and difference of 2 numbers : 
A.45. 

with many decimal places: N.67. 

of 2, 3,5, 7, 10 and e all to 260 decimal 
places: Pr.27. 

of 2, 5, 0, I0 and e to 205 places: Pr. 
6,20. 

of primes from 2 to 109: table viii.,p.6. 

tables of log sines, &c. cn: Q.7. 

Logic, algebra or calculus of: A.6: AJ. 
3,72: CD.3 : M.12: Man.71,76,82;: 
QT 

of equivalent statements: LM.11. 

Logic of numbers: AJ.4. 

Logocyclic curve: Pr.9: Q.3. 

Longimetry applied to planimetry : J.52. 

Loto, game of: L.42. 

Loxodrome: eqA.21: N.61»: Z.5. 

of a surface of revolution: N.74. 

of cylinder and sphere: A.2. 

of ellipsoid and sphere: A.32. 

of paraboloid of rotation : A.13. 

Loxodromic triangle upon an oblate 
spheroid: A.27. 

Lucas’s th: G.14: analogous f., G.13. 

Ludolphian number: Mo.82. 

Lunes: J.21. 


*Maclaurin’s th. (d.c): 1507:  A.12: 


CM.3:: J.84: N.70. 
symbolic form: CM.4. 
Maclanrin-sum-formula: J.12. 
Magical equation of tangent: Q.6. 
Magic :——cubes, Q.7: CD.1. 
cyclovolute : TA.5,9. 
parallelopiped : A.67. 
rectangles: A.65,66. 
squares: A.21,57,66: CD.1: CM.4: 
E.8: J.44: Me.73: Pr.15,16: Q. 
GROS IDA a.) 


Malfatti’s problem, to inscribe 3 circles 
in a triangle touching each 
other: A.15,16,20,55 : J.10,45,,76, 
20,5 So REND TCERTOCOE S2. DE. 
6: Q1: TE24: Z.21. 

Malfatti's resolvents of quintie eqs: A. 
45. 

Malm's surfaces, th: J.84,88. 

Mannheim, two theorems: G.8. 

Martin’s measure of distance : A.19. 

Matrices: E.42: LM.416: thMe.85: 

P.08,66: Pro Tf 


(a,b) a inet n — Cet | 
le BBG nueshuan OS a 
Me.80,. 


Cayley's th: LM.16: Me.85. 

equation, px = æq : C.99s. 

of 2nd order : linear eq., C.992: quad- 
ratic, Q.20. 

of any order: linear eq., C.99,,. 

notation of: J.50. 

persymmetrical, th: E.34. 

product of: G.5,11. 

roots of a unit matrix: C.94. 

whose terms are linear functions of v : 
J.50. 

*Maximum or minimum: 58, 1830: A.4, 
13,22,95,49,59,60,,70 : 0.17,24 : J. 
48: JP.25: Me.1,ge05,72,76,81, 
88: N.43: Z.13. 

* problems on: 1835—40, 1817: A3, 
ge019,98,99: geoL.42: Mém.11, 
a paradox, N.63. 

of an arc as a function of the abscissa : 
J.17. 

* continuous: 1866, 

of a definite integral: Z.21. 

discontinuity in: CD.3. 

distanees between points, lines, and 
surfaces, geo: At.65. 

duplieation of results: Me.80. 

ellipse which can pass through 2 
points and touch 2 right lines: 
A.14. 

elliptic function method: Mél.5. 

of figures in plane and in space : CM. 
3: L.41: J.2t: Z.1l. 

* functions of one variable: 1830: ditto. 
with an infinity of max. and min. 
values: J.63. 

* functions of 2 variables : 1811: Mém. 
91: Q.5,6: Lagrange's condition, 
CM.2. 

* functions of 9 variables : 1852 : CD.1: 
prs 1860—5. 

* functions of n variables : 1862: L.49: 
Mém.59 : Q.12: symmetrical, 
Méál.2. 
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Maximum or minimum—(continued) : 

of in- and circum-polygon of a circle: 
A.29,30: do. of ellipse, and analo- 
gous th. for ellipsoid, An.50. 

indeterminates : CM.4. 

in-polygon (with given sides) of an 
ellipse: A.90. 

by interpolation, f: A.25. 

method of substitution: A.23. 

of multiple definite integrals: Mél.4. 

planimetrical groups of: A.2. 

of single integrals between fixed 
limits: J.54,69: M.25. 

of the sum of the distances of a point 
from given points, lines, or 
planes: J.62. 

of the sum of the values of an integral 
function and of its derivatives: 
L.68. 

solids of max. vol. with given surface 
and of min. surface with given 


vol.: 0.63. 
* of [ I (v, y)ds, &e., to ind s: 3070—2. 


* of ff F (x, y, z) dS, &e., to find S : 3078 
—80. 
Maximum :——ellipse touching 4 lines : 


ellipsoid in a tetrahedron : Z.14. 
of a factorial function : Me.73. 
polyhedron in ellipsoid; A.32. 
of a product: N.44. 
of a sphere, th: N.53. 
* solid of revolution: 3074. 
tetrahedron : in ellipsoid, A.32: 
whose faces have given areas, C. 
54,66: N.62,. 
* volume with a given surface: 2082. 
of SLT. A.36,: of 2/e, &c., A.49. 
æ 
of ae 4- by 4- &c., when «2-4 y? 4- &c.—1: 
N.46. 


Mean centre of segments of a line cross- 
ing three others: A.40. 


Mean distance of lines from a point : Z. 


Mean error of observations: A.25; C. 
377: T1.22. 
in trigonometrical and chain measure- 
ments: A.46; Z.0. 
Mean proportionals between two lines : 
A.31,21. 


Mean values: C©.18,20,23,26,272: 1.67: 
LM.8: M.6,7: 7.3. 
of a function of one variable: G.16: 


of 3 variables, C.29. 
and probabilities, geo: C.87: L.79. 


*Measures of length &c. : page 4. 
exactitude of: Z.6: do. with chain, 


Mechanical calculators: C.28: 1.16: 
P.85 


for “least squares": Mél2. 
Mechanical construction of :——curves: 
M.6: N.56. 
Cartesian oval: AJ.1. 
conics: An.52: three, N.43. 
ellipse: A.65: Z.1. 
lemniscate: A.3. 
conformable figures: AJ.2. 
cubic parabola: N.58. 
curves for duplication of roots : A.48. 
(a2—x?)/y : E.18. 
surfaces of 2nd order and class : J.34. 
Mechanical : division of angles : Q.4. 
measurement of angles: A.61. 
* integrators: 5450; C.92,94,95 : Pr.24, 
for Xde+ Ydy: Me.78. 
involution: AJ.4. 
* quadrature: 3772: A.58,59: J.6,63 
gzA.66 and C.99. 
solution of equations: Me.73: N.67. 
linear simultaneous : Pr.28. 
cubic and biquadratie, graphically : 
A.1 


Mensuration of casks: A.20. 
Metamorphie method by 
radii: N.54. 
Metamorphie transformation : N.46. 
Metrical :——system: H.30. 
properties of figures, transf. of: N. 
58,59,60 : J.4. 
properties of surfaces : AJ.4. 
*Meunier's theorem : 5809: gz0.74. 
Minding's theorem : Quaternion proof : 
LM.10. 
Minimum :—— theory of : L.56: prM.20. 
angle between two conj. tangents on 
a positive curved surface: A.69. 
area: J.67. 
of cireum-polygon: CD.5. 
of a hexagonal “alvéole,” pr: N. 
43. 
circum-conie of a quadrilateral: A. 
19: An.5t. 
circum-tetrahedron of an cllipsoid : 
V 
circum-triangle of a conic: Z.28: of 
an ellipse, 7.25. 
curves on surfaces: J.5: 
desies." 
distance of 2 right lines: G.t; of a 
point, ths: A.S. 
ellipse through 3 points and ellipsoid 
through 4: L.42. 
ellipsoid, th: Mo.72. 
N. G. F. of a binary septic: AJ.2. 


reciprocal 


see “ Geo- 
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Minimum :——theory of— (continued) : 
numerical value of a linear function 
with integral coefficients of an 
irrational quantity : C.53,54. 
perimeter enclosing a given area on a 
curved surface: J.80. 
questions relating to approximation : 
Mél.2: Mém.59. 
* sum of distances from two points: 
920—1. 
sum of squares of distances of a point 
from three right lines : Z.12. 
sum of squares of functions: N.79. 
Minimum surfaces: ——eqA.38: G.14, 
22: J.81,85,87,ext78: Mo.67,72 : 
projective, M.14: metric, M.15. 
algebraic : M.3: lowest class-number, 
A ro. 
not algebraic and containing a succes- 
sion of algebraic curves: C.87. 
arbitrary functions of the integral eq. 
of: C.40. 
between 2 right lines in space: C.40. 
generation of : 1.63. 
representation of by elliptic functions: 
20 


of a twisted quadric: At.52. 

limits of (Cale. of Var.): J.80: on a 
catenoid, M.2: determined by 
one of the edges of a twisted 
quadrilateral, Mo.65. 

variation of surface, capacity of : Mo. 


Minimum value of 
1 
| (4+Be+0:2+&c.)de: N.73. 


of f v (dæ? +dy?+...) when the varia- 
bles are connected by a quadric 
equation: J.43. 

Models: LM.39: of ruled surfaces, 
Me.74. 

Modular :——equations: An.79: of 8th 
degree, 59: C.483,49;,66: M.1,2: 
Mo.65: see also under “ Elliptic 
functions.” 

degradation of: M.14. 

factors of integral functions: C.24. 

functions and integrals: An.5l: J. 
18,,193,20,21,23,25 ; M..20. 

indices of polynomials which furnish 
the powers and products of a 
binomial eq: 0.25. 

relations : At.65. 

Modulus; of functions, principal: 

C.20. 
of series : C.17. 
* of transformations: 1604: A.17. 
*Momental ellipse: 5953. 
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*Momental ellipsoid: 5925, 5934; for a 
plane, 5996. 

*Moment of inertia: 5903: An.63: At. 
43: M.23. 

* of ellipsoid: 6150: CD.8: J.16. 

by geometry of 4 dimensions: Q.16. 

* principal axes: 5926, 5967, 5972: At. 

43 


* ofa quadrilateral: 5951: Q.11. 
of solid rings of revolution: Q.16. 
* of a tetrahedron: 5957. 
* of a triangle: 5944: Me.4: Q.6: 
polar, N.83. 
* of various laminz and solids: 6015— 
6165. 
Monge's theory “des Déblais et des 
Remblais " : LM.14. 
p i systems and related ones: 
J.98. 
Monodrome functions: 0.43: G.18. 
Monogenous functions (Laurent’s th): 
Ac.4, : C.32,43. 
Monotypical functions : C.32. 
Monothetic equations: C.99. 
Mortality : A.39. 
** Mouse-trap " at cards: Q.15». 
Movements: JP.15. 
elliptic and parabolic: JP.30. 
groups of: An.69. 
of a plane figure: thAn.68: 
28: LM.3. 
of au invariable system : C.45. 
of a point on an ellipsoid: AJ.I : J.54. 
relative: JP.19: of a point, L.63. 
of a right line: C.89: N.63. 
of a solid: JP.21. 
transmission of and the curves result- 
ing: JP.3. 
of “ahnlich - veránderlicher" and 
* affin-veránderlicher " systems: 
Z.24 and 19. 

*Multinomial theorem : 197 : Me.62. 
Multiple-centres, geo. theory: L.49. 
Multiple curves of alg. surfaces : Au.73. 
Multiple Gauss sums: J.74. 

*Multiple integrals: 1905,2825: A.64: 


An.52. CS tbsC DOT e 
36: J.69: L.39,494,45.,46,th48,56: 
LM.8,: Me.76:: Z.15,3. 


* double: 2710, 2734—42: A.18: Ac.5: 
An.70: J.27»: G.10: L.58, : Mém. 
30. 
approximation to: J.6. 
Cauchy’s theory, ext. of : C.75», 
x change of order of integration: 
97751 A.19. 
expressing an arbitrary function: 


meses cite Tale AE 
residues of: C.75,. 
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Multiple integrals, double—(continued): Multiple integrals—(continwed) : 


hi- (0°27) de dy volume integral of 
na OEE y} e (Z4 COE 7.14. 
a b € 
=. L8. 
2 fife exp (—a?—4/?—2?), «?ytz dedy dz: 
same with log of numerator: L.50. N.54 
Ii (v —e)(dy dz —dzdy')+sym MI NUES S ary? ...de dy... 
ee) ie with limits 0 to o» in cach ease 
= dmm: C.66. (Pfaff): J.28. 
mmeo ea HDD — a i de 
IIO \\ Feu ae cos?) \| dcos) (Oe ee M s 
2 20. continuous functions: TI.21. 
cos iw cos je dedy —— E Ld : . 
2 AER Joost Sy do. with n 2 and with a numerator 


—«) E y CM.3. 
T. ONT m Us E a J 


2 es a ff SC Ko U NS e dy dz ... where 
[| T Ge+ty) de dy: 3.42. 7 0-2 uh NN 
[ete eo) dida. 06. (us ge? hit ee oe 
Ps) arising from (2604), viz : 
I $ (a«" by") a? yt! dw dg: J. [^ exp es A dæ: Pr.42. 
37. 0 g? 
evaluation: A.5: by Fouriers th *Multiple points: 5178: CM.2: thG.15: 
CM.4. | Me: Q.2,6 
expansion of: Q.8. on algebraic curves: An.52: L.42: 
Frullanian: LM.15. N.51,59,81, at oo 645. . 
limits of : LM.16. on two curves having branches in 
reduction of: An.57: L.41,39. contact : Eun 
by transf. of coordinates; C.13. on à surface: J.28. 


x *Multiplication : 28: J.19; abridged, N. 
fF (tyt...) o (aetbyt...) dedy 79. 
sso USES by a Me.68. 


: Multiplicator equations: M.15. 
of theory of attraction : CD.7. e BD dic : k 
* transformation of: 2774: A.10: An. us A P J.842,86 : 
53: No.47: OMA: MóL2: Mém. | anus! E3728. Pr97 
38: Q.4,19. usic: uA dl 3; : r.o. 


an indef. double: J.8,,10. 


e aan ar ion quo. | No a 


Navigation, geo. prs. of use in: A.98. 


gie +... Yada: LM.11. Negative in geometry : No. T 
* triple: 2774: A30: J45. Nese Tu At.50: N.4-45,67 : 
í 


which are unaltered in form by trans- Nephroid LM.10 


ees of the variables: J.15, Net surfaces: J.1,2: M.1: any order, 


An.64. 


fff... dedydz ...: Q25. quadrie: J.70,82 : M.11. 
* E E l uartic: M.7. 
M Hay c Eo 1 blu 2 ..ovith Ti Sere (o 
different limiting equations: trigonometrical : Z.14. 
2825: CM.2: L.5]. having a 3-point contact with the 
* some other integrals evaluated by T intersection of two algebraic sur- 
functions: 2826—34. "€ pe. R Me. 
Alias Soot Oe ewton, autograph m.s.s Oi: AZ. 
JEFE (Gaby pes apt, *Nine-point circle: 954, 4754: A41: E. 
a^ Tr Uy o2) de dy dz, limits 7,90,th3J5,pr39: G.l,ths4: Me.64, 


+ o: A30. 68: Q.5—8. 
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Nine-point circle—(continucd) : 
an analogous circle: A.ol. 


* contact with in- and ex-circles : 959: 


3 


Me.82: Q.13. 
and 12-point sphere, analogy : N.63. 
Nine-point conic of a tetrahedron : 
Me.71. 
Nonions (analogous to Quaternions): 
Non-uniform functions: C.88. 
Nodal cones of quadrinodal cubies: Q. 
J 


Node cusps : Q.6. 
Nodes, two-plane and one-plane: M.22. 
‘Normals: 1160: 4122—3, 5192: A.13, 


53: LM.9: p.eMe.66: Z.cn2 and 3. 
of envelopes: Me.80. 
plane of a surface: 5772. 
principal: 5722: condition for being 
normals of a second curve, C.85. 
of rational space curves: J.74. 
section of ellipsoid (geodesy): A.40. 
of a surface: 5771, 5785 : C.52: CD.9: 
CM.2: L.39,47,72 : M.7. 
coincident : LAS. 
transformation of a pencil of: C.88). 


*Notation (see also “ Functions ") : 


* 


* 


A,B,O,F,G,H : 1612. 

ee DS Hp 7.50.07. 

(10203) : 994. 

(n) (3), Jacobi’s function (see 
* Functions "). 

a^ or a"? ; 2451. 

a+= —.:160. 

Ba, Bernoulli's nos.: 1559. 

O (n,r) or C,,: 96. Otherwise 

C (n,3) = number of triads of v things, 
&c. 

(3) = rth coeff. of nth power of (1 +e): 
also Jacobi's function (see ** Func- 


tions ^"). 
D: 3489: d,,d,,, &e.: 1405. 


diy, de, t, &o.: 1407. 


d (ww) | 
dy) 1909. 


*A: 582, 1641, 3701; A’, 1645. 
*HE: 902, 3735. 
Res 150, 1151. ^ ^ 


1 
e expe4- — ore 
e 


1 gis 
az 
w 


e 


*f (æ): 400, 1400; f^! (e), 430. 
Xf" (a) f^ (æ): 424, 1405. 


Notation—(continued) : 
*6 (aBy) =u: 4650; 9 (Apy) or U, 4665. 
*(w,.: 3732. 
*H (n, v): 98. 


*J: 1600. 
N.G.F 2 numerical gencrating func- 
tion. 


N=b(mod7*) signifies that N—D is 
divisible by r. 

[n=a™=n!: 94, 9713. 

v as operator: 3500. 

P (n, r) or Paran: 95. Also, 

P (n, r) = number of triplets of x 
things, &c. 

y (x) or Z'(z) = d. log T (v) : 2743. 

Iè, r, fa: 909—13. 

S», Sm 994; Sa, 2940. 

sin-!, &e.: 626; sinh, &c., 2180. 

=: 3781—3. 

Uy: 3499. 

Gà (n) = sum of divisors of n. 


* 


* % 


n yo n v 
CO E e 2 (4) = integer next 
d =d d 
n 
m 
d 


quem n 
[ d= integer next > — 
F 


va 
im] = pth coeff. of (1+«)”. 


4 = not less than; > = not greater 
than. 


(+) =denominator to be stated after- 
wards. 


( X ) and ( X ): 1620. 


algebraic: CP.3. 

for some developments: C.98. 

coutinuant = contd. fraction determi- 
nant. 

median = bisector of side of a triangle 
drawn from the opposite vertex. 

subfactoriat : Me.78. 

suggestions: Me.79. 

*Numbers (sce also “ Partition of,” and 
“Indeterminate equations"): 349: 
A.2,16,26,58,59: Ac2: AJ.4,6: 
C.£12,43,4-45,45,,f60: CM.1: G.16, 
32 : J.9,,39,40,,48,77 ; tr,273,28and 
292: JP.9: L.37—99,41,45,58,,50, 
60: LM.4: Mém.22,24; tr(Euler), 
30: N.445,62,79: Q.4: TH.23. 

ap. of algebra, J P.11 ; of F function, 
No.81; of infinitesimal analysis, 
AED Pa M 

formulas: L.645655. 


relation of the theory to i.e: C.82. 


5 5 
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Numbers—(continued) : 

approximation : to VN, E.17; to 
functions of large numbers, 0.82. 

binomial eqs. with a prime mod : C.62. 

cube: Q.4. 

cubic binomials: «3+y3: C.61,. 

determined by continued fractions: 
LM.29. 

digits, calculus of, th: J.30. 

digits terminating a power: A.58: 
N.46. 

Dirichlet's th. 3 E) = ( (m) : L.57. 


2 


Dirichlet's f. for class numbers as 
positive determinants: L.57. 
division of: A.26: J.13: Mél3: Pr. 

7,10; by 7 and 13, A.25,26; by 
are? vy?, Mém.15: P.17,88: Q. 
19,20. 
divisors of y?+ Az? when A=4n+3 
a prime: J.9. 
divisors arising from the division of 
the circle: L.60. 
1m--1and 4i--3 divisors of a num- 
ber: D MIS. 
factors of: Mém.41. 
Gauss's form : L.50. 
integral quotients and remainders: 
An.59. i 
large, analysis of: A.2: C.2,29. 
pl with continuous variables : 
Al. 
multiples of : 0.2. 
non-pentagonal th: J.91. 
number of integers prime to » in 
nl= ¢ (n): L.57. 
odd: A.l: and prime to all squares, 
C.67 


Pellian equation: prA.49: LM.15: 
sol. by ell. functions, Mo.63. 

perfeet: O.81: N.79. 

polygonal, Fermat's th. of : P.61. 

polynomials having determinate prime 
divisors : C.98. 

powers of, 12 theorems: N.46. 

prime to and < N: A.3,29: E.98,: 
J.31: N.45, 

prime to and < the product of the 
first n primes: A.66. 
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Numbers—(continued) : 


representation of by forms : C.92 ; by 
infinite products, A.1. 
square having prime factors of the 
form 4n+1: N.78. 
squares of: J.84: M.13: Pr.63,7. 
three in ar.p: N.62. 
sums depending upon FE (x): L.605. 
sums of digits: Me.66: TH.16. 
sum and difference of two squares: 
thsN.69. 
sums of divisors: 377: Ac.6: G.7: 
L.63,: Mél.2: Mém.50. 
sums of powers of (sce also * Series "): 
276, 2939: An.61.65: thCD.5: 
Me.75: N.42,56,70: Q.8. 
of cubes: An.65: L.66; of the odd 
nos., A.64. 
of n primes: N.79,; 4th powers, 
A.54., 
of squares: A.67. 
of uneven orders: Mo.57. 
symmetrical functions of: Q.7. 
systems: Z.14; history of, by Hum- 
boldt, J.4. 
theorems: <A.7,10,20,49: An.70: C. 
2543,83: CM.9: G.8: L.48,52: 
N.75; Cauchy’s, g2C.53; Eisen- 
stein’s, J.27,50,83 : LM.7: Q.5,6. 


Ganss's on X = <r : C.98. 

Lagrange’s arithmetical: A.47. 

p^ --q" in terms of pq: N.75. 

on 2^1: 0.85,86: Me.78. 

2, biqnadratic character of: C.57, 
66: L.59. 

on (n+1)»—n”: N.44; p; (1), L.69. 

on 1" —9)5 (n—1l)-F, &c.: 285: A.30. 

on 2i» positive numbers : N.43. 


on P (n)J-E bon) TX 
in—l 
on the greatest product in whole 
numbers of given sums: J.57. 
on an odd sum of 12 squares: L.60. 
on products of sums of squares: G.2. 
on 4 squares: N.57. 
on 2, +, 8, and 16 squares: Q.17. 
on q (a) -- $ (a) -, &e. = n, where a, 
a’, &c.,arethe divisors of n: Cm.3. 


prime with respect to a given ar.p: | Numeration, ancient decimal: C.6,8,. 
C.54. 


Numerical approximations : N.42,,55. 
Numerical functions: L.57: Me.62. 
simply periodic: AJ.1. 
snms of, approximately : C.96. 
which express for a negative deter- 
minant the number of classes of a 
rational linear functions taken with quadratic form, one at least of 
respect to a prime modulus, and whose extreme coellicients is odd : 
connected substitutions: C.48,. C.62,. 


prime to the radix having multiples 
made up of repeating digits: 
Mo.76. 

products of divisors of: Q.90. 

quadratic forms of : Mém.53. 


INDEX. 
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Obelisks: A.9,11. 
Oblique : bevilled wheels, en: J.2. 

* coordinates: 4050, 5511—9 : £N.5-4. 
cyclic surface: TI.9. 
and osculating circle of a conie : G.22, 

Octahedron function: Q.16. 

Octahedron, centroid of: LM.9. 

Octic equations: G.7,10; and curves, 
M.15». 

Octic surface: G.19: M.4: Q.14. 

*Operative or symbolic caleulus: 1483, 

3470—3628: AJ.4: C.17: G.20»: 
J.5.59 2 DM.I9s: Mes2.85: P.97, 
44,60—63: Pr.10,11412513,: Q. 
4,5,8. 

applications : G.19: Me.82. 

algebraic: TH.14; ap. to geometry, 
CM.12; =, CM.3. 

expansions: Pr.14.. 

formule: C.59,. 

* index symbol: 1485: CD.6. 
integration: CD.9 : exMe.76. 
representation of functions: C.43; 

cCD.2. 
seminvariaut operators: Q.20. 
on the symbols e", logy, sin w, cos e, 
sin^'e, cos-'w: A.9,11. 
theorems: A.57: CD.8,: LM.11: Q. 
32,15,163; from Lagrange's series, 
Q.16; from mpu—pouw = pu, CD.5. 
*Operators: dz, 1405; ef: 1520—1, Q.9e. 
* (d,—m)-!, &e. : 3470—85; gz of 3474, 
C.43. 

* D(D—1)..(D—n--1): 9489. 

* m = gd +ydy+&ce.: 3500. 
expansions and formulæ for : 

* F (ad) U, where U =f (x) = a+be+ 

c«?4- : 3486. 
* f(D) uv, 3494: uf(D)v, 3495, with f 
as above. 
D"f(«D)U: E.36. 

* fo(D)e"]"Q: 3491. 

EDI ese.) His 
Da dl 


6 = Fa)= UH F(e+1): E.36. 
QF (a,x): Q.18. 

aae fa v ydzb /(wi)t, &e.: C96. 

Ff (e+hD) .1: E.39. 

Y (e) de = $ (dyte) vy: 3498, 
reduction of F (mı) : 9508. 

F (7) U and F-! (r) U: 3509—10. 

C (um) unm 1 : 3514. 

transformation of Vd.. Ud,..., &c: G. 
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Orthocycle 2 Q17, 


Orthogonals, algebraic system of: C.69. 
*Orthogonal :——circles: 4170, 4182—4 ; 
of in- and cireum-circles of a tri- 
angle, Q.18. 
circle and conic: E.7. 
coefficient system: A.2,61. 
coordinates: C.60; curvilinear, JP. 
26. 
conics: N.84; families of, A.63. 
curves: J.35: N.52,81. 
system from logarithmic repre- 
sentation: Z.16. 
* lines of a triangle: 4633. 
lines and conics : 0.72. 
* projection : 1087. 
in metrical projective geometry : 
GM.14. 
of a circle into an ellipse: A.2. 
of a triangle: E.20,91,36,97. 
substitution: J.67: M.13: Z.94. 
surfaces: C.29, spheres 36,545,59,72, 
79,87,ths17 and 91: J.84: JP.17: 


L.43,44,46,47,63: N.51: P.73: 
Pri Qo 

cubic eq. for: C.765. 

with elliptic coordinates: C.58: 
J.62. 

and isothermal: C.84: JP.18: L. 
49,49. 


systems: C.67,75,: M.7; condition, 


J.83; quadric, J.76; parallel, 
M.24. 
triple: A.55 — 58:  An.69,77,85: 


C.alg58i67 5 cydio G21 22] a 
quartic, 82: 7.23. 
trajectories : L.45 : Me.80: Z.17. 
of circles : Me.85. 
of circular sections of an ellipsoid : 
L.47. 
of a moveable plane: Pr.41. 
of a moveable sphere: C.42. 
of a surface: Mém.20. 
Orthomorphie projection of an ellipsoid 
on à sphere: AJ.3. 
Orthomorphosis of a circle into a para- 
bola: Q.20. 
Orthoptic : lines of a conie: A.57. 
loci of: LM.18: Pr.37; of 3 tangs. 
to a quadric, E.40. 
surface of a quadric: J.50. 
Orthotomie circles : Me.64,66; Q.2. 
*Osculating : circle: 5724: L.39. 
of conics: A.70: N.60. 
of a family of curves: N.70. 
of a parabola, ths: N.66. 
of quadric curves N.43. 
of tortuous curves : N.8]. 
* cone: 5727: angle of, 5752. 
conic: 1.39: triply, A.69 : Z.19. 
of a cubic curve: J.68:: Z.17. 
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Osculating— (continued) : 
curves: Q.11. 
helix: N.71. 
line of a surface: C.82: J.8]. 
parabola: N.81. 
ue: JP.15: N.82: of a quadric, 
a 8. 

* plane: 5721, eq 5733: and radii of 
curv. at à multiple point of a 
gauche curve: An.71: C.68. 

of a tortuous curve: C.96 : J.41,63. 
sphere : Mém.20: N.70: of curve 
of intersection of two surfaces, 
(ug (CLOS. 
of two curves having a common 
principal normal: LM.16. 
surfaces: C.79» degree of 98: L.41, 
80: of quadries, N.60. 

Oval of Cassini: see ** Cassinian oval." 

Oval of Descartes: see “Cartesian 
oval." 


Pangeometry : G.5,15. 

*Pantograph: 5493: Mém.31: TE.13. 
Paper currency: A.42. 
ls p in plane geometry: A.38: 


*Parabola: gco. 1220—44: anal.4900— 
39: eqCM.2: N.49,54,70: geo 
CM.4: Me.71: cn1249 : ihsN.60, 
63,71,76,805. 
circum-hexagon and triangle: CM.1. 
* circle of curvature of: 1260: A.61. 
chords of: 1239, 4224. 
= two intersecting: 1242. 
determination of vertex and axis: 


* 


* eq. deduced from eq. of ellipse: 1219. 
focus and directrix: N.49. 
* focal chord: 4235—9. 
* latus rectum: 1222: Me.75. 
* normal, length of: 4233—4. 
plane and spherical: A.60. 
* quadrature of: 1244: A.32. 
* and right line: sce “ Right line.” 
* segment of: 6078: A.26,29. 
solid generated by it: N.42. 
sector: H.30: N.57: Lambert’s th, 
J.16. 
in space: A.3. 
tangents: see under “ Conics." 
through 4 points, cn: 4837: J.26. 
* triangle of 3 tangents: 1237,—68: A. 
47: Me.75. 
trigonometry of: CD.8. 
*Paraboloid: 5621, 6126—41: N.61: Q. 
13. 
gencrating lines of : 5624. 
of cight lines: C.81. 
* elliptic : 5622: A.11: 71558 : P.96. 


* 


* 
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Paraboloid— (continued) : 

w quadrature of: 6127: An.55. 

w segment of : 6127—33: A29. 

* hyperbolic: 5623: A.11. 

* of revolution: 6134. 

Paradoxes of De Morgan: J.113,12,, 19, 
16. 
Parallels: A.8,47: At.51: J.11,73 : Mél. 
1,8 : Mém.50,: Z.21,22 : Thibaut’s 
proof, A.15. 
in analytic geometry: A.44. 
Parallel curves: J.55,ths32 : LM.3 : Q. 
lils Ze. 
closed: A.66. 
* of ellipse: 4960: A.39 : An.60; N.44: 
Q.12. 
Parallel surface: C.54: LM.12. 
of surface of elasticity : Àn.57. 
of ellipsoid: A.39: An.50,00: E.17: 
J.93. 
Parallelogram with sides through four 
given points: A.99. 
Parallelogram of Watt: A.8: L.80. 

*Parallelopipeds: on conjugate diame- 

ters: 5648 

diagonals, &c.: CM.1. 

equality of : A.4. 

analogues of parallelograms : LM.2: 
Me.68. 

on a spherical base : N.45. 

system of: LM.8. 

Partial differences: question inanalysis: 

J.16. 

*Partial differential equations (P.D.E.): 
3380—3445: C.34,11,16,78,95,96 : 
thsCD.3: J.58,50,prs26 : J P.7,10, 
11: L.36,80,83 : M.11: Z.6,8,18. 

*P.D.E., first order: 3399—3410 : A.33, 
tr50:  An.55,00:  C.145,994,54 : 
CD.7: CM.l,: J 2j ird 22s 
[,25: M.9,1 1, th205 04020 

* complete primitive connected with 
any solution: 3405. 

* derivation of the general primitive 
and singular solution from the 
complete primitive: 3401. 

* derivation of a singular solution from 

the differential equation : 3409. 
with a general first integral: Me.73. 
integration by: Abelian func- 

tions: C.94. 

Cauchy's method: C.81. 
Charpit’s method : 3399. 
Jacobi's first method: C.79,82: and 

ap. to Pfaff's pr, J.59. 

Jacobi-Hamilton method: M.3. 
Lie’s method: M.6,8. 
Weiler’s method: M.9. 


* 


* Jaw of reciprocity : 3446. 


and Poisson’s function: C.915. 
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P.D.E., first order— (continued) : 
simultaneous: C.68,76: L.79: M.4,5. 
* singular solution: 3401—83 : J.66. 
systems of: A.56: M.11,17. 
theorem of Jacobi : C.45. 
3 variables: J.64. 
* variables: 3409: A.22: J.60: LM. 
10,11. 
with coustant coefficients : Mél.5. 
integration by calc. of variations: 
C.14. 


z = pe+qy +F (p,q): Z.5. 
quo Pope gh = Ale CNET. 
(14- Pi iPad, dy} Z = Q: Z183. 
*P.D.E., first order, linear: 3381—95: 
reduction to, 0.15: J.81: Me.78. 
*  Pz-Qz,— RH: 93983: extension to 
^ variables, 9384. 
L(pe-4-qy—2)—Mp—Nq4- 4 = 0: 


C.83. 
a (YUz —2uy) 3- b (zu, ou.) + e(,—13]u.,) 
EIS. 
* Pte+Qtyt+ ... EG 8: 3887. 
a aS s Zry= v? +y: 3390—1. 


(y^ —«?) 
* ^ (x—a)z,J-(y—b) z, = c—2: 3392. 
«2 4-3/?-- 22 = 2a« ; 9993. 
* simultaneous: 9396 — 7; ex. 9998: 


* 


u =v, and uy = —v,: J.70. 

*P.D.E., second order: 3420—45: A. 

Q.54,70,78,98 : JP.tr22: L.72: 
M.15: Me.76,77: MéL3: N 
P.46: transf. of, 0.97. 
in two independent variables: trA. 
54: trNo.81 : 0.92; transf. of, 97: 
M.24. 
in 4 and 5 variables: Mém.13. 
* Rr+Sst+Tt=V, Monges method: 
3423: CM.3: N.76: Q.6. 
* Rr+Ss+Tt+U (rt—8?) = V: 
3434—40: J.61. 
* Rr+Sst+Tt+Pp+Qqt+Z2 =U: 
3442. 
r+t=0: 
L.43. 
rtithes =0: MAI. 

* —y—a?1 — 0; 9493. 

* y—a?( = o (ey), &c. : 3505. 
& (r—a?f) = 2»p: E.13. 
v—a23? 1 = 0: E.27,98. 
p= i: CIE 
quemque 


9424, 


A29: CM: J.59,73,74 : 
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P.D.E., second order— (continued): 
d, (p sin «)+¢+n (n -1) zsin?e = 0: 
L.46. 
v (13-92) =t(1+p?): J.58,. 
qir—43-- € y,q=0: E23, 
n 


d. (px)+d, (qv) =0: 2.28. 

construction of explicitly integrable 
equations of the form s = zÀ (#,y): 
dJP.28. 

— AG) P") 

(f (5) + Fy)? 

dz, log A xA —0: L.53. 

s+ Pp-4- Qq--Z — 0: Me.76. 

* staptbatale=V: 9144. 
(a«-F by +e) starq+bpp =0: A.33. 
(ety)? sta (ery) pF (ety) qtez 

=0: A.33,38. 
a2 (zs—pqy-4-q = F (y): A.70. 
vt—s?: geoQ.2. 

* P= (rt—s?)"Q, Poisson’s eq.: 9441. 
(1+r)#+(1+8) r—2pqs = 0: An.53,. 

* ¢ (14a) rcp op)t—(ptq-t2pq) 

8 — 0; 9432. 
482+ (r—t)? = 4h? : 

C.74. 
As+Batt (r,p, 9,9, y, 2) — 0: 0.93. 
(log z),,4-az = 0: C.96. 


u 
uy = R, — where t = | 


L.98. 


ge (Oel 


approx. integn., 


rdr 


JÈ Rr? 4-43) 


* Uas Hy HU = 0 (see also “ Spherical 
harmonics”): 30951, 3626, J.36: 
Mo. 78. 

* rtty ti = vyz: 3502. 

*  auy,tbuyteuz, = «ys, &c.: 3554. 

* ^ quasd-au, — Peu =O: 3618. 

* a2 (tar +Uay tex) = Uy: 3029: 07: 
LM. 7. 

Hg by change of variables: 
pt aes 


P.D.E., third order, two independent 
variables: LM.8: N.83. 

P.D.E., fourth order; AAu=0: C.69. 

P.D.E., any order: No.73: C.80,89: 
M.11,18. 


Oo ara Ui 
two independent variables: C.75: 
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P.D.E., any order—(continued) : 
any number of functions and inde- 
pendent variables : C.80. 
and ap. to physies : JP.13. 
of cylinders: Me.77. 
and elliptic functions: J.96: hyper- 
ell :99: 
integration by definite integrals: An. 
59: C.94: L.54. 
of dynamics: C.5: J.47. 
Hamiltonian: M.25: Z.11. 
of heat: L.48; of sound, L.38. 
integrated in series : C.15,16. 
of Laplace: G.23. 
linear: An.77 : 0.15, 90 : CD.9;: CM. 
2. J.69: JP.12.: L.39. 
of orthogonal systems of surfaces : 
Àc.4: C.77. 
with periodical coefficients : C.29,. 
of physies : L.72,47. 
P.D.E., simultaneous: C.99,th78: LM.9: 
M23: 2.20. 
linear: J.65. 
P.D.E., system of: C.13,74,81. 
Quas: A o0dl, by 2 =e g(a), 


Zne = V" zo ny t Ely) t Fs (y)+ sine as 
ele (iy) Al 


Az (dort dyt+...)"2 = 0: 0.94. 


dz = Hdx + Kdy+ Ldp+Mdq+Ndr+ 
&c.: J.14. 


Partial differentials of — ^ — : J.11. 
QU aegE 
*Partial fractions: 235, 1915: A.30,66; 
C.46,49,,783: CM.1: G.2: J.1,5,9, 
10,11,22,32,50,: JP.3: L.46: Mém. 
9: N.45,064,69 : Q.5. 

Partition of numbers (see also ** Num- 
bers” and “Indeterminate eqs."): 
AJ.2,5,6: An.57,59: At.65: C.80, 
86,90,91: CP.8: J.13,61,85: M. 
14: Man.55: Me.78,79: Mém.13, 
geo.ap20,44: Mél: N.69,85: P. 
50:50,58 t0 Pree. Ploe a 4. 
20,24. 

by Arbogast’s derivatives: L.82. 

of Res numbers in Jacobi's th: 
1.96. 

by elliptie and hyper-elliptic fune- 
tions: J.13. 

formula of verification : Pr.24. 

into 2 squares: An.50,52,54: O.87 : J. 
49: LM.8,99: N.51,78,alg65 : odd 
squares, Q.19. 

into 3 squares: J.40 : 1,.59,60. 

into 4 squares : C.99: L.68 : Pr.9 : Q.1. 

f odd, or 2 even and 2 odd: Q.19,20. 
into 5 squares : C.97,98: J.35. 


Partitious : 


Partition of numbers—(continwed) : 


into ten squares: C.60: L.66. 
into p squares: 0.39.90: L.6l: N. 
54. 
and an integer: L.57. 

into the product of two sums of sqs.: 
L.57. 

into parts, the sum of any two to bea 
sq.: Mém.9. 

into 2 cubes: L.70. 

into sum or difference of 2 cubes: 
AJ.2. 

into 4 cubes: N.79. 

into maximum ath powers: 0.95. 

into 10 triangular numbers: C.62. 

formation of numbers out of cubes: 
J.14. 

2 squares whose sum is a sq.: E20: 
N.50. 

3 squares, the sum of every two being 
a sq.: E.17. 

4 squares, the sum of every two being 
a sq.: E.16. 

3 nos., the sum or diff. of two to be a 
sq.: Mém.18. 

2 sums of 8 sqs. into 8 sqs.: Me. 
78 


a sum of 4 sqs. into the product of 2 
sums of 4 sqs.: TI.21. 
n nos. whose sum is a sq. and sum of 
sqs. a biquadrate : H.18,22,24. 
a quadric into a sum of squares: N. 
Sl. 
n3— m? into 8p2+q?: N.49. 
a square intoa sum of cubes: N.67. 
a cube into a sum of cubes: E.22, 
td Fo 
into 4 cubes: N.77; into 3 or 4 
cubes, A.60. 
nl?—9m? or its double into 2 cubes: 
Nei 
3 nos. whose sum is a cube, sum of 
sqs. a cube, and sum of cubes a 
Sef.: E.20. 
9 biquadrates whose sum is a square 
9 


of u into 1, 2,3, &e. different num- 
bers: E.834. 

of pentagonal numbers : C.96. 

a series for-the: AJ.6. 

tables, non-unitary : AJ.7. 

theorems: AJ.6: C.40,96: Moe.76,80, 
83: pr. symm. functions, G.10. 

in theory of alg. forms: 


rH E 
number of for n things: K.10. 
in planes and in space: J.1. 
Sylvester's theorem: Q.4. 
trihedral of the X-ace and triangular 
of the X-gon: Man.58. 
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*Pascal's theorem: 4781: AJ.2: CD.3, 
4: CM.4: J.34,41,69,84,93: LM. 
8: Me.72: N.44,52,82: Q.1,4,5,9: 
Z.6,10. 
extension of and analogues in space: 
C.82,98: CD.4,5,6: G.11 : J.37,75: 
M.22: Me.85. 
ap. to geo. analysis: A.18. 
on a sphere: A.60. 
Steiner's * Gegenpunkte " : J.58. 
Pascal lines: E.50. 
Pedal curve: A.35,36,52: J.48,50: M.6: 
Me.80,81: Q.11: Z.52,21. 
circle and radius of curvature: C.84: 
7.14. 
of a cissoid, vertex for pole: E.1. 
of a conie: A.20: LM.3: 2.8. 
central: A.9: Me.83: N.71. 
foci and vector eq.: LM.138. 
negative central: E.20,29: TI.26. 
negative focal: E.16,17, 20. 
nth and n—1th: E. 18. 
of evolute of lemniscate: E.30. 
inversion and reciprocation of: E21. 
of a parabola, focal and vector eqs.: 
LM.13. 
rectification of difference of ares of: 
7.3. 
which is its own pedal: L.66. 
Pedal surfaces: A.22,35,36: M.6: J.50: 
2.8. 
counter: ÀJ.5. 
volumes of: C.55: A.34: An.63: J. 
62: Pr.12. 
Pentagon, ths: A.4: J.5,56: N.53. 
diagonals of: A.57. 
Pentagonal dedecahedron: A.25. 
Pentahedron of given volumeand mini- 
mum suríace: L.57. 
Periodic continued fractions: A.62,68 : 
J.20,33,53: N.68: Z.22. 


C.96s : 
closed form of : A.62. 
representing quadratic roots: A.43. 
with numerators not unity: C.96. 
Periodic functions: A.5: J.48: N.67: 
gzC. 89: Mo.84. 
cos «— cos 3w+4 cos 5»: CD.9». 
doubly: C. 32,40, 70,90: J.88: L.54. 
of 2nd kind : G.90,98: gzL.83. 
of 3rd kind: C.97. 
monodromic and  monogenous: 
C.40. 
with essential singular points: C.89. 
expansion in trig. series: N.78. 
4-ply, of 2 variables: J.13. 
2n-ply, of » variables: Mo.69. 
multiply : C.57,58,. 


integrals between imaginary limits: 


AN OBL 
real kind of: Mo.66,84. 


*Permutations : 


KK KK 


* drawing: 


* triangles: 


Periodic functions—(continued) : 
of 2nd species: M.20. 
of several variables : C.43: J.71. 
in theory of transcendents : J.11. 
of 2 variables with 3 or 4 pairs of 


periods : Č.90. 
with non-periodic in def. integrals: 
C.18. 
Periodicity theory : M.18. 
Periods: cyclie, of the quadrature 


of an algebraic curve: C.80,8-4. 

of the exponential e*: C.83. 

of integrals : see “ Integrals.” 

law of: C.96,. 

in reciprocals of primes: Me.73,. 

94: Al.: 0.92; CDi: 
L.39,61 : LM.15: Me.64,66,79 : N. 
44,71,76;,81: Q.1: Z.10. 

alternate: L.81. 

ap. to differentiation and integration 


of n things: 
L.65. 

of 3q and 24 letters, 9 and 2 
N.74,755. 

number of values of a function 
through the permutations of its 
letters: C.20,21,46,47 : L.65. 

successive (“ battement de Monge"): 
L.88. 

with star arrangements : 


C.95: N.83; in groups, 
alike: 


7.29. 


*Perpendieular from a point: upon 
a line: length of: 4094, t.04624 : 
eq086, t.c4625 : sd5590. 


upon tangent of a conic: 4366—73. 

upon a plane: 5554. 

upon tangent plane of aquadric : 5627. 

ditto for any surface: 5791—3. 
Perpetuants: AJ.7.. 


*Perspective: 1083: A.69: G.3: thsL. 
37: Me.75,81. 
analytical: A.11. 
of coordinate planes : CM.2. 


1083—6. 
figures of circle and sphere: 
isometrical : CP.1. 
oblique parallel : 2.16. 
projection : A.16,70. 
relief : A.36,70: N.57. 
974: E.29: 3.99: M.2,,16: 
in a conic, Al. 
Petersburg problem: A.67. 
Pfaff’s problem: A.60: C.94: J.61,82: 
M.17: th of Jacobi, J.57. 
Pfaffians, ths on: Me.79,81. 
C.95: E. 


7 (see also “ Expansion of"): 
30: N.42,45. 
calculation of: A.6,18: E27: G.2: 
enJ.9: Me.73,74: N.50,56,66. 
by equivalent surfaces : N.48. 


A.97. 


912 


INDEX. 


m :—— calculation of—(continued) : 

by isoperimeters : N.46. 

by logarithms: N.56. 

to 200 decimal places: J.27; to 208, 
P.41; t0 333, A.21.; to-100, A.22 ; 
to 500, A.25; to 607, Pr.6,11,22. 

formule for, or values of: A.12: 

J.17: L.46: M20. 


aye T approx.: Me.66; 


9 
=< oe) 
: log 2, J 


functions of: p.6: A.1: C.56,74. 
aw); E.27; to 140 places, LM.4. 
hyperbolic logarithm of: LM.14. 
powers of r and of 77! : LM.8. 
* incommensurable: 795. 
series for: Q.12: TE.14. 
theorem on w and e: Q.15. 
I (v) 2 1(1-co) ... {1+(n—l)e}: A12: 
J.43,67. 
H (æ) and imaginary triangles and 
quadrangles: A.51. 
Piles of balls and shells: N.72. 
Pinseux's theorem : Mo.84. 
Plane: J.20,45 : Mém.22. 
* equations of: 5545, q.c 5550, p.c 5552 : 


* under given conditions : 5560—73. 
condition for touching a cone: 5700. 
m ditto for a quadric: 5635, 5701. 
cond. for intersection of two planes 
2 touching a quadrie: 5703. 
figures, relation between: A.55: J.52: 
M.3. 
kinematics of: Q.16. 
and line, problems: CD.2: J.14. 
motion of: JP.2: LM. 
point-systems : J.77; 
Z.17. 


2E 


perspective, 


ropresenting a quadrie: N.71. 
*Plane coordinate geometry : 4001—5473. 
Planimeter: A.58: Mél.2,3; Amsler’s, 
5459, C.77 ; Trunk’s, A.44; polar, 
A.51: N.80. 
Planimetrical theorems : A.37,60. 
Plücker's complex surfaces: M.7. 
Plückerian characteristics of a curve 
discriminant: Q.12. 
Plückerian numbers of envelopes : C.78;. 
Point-pair, absolute on a conic: Q.8. 
harmonic to two such: 4.13. 
Point-plane system: M.23,. 
Points : in a plane, relation between 
four; A.2,26. 
* ig.cq of two: 4669, 4019. 
on à circle and on a sphere : N.82. 
of equal parallel transversals: A.61. 


Points—(continued) : 
four, or lines, ths: CD.8. 
at infinity on a quadrie: N.65. 
roots in a closed curve: N.68. 
in space, represented by triplets of 
points on a line: LM. 
systems: JP.9: M.6,25: N.58. 
of cubic curves: Z.15. 
three: coordinates of, N.42; pr, A.8. 
*Polar: 1016,4194: A.28: J.58: gzLM.2 : 
Me.64,66: N.72,79. 
* of conics: 4762: thsN.58. 
of cubic curves: J.89: L.57: Mél5: 
2 


curves, tangents of: N.43. 
* developable : 5728. 
inclined: N.59. 
* line of two points with respect to a 
quadric: 5685. 
plane: Q.2: 2.22. 
* ofa qnadric: 5678, 5687: An.71; 
of four, LM.13. 
of a quartic: L.57. 
of 3 right lines: A.1. 
* subtangent: 6133. 
Polar surface: of a cubic: 
twisted, 2.23,24. 
of a plane: C.60: N.66. 
of a point: N.65. 
tetrahedron: J.78: N.65: Z.19. 
of a triangle: A.59; perspective, J. 
65. 


J.89; 


Pole: 


of chords joining fect of nor- 
mals of conic drawn from points 
on the evolute: N.60. 
* of the line A\a+pB+vy: 4671. 
* of similitude: 5537. 
*Pole and Polar: 1016, 4124. 
Political arithmetic: trA.56—838. 
Pollock’s geo. theorems: Q.1. 
Poloids of Poinsot : CD.3. 
Polyacrons, A-faced : Man.62. 
Polydrometry : A.38,39. 
*Polygonal numbers: 287 : Pr.10,11,123, 
13. 
Polygonometry: thsAn.52 and J.2,47: 
Mém.30. 
Polygons (see also “Regular poly- 
gons”): An.end53,63: JP.4,9: N. 
74: Z11; theorems: A.1,2: C. 
265: prsCD.5:; Mél.2: N.58. 
* area of: 748, 4042: J.24: N.48,52. 
articulated and pr. of configuration, 
tr: An.84. 
centroid : N.77. 
of circular ares, cn: A83: J.70. 
classification : Q.2. 
division into triangles: A.1,8: L.98; 
308 5 LM.13: 5. 
of even number of sides: LM.1. 
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Polygons—(continued) : 
family of : N.83. 
maximum with given sides: J.26. 
of n+2n sides, numbers related to: 
A.62. 
of Poncelet, metrical properties: L.79. 
semi-regular: JP.24; star, A.59 and 
T7980 
sum of angles of: A.52: N.50. 
Polyhedral function (Prepotentials) : 
CP.13s. 
*Polyhedrons: 906: C.46.,60—62: J.3: 
JP.4,9,15,24: L.66: Man.55: N. 
SOS P.06,0/: Pr.6,9, 10512 - Q.7: 
Z.11,14; theorems : E.39—42: J. 
les NAD, Hra =a 900: 
A.24: E.20,272. 
classification of: 0.51,52. 
convex: angles of, C.74; regular, A. 
59. 
diagonals, number of : N.63. 
Eulers theorem: J.8,143: Mém.13: 
fein 
minimum surfaces of: A.58. 
maximum: regular, C.61,; for a given 
surface, M.2: MéL4. 
regular: ellipsoidal, C.27; self-conj., 
A.62; star, À.62 : thsC.26,. 
symmetrical: J.4: L.49. 
surface of: A.53 ; volume, J.24: N.52. 
Polynomials: geometry of, JP.28: th 
Q.14. 
determined from its partial differen- 
tial: At. 
product of two: N.44. 
system of: L.56. 
of twovariables analogous to Jacobi's: 
A.16. 
value when the variable varies be- 
tween given limits: C.98. 


Polyzonal curves, /U+/V+=0: TE. 
25 


Porisms s L.59; P.1798 : QI a TE.3,4,9. 
of Euclid: C.29,48,56—59 : L.55. 
of two circles: Me.81. 
Fermat's fourth: À.46. 
of in- and circum-polygon: Me.83: 
Pol 
of in- and circum-triangle: LM.6,9 : 


Poristie equations: LM.4,5. 
Poristic ipiius between two conies: 
.8. 
Position, pr. relating to theory of num- 
bers: Mél.9. 
Potential: thsAn,82: C.88: G.15: J. 
20,92,63,70,£h81,85: M.2,3: N.70»: 
Lia 
of a circle: J.76. 


* 


Potential—(continued) : 
of cyclides: C.83: J.61; elliptic, Me. 
78 


(0. 
cyclic-hyperbolic, tables: J.4,6,,75,85, 
9 


i 
of ellipsoids: J.98: Me.84: Q.14; 
two homog., J.63,70. 
elliptic: J.475. 
of elliptic disc, law, 7-4: Q.14. 
Gauss’s f. and theory: Z.8+. 
gz. of first and second: L.79. 
history of: J.86. 
of homogeneous polyhedra: J.69. 
Jellett's eq. and ap.: Q.16. 
Newton's: M.11,13,16. 
one-valued: J.64. 
p.d.e of : C.90. 
Poncelet's ths: 2.5. 
a related integral: L.45. 
of a right solid : J.58. 
of a sphere: Me.81; surface of, Me. 
Bac Mi 
surfaces: J.54; conicoids, &oc., 79. 
vector: Me.80. 
Pothenot’s problem of the sphere: A. 
44,47, 5-42. 
Powers: angular functions, &c.: J.72. 
and determinants, relation: 4.24. 
of negative quantics : Me.73. 
of polynomials: JP.15. 
Power remainders: M.20. 
Prepotentials: P.75. 
Prime divisors of quarties: J.3. 
Prime factors of numbers: J.51: N.71,75. 
Prime-pairs: Me.79. 

*Primes: 319—378: A.2,19: AJ.7: fAn. 
69: C.ths13,49,50,£63,962: G5: 
J.thl2,thl420 : 0.52,54,th79 : 
LM.2 : M21: Me.41: N.46,56: Pr. 
5: Q.5: up to 109, M.3. 

in ar.p: Z.6. 

ealeulation of: J.10: in 1st million, 
M.35. 

in a composite number: 0.32. 

distribution of, ap.of recurring series: 
(0.82. 

division of a prime 4n-4-1 into sum of 
squares: J.50: ditto of 8n--3, 
722-2, and 7n4-4, J.97. 

even number — sum of 2 odd primes 
(P) c BAO: N72: 

Fibonacci’s problem: LM.11. 

of the following forms and theorems 
respecting them: 44+1, 4+3; 
L.60: 6k+1; J.12: 8k+1; L613, 
62: 8k+3; L.58,60,01,,62, : 8k+5 
or 7; L.60,61: 1254-5; L.61,03: 
16k--3; L.61: 164+7; L.60,01: 
16k+11; L.60—62: 16k+18; L. 
61: 20k+3, 90k-F7; L.63,64: 
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Primes—(continued) : 
94k--1,5,0r 7; L.61,: 24k+11 
or 19; L.60: 24k-r13; L.61: 
40k--3; L.61: 40k4-7 or 23; L. 
60,615: 40k+11 or 19; L.60: 
40k 4-97; L.615: 190& 4-31, 61, 79, 
or 109; L.61: 1685-4-43,67,0r 163 ; 
L.68: «m?-J- En? with k = 20,36,44, 
56, or 116, and » an odd number; 
L.65: 4m?+5n? with m odd; L. 
66. 

general formula for: C.63. 

of a geo. form, limit of : C.74. 


INDEX. 


*Principal axes of a body: 5926,60, 
72,412 Jo: JPA igs NAD, 

Prismatoids: A.39: volume of, Z.23. 

Prismoids: A.39. 

Prism: volume of, A.6. 

*Probability: 309: A.1,19,47: 0.65,97: 
CPS: E2760: Galv io 
262,309,33,04,36,42,00: L.79: N. 


Dla Boke 
theorems: Bernoulli's: LM.5; P.62 ; 
ee 


problems: A.61,64: CD.6: E. all the 
volumes: G.16: L.37: Me.4,6: 


irreducibility of l+a+...+2?-', when Q.9. 
pisa prime: J.29,67: L.50: N.49. de l'aiguille, &c.; L.60. 
law of reciprocity between two, ana- in analysis: J.6. 
"n use "e EN 3 on decisions of majorities: L.38,+2. 
ogarithms ot (< to |: page 9. duration of life: CM.4. 
* number infinite: 357: Mo.78. rouge et noir: J.67. 
nuo DU ED limits: A.64: drawing black and white: I.14: L.41. 
93 sama s 9 1 
number of digits in their reciprocals : i qe Dee poer ans 
5 » : ibe 
Pr.29,93.. i games: All: head and tail; C.94. 


number in a given quantity: Mo.59. | x : OPE 
oos th NR of es after the event: 324: 


* relative : 949—50, 355,—8, 949 : J.70: locals EE een? 


L.49. ; 
: : notation: LM.12. 
tables of: from 108 to 100001699 : of position of double stars: Pr.10. 


153 of the 10th million : ING : : 
of cube roots of to 31 places: Me.78. principal term in the expansion of a 
of sums of reciprocals and their factorial formed from a large 
powers: Pr.33. number of factors: C.19. 


= ah? 5 1 random lines: Pr.16: E. frequently. 
Ac Co p ME repeated trials: 317—21: CM. 
totality of within given limits: AJ.4: statistics: 1.38. 
L.59. testimony and judgment : TE.21. 
iransformation of linear forms of into Produets : continued: Me.772. 
quadratic forms: C.87. of differences : thQ.15. F 
on that prime number A for which the of 4 consecutive integers: N.62. 
class-number formed from the | * of inertia: 5906. 5 
Ath roots of unity is divisible by infinite, convergency of: A2) s traust, 
A: Mo.74. of, C.17. 
Primitive numbers: thC.74. of linear factors : 0.9. 
Primitive roots: C.64: JP.11: fL.51: of » quantities in terms of sums of 
taJ 45. powers: Me.71. 
of binomial eqs.: thsL.40 : N.52. of 2 sums of 4 squares (Euler): Q. 
of primes: J.49. 16,17. - 
product of, for an odd modnlus: J.31. systems of: L.56. 
of unity: C.92. *Progressions: 79—93: An.64: O.20: 
Abel’s theorem : An.56. G.63,7,11: of higher order, G.12». 
divisors of functions of periods of : with n =a fraction: N.42. 
(09. *Projection : 1075, 4021: A.3,6,12: prsJ. 
period, Jacobi’s method: C.70. 20:0 2L prs. 
of primes: J.49: and their residues, and new geometry: A.l. 
Me.85. central: G.13: derivation from or- 
sum of, for an odd modulus: J.31. thogonal, A.62. 
table, for primes below 200: Mém. central and parallel, of quadrics into 
38. circles: A.52. 


table of, for primes from 3 to 101: | * of conics: 4921—85: A.66: J.37,86. 
J9. of a cubic surface: M.5. 
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* Projection—(continued) : 


of curves: J.66: Z.135: loci of cen- | 


tres, A.6. 

on spheres: Q.14. 

tangents to: enl.37. 
of a curved surface on a plane: J.67. 
of an ellipsoid on a plane: J.59. 
of figures in one plane: A.1. 
gauche: N.66. 
of Gauss: Mél. 


map: Mercator’s, 1093: A.50: G.18: 


JP.24: N.79,. 

of one line on another: 5529: on a 
plane, A.6. 

orthogonal: 1087. 

plagiographie: A.8. 

of ruled quartics: M.2. 

of shadows: N.56. 

of skew hyperboloid: Me.75. 

of solids: Man.84. 


* of the sphere: 1090: AJ.2. 
* stereographic: 1090: 4A.30—32: L. 
49,54. 
of surfaces on a plane: M.5. 
of surface of tetrahedron on a sphere : 
J.70. 
* of two rectangular lines: 4934. 
Projective : correspondence between 


two planes and two spaces: G.22. 
equations of a surface, relation to 
tg.e: H.2. 
figures on a quadric: A.18. 
generation of alg. surfaces: A.1,2: of 
curve forms, Àn.14: J.54: M.25: 
Z.18. 
geometry: A.8: An.75: At.75,78: 
G.12—14,17: J.8;: M.17,18: ths 
N.77: ths of Cremona, G.132,14: 
thZ.11. 
loci and envelopes : G.19. 
and P.D. eqs.: A.l. 
point series: J.91. 
and perspectivity of higher degree in 
planes: J.425. 


*Proportion: 68: A.8: G.6,13: TE.4. 
Pseudosfera: G.10. 
Ptolemy’s theorem: A.2,67 : At.19: J. 


13: LM.12. 
ext. to ellipse: À.30: inverse of, A.5. 


Pure mathematics, address by H. J. S. 


Pyramid: triangular: A.1,3,21,28,32, | 


Smith, F.R.S.: LM.8. 


96: J.3: volA.14. 
vertices of: A.2. 
and higher n-drons: prsA.9. 
and prism sections, collineation, &c. : 


Pythagorean theorem: A.11,17,20,24: 


gzJ.26 and N.62. 
spherical analogue: A.44: N.52. 


Pythagorean triangles: taA.1: E.20. 
*Quadratic equations: 45: A.24,: with 
imaginary coefficients, A.8. 

graphic solution: Me.76. 
real roots of : J.61. 
solution by continued fractions : L.40. 
by suceessive approximation : N.74. 
Quadratic forms (see also “Quadric 
functions "): trA.15: Ac: C. 
85: J.27,£399,54,56,70,86 :  L.51s, 
73: M.6,23: Mo.68574,: thsAn. 
54: J.58: M.20 and Z.16,19. 
Dirichlet’s method: Mo.64. 
having one at least of the extreme 
coefficients odd: L.67,69. 
Kronecher's: L.64. 
multiplication of: An.60. 
number of the genera of: J.56. 
number which belong to à real deter- 
minant in the theory of complex 
numbers: J.27. 
odd powers of sq. root of 1—2nU+7?: 
Mél.5. 
positive: A.112. 
reduction of: J.39 : L.48,56,57. 
relation, anal. investigation: Z.14. 
Quadratic loci, intersection of: AJ.6. 
*Quadratrix: 5338. 
tangent, en: N.76. 
of a curve: C.763. 
Quadrangle: prA.55: C.95. 
of chords and tangents: A.2. 
differential relation of sides: Me.77. 
dualism in the metric relations on the 
sphere and in the plane: 2.6. 
and groups of conics: A.1. 
of two intersecting conics, area: 
LM.8. 
metrical and kinematical properties : 
C.95. 

*Quadrature: 5871—83: A26: An.502: 
CD.ths5,9: E.6: J34: L.54: 
Mém.24,41: N.42,f55,54: N.75: 
E 

approximate: C.95: N.58. 

of the circle: Me.74: Pr.7,20. 

Cote's method: N.56. 

with equal coefficients, f. : C.90. 

Gauss’s method: A32: C.84,902: 
J.gn55,506. 

from integrals of differentials in two 
variables: M.4. 


* Laplace's formula, f.d.c: 3778. 


of a small geodesic triangle, Gauss's 
th: J.16,58. 


* by lines of equal slope: 5881. 


quadries: CD.1: 1.63: formed by 
intersecting cylinders, An.65. 
sphero-conic: J.14. 
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Quadratures—(continued) : Quadric surfaces :— conjugate diame- 
which depend upon an extended ters—(continued) : 
se of ue with rational coeffi- | * parallelopiped on them: vol. 5648 : 
cients: 0.92.. sum of squares of areas of its 
*Quadric cones : 5590,5618,54,97 : N.66. faces, 5645 : do. of reciprocals of 
p 
locus of vertex: 0.52. the perpendiculars on its faces, 
through six points: 0.52. 9644. 
Quadric functions or forms: A.19,,98: | * sum of squares of their reciprocals: 
C.44,55,78,895,95 : dido JRZ, 5643: ditto of their projections 
arith 32, positive 99: algL.74: on a line or plane, 5646. 
Mo.58 : see also “Quadratic construction and classification by 
bipartite: P.58 ation af porate atte 
; 1.98. correlation of points an anes on: 
in coefficients and in indeterminate L i 
E og : 4 i * cubature of: 6126—65: A.14. 
: 1 Jd ME * diameters: 5677,—88. 
um Man B disappearance | *  diametral plane: 5636; gn.eq, 5689. 
FOQUCLUS, i .99. ii t ional area: N.48. 
quaternary: An.o9: L.54: M.5,13: PME T ps 
i ! ae. tor-sphere of: Q.8. 
whose dot. < 0, 0.96; and corres- duplicate: CD.6. 
POE SUO OT pce telat enveloping cones of : 5664—72, 5697. 
eaaa o. C BUT CO equation between the coeffs.: J.45. 
sum of squares, Mél.5. without foci: L.36. 
3 XR ; focales, a property from the theory 
represented by others: C.93. m Las pinty 
t f.of: C.86: CD.4: G.1: LM.16: Sears 
UN SR : dC !o: | a general eq.: 5673: CD.5: CM.4: LM. 
OORO E 
reciprocal: J.50. " 12,13: M.1: Me.64. 
invariability in number of pos. and | ` PM s - ore et Ge 
neg. squares: J.53. : EQ 
with two eeries of variable mee poca cue Al. " 
*Quadric surfaces: 5582—5703: A.3,,4, * generation: 5607—24, N.47,75; Ja- 
12,16,45,56: An.59,ge060: At.51 : cobi's, J.73. 
Ghee CDs. G13, 1a 10015: 0: e E QUE 
149.69,09,89 : JP.6: L.39,43,50: indices of points, lines, and planes, 
W223: geoMe7R. N,5657,985 |, , “ery: Ne s 
594,600,01,77 : Z.5,en13. * intersection of two: 6660, C.64. : G. 
theorems: An.54: CD.5: J.5485: C M15: O10 rd Ma 
L.43: Mo.79 : N.63,64: Q.2,4. a sphere, ths, N.64. | : 
problems: An.61: C.60: J.73: N. parameter representation of: M.15. 
58: Q.10. tangent to: LM.13. 
analogy with conics: Me.72. * intersection of three: 5661, J.73: 
anharmonic section of : G.12. es mo T 27 
" "Om : Aal. 
nou o. CoD * normals of; 5029—32: 0.78: J.73,83: 
* central equations: 5599—5672. N.63.78: O.S. 
* central sections : 5690: area, 5650: oblique Coordinates NS 
Ree e N66 * polar plane of: 5681—8. 
CRS g DD Plicher’s method: L.$38. 
* non-central sections: 9654. of revolution: N.72,81; through 5 
* centre: N.75: area, 5655. points, 66 and 79. P 
* centre, coordinates of : 0690: A.16. self-reciprocal: M.25: 2.22. 
* oo e S UN à : sections of: J.74. 
A3 : SICCO ML: 1:305 4%, similarity of two: CD.8. 
65,71,85: N.51. with a * Symptosen-axe": A.60,61. 
common enveloping cone: (1.6. system of: Q.15; reduc. and transf., 
* condition for a cone: 5699. Iu: 7.0. 
* conjugate diameters : 5637: N.42,61; | * tangents: 5677: G.12. 
* 


parallel, G.1; rectangular sys- 
tem, L.58. 


tangent planes: 5626,—78: CM.1: 
cnJ.412: LM.11: N.46. 
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Quadric surfaces—(continued) : | Quantitative function, transf. of: CD.3. 
locus of intersect. of three: LM.15. | Quartic equations: see * Biquadratic.” 
through 9 points or under 9 condi- Quartic curves: An.76,79: At.52: 0.37, 


tions: A7: CD.4: J.24,62,68 : 
L.58,59: Q.8: Z.25. 
under 8 conditions: C.62. 

through 12 points: G.17,22. 

through a twisted quintic curve: E. 
38. 

transformation of two, by linear sub- 
stitution into two others, in which 
the squares only of the variables 
remain: J.12. 

principal axes: see “ Axes.” 


principal planes of: L.36: N.67,71: 
4.24. 


and their umbilies: C.54. 

volume of segment: A.27; of oblique 
frustum, E.19. 

Quadricuspidals: L.70. 

Quadrilateral: A.6,48: Me.66: thG.5: 
prsN.43. 

area: N.48; as a determinant, N.74. 

between two tangents to a conic and 
the radii to the points of contact : 
A. 59s. 

bisectors, a property : N.75. 

and circle, geo.: 733: Q.5. 

complete: 4652: A.24,69 : At.63 ; mid- 
points of 9 diagonals, collinear, 
Me.73. 

and conic: 4697: N.75,76. 

and in-conic: tg.c 4907: Q.11. 
cn. ps given sides and equal diags. : 
Oe 

convex: A.66; area, Q.19. 

Desargues' theorem: Z.24. 

plane and spherical: A.2: Z.6. 

and quadrangle: A.l. 

right-angled: A.2,3. 

with sines of angles in given ratio: 


sum of sqs. of sides: th 924. 
th. extended to 3 dimensions: J.56. 
Quadruplane: LM.14. 


*Quanties: 1620: C.47: J.56: LM.6: 


N.48: Cayley P. 54,56,58,59,61, 
67,71 and 78: Pr.72,8,9.,11,15,17, 
18,28: thsCD6: J.53: N.53: 
Q.14; Cauchy, Pr.42. 

derivatives, relation between Ist and 
2nd: H.39. 

derivation from another by linear 
substitution: C.42. 

of differentials: J.70,71: Mo.69. 

index symbol of : CD.5. 

integration of a rational: C.97. 

in linear factors: C.50: L.ths61: Q.6. 

transf. of aw2+by?+ cz2+ dw, by linear 
subst.: J.45. 


ths64,65,77,98: CD.5: G.14,16 : 
J.59: M.th1,4,7,12: prN.56. 

aU+ 66H =0: M.l. 

and Abel’s integrals: M.11. 

binodal, mechanical en. of: E.18. 

characteristics of a system: C.75. 

chord of coutact, eq. : M.17. 

classification by inf. branches: L.96. 

with cuspidal conics: M.19. 

with 3 cusps of 1st kind: An.52. 

degenerate forms : LM.2. 

developable reciprocated : Q.7. 

with a double line: A.2: C.75. 

witha double point: M.19; two,C.97. ; 
three, Q.18; three of inflexion, 
N.78. 

with double tangents: J.66. 

and elliptic functions: J.57,59. 

of 1st kind and intersections with a 
quadrie: An.69,. 

generation of C.45: J.44 ; 3rd class, 
J.66 and Z.18. 

16 inflexion points of lst species of: 
irZ.28,: H.32. 

and in-pentagon, th : M.13. 

oblate: O.74. 

parameter representation of: M.19. 

penultimate: Me.72. 

with quadruple foci: Q.18.. 

rectification : C.875. 

and residual points: E.34y. 

and secants: M.12. 

singularities of: L.75: M.14. 

synthetic treatment of: 7.29. 

through which one quadric surface 
only can pass: An.61. 

trinodal: thE.30. 

unicursal twisted : LM.14. 


Quartic surfaces: A.12: C.70 : G.11,12 : 


LM.3,19: M.1,7,13,18,20: Mo.66, 
aa NO OO 

containing a series of conics: J.64. 

with a cusp at infinity : LM.14. 

with double conie: A2: M.1,22,4: 
M o.68. 

with eq. Sym. det. — 0: Q.14. 

generated by motion of a conie: J.61. 

Hessian of : Q.15. 

and 2 intersecting right lines: M.3. 

with 12 nodes: Q.14. 

with 16 nodes: J.65,73,83,84,85,86,87, 
88: Mo.64; principal tangent 
curves of, M.23 and Mo.64. 

Steiner's: C.86: J.64y. 

with a tacnode at infinity at which 
the line at infinity is a multiple 
tangent: LM.13. 
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Quartic surfaces—(continued) : 
with triple points: M.24. 
Quaternions: C.86,98,: CD.4: G20: 
Mi11,22: Me.62,,64,81: P.52: Q. 
Ga WE aes MA 
ap. to linear complexes and congru- 
ences: Me.83. 
ap. to tangent of parabola: AJ.lə. 
elimination of agy from the conditions 
of integrability of Suadp, &c.: 


TE.27. 
equations: C.98; linear, 99>: of sur- 
faces, Joachimstahls method, 
E.43. 
vp op =0: TE28: qQ—qQ' =), 
Me.85» 


finite groups: AJ.4. 
f. for quantification of curves, sur- 
faces, and solids: AJ.2. 
geometry of: CD.9. 
integration ths: Me.85. 
transformations: Man.82. 
*Quetelet's curve: 5219. 

Quintic curves: cnM.25. 

Quintic equations: AJ.6,7: An.65,08;: 
C.462,48,50,61,625,73,802,85 : J.59: 
"WISI I5. POL: Proll: Os: 
"TESTO d, 

auxiliary eq. of: Man.15,: P.61: Q3. 

condition of transformability into a 
recurrent form: E.35. 

irreducible: AJ.7: J.34. 

functions of difference of roots: An. 


reduction of: Q.6. 
resolvents of; 0.63. 
whose roots are functions of a varia- 
ble: Q.5. 
solution of: An.79 : J.59,87 : N.42: Q. 
2,18. 
Descartes’ method: À.27. 
Malfatti's: An.63. 
in the form of a symmetrical deter- 
minant of four lines: An.70. 
Quintic surfaces : LM.3. 
having a quintic curve: An.76. 
Quintics, resolution of: Q.4. 
Radial curves: LM.1: of ellipse, Q.18. 
of conies, catenary, lemniscate, &e.: 
1.24. 
Radiants and diameters of a conic: C. 
20. 
*[tadical axis (see also “ Coaxal Cir- 
cles "): 958, 984—99, £161: LM. 
2: Me.60. 
of symm. circle of a triangle: A.63. 
of two conics: Q.Lo. 
*Radical centre : 997. 
* Radical plane: 5585. 
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Radii of curvature of a surface: A.ll, 
55: Q.12: 2.8. 
principal ones : L.47,82 : M.3 : Me.80: 
N.55. 
*Radii of curvature of a surface: o790— 
5817: A-11,55: ODE Md 
* ellipsoid: 5851. 
flexible surface: L.48:. 
* principal: 5814—6: L.47,82: M3: 
Me.80: N.55. 
constant: Me.64. 
z for an ellipsoid: 5832. 
equal and of constant sign: C.41: 
JP.21: L.46550. 
* Euler's theorem : 5806. 
one a function of the other: An.65: 
C.81: J.62. 
product constant: An.o7. 
reciprocal of product: An.92. 
sum constant: An.65. 
sum = twice the normal: C.42. 
*Radius of curvature of a curve: 5134: 
A.cen4,9,31,33: CD.7: J.2,45: ths 
M.17: N.62,74: q.c and t.c Q.12: 
4.3. 
absolute: CM.1. 
* circular: 5736 ; ang. deviation, 5716. 
* of conics: 1959: A.9: CM.1: J.30: 
L.36: Me.66: Mél.2 : N.45,68;. 
at a cusp or inflexion point: N.51. 
in dipolar coordinates: Me.81. 
of evolutes in succession: N.63. 
of gauche curves: N.66. 
of a geodesic: L.44: on an ellipsoid, 
An.ol. 
and normal in constant ratio: N.44. 
* of normal section of 9 («, y,z)=0: 
5817. 
* ofa parabola: 1261, 4542. 
of polar curves: A.51: CM.2. 
of polar reciprocal: N.67. 
of projection of a curve: N.61; of 
contour of orthogonal projection 
of a surface, C.73. 
* ofa roulette: 5235: N.73. 
transf. of properties by polar recipro- 
cals: L.66. 
of tortuous curves: Mém.10. 
of cireum-sphere of a tetrahedron in 
terms of the edges: N.74. 
*Radius of gyration: 5904. 
Radii of two circles which touch three 
touching two and two: A.95. 
Radius vector of conic: J.30: N.47>. 
Ramifications: E.30,33,10, pr 97,th27. 
sol. by a diophantine eq.: Mo.82. 
Randintegral: J.71. 
*latio and proportion: 68; compound, 
4 


of a? : b?: geo.cnN. 44. 
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Ratio and Proportion— (continued) : 
of differences of geo. quantities : C.40. 
* ]imits of: 753. 
* of segments of lines and triangles, 
geo.: 929—252. 
* of two distances, geo.: 926—8. 
Rational:—— derivation, cubic curve: 
AJ.3. 
divisors of 2nd and 3rd degrees: N. 


functions, development of: AJ.5. 
Rationalisation of: alg. fractions: 
A.18,35,35. 
alg. equations: A.13: OD.8: J.14: 
pp. 
alg. functions: A.69. 
a series of surds (Fermat’s pr.): A.95. 
Rational functions :——of n elements : 
M.14. 
infinite form systems in: M.18. 
Ray systems (see also “ Congruences "): 
J.97: L.60,74: Me.66: N.60,61,, 
62,: Z.16. 
of Ist order and class and linear pen- 
Gilse eG? DO. co aD. 
lst and 2nd order: Mo.65: M.15,17. 
2nd order and class: J.92. 
3rd order and 2nd class: J.91. 
6th order and 2nd class: J.93. 
2nd class and 16 nodal quartics : J.86: 
Mo.64. 
complex of 2nd degree and system of 
2 surfaces: M.21. 
and refraction theory: Q.14.: TI.15 
—17. 
forming a group of tangents to a sur- 
face: Z.18. 
infinite geometry of: Z.17. 
*Reciprocal polars: 4844, 5704: 4.96: 
gzE.24: J.77: LM2: N.48,49: 
num.fG.2]. 
*Reciprocal: ofa circle: 4845. 
* cones: 5664, 5670. 
* ofa conic: 4866—8. 
* of a quadric surface: 5717—8. 
radii: M.13. 
relations: J.48,79,90: M.19,20. 
* spiral: 5302. 
* surfaces: 5704—19: J.79: M.4,10: P. 
69. 
curvature of: L.77. 
degree of: CD.2: TI.23. 
of Monge: C.42. 
i of quadries: gn 5705; central, 5706. 
of surface of centres o a quadric: 


Q.13. 
of the same degree as their primi- 
tives: Mo.78. 


theorems on conics and quadrics: L. 
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| *Rectification of curves: 
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Reciprocal—(continued) : 
transformation, geo.: L.71. 
triangle: th Q.l; and tetrahedron, 
1 


Reciprocants : LM.17;. 
Reciprocity: anal., A.7 : geo., CD.3. 
*Reciprocity law: 3446: AJ.l,th2: C. 
90,; J.26),c0 > LM.2 : Mo.58 : d.e, 
3446 and A.33. 
in cubics : M.12. 
history of: Mo.75. 
for power residues: C.84; quadratic, 
C.24,88: J.47: L47; and Mo.80, 
84,85; cubic, in complex numbers 
from the cube roots of unity, J. 
27,28. 
quadratic F? system of 8th degree: 
J.82. 
supplementary theorem to: J.44,56. 
*Rectangle: M. I. of, 6015. 
*Rectangular hyperbola: 4392: Me.62, 
66,72: N.42,65. 
5196: A.26: 
Aco: An.69: CR.95: CD.9: G. 
11: J.14: L.47: N.ths 53,64. 
approximate: M.4: Mél.4. 
by circular arcs: C.77,85: L.50: Mém. 
by elliptic ares or functions: J.79: 
Mém.30. 
by Poncelet's theorem : C.94. 
mechanical: Z.16. 
on a surface: Mém.22. 
*Rectifying :——developable : 5727. 


* line: 5726,—51: N.73. 

* plane: 5726. 

* surface: 5790. 

Reflexion: —— from a revolving line: 


TH.28. 

from plane surfaces: A.60. 

from quadric surfaces: J.35. 

Refraction curve: A.51. 
Régle à calcul: C.58: N.69. 
*Regular polygons: 746: A.21,cn24,39: 

L.38: M.en6,13: N.42,44,47. 

convex: Me.74. 

eqs. of and division into eqs. of lower 
degrees, tr. : A.46. 

in and circum: N.45: Q.2. 

in space: Me.75. 

spherical: N.60,67. 

star: J.65: Me.74: N.49. 

fnnicular: N.49. 

o-gon: M.83. 

7-gon: A.17. 

7-gon and 13-gon: M.6. 

8-gon: A.6. 

19-gon : complete, C.95. 
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Regular Polygons—(continwed) : 
17-gon: À.6: J.cn24,75: N.74; and 
division of the circle, A.42. 
eqs. for sides and diagonals: A.40. 
*Regular polyhedrons: 907: A.11447: 
Pr.34: Me.66: Q.15. 
* relation of angles: 909: Me.74. 
volumes by determinants: A.57. 
Related functions: M.25. 
Relationship problems: E.55,985. 
Relative motion: N.66. 
Rents: A.40. 
Representative functions: M.18. 
Representative notation : Q.6. 
Reproduction of forms: C.97. 
Reptation: N.54. 
Residues: A.26: C.125,13,32,ap32,,41.14, 
49: CM.1: J.25431,89: L.38: Mél. 
4: N.46:,Mém 70. 
ap. to infinite products : C.17. 
ap. to integrals whose derivatives in- 
volve the roots of alg. eqs. : C.23. 
ap. to reciprocity law of two primes 
and asymptotes: C.76. 
of complex numbers: Mo.80. 
primes of 5th, 8th, and 12th powers: 
JL SES 
biquadratic: C.64: J.28,39: L.67. 
cubic: A.43,63: 0.79: J.28,32: L.76. 
quadratic: Ac.l: J.28,71: Q.1. 
ext. of Gauss’s criticism: Mo.76. 
of primes, also non-residnes: L.42: 
Mél.4. 
and partition of numbers: J.6le. 
quintic: C.76: Z.27. 
septic: C.80. 
of 9exp.(9exp.9) by division by 
primes: A.3o. 
Residuation in a cubic curve: Me.74. 
Resultant alg.: M.16: ext C.58,. 
and discriminants and product of dif- 
ferences of roots of eqs., relation: 
Me.80. 
of two equations: J.90,50,59,54; M.3: 
P.57,68. 
of two integral functions: Z.17. 
of n equations : An.56. 
of covariants: M.4. 
of 9 ternary quadrics: J.57,: N.69. 
Reversible symbolic factors: Q.9. 
Reversion of angles: LM.6. 
Rhizic curves: Q.11. 
Rhombus: quadrisection by two rect- 
angular lines: Mém.11. 
circumscribing an equil. triangle: A. 
45. 
Riemann's surface: 
thsZ.12. 
of 3rd species : M.17. 
uew kind of: M.7,10. 


LM.8: M.6,18:: 
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Riemann's surface—(continued) : 
irrationality of : M.17. 
Riemanu's function: A.68: J.63; M.21. 
ext. to hyper-geo.-functions of 2 vari- 
ables: C.952. 
6-formnuia, gz: Ac.3. 
*Right-angled triangles: 718: prs A.2. 
with commensurable sides: E.93. 
Right cone: Me.72,73,75,76. 
Right line: A.49,57: {Q.15: t.c Me.62. 
and circle: ths N.56. 
coordinates of: G.10. 
and conic: Q.7 ; en. for points of sec- 
tion, À.59,66 : N.85. 
= quadratic for abscissz of the points: 
4319. 
tg.e of the points: 1903. 
condition of touching : 
t.c 5017. 

* drawn from #’y’ across a conic: quad- 
ratic for the segments in an el- 
lipse, 4314; parabola, 4221; gen. 
eq., £494; method, 4194. 

* joining two points, coordinates of 
point dividing the distance in a 
given ratio: 4092, t.c 4603, 5507. 

tg. eq. of the point: 4879. 

joining two points and crossing a 
conie: quadratic for ratio of seg- 
ments in an ellipse, 4310; para- 
bola, 4214; gn. eq., 4487, t.c 4678 ; 
method, 4131. 


* ok 


4315, 4393, 


% * 


* constants, relations between: sd. 
Boilie 

* coordinates of, relation between the: 
4897. 


* and curve: 4181—5: ths. in which 
pairs of segments have a constant 
length, C.83.; a constant product, 
O.82,83,; a constant ratio, C.83; 
ths. in which systems of 3 seg- 
ments have a constant product, 
C.83,. 

erystallography : A.94. 

equations of: 4052—66, p.c 4107, t.c 
4605—8 ; sd 5523, q.c 5541. 

geometry of: A.64: thsJ.8. 

* at infinity : 4612—4, tg.c 4893. 


* 


* cond. for touching a curve: -4900. 
pencils of: C.70: L.72; quadruple, 
J.67. 


and plane: prs CD.l and CM.2: te 
and q.e Q.5. 
pole of: t.c 4071: tg.e 4674. 
* and quadrie: 5670; harmonie divi- 
sion, 5687. 
and quadric of revolution: N.82. 
six coordinates of : CP.11. 
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Right line—(continued) : 
system of: At.68: G.9,10,16. 
of Ist degree, G.6; of 2nd, G-7. 
in space: G.115,12 : L.46. 
and planes, geo. of 2nd kind: At. 
65 


* three, condition of intersection: 4097: 


t.c 4617. 

* three points lying on, cond.: 4036, 
t.c 4615. 

* through a point : 4073, 4088—9, 4099, 
t.c1608. 

* condition: 4101. 

m and perp. or paral. to a given line: 
sd5538—9. 


* through two points: 4088, sd5537 ; 
t.c4616, 4789 ; p.c4+109: on a 
conic, equation of, ellipse 4324, 
parab. 4225. 
through four lines in space: A.l: 
CM.3: Gergonne's pr. J.2 and 
N.17. 
* touching a surface: condition, 5786. 
* quadrie : 5703. 
planes or points through or on given 
points, lines, or plaues, number 
of such: Z.6. 
* two: angle between them: 4112; 
sd5590, 5553: CP.2: N.66. 
Es bisector of theangle: 4113, sd5540, 


q.c95493. 

2 cond. of parallelism : 4076 ; t.c4618 ; 
8d5591. 

$i cond. of perp.: 4078; t.c4620: sd 
5532. 

> cond. of intersecting on a conic, gn. 
eq: 19062. 

vi cond. of either touching the conic: 
4964. 

m cond. of intersection: sd5533. 

coordinates: 4090, t.c4611. 
* shortest distance: sd5534— 6. 


drawn to the points of section of a 
right line aud conic, eq. of : A.69. 
> through origin, eq. of: 4111. 
under given conditions : 0.73,74 : 
under four, C.68. 
*Right solid: M. I. of, 6018 : thA.34. 
Rodrique's th. : Me.80,84.. 
Rolling cones: L.55. 
Rolling and sliding solids : geo thsC.46. 
Rosettes: N.48. 
Rotation : CM.3: LM.3:: infinitesimal, 
C.78. ; 
of system of lines drawn through 
points on a directrix, modulus 
of: Ol 
Roots of algebraic fractions: N.46. 
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*Roots of an equation (see also “ Equa- 


tions"): 50,402: A4: CM.2: 
CP.8: E.36: J.20,91: N.42,56: 
P.1798,37,64: Q.1,5,6. 
of a biquadratic, en: N.44. 
by parab. and circle: N.87. 
commensurable: 502: N.45,th57. 
limits to the number : N.59. 
common: 162: C.80,88: N.55,69. 
as continued fractions : CM.3. 
continuity of: N.76. 
in a converging series: C.23,98. 
of cubic: L.44: N.42. 
of cubic and biquadratie: Àn.55: L. 
95. 
as definite integrals: J.2. 
y^—e"-1—1 —0: Me.81: P.64. 
as determinants of the coefficients : 
A.59,61. 
discrimination of: 409: A.46. 
equal: 432—47 : CD.5: H.33: Mél.1: 
Pil7s2= QU te: 
with equal differences : G.15;. 
existence of: A.15: OD.2: CP.10: 
E.36: G.2: J.5,44,88: LM.l: Q. 
TI TLAS, 
expanded in power series: J.13. 
of the form a+ b-- A/e-4- : N.45. 
forms for quadries, cubics, and quar- 
ties: Z.24. 
functions of the roots of another eq. : 
425,430 ; products in pairs, Q.13. 
squares of differences: 541: ap,N. 
50: E.40. 
as functions of a variable parameter : 


functions of: similar, L.54; relation 
to coefficients, TH.28. 
geo. cn of: JP.10. 
in g.p: Nis?) 
in a given ratio: J.10. 
imaginary: 408: geo.cn,A.16,45 : C.24, 
86—88: JP.11: L.50: N.46,47, 
68: approx. N.45,53 : Q.9. 
between given limits: A.21: L.44. 
Newton's rule: Me.80: N.67: Pr. 
p 
9. 
Newton-Fourier rule: Q.16. 
Newton-Sylvester rule: 530: ©. 
90.- LM.1: Me.66 : Pr.14: Q.9: 
TI.24. 
incommensurable : 506 (see ** Sturm's 
Dn 
infinite: N.445,45. 
in infinite series: A.69. 
integral, by Newton's method of 
divisors : 459. 
least: M.9: TH.28. 
limits of: 448: C.58,60,93: geo CP. 
19: N.43,45,59.,72,80,,81. 
6 B 
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Roots of an equation—(continued) : 
number between given limits: À.1: 
G.9: J.52: L.40. 
the eq. containing only odd powers 
of æ: N.63. 
* Rolle’s th.: 454: AJ.4: N.44: ext 
L.64. 
Rolle, Fourier, and Descartes: A.1. 
number satisfying a given condition : 
C.40. 
product of differences: Me.80: P.61. 
* ofa quadratic: 50—3. 
of a quartic and of a Hessian, rela- 
tion: E.34. 
of quinties: C.59,60: LM.14: TI.18. 
rationalization of : P.1798,14. 
real: A.36,58: C.61: J.50: JP.10: 
INCDUS Poor 
ofa cubic: N.72: 2.2. 
Fourier’s th. : N.44. 
developed in a series : L.78: N.56. 
limits of: J.1: N.53,79. 
series which give the number of: 
Z.2. 
to find four: An.55. 
* rule of signs: 416—23: A.34: C.92, 
98,99, : N.43,46,47,67,69,79. 
separation of: A.28,70: J.20: N.68,, 
72,74,75,803. 
by differences: N.54. 
for biquadratics: A.47. 
for numerical: C.89,92: G.6. 
simultaneous eqs.: C.5. 
* squares of differences: 541: CM.1: 
N.49,44: Q.4. 
* sums of powers: 594: E38: thJ.9: 
N.59,75: gzMe.85: Q.19. 
in sums of rational functions of the 
coefficients: Ac.6. 
surd forms of: CM.3. 
* symmetrical functions of: 534: A.16: 
AJ.1: Àn.51455,00: C.44,45: G. 
5,11: J.19,54,81: Me.8l: N.48, 
50,55,66,84: P.57: Pr.8: Q.4: 
TI.25. 
do. of the common roots of two eqs. : 
N.60: Z.15. 
do. of differences of roots: C.98. 
which are the binary products of the 
roots of two eqs.: An.79. 
with a variable parameter: C.12. 
which satisfies a linear d.e of 2nd 
order: C.94. 
*Roots of numbers: 108: A.17,26,35: 
C.58: E.36: Me.75: N.61,70. 
* square root: 35: 0.93: N.452,46,61, 
70 


195: A.6, 
Me.85: 


* as DONC fraction : 
12,49: OM.2;:: L.47: 
Mém.10: TE.5: Z.17. 


INDEX. 


Roots of numbers—(continued) : 
to 25 decimal places: Me.77. 
* cube root: Horner’s method: 37: 
A.67. 
of 2 to 28 decimal places: Me.76,78. 
and sq. root, limit of error: N.48. 
fourth root: A.30. 
nth root as a fraction: A.46. 
*Roots of unity: 475—81: C.38: J.40: 
L.38,54,59: Me.75: N.43,: TE. 
Mile ARAB. 
cubic roots, alg. and geo. deductions: 
C.84 


function theory: Z.22. 
23 roots, composition of number 47: 
J.55,96. 

*Roulettes: 5229: Ac.63: C.70: CP.7: 

J.65: L.80,81: N.56: TE.16: Z.28. 
areas of, and Steiner's transf.: E.35. 
generated by a circle rolling on a 

circle: JP.21. 

by focus of ellipse rolling on a right 
line: A.48. 

by centre of curvature of rolling 
curve: L.59. 

Ruled surfaces: An.68: CD.8: 

J.9: L.78 NE 

areas of parallel sections: Z.20. 

and guiding curve: A.18. 

of minimum area: L.42. 

octic with 4 double conics: C.60. 

Pe ID Gap ot: Me v. 

quadric: Me.68. 

quartic: A.65; with 2 double lines, 
A.65. 

quintie: J.67. 

represented on a plane: 0.853. 

of species, p — 0: M.5. 

symm. tetrahedral: C.62. 

torsalline: M.17. 

transformation of: C.88. 

*Scales of notation: 342: J.1: L.48,5ry, 
l0ry,20ry: Phil. Soc. of Glasgow, 
vol. 8. 

Screws: 'TI.25. 

Scrolls: A.53: CD.7: CP.11: J.20,67: 
M.8: cubic, M.1 : P.63,64,69 : 
Pr.12,13,16: Z.cn28. 

condensation of: LM.13. 

cubic on a quadric surface: Me.85. 
flexure and equilib. of: LM.12. 
ruled: A.68: z = may?, A. 55. 
tangent curves of : M.12. 

*Sections of the cone: 1150. 

*Sectors and segments of conies and 
conieoids : 6019 — 6162: G.I: 
thsZ.1. 

Secular eq. has real roots: J.88. 

*Self-conjugate triangle: 4755, 4967: 
Ge: N.67 Cole: 


G.3: 


INDEX. 
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Self-conjugate triangle—(continued) : 
* of 2 conics: Me.77; of 3 conics, 5025. 
and tetrahedron in conics and quad- 
ries: Z.6. 
Self - enveloping curves and surfaces: 
2.22. 
Self-reciprocal surface: Mo.78. 
*Self-reciprocal triangle: 1020. 
Seminvariants: AJ.7: H.th42,6: Q. 
19—21. 
critical and Spencian functions: Q.4,6. 
and symm. functions: AJ.6. 
Septic equations: Mo.58. 
*Series: (see also “Summation” and 
* Expansions ”): 125 —9, 149— 
59, 248—95, 756—817, 1460, 1471 
—2, 1500—73, 2708—9, 2743—60, 
2852—64, 2880, 2911—68, 3781, 
3890 : A.4,52,9,14,18,23,60 : No.39, 
4/2: C29 pr92: CPO: (0.10: J. 
3,17 ,84,58,th53 : L.th56,81,: Me. 
64: N.59,th62,70; Q.3: 215,16, 


Lee 
Useful summations: 
* A g =x E 
Ho a e 196. 
* re +% ... = log (1--a): 155. 
* eee Te e, 
E du de ee: 157. 
* oi +o m tans 2. (91. 
2 
* ERE — "um 
a2 g3 1 
xə g’ e” — eT 
3 
ED Da S+R = enee 764 
21* 4i 6l F 2 
D NES 
% O . = l—cosz : 765. 


1r +22 + ... Hn”: 2939: A.65: Me.78. 


* p =1,2,3, or 4: 276: A.61: E.34. 

1e —2r +3 — ,., & 1" —9? -5" — ...: 
J.7. 

S nea"; AOT. 

Z (atn)’a”: N.56. 

= (a, +b, 0°) v": Z.15. 
n—3 , (n—4) (n—5 

1-259 ( 2c jy 20 


Series—(continued): 
atnb+C (n,2) exc &c. : J.31. 


* n'—n(n—1)-4C(»,2)(n—9)y — ...: 
285; r =n, CM.. 

1 ES a a (a+1), " 9m, 6 
+3 306 sn 
aS i J 

1 

pap — 
(a+nd)* ' N 
deductions from 


n g” m m qn 
(s Mul) mme 
LM.9. 
1 1 1 1 
1 = c e e : 
pon Bn ee and 1 + at & ZEE 


2940—4 : A.41: LM.8 : Q.7 : with 
n = 1,2...8; 2945 ; E.22,39 ; G.10; 
N.79; Z.3. Note that by (2391), 


i Vis bo. — | BE. de, 


99. 


z 32 ol+a? E 
S MémAl: with e — 1, J.5. 
n 
pe n” 
2 : A.61. > —, AA 
qmi a" 
«7 , 13 . 
ex val + 13! = O00 6 E.44; with ge 
JE 
> (n—1)a". A.50. 
nlg^-l 
3 (5g MN c NN 
m (a+2n) (1—2)* ` G6. 
5 m 


go») E 
* Zac": 9700. 
(n) 


eo 
z(—ly "E A.26. 
1.3... 2n—1 60 


n!9"(9n4-1)' 
ene 
1 
to io 


QES Doe =E= 
(g—1) (2—1) (qv—1) (g**!—1) 
toy 8270; 


A (=) (553) a cun 


2 —— E : A.85. 
an" +H am” t+ ... fain 
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Serles—(continued) : 
gre +8 


2 Ky = ———,; a pos. integer < a, 


ia T 8 
r = the general term of some 
To series : C.86. 


=—: A.34. 


ee 


n= 2l 


> UN E C.50. 


s (e 2-19) Iw J.51; with b = 9, 


2960—1, J.8. 
= sin? (25-1) $ / (2n4-1): E.39. 
r4 
z np)” [nt and 
z (aene) | n3: 1,73. 
5 TOM ng) / ^: 2922—3. 


sin E rr 
5 cas " : L.40. 


n sin nO a 
oS 2062 MEOS 
and 2962: M.5 
= A, cos” 6 C08 48. 7 1. 
sin 


E Cu): 800: Q.3; 


cos 
zo sin os (t 918), 783 ; 


so sin 
n! 7 ! COS 


=f (n) = nO: J.49: L.59. 


(a+nB), 788. 


= IT (m,n) eee aa rP: JAL 


s PIE: pe 
2 f (ne) : L.51. 
m n 
m v+ —3): 4.22. 
[f («+ i á 


from fe (l—w)" de: A47. 


wla 


from | cos? a log Ta : G.10. 


0 
of Abel: C.93: RS 
application: thA.48; to arith, G.7. 
in ap: sce “ Arithmetical progres- 
sion.’ 
analogous series: N.69. 
a.p and g.p combined: A.9. 
with Bernoulli's nos.: An.53; and bi- 
nomial coefficients, A.23. 


1+sin« a 
si CH 


INDEX. 


Z4, p (n) æn, J.25,28. 


Serics— (continued) : 


binomial (see ** Binomial theorem”) : 
analogous series: E.95: J.32: N. 
82; with inverse binomial eo- 
efficients, Me.80. 
coefficients independently deter- 
mined: A.18. 
whose coefficients are the sums of 
divisors of the exponents, sq. of 
this series: Me.85. 
combination: A.26. 
convergent: 299: A.2,6,8,14,26,41,67, 
69: No.44: C.10,115,28,40,43, : J. 
2,3,11,13,16,22,12,45,76:  L.39— 
42: M.10,20—22: Me.64: N.45, 
46,07,69,70, : P.87 : Z.10,11. 
and of d.i with a periodic factor: 
L.53. 
power-series: À.25. 
representing integrals of d.e : C.40.. 
representing functions: M.5,22. 
in Kepler’s problems: Ae.1799. 
multiplication of: M.24. 
and products, condition : M.22 
whose terms are continuous fnnc- 
tions of the same variable: C.36. 
with constant ultimate differences : 
Pr.5,. 
converted into continued fractions : 
J.32,33: Mém.9; into products 
of an infinite no. of factors, J.12: 
L.57 : N.47. 
in cosines of multiple angles: C.44: 
Mém.15. 
and definite integrals: L.82: Man. 
46. 
derived: A.22; from tan-! 6, A.16. 
developed in elliptic integrals of 1st 
and 2nd kind: An.69. 
difference: 264; A.23,94. 
differential transf. aud reversal of: 
Pror. 
and differentiations: A.10: J.36. 


Diriehlet’s f. for X E l, (DIG a. L. 
46. p 


discontinuous: CP.6: L.54: Me.78, 
82: N.85. 

divergent: A.64: No.68: C.17.20: 
CP.8,10: J.11,13,41: M.10 : Z.10. 

division of : AJ.5. 

double: C.63. 

doubly infinite: CD.6: M.24. 

ext. of by any parameter: A.18. 

Bu 208: Mém.20: N.67: TE. 
0 

of fractions : L.40. 

Fourier's: A.39: C.91,92,96: CM.2: 


4.27. 
of Gauss and Heine: C.73: G.9. 


INDEX. 


Series— (continued) : 
* Gregory’s: 791. 

harmonie periodic : J.29,25. 

of Hermite, a th.: E.29. 

from infinite products : Me.73;. 

integration of infinite: A.J. 

irrationality of some: J.97. 

involving two angles: L.74. 

Klein's higher: An.7l. 

of Lagrange: C.23,34;,522: L.57: N. 

76,gz85: Q.2; remainder, C.53. 

an analogous series: C.99. 


of Lambert ; = — A.10: An.68: 


1 

JD Pi 

Laplace's (d.c) : 0.68. 

of Laplace’s functions: ZY,, C.88; 
Dn Moe C.44, 

in Legendre's function X,: Àn.76: 
C.44.. 

of Leibnitz: J.89. 

limits of: A.20: Me.76; remainders, 
C.34; by the method of means, 
J.13. 

from log (1-F«), (1--«)" and e* by in- 
termitting terms in the expan- 
sions: A.21. 

modular: C.19. 

multiple: C.19,; 
C.44. 

neutral: CP.11. 

obtained by inversion from "Taylor's 
series: Mém.11. 

of odd numbers: A.64. 

à paradox: Me.72. 

periodic, critical values of : CP.8. 

of polynomials : 0.96. 

of posterns: G.6. 

* of powers (see also * Numbers”) : 
277: 0.87 : G2: cubes, L.64and 
65: M.93: Mo.78: Q.8: Z.1. 

approximate fractions: J.90. 
of à binomial: Mém.13. 
in & convergent cycle, constants 
in: M.25. 
like numbers : N.71,77. 
or multiples of 3: A.272. 
of terms in ar.p: L.46. 
prodnets of contiguous terms of: 
Mém.18. 
of reciprocals: Q.8. 

* recurring: 251: doubly, An.57 : J.33, 
98: Me.66: Mém.24,26 : N.84: of 
circles and spheres, N.62 : f, Z.14. 

represented by rational fractional 
functions: J.30. 

* reversion of: 551: 

DL 
of Schwab: N.59. 


* regulateur" of, 


J.52,54: LM: 
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Series— (continued) : 
self-repeating : CP.9. 
of spherical functions: An.75. 
of Sterling, for transformation: J.59. 
with terms alternately positive and 
negative: C.64. 
whose terms are the coefficients of 
the same power of a single vari- 
able in a multiple integral: C.20. 
in theory of numbers : C.892, 
transformation of: C.59 : J.7,9 : into 
a continued fraction, Mém.20, 
Zi 5 GES, ees t) dí and others, 
C.13. 
in à triangle problem : A.64. 
trigonometrical (see above): A.63: 
Àoc.2; 0.95,97: M.4—6,16,,17,22, 
24: J.71,72,: representing an 
arbitrary function between given 
limits, J.4; conversion in mul- 
tiples of are, L.51; symbolic 
transf. of, Q.3. 
triple: G.9. 
two infinite, multiplication rnle: J.79. 
*Seven-point circle: 4754c. 
Seven planes problem : N.56. 
Sextactic points of plane curves: Pr. 
13,14. 
Sextio curves: ax*+byi+c? = 0, Q.15; 
mech.en, LM 3. 
bicursal: LM.7. 
and ellipse, pr: J.33. 
Sextic developable: Q.7,9. 
Sextic equation: C.64: M.20. 
irreducible: J.37. 
solution when the roots are connected 
by (a—8) (b—y) (e—a) + 
(a—b) (8—c) (y—a) = 0: J.41. 
Sextic torse: An.69. 
Sextinvariant to a quartic and quart- 
invariant to a sextic: AJ.l. 
*Shortest distance : between two 
lines: 5534: A.46 : G.5: N.49,66. 
between two points on a sphere: A. 
14: N.14,67,68. 
from the centre of a surface: A.63. 
of a point from a line or plane: N.44. 
Shortest line on a surface: A.23,37,64; 
in spheroidal trigonometry, A.40. 
Signs: CPO IS Jig Nem; E) 
Me.75; (+), CD67 - Me.85: N. 
48,49 
Similarity :——of curves and solids: 


Similarly varying figures: LM.16. 

Simson line of a triangle: E.29. 
*Simpson’s f. in areas: 2992: C.78. 
Sines of higher orders: C.91,92,; ap. - 
to d.e, O.904,91. 
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Sines, natural, limit of error: N.43, 
Sin 6 «6— e geo.N.75. 
Sin7! (w+7y): Q.15. 


Sine and cosine: extension of mean- 
ing: A.3l: C.86,. 
* in factors: 907: A7: 4.97 : Lod. 
of infinity: CP.8: Me.71 : Q.11. 
of multiple arcs (see also “ Expan- 
sions"): CM.4: TI.7. 
* of particular angles: 690; 3°,6°,...to 
90°, N.53. 
sums of powers: An.1. 
* tables, formation of: 688: A.66: N. 
2s 
values near 0 and 90°: G.9. 
* of (a+b): 627; A.6,21,36. 
Six-point circle of a triangle: Me.82, 
832. 
Six points on a plane or sphere : LM2. 
Skew surfaces: see *' Scrolls." 
Sliding rule: LM.6. 
*Small quantities of second order : 1410. 
Smith's Prize questions, solutions: Me. 
71,72,—4, 77. 
Solid angle: A.42; section of, No.19. 
Solid harmonies : Me.80. 
Solid of revolution : A.60,67. 
between two ellipsoids: A.2. 
* cnbature and quadrature of: 5877— 
80: A.68: N.42. 
Space homology : G.20. 
Space theories: An.70: LM.14: P.70: 
Z.17,18. 
absolutely real space: G.6. 
continuous manifoldness of two di- 
mensions: LM.8. 
space of constant curvature: An.69, 
73: J.86: M.12. 
Pliicker’s “ New geometry of": G.8: 
[4,66 - Pll: 0012. 
Grassmann’s * Ausdehnungslehre " 
AJ.I: OP.135 M719: 2:245 ap: 
to mechanies, M.12. 
non Euclidean or n-dimensional: A. 
6,229,58: ths64: AJ.4,5: An.71: 
C.75: G.6,10,12,23: M.4,5— 7: 
Me.ths68,72: Pr.37. 
3-dim., J.83; 4-dim., J.83, M.24; 6. 
dim., G.12. 
angles (4- dimen.): A.69. 
areas and volumes: A.69: CD.7. 
bibliography of: AJ.1,2 
circle: G.12,16,18. 
conics: AJ.95. 
curves : C.79: M.18. 
Feuerbach's points: G.16. 
hyperboloid : Z.13. 


Space theories— (continued) : 


imaginary quantities: Z..23. 

loci (anal.): C.24. 

planes (4-dimen.): A.68. 

plane triangle: A.70. 

point groups: thsAc.7. 

polars and alg. forms: J.84. 

potential function : An.82,83. 

peoi PR M.19; 4-dim. into 3-dim., 
2 


quadric, super lines of (5-dim.) : Q.12. 

quaternions : CP.13. 

regular figures: AJ.3. 

reversion of a closed surface: AJ.1. 

representation by correlative figures : 

2° 

simplicissimum of nth order: E.44. 

screws, theory in elliptic space: LM. 
15,16. 

21 coordinates of: LM.10. 


Sphere: geo,C.92: ths and prs M.4: 


q.c Me.62. 

and circle: geo, À.57. 

en. from 4 conditions: JP.9. 

cutting 4 spheres at given angles: 
An.51: N.83. 

cutting a sphere orthogonally and 
touching a quadric, locus of cen- 
tre: TI.26. 

diameters, no. of all imaginable: A.24. 

equation of: 5082. 

5 points of: J.23: N.84. 

illumination of: Z.27. 

kinematics on a: LM.12. 

sector of (eccentric): A.65. 

small circle of: Me.85. 

touching an equal sphere: E.31,32 
as many as possible, A.56. 

4 spheres, pr.: L.46. 

4 tonching a 5th: At.19. 

8 touching 4 planes: E.19: N.50. 

16 touching 4 spheres: Jia: 
Me.cn82: Mém.10: N.44,47,65, 
66,84: Z.14o. 


* volume, &c. of segment and zone: 


6050: A:9,99,20 ROC Eee 


*Spherical:——areas: 902. 


catenaries: J.33. 
class enbies with double foci and 
cyclic ares : Q.15. 
conics: thQ.3; and quadrangle, Q.13; 
homofocal, 4.60. 
coordinates: CD.1: OM. lap2; ho- 
mogeneous, G.6. 
curvature: 5728,40,47 : thE.34. 
curves: À.35,96: Mém.10. 
of 3rd class with 3 single foci: Q. 
Ne, 
of 4th class with quadruple foci: 


Q.18 
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*Spherical : curves—(continued) : 
of 4th order: J.43. 
with elliptic function coordinates : 
J.93. 
equidistant: An. 71: J.25. 
and polars: No.63. 
rectification of: An.54. 
ellipse: t.cQ.8. 
quadrature, &c.: L.45: N.48,,54. 
epicycloid : G.12. 
excess: Mél2: cn,N.46: £,2Z.6. 
of a quadrilateral: Me.75. 
figures, division of: J.2». 
geometry: G+: J.6,8,135,£hs15 and 
22:M.15: N.48,58;,59 : Q.4: TL8. 
harmonics or “ Laplace's functions ” : 
An.68,: 0.86,99: CD.1: CM.2: 
J.26,56,60,"eo 68,70,80,82,90: L. 
45,48 : LM.9 : Me.77,782,85: P.57 : 
Pr.8,18: Q.72: 2.24. 
analogues of: J.66: LM.11. 
and connected d.i: Q.19.. 
as determinants: Me.77. 
and homogeneous functions : CM 2. 
and potential of ellipse and ellip- 
sordi D 79- 
and ultra-spherical functions: Z.12. 
Pacos y), n =% : J.90. 


1 
| ada) ke QIT. 
-1 
ps by continued fractions: JP.28; 
| e eost 


loci in spherical coordinates : T E.12;. 
oblong: An.52; area, J.42. 
polygonometry: J.2. 
polygons in- and circum-scribed to 
small circles of the sphere, by 
elliptic transcendents: J.5. 
quadrilateral : A.4,40 : th, E.28 : N.45. 
surface of: À.945,35». 
quartics: foci, Q.21; 4-cyclic and 
3-focal, LM.12. 
representation of surfaces: C.68,75, 
94,96 : M.13. 
surface represented on a plane: Me.73. 
triangle: A.9,11,20,ths50,65: E.f30: 
J.10,pr28: JP.2. 
ambiguous case: Me.77,852. . 
angles of, calculated from sides: 
mL 
by small circles, area: N.53. 
* and circle: 898: A.29,33. 
cos (A+B+C), f.: Me.72. 
and differentials of sides 
angles: A.10. 
and ex-circles: 898: E.30. 
graphic solution: AJ.6. 


and 


927 


Spherical : triangle—(continued) : 
and plane triangle: A.l; of the 
chords, A.33: An.54: Z.1. 
* right angled: 881: A.51; solution 
by a pentagon, A.11. 
of very small sides: N.62. 
two, relations of sides and angles: 
A.2. 
* trigonometry: 876: A.ths2,11,13,28, 
97: J.prs6,l32: LM.11: N.42: 
Z.16. 
d.e of circles: Q.20. 
* cota sinb: Me.64; mnemonic, 895: 
CM.3. 
derived from plane: A.26,27. 

* formule: 882: A.5,16,24,26: N.45, 
46,53: graphically, A.25: ap. in 
elliptic functions, A.40. 

geodetic reduction of a spherical 
angle: À.51s. 

Cagnoli's th. : 904. 

Gauss's eqs. : 897 : A.13,17: J.7,12 
LM.3,13. 

Legendre's th.: C.96: J.44: L.41: 
NLI Niobe, 

* Llhuillier's th.: 905: A.20. 

* Napier's eqs.: 896: A.3,17: CM.3: 

LM.3,13. 
* Napier's rules: 881. 
supplement to, and geodesy : A.36. 
*Sphero-conics: 5655a: tg.c,Q.8,92: Me.3: 
Z:6,23. 
homofocal: C.50. 
mechanical cn: LM.6. 
Sphero-conjugate tangents: An.55. 
Sphero-cyclides : LM.16. 
Spheroidal trigonometry: J.43: M.22. 
Spheroidic transformation f. of Bessel : 
A.53. 
pBpheroids : 5604, 6152 ; cubature, 6158, 
2 


* * 


Spieker’s point: A.58. 
Spiral: A.28: L.69: N.79: Z.14, 
* of Archimedes: 5296; A.65,66. 
conical : N.45. 
* equiangular: 5288. 
hyperbolic : 5302. 
involute: of circle, 5306 ; of 4th order, 
C.66,. 
Squares: J.22. 
whose diagonals are chords of given 
circles: A.64. 
maximum with given sides: J.25. 
maximum in a triangle: J.15. 
whose sides and  diagonals 
rational: J.37. 
whose sides pass through 4 points: 
A.43. 
64 transformed into 65, geo. : Me.77. 
sum of three: G.15; of four, L.57. 


* * 


are 
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Standards of length: Pr.8,21. 

Statistics; Z.26. 

Steiner’s ths. and prs. : A.53 : J.13,14,16, 
18,23,95,36,71,73: N.48,562,593,62 : 
Hexagon, A.6: Ray - systems, 
CD.6. 

Stereographic projection: A.89: JP. 

L.46. 

Stereograms of surfaces: LM. 

Stereometry : JP.1,: thsA.10,91,43,57 ; 
J.1,5. 

multiplication: J.49. 
quadric and cubic eqs. and surfaces: 
J.49,. 

Sternpolygon and sternpolyhedron: A. 

13. 


Stigmaties : see “ Clinant.” 
Stewart’s geo.ths.: CM.2: L.48: TE. 
2 015. 
Striction lines of conicoids: Z.28. 
Strophoids: AJ.7: N.75. 
*Sturm's functions: 506: A.62: 0.36, 


62,68,: G.120: J.48: 146,48, 
67: Mo.58,78: N.43,46,52,54,66, 
67,81: Q3. 


and addition tà. for elliptic functions 
of lst kind: Z.17. 

ext. to simultaneous eqs.: C.35. 

and cH CO Pr. 

and a quartic equation: A.34. 

and their reciprocal relations: Mo. 


remainders : J.43,48, 
tables: P.57: Pr.8. 
ap. to transcendental eqs.: J.33. 
ap. to transf. of binomial eqs.: L.42,. 
Subdeterminants of a symm. system : 
J.93: M.82. 
Subfactorial n: Me.78. 
Subinvariants = seminvariants to bin- 
ary quanties of unlimited order : 
AJ.5. 
*Subnormal: 1160. 
*Subsidiary angles: 726, 749. 
Substitutions: A.62: C.ths66 and 67, 
74,76,79: G.9,10,11,14,19 : 1.65, 
72: M.13. 
ap. to functions of six or fewer vari- 
ables: C.21. 
ap. to lincar d.e: C.78. 
by approximation, of the ratio of the 
variables of a binary qnantic to 
another funetion of the same 
degree : 0.80. 
canonical forms of: L.72. 
and conjngate substitutions : C.215,22. 


n-3 
of the form © (r) =e (r"7?-Far ? ) : 
M.3. 
linear: C.98: J.84: M.19,202. 


Substitutions :——linear—(continued) : 
of a determinant: An.84. 
and integral: M.24. 
powers and roots of: C.94. 
reduction of: C.90: JP.29. 
for reduction of elliptic functions 
of lst kind: An.58, 
successive : À.938. 
which transform quadric functions 
into others which contain only the 
squares of the variables: J.57. 
of n letters: geo. for n = 3,4,5,6, and 
mystic hexagram: An.83. 
no. of in a given no. of cycles: A.68. 
permutable amongst themselves: 
C2 
of equidistant numbers in an integral 
function of a variable: N.51. 
of systems of equations: N.81. 
of six letters : C.63. 
a th. of Sylvester: AJ.1. 
which admit of a real inversion : J.73. 
which do not alter the value of the 
function: C.21;. 
which lower the degree of an eq. in 
two variables and their use in 
Abelian integrals : C.15. 
Sum and difference calenlus: A.24.. 
Sum of squares of lines drawn from a 
point to cut à curve in a given 
angle: J.ll. 

*Summation of series (see also 
“Series” and “Expansions "): 
3781: A.L0—13,262,30,55,62 : No. 
84: C.87,88: J.10,91,93: LM.4, 
7a: Mém.20,30: P.1782,1784—7,— 
91,—98, 1802,—6,—7,—11,—19 : 
Pr.14. 

* approximate: 3820: J.5: 1.24. 

of ares: A.63. 

Bernoulli's method: J.31. 

Cauchy's th.: M.4. 

Q(n,r) products of a,a+0,...a+ 

(n—1) b: Q.18. 

by definite integrals: A.4,6,38: J.17, 
38,42,46,74: Man.46: Mém.11. 

of derivatives and integrals : C.4-k. 

* by differences: 264: Mém.30. 

by differential formule : L.31: Mém. 

] E 


9. 
by v (e): 2757. 
formule: A47: An.55: J.30. 
Maclaurin’s, C.86.: f(A,D) DF (n). 

Q.8: Lagrange's, J.34: P.60: 
Vaudermonde's, L-Ll. 

of terms of a high order: 0.32. 

Kummer’s method: C.64. 

Lejeune Dirichlct/s : CD.9. 

periodic : J.15. 

selected terms: Mo.75. 
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*Summation of series— (continued) : 
of sines and cosines: J-4. 


b 
* theorem re | X f (x, k) de: 2708. 


of transcendents in alg. differentials : 
J.19. 
trigonometrical and infinite : Me.64. 
Superposition: TE.21,23. 
* of small quantities: 1515. 
*Supplementary : angles: 620. 
* chords: 1201. 
cones : thN.48. 
* curves: 4917—20: Man.54. 
Supplement integrals: J.98. 
*Surds: 108: N.47. 
quadratic (see * Roots of numbers.") 
Vv (a?+b?), v (a2—b2) approximately : 
J.13. 


EO (E oe 121. Aaa: 
Mém.10 : N.46,48. 
motus by: 1225 m (asp), 194. 
*Surface of centres: 5774: A.68,: An. 
67: O.70,1,: E30: L.41,58: 
LM.4: M.5,16. 
curvatures of the two; relation: C. 
the two focal conics of a system of 
homofocal quadries : C.58.. 
of a quadric: Q.2. 
bitangents of: Q.13. 
model of : Mo.62. 
principal axes of : N.48. 
Surface curves: A.39,60: An.54 : C.21, 
80: L.66: G.19 : J.2: NC O4, 84. 
an an alg. surface: An.63. 
on cubic surfaces: M.21. 
curvature of; N.65. 
ona developable: An.57; the oscu- 
lating plane making a constant 
angle with it, L.47. 
on anellipsoid: An.51: CD.3: geoL.50. 
groups of rational: M.3. 
N.68; of 2 


J.17,20 : 


of intersection: M: 
quadrics, À.16. 
multiple: G.14» ; singularities of, M.3. 

on a one-fold hyperbola: CD.4. 

on quadries : N.70. 

rectification of : A.306. 

relation to their tangents: C.89. 

on surfaces of revolution: Z.18,28. 

and osculating sphere: C.73. 

*Surface or surfaces: 5770: A.14,f32,41, 

99,00,62 : An.51 — 3,55,60.,61,65, 
71: At.57: C.17,83,97,49,ths58, 
61,64,67,69,80,86,99,: G.3,21: J. 
9,ths13,58,63,64,85,98 : JP.19,24, 
20,99: L.44,47,515,00: M.2,4,7,92, 
cnl9: Mo.82,89,84: N.53,05,,08, 
foe DE T4: 7.7, 8,90. 
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*Surface or surfaces— (continued) : 


* 


* 


E. ee 


a=hb=]e= i, A2] 
areas of: G.22: N.52. 
argument of points on: LM.16. 
complex: M.5; of 4th order and 
class, M.2. 
whose coordinates are Abelian func- 
tions of two parameters: C.92: 
M.19. 
of corresponding points: M.4. 
eut orthogonally by ‘spheres: 9395 : 
C.96. 
deficiency of : M.3. 
definitions: 5770. 
determined from two surfaces of cen- 
tres: A.68. 
Dirichlet’s problem: An.71. 
Dupin’s theorem : C.74: CM.4: Q.12. 
doubly circumscribing an n-tice sur- 
face: J.54. 
of elliptic cone: An.51. 
of equal slope: C.98: N.65. 
equation of: gn5780: A.3; for points 
near origin, 5808. 
of even order: A.70. 
families of : C.70: Me.72. 
flexure of: J.18;. 
Gaussian theory of: LM.19: N.52. 
generation of: C.94,97: G.9: J.49,: 
L.56,88: M.18. 
implexes of: C.79,82. 
of minimum area: 0.57: J.8,18: 
DSe Q.14. 
of nth order: enM.23 ; 2nd, 3rd and 
Ath, Mél.6. 
of normals : N.59. 
whose normals all touch a sphere or 
conical surface: JP.4; do. for 
surface of revolution, JP.5. 
number under 9 conditions: C.62. 
octic of zero kind: G.12. 
order determined: Me.83. 
one-sided : A.57. 
parabolic points of: CD.2. 
and p, d. 6: C.15 00D a 
and plane curves: J.54,72: M.7. 
and point moving on it: L.76,77. 
and point at oo on it: J.65. 
relation of in Riemann's sense: M.7. 
representation of: J.59. 
on a plane: An.68,71,76. 
one upon another: An.77. 
of revolution: C.86: G.4. 
areas and volumes : 5877,—9 : A.48. 
of a conie about any axis in space: 
JP.23: L.63. 
of constant mean curvature: L.41;. 
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* Surface or surfaces— (continued) : 

meridian of: a lemniscate, G.21; 
generation of, C.85. 

meridian and contour curves of: 
Zee 

oblique: Q.6. 

passing through a given line, tan- 
gent plane of: N.84. 

in perspective: JP.20. 

of reg. polygon about a side, vol. : 
A.57 


quadric: A.55: L.60. 
shortest line on: A.38. 
superposable: C.80: N.81. 
Riemann's symmetrical; and perio- 
dicity modulus of the related 
Abehan integral of the 1st kind: 
2.28. 
ruled, with generators part of a linear 
complex: C.84. 
ruled octic with 5 quartic curves: 
C.61. 
screw, parallel projection of : cnZ.18. 
section of, homogeneous eq.: LM.15. 
self-reciprocal: LM.2; quadric, E.36. 
sextic of first species: M.21. 
singularities of: A.25: An.79: CD.7: 
CM.2: J.72: M.O> N.64: Q.9. 
cubics: M.4; and quadrics, A.17. 
16 singular points : C.92b. 
solutions by infinites of 3rd order: 
geoC.80». 
Steiner’s: LM.5,14 : M.5. 
touching a plane along a curve: 
CD.3: 0M. 
touchinga fixed surfacealways: G.20. 
transformation of: M.19. 
and transversal, th.: N.49. 
trapezoidal problem : Z.14. 
two series of: prsAn.73. 
web-system: J.82. 
which cuts the curve of intersection 
of two alg. surfaces in the point 
of contact of the stationary oscu- 
lating planes: L.63. 
Surveying: N.50,: geo. th.A.37. 
Symbolic geometry: (Hamilton), CD. 
1—4. 


Symbolical language: E.28;. 
Symmedian line: E.49 : N.83—5 : Q.20,. 
*Symmedian point: 4751c. 
Symmetrical: ——conics of triangles: 
A.59. 
connections by generating functions : 


* expressions : 219. 
figures: J.4+4. 
functions: C.76; J.69,93,98: LM.13: 
Q.20: Z.4. 
Briosclii’s th.: C.98. 
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Symmetrical— (continued) : 
of the common sol. of several eqs. : 
An.58. 
multiplication of: Me.85. 
of any number of variables: C.82. 
simple and complete: M.18,20. 
tables of: AJ.5; of 12-1c, AJ.5. 
points: of 1st order: A.60: cnA.64. 
of tetrahedrons: A.60. 
of a triangle: A.583. 
products: P.61: Pr.11. 
with prime roots of unity: Me.85. 
tetrahedral surfaces: Z.11. 
Symmetry ; plane and in space: N.47. 
Synthesis; C.18. 
*Synthetic division : 
Me.68. 
*Syntraetrix : 5282. 

Tables: mathematical; Sect. I., con- 

tents, p. xi. 

of Bernoulli’s nos., logarithms, &c., 
calculation of: J.2. 

for empirical formule: AJ.5. 

in theory of numbers: Q.1. 

of e*, e7*, logie”, logye^* : CP.18. 

Tac-loci: Me.83. 

Tamisage: LM.14. 

*Tangencies (circles, points, and lines): 
Once EESTI QAE. 

Tangential eq. with the intercept and 
angle of inclination for coor- 
dinates of the line: P.77. 

*Tangent coneat a singular point: 5799. 
*Tangents: 1160: cnA.499: J.56573: 
N.42: Z.23. 
and contact-point in loci and en- 
velopes : C.85: enN.57. 
conjugate (and Dupin's th.): An.60. 
construction of: M.22: N.80. 
double: Q.3. 
* eq.of; tofind it: 4120,—32; Me.66. 
faisceaux of: N.50. 
cut by lines at a constant angle: A.43. 
locus of intersections of three: LM. 


98; evolution, 


at a multiple point, cn. : JP.13. 
* and normals: 5100; relations, A.51. 
parallel: N.45. 
* segments of: 4307; equality of, C.81,. 
* ofasurface: 5781; at singular points : 
5783: M.11,15. 
*Tangent planes: 5770,—82; p.co790: 
CM.4: N.45. 
* and surface; intersection of: 9786 
—9: L.58. 
to equidistant surfaces: cnZ.28. 
triple: O.77. 
tan 190^: P.8,18. 
tan æ as a continued fraction: 7.16 ; 
do. tan nv, Mo.74. 


INDEX. 


tan næ: f. in N.58. 
tan-! (wtiy): Z.14. 
*tanh S: 2213. 
tantochrone: Lt: An.53. 
*Taylor’s theorem: 1500,—90,—23: A. 
8,13: AJ.4, extl: C.58: CM.1: 
J.1l: L.37,98,15,58,2204: M.21,, 
23: Me.72,,73,/5: Mém.90: N. 


52,63,70,743,79: TA.7,8: Z.gz 2 
and 26. 

analogues of: J.6. 

convergence of: C.60,74—6: J.28: 


L.73. 

Cox's proof: CD.6. 

deductions: G.12. 

for an imaginary variable: Me.79. 

kinematic meaning of: J.36. 

reduced forms of: C.84. 

* remainder: 1503: An.59: C.18 : J.17: 

N.60,68 : Z.4. 

a transformation of: C.78. 

Terminology: LM.14. 


Ternary bilinear forms: G.21. 
Ternary cubies: AJ.2,3 : C.56,90: CD.1: 
J.39,50: JP.31,32: L.58 s M.1,4,9. 
in factors: An.76: Q.7. 
as four cubes: LM.10. 
parameter of the canonical transf.: 
LM.12. 
reduction to canonical form: C.81. 
transformation of: J.63. 
Ternary forms: At.68: G.1,9,18. 
order of discriminant: LM.3. 
with vanishing functional 
minants: M.18. 
Ternary quadric forms: At.65s: C.92, 
94,96: G.5,8: J.20,10,70,77 ; transf. 
at 7.78 and 79: 1:59.22: P.67. 
corresponding  hyperfuchsian 
functions : Ac.5. 
indefinite: J.47 ; with 2 conjug. inde- 
terminates, C.68. 
representation by a square: An.75. 
simultaneous system: J.80. 
table of reduced positive: J.41. 
Ternary quartic forms: C.565: An.82: 
M.172,20. 
Terquem’s th.: Q.4. 
Tesselation pr.: LM.2. 
Tesseral harmonic analogues : CP.13. 
Teusds ONL differential f.: A34: 
oO. 


deter- 


and 


Tetragon, analogue in space: CD.7. 
'l'etrahedroid : J.87. 
*Tetrahedron : 907: A.3,16,232,51,56 : 
J.65: LM.4: Me.62,662,82: Mél. 
2: N.pr74,80,81: Q.5: geo Z.27. 
determined from coordinates of ver- 
tices : J.73. 
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Tetrahedron— (continued): 

of given surface: J.83. 

with opposite edges; equal, N.79; 
at right angles, Me.82. 

with edges touching a sphere: N.74. 

and four spheres: LM.12s. 

homologous: J.56. 

and quadric: CD.8: thN.71; 2 quad- 
ries, Q.8. 

6 dihedral angles of, eq. : N.46,67. 

theorems : A.9,10,31 : N.612,662 : Q.3,5. 

tivo: M.19. 


* volume: 5569: A.45,57: LM.2: N. 


(Dg e ZA. 
volume and surface in c.c and g.c: 
A.d3: CD.8: N.68. 
volume and normal, relation : N.54. 
Tetratops: A.69,. 
Theoretical value function: J.55. 
Theta-funetions: Ac.3: C.ths90: J.61, 
66,74: M.17: Me.ap?8: P.80,82: 
thsZ.12. 
analogues of: C.93. 
addition theory: J.88,89: LM.18. 
ap. to right line and triangle: A.3. 
argument: J.73: 4th M.14: M.16. 
characteristic of: complex AJ.6: C. 
882: J.98. 
th. of Riemann: J.88. 
as a definite integral: Me.76. 
double: LM.9: Q. transf. 21. 
and 16 nodal quartic surface: J.83, 
85,87,88. 
formula of Riemann : J.93. 
Jacobian, num. value: M.7,11. 
modular integrals: trÀn.52,54: J.71. 
multiplication of: LM.1: M.17. 
quadruple: AJ.06,: J.83. 
reduction of, from two variables to 
one: C.94. 
representation of: M.6: Z.11. 
transf. of: A.l: An.79: J.39: L.80: 
M.255. 
linear: Me.51: Q.21. 
triple: J.87. 
in two variables: C.92,: 
14,94. , 
Theta-series : constant factors of, J.98: 
Me.81. 
n-tuple: J.48. 
Se = a?(c—«)l fe (c—w)—b?} : 0.15. 
*Three-bar curves: 45430: LM.7,9: 
Me.76. 
triple generation of: Me.83. 
Toothed wheels: en'T E.28. 
Topology with tables: M.19,24. 
Tore : section of: G.10: N.59,61.6-,65. 
circular, 56 and 65. 
and bi-tangent sphere: N.74. 


J.84: M. 
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Toroid: A.8: rectif. &c., A.9: N.44. 
Toroidal functions: P.81: Pr.31. 
Torse : sextic: CP.112: Q.14. 
circumscribing two quadries : Me.72. 
depending on elliptic funetions: Q.14. 
and curve: Q.11; and sphere, G.12. 
*Torsion: A.19,62,65: J.60: angle of, 
5725; of involute, 5753; of evo- 
Inte, 5754. 
* inflected, infinite and 
5739: N.45. 
constant: L.12,. 
*Tortuous curves: 5721: Ac.3: C.19,43, 
58,cn62: G.4,5,21: J.16,59,93: 
JP.2,18: L.505,th51,59;: M.5,19, 
th25: Mo.82: N.60: No.79: Q. 
4,5,7. 
* approximate coordinates of a point 
near the origin in terms of the 
arc: 5755. 
* circular curvature of: 5722: An.60: 
CD.9: J.60: JP.15:: Q.6. 
* locus of centre of do.: 5741, 5748 
—50. 
with circular and spherical curvature 
in a constant ratio: L.51. 
cn. upon ruled cubics and quartics : 
DS 
with coordinates rational functions of 
a parameter: M.3. 
cubic: J.27,80.: M.20: 2.27. 
* definitions: 5721. 
determined from relation of curva- 
ture and torsion: A.65. 


suspended : 


cubics: An.58,59: C45: L.57: of 
3rd class, J.56; four tangents, 
M.13. 

and developable surfaces: CD.5: 
L.45: M.13. 

elements of arc: N.73,. 

generation of: C.94: L.85; by two 


pencils of corresponding right 
lines, G.23. 
with homog. coordinates : Q.5. 
the loci of similar osculating cllip- 
soids; d.e of same: C.78. 
with loops: M.18. 
with a max. or min. property: Mém.13. 
on a one-fold hyperboloid : C.53. 
with the same polar surface, d.e: 
C.78,. 
quadrics : J.20. 
quarties : C.54,; 1st species, J.93. 
cn. of two: C.53. 
intersection of quadries : C.54. 
quintics : C.544,58. 
* radii of curvature and torsion: 5739: 
L.48: Mém.18. 
* and right line method : 5748. 
sexties, classification of : C.70. 
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*Tortuous curves—(continued) : 
singularities of: C.67: J.42. 
* spherical enrvature: 5728,—40,—47 : 
A.19. 
triple, and their parallels: A.65. 
*Tractrix: 5279; area, E.35. 
*Trajectory : 5246: Mo.80. 
of a displaced line; oscul. plane, &e.: 
C.70,76. 
of 3 homofocal conics : An.64. 
of meridian of surface of revolution: 
L.46. 
surface of points of an invariable 
figure whose displacement is 
subject to + conditions: C.76,77. 
of a tortuous curve: L.43. 
Transcendental : ——arithmetic: J.29. 
* curves: 5250: An.76: M.22. 
equations: €.5,59,72,94: G.6,10: J. 
22: L.38: N.55,56. 
mechanical solution : CP.4. 
separation of roots by ** compteurs 
logarithmiques ": C.44. 
without a root: J.75. 
*Transcendental functions (see also 
* Functions”): 1401: A37: C. 
Sod oh 202 ol 
of alg. differentials: J.23: L.44. 
arithmetical properties : M.22. 
classification of: L.37. 
connected with elliptic : C.17. 
decomposition into factors by calcu- 
lus of residues : C.32. 
and definite integrals: P.57. 
expansion of : J.16. 
integral: C.94,95: G.23; J.98. 
reduction of: Me.72. 
squares of: Me.72. 
theorem of Sturm : L.926;. 
whose derivatives are determined by 
cubic eqs.; summation of the 
same: J.ll, 
which result from the repeated integ- 
ration of rational fractions : J.30. 
Transformation :——bilinear: M.2. 
birazionale: G.7; of 6th deg. in 3 
dimensions, LiM.15. 
contact: M.8. 
of coordinates : pl.4048 ; cb.5974—81 : 
A$: A.26: CMG PETERE 
N.63. 
in 3 dimensions: A.13: Q.2: J.8. 
rectangular into elliptic: Mél.4. 
Cremoia's: M.4. 
of eurves: L.49,50. 
of differential equations: Me.82. 
of equations: A.40: N.64,; 3 vari- 
ables, G.5. 
of a characteristic eq. by a discri- 
minant: Amn.50. 


INDEX. 
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Transformation—(continued) : 


quadric: CM.2: N.75: M.23. 
simultaneous: Q.11. 

of figures in a plane: A.4: N.64,77,. 
in space: 0.94,952,96 : N.79,80,. 
double reciprocal by normals to a 

sphere: C.56. 
formule: J.32. 
of functions: An.50; in an inf. series, 


by substitution : Mém.31. 

quadric: Q.2; quadric differential, 
J.70. 

(a3 —b2)? -- (bz —ey)? -- (ce —az)? : 
CM.1,2. 


two variables: Mém.11. 
homographic plane: L.61. 
in geometry: C.71: J.67: JP.25. 
descriptive: G.18 : 2.9. 
linear: 582, 1794: CD.1,6: CM.3,4: 
M.2: Mo.84. 
groups of: M.12,16. 
methods of: C.92; which preserve 
an invariable relation between 
derivatives of the same order, 
Cree d EFE 
which preserve the lines of cnrva- 
ture: C.92. 
modulus of : 1604. 
orthogonal: 584, 1799. 
for equations of dynamics: C.67. 
plane: M.5; and in space, G.16. 
of powers into binomial coefficients : 
No.75. 
of product of n factors: An.51. 


quadratic, of an elliptic differential : 
M.7. 


in rational space: An.73: LM.3. 

rectangular: LM.14. 

reciprocal: C.92: G.17: N.64,82,83. 

of rectilineal space coordinates : J.63. 

by series donbly infinite: An.56. 

space, for representation of alg. sur- 
faces : M.3. 

of surfaces: M.21: N.69: Q.12. 

of symbolic functions into isotropic 
means : C.43. 


of tan`! Mises + symmet. y, 2: 
CD.9. 


Tschirnhausen’s: <An.58: P.62,65: 
Pr.11,14. 
ext. to quintics and higher: E.1,,4: 
J.58s. 


unimodular: 1605. 
of variables: G.5: No.78. 


Transitive function: of 24 quantities: 


L.73. 
doubly, of 5 or 6 variables: C.21,22. 


Transitive fanction— (continued) : 


reduction to intransitive: C.21. 


*Transversals : 967—74: A.13,18,27,30, 


56: CD.5: CM.1: aie. G.22; 
Me.t.c68,,75 : N.495,48 : TE.t.c24. 
orthogonal: AJ.3. 
of plane alg. curves: Z.19. 
of two points: A.60. 
parallel: A.13,57. 
of Ead triangle and quadrangle : 
45. 


Trees, aualytical: AJ.4. 
Triads of once-paired elements: Q.9. 
FIriangle:700:- A.17,19,22,99,33 36.43. 


* 


cn46,61: G.21: J.50: M.geol?: 
Me.q.c62: N.42,,43. 
angles of : 677 : 738—425 : A.65 : P.23: 
division, A.51,58: sum, geo960: 
C.69,70 : difference, Q.8. 
area: 707,4036—41 : A.45,57 : OM.2 
Mém.13. 
bisectors: —— of angles: 709, 742, 
932, 4628,—30. 
of sides : 738, 922i, 951, 4631: 
Mém.pr10,13. 
central line : 957, 4644. 
and circle, ths.: A.9,40,47,60: Q.7,8, 
10. 
and 9 concentric circles: Me.85. 
of 3 intersecting circles: Q.21. 
circle and parabola: Q.15. 
and conic: N.70. 
of constant species: 977. 
construction of: 960. 
equilateral, sum of sqs. of distances 
of any point from its vertices: 
923: A.69: gzl094. 
formed by joining the feet of bisec- 
tors of a triangle: A.64,, 
Gauss’s equations for a plane tri- 
angle: A.5. 
notation: 4629: E.44. 
orthocentre: 952, 4634. 
pedal line of: Me.83. 
perpendicular bisectors of sides: 713, 


perpendiculars on sides: 952, 4633: 
Mém.13. 

and point: Q.5. 

and polars: circle, G.11; conic, Q.7. 

of mid-points of sides, t.cQ.8. 

quadrisection of: Mém.9. 

rational: A.51,56. 

remarkable points of (see also “ In- 
centre," &o.): 955—9 : A. four, 47 ; 
two, 48; five, 52; 66,67: H.28, 
30,40 : LM. nine, 14, : N.70,73,83 : 
Z.11,15. 

of reference in t.c : 4006. 

aud right line: A.59. 
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Triangle—(continued) : 
scalenity of: Me.66,68. 
sides of: bisectors: A.17. 
division of : A.63: N.83. 
containing conjugate poles with 
respect to four conics: An.69. 
cubic eq. for in terms of A, R, and 
v: J.20. 
similar: C.79;; under 3 or 4 condi- 
tions, C.78,. 
* solution of: 718,859: A.3,51: J.44,: 
TE.10. 
six-point circle: Q.4,5. 
symmetrical properties : À.57 : Pr.11. 
theorems : A.9,43,45,55,57,60,613,63, 
48: J.08.71,pr28: Q.9,t.c7 and 8, 
geol,2, and 4. 
relating to triangles of same peri- 
meter under four other condi- 
tions: 0.84. 
*Triangular :——numbers: 287: 
J.69: L.ths63. 
prism: thN.42. 
pyramid: At.19: No.pr32. 
Tricircular and tetraspheric geometry : 
EAT ule 
*Trigon. in t.c: 4000. 
*Trigonometry: 600: 4.1,9,8,11,19,90 : 
G.13: extM.35. 
formule: A.27,65: Me.8l,gzl: N.77: 
geoQ.5,10. 
* formule : 627,700,823 : A.33 : N.46,80. 
functions : P.1796; in factorials, 
A.43. 
in binomial factors: L.43. 
in partial fractions and products: 
4.13. 
functions closely allied to: A.27. 
tables, en: A.1,935,95. 
theorems: A.2,50,51: Q.pr7. 
on product of + sincs: Me.81. 


a (Coa -r Galil. 
a b 


cos?a sint $ +2 sin acos a sin $ cosh 
-Fsin? a cost $ =0: 
Trihedron : about a parabola, locus 
of vertex : N.63. 
and quadric: N.71. 
and tetrahedron: A.57. 
Trilinear forms: C.92,93. 
Trilinear relation of plane systems: 


E.30 : 


*Triplicate-ratio circle: 4754b: E.40,42, 
435,44. 

Twisted surface: see “ Scrolls." 

Twist of a bar: Me.80. 

*Umbilies: 5777, 5819—23: J.65: JP. 
18: MEO: 0.3. 

* of quadrics: 5603, 5834: C.96. 
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Underdeterminants of a symm. deter- 
minant (ie. successive first 
minors): J.91. 

Undeterminants, &c. : A.59,. 

Unicursal curves: A.60: C.78,94,96 : 
LM.A. 

cubics, ths. re inflexion : E.28. 
quartics: LM.16: N.84: Z.28. 
surfaces, transf. of: M.66. 
Uniform functions: C.92,91,,95,96,. 
with an alg. relation: C.91s. 
of an anal. point xy: Àc.1: C.94. 
two points: C.96,97. 
with “ coupures " : C.96. 
with discontinuities : C.94. 
doubly periodic: C.94. 
from linear substitutions : M.19,20. 
with a line of singular points, decom- 
position into factors: C.99. 
monogenons: Ac.4. 
in the neighbourhood of a singular 
point: C.89. 
of two independent variables : C.94,95. 

*Units of elasticity, electricity, and 
heat: p.2. 

*Vanishing fractions: 1582: M.15: Q.1. 

Vanishing groups: CD.2,3,6,7,8. 

ap. to quantics: CD.2,3,6. 
*Variation: 76: C.17. 
of arbitrary constants: L.38. 

* calculus of: 8028—91: A.3,prs42 : 
Àn.52,: 0.16,50: CD.3: CM.2: 
J.13,prl5,41,54,65,prs74,82 : JP. 
l7: L.41: M.2515:: Me.prs72: 
Mo.57 : N.83: Q.prl0: and d.e, 
L.38 and C.49. 

history : N.51. 
* immediate integrability : 3090. 
and infinitesimal analysis: C.17,40. 
* relative max. and min. : 3069 : L.42. 
of multiple integrals : J.15,56,£59 : 
Mém.38. 
transformations: J.55,. 
= two dependent variables: 3051. 
* two independent variables: 3175. 
integral, of functions: C.40,, 

* of parameters: th2714, 3243: N.77. 

* of second order: 3087: A.4: J.55: 
Q.14: Z.93. 

* of higher order: 3089; 4.27: Zuo. 

*Versiera or Witch of Agnesi: 5885. 

*Volumes: of solids: 5871—83: A. 
81,32,86 : J.34: N.£57,80. 

approximate: C.05. 

of frustums: A33; of 
J.44. 

of right cylinders and cones in abso- 
lute geometry: A.59. 

of surface loci of connected points : 
LM.14. 


conicolds, 


INDEX. 


Volumes—(continued) : 


and surfaces by curvilinear coor- | 


dinates: C.16. 


*Wallis’s formula: 2456: A.39,9239: 


JES 
Waring's identity : N.49,62 : extMe.85. 
Wave surface:  C.13,47,78,ge082,92 : 
CD.7,8: CP.6: L.46: Me.66,73, 
76,78,79 : N.63,82: Pr.32: Q.2,33, 
4,5,9,15,,17. 
asymptotes: C.97. 
and cone: Q.23,26. 
cubature of: An.6l. 
generation and cn: C.90,. 
lines of curvature: An.59: C.97. 
normals and centres of curvature: 
geoC.64. 
umbilies, geo: C.88,. 


Wear of gold coins: E.43. 
Web surfaces: see “ Net surfaces." 


rs a 
Weierstrass’s function Bnb” cosao"wm 


D 
with a »1 and b « 1: G18: J. 
63,90. 
expansion in powers of the modulus : 
C.82,,85,86 : L.795. 
*Wilson's theorem: 371: A.48: CD.9: 
J.8,19,20: Me.83: N.43. 
generalisation: J.31: Me.64: Mél.2: 
N.45. 
Wronski's methods: C.92: L.89,83. 
formula of 1812: N.74,: Q.th12. 


Zetafuchsian functions: Aoc.5. 
Zonal conics of tetrazonal quartics : 
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Plate 19 


RETURN TO the circulation desk of any 
University of California Library 
or to the 
NORTHERN REGIONAL LIBRARY FACILITY 
Bldg. 400, Richmond Field Station 
University of California 
Richmond, CA 94804-4698 


ALL BOOKS MAY BE RECALLED AFTER 7 DAYS 

e 2-month loans may be renewed by calling 
(510) 642-6753 

* 1-year loans may be recharged by bringing 
books to NRLF 

* Renewals and recharges may be made 4 
days prior to due date. 


DUE AS STAMPED BELOW 
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